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Two pairs of twin projection and contraction methods
for monotone variational inequalities
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The context of this lecture is based on the publication [8, 10, 13, 14]
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BANMRBIBFLEDAFIOKBELE HELH 8 > 0, EDAFR
VI(Q, F) u* €,

(u—u)'F(u*) >0, YueQ (0.1)

5 F Z3t IFRY o)/

VI(Q,F) v*€Q, (u—u")'BF(u*) >0, Vuct (0.2)

G B e(u,B) :=u— Polu—BF(u)] KR |e(u,B)| EERE

RITJLE, LD AFNRIFEW AR X [6, 7) AT A BIH125 ARYZ )
XN FNSERHZEH P (5, 17). FIA (9, 10] FREIEL T T AFRRNTE, B

Bl E L NFMR B FE IR —LL S + TI20)R 18, 19]. AR 577l

NRRPEME TP AIFANEEME TS AIFANRNEE R E §OEER
R B R X FE T ERE, RANERKIERS N EFER AR
ARBHERINZK. XEER, R T XRESE ARG, NBFEREFRKH# B
LTS HIRERR R, Be T RINTENZER.
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1 AR
RENERMR. BMNRAFENANXEFEZN. EMS ISR XL
FOERAREBRILE R LASZ{EE £ ERFIH XAV E Z i
513 1.1 ® Q C R" 2HOK, NXEERN v e R, A

(w — Po(v))" (Pa(v) —v) >0, YueQ. (1.1)
TRAFARFNNRETIE P RS, KBESTAF (0.1) AT

U345 93k
e(u, B) :=u— Polu — SF(u)] BI—1MES.

KEBRIFTIAFI (0.2 MREEHREEZRE—MIN-RIERZ. Binsiet
T, RS IE SRR, TEAR R EER k- SRR, SR ERVH AT S "
M B > 0, FATF Hi

" = Pou® — B F(u")], (1.2)



FR—MNE o RIBESTERBEIMR, L =" B2u* e QO ES
MHEZE (1) P o =u" — B F W), IRIE 0" = Po(v) MET—i#REAY
RE MR &R1E

i"eQ, (u—a")"{a" — [ - BFW)} >0, YueQ (13
FH TS E

@"eQ, (u—a)TBFW) > (u—a"T (W —a"), YueQ. (1.4

EAERAFEFR Bu BESAEZERNVIQ, F) B9 BT o° € Q, RIBLTH
AEFAREN(0.1), FAAB

(FI1) (@" —u™)" BuF (u*) > 0. (1.5)
HTu e QB3 PHERvec QEA W, NT
F12)  (@" —u")" ([u* — @] — B F(u®)) > 0. (1.6)

RIBRFEFHIMR B
F13)  (@" —u*)" (B F(@") — B F(u")) > 0. (1.7)
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A (1.5), (1.6) F0 (1.7) U =P EXRAFR. I W RBEEZNSEREEZ
MIXLEE AR EFRNSHM.

2 3K

REMBRRTTAFAN—NEELX

R (0.1) Y F(u) = Mu + ¢, RHEMESAFRAMRALETEIFF:
weQ, (u—u)"(Mu +q) >0, Yue
HEATER IR B IAM R EREM M7 + M HIEE, FAER M 5.

2.1 FR1

& T = 7 E

2: 0

SRR EF T[]

MM T o AFK, ZANEESH 6,

o | T FHHLEFAFE

{(* —u") = ("

BEA F(u) = Mu+ q, BERFREFR (1.5) ATLUE R

— @)} B{(Mu” +q) = M(u® —u")} >0,
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MABEEAY, (W — )M —u*) >0 NERXEE

(u* — ") BIMT (u® — ") + (Mu® + ¢)] > (u* — @")" B(Mu" + q),
(2.1)

HepinR o* € Q, & (1.3) FFIB F(u) = Mu+ ¢, FhAB
(u* — @) Br(Mu* + ¢) > |Ju® — a@"|°.

B, 3 u* € Q5 (M7 (u* —3") + (Mu” + q)) RARFEBEL
$llu —w*||? 7 o RCBRERAER EFHF 1.

ET f+F2) B EAFE | FENEERAFXFIRIRA (1.5) F(1.6)
Bm, HFA F(u) = Mu+ q, 5Z|

{(u* —u) = (u* —@")} {(u" —@") — BM(u" —u")} > 0.
B, (v — o) MW" —u*) >0, WNEREE
(u* —uT (I + M) (" —a") > |u* — 3" (2.2)

Fk, (I 4+ BM™T)(u* — a") BARMBEBERE 1||u — u*||® 7 u* EERKHE
B EFH T (E).




T A | TEETAEFR, (1.4) AT LS R

i* € Q, (u—a")"BMUE +q) > (u—a")T W —a"), Yueq.
miaEmE (v—a")'pMT (W* —a*), =B
i* e, (u-a"TBMT (W — @) + (MU + )
> (uw— @) (I + M)W — "), YueQ, (23

RATFRAL (2.9) FikHS
BIM (u* —a") + (Mu® +q)]  F (I+pM")(u" —a") (24

H—3ZEE FE. ENSBIER Fi1) 1 FH+F2) ZER (D3I 2.1) 1 (2.2)
RTHE, #FA1id

g(u®, ") = M" (" — ) + (Mu" + ). (2.5)
FIAXANFRIER, 2.3)
YeQ, (u—a")" Bg(u”,a@") > (u—a")" (I +BM) (v’ —a"), VuecQ
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22 FA (Fr1+F12) REW G R EFTHER R
RIEZF HIEEE BN T ERB(LEFA G RER G R), EEMNIER Sk
SEiIn—L FH Fr+F2) IZEN G RAEFTIER SR

wi TN a) = u” —a(l + BMT) (" — @), (2.7)

ATHL LA o WAL, FA1HF 2.7) FEREKBT 2K o BIFTIER RIEH
uit (). BES o HEXMNEBTHHEEE,

(@) = Jlu” — " [* — flu ™ (@) — ", (2.8)

RIEE X
Ie(e) = fu® —u'[]* = o —u" —a(l+ M) (u" - a")|
= 2a(u* —u)" (I + MW"
—a”||(I +BM ") (" —a")||*. (2.9)

MERLEENHERS u*, 29) T Jp(a) BaH—P2REH A2 v 2
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RERY, I TEE K O (o) BIRRK. 1&Bh 2.1), FAi1B
EH 21 % ") B @7) £/ EER o > 0, B 28) EXH 9 (o) B
Ux(a) > qf (o), (2.10)

Hrh
gk (a) = 2alu” — @®|)* — ®||(I + BM ) (u* — @")]%. (2.11)

HEAR. X DNEIR AT LAM 2.9) FIFE 2.1) EEBE. O

EIR 2.1 %Eﬂ_u& 1 i () = Ik () I— 1 THFERE. E ¢f (o) IRERK
B

* L HU _ukHQ
o, = argmax{qy (o)} = (7 5 BMT) (i — @) (2.12)
RIELI, FAA )
o > TECIVEER (2.13)

WHREFEZNAERBARXIENPRAULREE Ik (o) (A (2.9), AHTE
DERME o, TP FETMAUEN THERH ¢f (o).
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Flitt, A SLFRTE S, AT —AREN—PMAEF ~ € [1,2), €@

u T = U —qap (I + M) (u” — @),
THESH A ERSH XM ERE.
EW 2.2 W o B 214 R BRSPS K o) B 2.12) B, B

u
| TENEE

IERA. 1R¥E (2.8) #1 (2.10), A (2.14) FZER T HE

™ =P <t =T = g (vag).

H qf (o) F of BIEX (731 2.11) 70 (2.12)), 15Z]

(2 =) | k

BE— 1M ERRHET (2.13). EEEIL. O

k+1 * 112 k (12 7(2—7) k. ~ky 2
o)) < =t - Ju™ —a” "

(2.14)

(2.15)

(2.16)
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23 FH FM)REHENFBRAEFHNIERS

2.2 FRURRIEAT 2.7) KA (I + M) (u* — @) A ERE, XERIIBAE
RIZESE F51E) (A (2.4))

BIM" (u* — ") + (Mu" + g)]
BRE. SEED §2.1 AW ERSEM o* € Q2 EFH, R

ub (@) = Po{uf — aB[MT (WF — ") + (Mu* + )]},  (@17)

AT
Gr(a) = [[u” —u||* = flug (@) — u"|? (2.18)
ERERERPHELE, ERLPK o BIRE. FAITEERERKNK ((a),
B A B RAIERE o, TEETBEE, MR o, (a) BT (2.10)
FEY Ik ().
FERXMIERR BT EF JLSE, IERA S HEL I B 2 iRV B, ME—%.
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EH 23 % v o) B 217) K. FHEEM o > 0, H 3.19) EXHI k() B
Cr(a) > gf (@) + [lug (@) —ug ™ ()|, (2.19)

Hep ¢f (a), v (a), ufT () BB 2.11), @7) 1 (2.17) A H.

WERR. FIA 2.5) W9IE S, (217) ATAS K v} ' (o) = Palu — aBg(u”, @*)).

BT u* € Q ®/EEFRIET KEF, KB

k—l—l(

lugr™ (@) = ™| < [lu® — aBg(u”, ") —u”|*.

AT, IRIFIFEWME M RZEE, HATHERENXRN

a) —u|)? < " —aBg(u®, @) — ut|?
—[Juf (@) = (W* — aBg(uf, 7)), (2.20)

k+1
luzr™ (
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- ot
Q

. .

2. INERK (2.20) B LA fRFR

Bt FIF G () BIE X (R (2.18)F0 (2.20), #AH
(@) > lu® =" = [I(u® = ") — aBg(u”,a")|*
+(ug ™ (@) = u”) + aBg(u”, ")

= 2aB(u" —u") g(u®, 7") + 208(ul (@) — u*) g(u®, @)

k41 k|2
g (@) —u”|

= lug (@) = u¥|® + 2a(uf (@) = u")" Bg(u®, a").

(2.21)
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% (2.21) PHEBIRE—I (v () — u*) Bg(u®, ") 5 RRRK
(uy (@) —u") Bg(u”, @")
= (ug (@) —@")" Bg(u®,a") + (@" —u")" Bg(u",@"). (222
StF (2.22) AIHHIE—EBS, FIFIES g(u*,a"), vl (@) € Q70 (23), B
(ug (@) = @")" Bg(u®, @) > (uy (@) —@") (I + BM ") (u” —@").
B2,
(uy (@) = @") Bg(u”, @) > (ug (@) — ") (I + BM ") (u* —@")
+(u® — "I+ M) (u* — @"). (2.29)
XF (2.22) HIRAVE ZERSy, (0F — )T Bg(u”, a"), B IR
(@ —u*)" Bg(u”, @") = (@" —u®)" Bg(u®, @") + (v — u")" Bg(u®, ")
FIH (2.1), B

(u* —u")" Bg(u”, @") > (u* — @) B(MuU" + )
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g S g(u®, a"), ®MNSE

(@ —u")" Bg(u", a")

> (@ — ") M (W = @)+ (Mu* + @)} + (u* —@") B(Mu” + q)
> B —a")T MW —a"). (2.24)
3 (2.23) #1 (2.24) 1870, "B
(ugr (@) —u") " Bg(u”, ") > (uf (o) —a") " (I+BM ") (u* —a")+|Ju"—a"|*.

¥ EEBAFRRAN 2.21), FIA ¢ (o) BYIES, 17 E]

(@) > up (@) —u®||* + 20(ug " (@) —u®) (I + BMT)(u” — @)
+2a|u” — @*|?
= |l (@) —u®) + (I + M) (u” — @)
—a’||(I 4+ BM ") (u® —a@")||* + 2alju” — @" ||

@) = W —a(I 4+ BMT)(u® — @) + gF (o).
BAA 2.7), i5ek T EELEL (2.19) FIIERA. O

=
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FIBFRICIT, X MIERA (8] & 1991 F AR [A Rk IR L FEWuerzburg FTARXHY.
EHE 23U, ¢f (o) B2 G (o) T A ASERITES, TIERAKRELAX
(PC-) uit!' =u" —yai (I +BM™") (W — ") (2.25)
B35
(PC-) ubt = Pofub —yapBIMT (WF — @) + (Mu* +¢)]]  (2.26)

PEEFRER S o Hp i of #H 212) 8. SKTEHEF, XRIEEE
ZE —PMEIIEREZE SRUMETHRH.

KRAREA (2.25), ERFLRER o THBMEIRS. LhRERES, 2 Q
ERIREAMEELS (Bl Q BEER—NEIMRICEER), FLERA
RIEATN (2.26). X7 EAERIRATEIRI [14] FHEEIFHMAVILAA.
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R (2 ?;51 LAY ZEAE S 1a), ZESR A HEEIZKIAE AN 7% (2.25) # (2.26) H,
B2 (2.7), (2.10) 1 (2.19) AT LA B B BX

O (@) = [|uf — w2 — [[uf T (@) —u*|]? > ¢f(a),
vl

Crla) = [[uf —u*[? = luf ™ (@) = u*[|* > gf (@) + [luf™ (@) = uf T ()]

Hrh ¢} (o) B 2.11) 58, MEHR o, (o) BTIFERT de(a) ITHF.

KR M T2 AFRE PC Method-1 1 PC Method-1I 43 3l & Z= 1E [6] 1 [7], &R
N B BH 28 A BV IE B AL R AN SERTE§ A (5, 17]. FRATTFE 1994 £ & FRAY PC
Method-I, 3ZE [6] FIREE & “A new method for a class of linear variational
inequalities”, 5| AFRE J9 94V BJE. EI#2E1994 F A FHILX [7] HIk
£ PC Method-Il IARIGRSZ (4) B (7), SIAARBLXNE LT RN E47.

HESLE 5 17) HiFRH, X—x 4 Eikdh Bk L E X I R ES.
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LR PFTETAFAN—NEE ]

S—RRAVIFE M B FB o AFIN, IR (1.2) B, BHNMBRKSH 5, iERVEENE

Bl F(u") = F@@")| < vllu® —a"|l, ve(0,1). (3.1)

[, A TATE 8, FfiTHF Bx 1B 8, AR 6w LERF A

3.1

REFN = = E R R R B LA 75 1)

ET F+F3) W EFAFE | FEKRAZFR (1.5 F(1.6) HHMSE

(@ —u")' BF(@") > 0,
M EREZ
(" — )" BF (@) > (u* — a")" BF (") (3.2)
MR cQWRIE.4AE

(u* —a") " BF (") > [[u* —a" |,
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FIFA £, & (3.1) FA Cauchy-Schwarz AFR, B
(u* —a*)" BF (") (u* —@") BF (") — (u* — @")" B(F (") — F(a"))
(1—v)|u”* —a"|? (3.3)

ER 3.2) 1 (3.3) FIFFA, 3T u” € Q, ERMH 3.1) BEWERLT,
BF (") RARMBEERE L|u— u*|? 7 u" LECIEN EFH 5 1E.

ET (Fr+F12+F13) B EFA S\ | F=NEERAFK 1.5), (1.6) F1(1.7) 16

7JEI B=ANEATER (1.5), (1.6) F(1.7) B0, HFIA d(u*, o°) PHRIER,
=g

Y

{(W" —u") = (u" —a")} d(u",a") >0,

(" —u)TdW”, @) > (W — a")Td(W", ). (3.5)
B d(u”,a") BFRIER (3.4) FRI% (3.1), #RHE Cauchy-Schwarz LA FR, B

(u* — @) dW”,a") > (1 —v)||u” — 3" (3.6)
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AFR (3.5) F1 (3.6) HIFFA, R 3.1) HERERT, H (3.4 EXH
d(u”, ") RERERETH— EFHSME.

TEHE ZE FEEZNENFENXE. & (1.4) Fia2Em L
(u—a") " {=B[F(u*) — F(a")]},
A
" e, (u—a")"BF@E")
BATFRTAL (3.7) PRmHY
BF(a") 1 du",@") = (u" —@") - B[F(u") — F(@")]

H—IZEE Hla], Ef 1899 A28 (FH+FI13) F1 (FI1 +F12 +FI3) FRAERY.

A2
=
|

2
=
N
SS
I
=
=g
x>
<C
I
M
)
@
-

3.2 FIH (F11+F12+F13) I LA B R A~AE FHANERK =
REZFAESRHBITRESE(LEHAFEN R FR), EFE5FHEK SR




I —L. Fitk, FA1A

ui Tt = uf — ad(u®, @") (3.8)
FEEFTIAK S, B d(u”, 0°) 2 (3.4) R
HAVE 6.8) FAHY T A T (o), RAFPIER 2RBTSK o ERE
o HXNESEFEHHEE,

Ir(@) i= [|u” = w’[|* = [lu; ™ (@) — u"|%. (3.9)
RIEE X
de(@) = |lu" —u"|* = [Ju” —u" — ad(u®,a")|?
= 2a(u” —u) d(u",@") - o’ |ld(u”, @")|". (3.10)
SEEATENRERS v, (3.10) " I (o) B a BI— PR EH. RE2 v

= AFIRY, ?izﬂ]i“m*:ﬁ&?k I (o) BIERK.
EH 3.1 % v (o) B (3.8) £ K. XEER o > 0, B 3.9) EXH V(o) B

V() > ¢ (o), (3.11)
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g (a) = 2a(u” — a°) " d(u®, @%) — o®|d(u”, a")|>. (3.12)
HEBR. XANEEILATLIM 3.10) FIF (35) HIEBE]. O
EIE 3.1 RIAZREFH ¢ (o) B (o) W—DTHFEH. £ ¢ () IBEIRK

H’J Oék IE
(u" — @) Td(u", ")

o, = argmax{qy (o)} = ||d(uk,uk)||2 . (3.13)
SR E h, 25 52, Bl 1— BB —MARET + € [1,2), &
uF T = b — yakd(u®, @"). (3.14)
EH 3.2 % ot B (3.14) £ IMEER v € (0,2), ®A1B
[ = ) < | = 22— ) - ) - aF)R

2
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MERA. #R4E (3.9) #0 (3.11), HH (3.14) PR o~ T! iHE

™ — ) <l = = g (vo). (3.15)
B ¢ (o) 0 aj FIENX (331 (3.12) F0 (3.13)), 15Z]
@ (vap) = 2yop(u” —a") " d(u ~k’)— *(o)?lld(u®, @")|I?

= (2 —ai(® —a") dw",a").
B, FIA (3.4 # 3.1), ATLASE
2(u” — @) d(u”, @) — ||d(u", ~’€)||2—d(u’“ @) {2(u® — ") — d(u”, a")}
= {@" —a") - BIF(u") ST (WP - @*) + BIF(uF) — F(ak)]}
= lu® —a@”|1? = BRI[F (u )—F( NE > @ =) uf —a"? @1e)
Eitt, o) > 1. Hitt,

oo L . -
ay (vai) > 572 —y)(u" —a") d(u", a").
HRIEATR (3.14) FE o T
* * ]- ~ ~
[ =P <l =t )P = Sy(2 -t - @) dw" A, @a7)

st ERXpRIHmFE (v — @) d(u”, ") FIA G6), MIGEIEEMNLEL. O
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3.3 FIH Fr+F3) IR B EA~AEFHRIERK S

§3.2 FIRRIEAR (3.8) FRHA d(uv*,7*) AAE, XBENA BF (") BRE,
FHIM—XIZE. EHEH

u (@) = Polu” — afF(a")], (3.18)

ARBTFEK o BFTRIER S, AT XA S 3.8) AT o, FAE (3.18)
b A® RRE o (o) /R, IHMEEBER u* € QF, Hli1IE

(@) = [Ju” —u||* = fluf™ (o) — u"|? (3.19)

BRERNTERNHELE, ERESK o WERE. FRINABEEIZRKNL (e (a),
HAAESERNERD «*. TEHERIRA, XEHEN o, (o) T @3.11)
Y 9 ().
Theorem 3.1 3% v (o) A (3.18) AR IMEEHI a > 0, HH (3.19) EXHY (i ()
B

Crler) = q (@) + [lug ™ (@) —ug ()], (3-20)
Hea ¢V (a), v (), ufiT (a) S RIE (3.12), (3.8) F0 (3.18) LA H.
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WERA. B 5%, AR u* T (o) = Polu — aBF(0")] # u* € Q, IRIBIZ A RF
FZEE B

[ () —u*[]* < JJu® — aBF(E") — u*||* = |Ju* — aBF(@") — uf™ (o).
(3.21)
Eitk, FIA ¢k (o) BIE X (K (3.19)), F 1B

Ce(e) > flu® —u*[ = [|(w” = u*) = aBF@")|* + [|(v* — ujf™ (@) — aBF(a")|?
= 2a(uf —u)TBF@@") + 2a(uf (@) — ") TBF (@) + [[u* —up™ (@)

= |lu* —u H(@)|? 4 20(uf (@) — u) T BF(EF). (3.22)
% (3.22) FABMIRE—I (uf (o) — u*)T BF (") SRR
(ugr (@) —u)' BF(0") = (upy ' () — @")" BF(@") + (a" — u”)" BF(T").
FIA FeYBEIEMRN o BN,
(@" —u")" BF(@") > (@" - u")" BF(u") > 0.
KN (3.22) AR, Ht—E52)
Cr() = llug (@) — u”[|* + 20(ugy ™ (@) — @")" BF(a"). (3.23)
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EXulit (o) € QO BEEBK 3.7) FHEE u e Q, BE|
(uff (o) — @*) ' BF(T") > (uyf (@) — @) d(u”®, @").

FERN 3.23) AR B8

Cru(a) > |lulfit (@) — u"|)? + 2a(uf ™ (@) — @®) T d(W”, 7). (3.24)
LA, FIA ¢ (o) B9 (W3.12), FILK
g™ (@) — u®||* + 2a(ul ™ (@) — @) d(u”, @")
= Jui (@) = uf|? + 2a(uf T (o) — u®) d(u®, @) + 2a(u” — @*) T d(u”, @)
= |[(uf (@) —u®) + ad(u®, @) — ®||d(u”, @°)||* + 2a(u” — @")" d(u”, 7%)

= u (@) = (u* —ad(u®, @) + g (@).

XIERLTTAK T EIELSIL (3.20) KUMERR. O

EH 311, ¢ (o) BE (e(o) T A ESEBRTE SR, RAKEA

(PC Method-I) uft! =" — vaid(u®, a") (3.25)
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&

(PC Method-1l) " = Polu® — ~vaj B F(4")] (3.26)
FPEEFNER S o, R H o) #8H (3.13) 5. RARKEAR (3.25), BEM
PR RERM o TRBEMIEE. KhREIE S, B O EREERNTEERS
(fFlan Q BEE—NEIRIEIER), Bt ERAKEAR (3.26).

FIFS 3.2 mEIERAMEE R, TiLREEE FEAPRIM—, ER=ERNFT
{u*} B E

k+1 (12 k * 112 7(2—7) k ~ k2
[ —w | < [Ju” = -5 (A=) —ar".

WU FE AT LOERR T~ E RV St 2 1.
Theorem 3.2 1% VI(Q), F) BUfREE QF IE=, N B ATIREIIZ WHRR E~5%
B {uF ) I8E] vi(Q, F) BIEMRE w* € Q.

P ERERRXNE L NERREANRIFAR, FXEN B WAEE A
AT EE L TIER@AKER (18, 19], BRI R BRI 1M T @R,



4 MAFMBEIRE

KNP ABEET S AFERMIELET A FRNGFIRRSG—IEZR G =
F753%E— PC Method-1 F1PC Method-Il YA EIHE R

4.1 Applied the different PC Methods for LVI

HMT O AFRNEANRE— 85 PIREIN “|EmEMEER" ERfF.
FLEE B AN A F N T —> min-max [a)@, Exf NS4 T 2 A F P RVEE
B M 2 RIXTRRAY. X 1He 2 [a] & By 1F 2 AV Fmid I 58 — 1 §s.

iR 36 5)F: BXE SIAM J. on Optimization.

e G. L. XUE AND Y. Y. YE, An efficient algorithm for minimizing a sum of
Euclidean norms with applications, SIAM Optim. 7 (1997), 1017-10389.

Fig. 1 S th XM MZBYIRZE L5, HH by, i = 1,...,10 Z1EN & (regular

points). ingE)n»IJ,"‘I—:—'\EI‘Jﬂéﬁ—?IEEzéEHI‘] ,'ﬁ\ m[j],j = 1, « oy 8 ’—ﬁ,"\l—:_'\b[i] E"]E?&_Q_E‘mzas
WEM. Fig. 2 AR TREETEBMRIER 2,/ =1,...,8 LS.

pill
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Fig. 1. Fig 1. Ordering of the topology Fig. 2. Optimal solution in Euclidean-norm

The coordinates of the 10 regular points

x-coordinate  y-coordinate x-coordinate  y-coordinate
b 7.436490 7.683284 bie] 1.685912 1.231672
bi2] 3.926097 7.008798 b7 4.110855 0.821114
b3 2.309469 9.208211 bis] 4.757506 3.753666
b4 0.577367 6.480938 bio] 7.598152 0.615836
bys) 0.808314 3.519062 br10 8.568129 3.079179




The update forms of using the contraction method | (3.25) and Il (3.26) are

(PC Method-I)

and

(PC Method-Il) ™ = Po{u® — ya[MT (u* — @) + (Mu® + ¢)]},

Tt = uF — yaf (T + M) (uF - a"),

respectively. The numerical results are listed in the following table.

Table 1. Shortest network under [, norm.

PC Method-| PC Method-II
lteration  ||e(u)||lco ~ Total Distance | Ilteration |le(u)||x  Total Distance

40 7.1e-002 25.3776304969 40 5.0e-004 25.3563526162
80 1.8e-004 25.3561050662 80 4.0e-008 25.3560677986
120 6.4e-007 25.3560678958 106 9.2e-011 25.3560677793
160 2.4e-009 25.3560677797

183 9.5e-011 25.3560677793

CPU-time 0.234 Sec. CPU-time 0.125 Sec.

HNATHRHMEF v = 1.8. tRRE ~ = 1, BT EESIEMI0% AT ERTE].
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PC Method-II for the problem in the Euclidean-norm

i - 31

clear; % Steiner Minimum Tree % Read the coordinate of the regular points% (1)
P1=[7.436490, 3.926097, 2.309469, 0.577367, 0.808314; 5(2)
7.683284, 7.008798, 9.208211, 6.480938, 3.519062]; 5(3)
P2=[1.685912, 4.110855, 4.757506, 7.598152, 8.568129; 5 (4)
1.231672, 0.821114, 3.753666, 0.615836, 3.079179]; %(5)
b=[P1,P2,zeros (2,7)]; x=zeros(2,8); z=zeros(2,17); eps=1; k=0; tic; %(6)
while (eps > 107 (-10) & k<= 200) k=k+1; %% Beginning of an iteration % (7)
Ax=[x(:,1), x, x(:,8), x(:,1:7)-x(:,2:8)71; Axb=Ax-b; %% Compute Ax-b %(8)
ATz=z(:,2:9) + [z(:,1), —-=z(:,11:17)]1 + [z(:,11:17), =z(:,10)]; $ ATz  %(9)
L2=0; for j=1:17 L2=L2 + norm(Axb(:,]),2); end; % Length-2 %(10)
if mod(k,20)==0 fprintf ('k=%3d stopc=%9.le L2=%13.10f\n’,k,eps,L2);end;%(11)
Pz=z+Axb; Dp=diag(l./max(l,sqgrt (diag(Pz’*Pz)))); Pz=PzxDp; %P (z+ (Ax-b))%(12)
Ex = ATz; Ez = z-Pz; t=trace (Ex’ *Ex)+ trace(Ez’ xEz); eps=sqrt (t) ; $(13)
AFEx= [Ex(:,1), Ex, Ex(:,8), Ex(:,1:7)-Ex(:,2:8)1; % Compute AEx $(14)
ATEz=Ez (:,2:9) + [Ez(:,1),-Ez(:,11:17)] + [Ez(:,11:17),Ez(:,10)]; S%SATEz%(15)
ta = trace (AEx’ *AEx) +trace (ATEz' «ATEZ) ; alpha=t+1.8/ (t+ta); %% Step L% (106)

X =x—(ATz - ATEz) xalpha; %% New x and z %%(17)

z =z— (AEx — Axb)=xalpha; Dz=diag(l./max(1l,sqgrt (diag(z’*z)))); z=z*Dz; %%(18)
end; %% End of an iteration %%(19)
toc; fprintf ('’ k=%3d eps=%9.1le Length-2=%13.10f \n’, k,eps,L2); %% (20)

o EEE8) 1T z =z- (AEx + Ez)xalpha; g2 [E—(olf A (CM-D1)FEF.



Fig. 3 and 4 depict the convergence tendencies of Contraction Method-2 for the

minimum sum of the distance in the Euclidean-norm with different starting points.
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X 11 -5 [oo-1R, I AAMAE A T REEER, HEERAT:

Table 2. Shortest network under [; norm.

PC Method-| PC Method-I
lteration  ||e(u)||co ~ Total Distance | lteration ||e(u)||occ  Total Distance
40 3.7e-002 28.6777786413 40 1.1e-004 28.6660178525
80 2.5e-005 28.6658649129 81 1.0e-010 28.6658580000
120 1.8e-008 28.6658580046
149 9.4e-011 28.6658580000
CPU-time 0.031 Sec. CPU-time 0.016 Sec.
Table 3. Shortest network under [, norm.
PC Method-| PC Method-I
lteration  ||e(u)||coc ~ Total Distance | lteration |le(u)||cc  Total Distance
40 9.0e-002 21.1322990353 40 2.1e-003 21.1145131146
80 4.4e-005 21.1129244226 80 4.1e-010 21.1129135002
120 2.4e-008 21.1129135060 84 7.4e-011 21.1129135000
150 9.2e-011 21.1129135000
CPU-time 0.187 Sec. CPU-time 0.094 Sec.
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Fig. 5 and Fig. 6 depict the optimal solutions of the minimum sum of the distance

in the [1-norm and [.,-norm, respectively.
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Fig. 5. Optimal solution, {1-norm Fig. 6. Optimal solution, [~,-norm
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Fig. 7 and 8 depict the convergence tendencies of Contraction Method—2 with
random starting points for the minimum sum of the distance in the in the {1 -norm

and [..-norm, respectively.
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Fig. 7. Convergence tendency, [1-norm Fig. 8. Convergence tendency, [o.-norm
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4.2 JFZeth B #p o)
ERELMTNAFRNNFFERNAE ZH §7 PRIFEL M E AN
w>0, F(u)>0, o F(u)=0,
5k %2 PC Method-I #1 PC Method-Il BYAS[E)HE . E E 5 Hh F{1EY
F(u) = D(u) + Mu + q,
HMERSD Mu+ ¢ RATHEHMEAER:

A=(rand(n,n)-0.5)*10; B=(rand(n,n)-0.5)«10; B=B-B’; M=A’"*xA+B;
g=(rand(n,1)-0.5)*1000; o & g=(rand(n,1)-1.0)*500;

ELMED D(u) BN E Dj(u) = d; * arctan(u; ), EHd; 2 (0,1)2Z[8]
RIBENLE. FBiX—if §2.3 RV fiﬁkﬁm di(u, @) Fl da(u, ), WARIREE
ERE o(u, 0).

SRR XHEMELE, PC Method-| i 258 — i h IR LW Ga E X .
EPC Method-1l FBY vaoi, = 1, Fi2BI— AU Refined JMEEEE.

RIS, YR KEE o 8N 5HSEEE (0,10) RHIBENLE.



PC Method-Il BYI2/F

PC Method-ll:
Step 0. Set 5o = 1,v € (0, 1),
Step 1. 4" = Po[u® — B F(u")],
re = Bl F(u®) = F(@*)||/|lu* — @,
while 7, > v, [ = %[Sk * min{1, i}
" = Po[u® — B F(u")],
re = Bl F(u®) — F(@)||/|lu® — @,
end(while)
d(u”,a") = (u* — %) —
(u* — @) Td(u®, @*)
[d(u®, a*)|?
uFtt = P [uk — ’yoszk;F(ka)],
f 7 < pu then (i := Ok *x1.5, end(if)
Step2. Bx+1 =Br and k=k+ 1, gotoStep.

w’ € Qand k = 0.
k

o —

M PC Method-1 B g & 7% PC Method-Il R 21
w Tt = uF — yagd(u®, 0%) BURT  uFt = Poluf — you B F (@),
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Matlab Code of Contraction Method—D2 for NCP

Il - 38

function PC_G(n,M,q,d, xstart,tol,pfq)

fprintf (' PC Method use Direction D1 with gamma ax
x=xstart; Fx= d.xatan(x) + M*xx + g; stopc=norm(x-max (x-Fx,0),1inf);

beta=1; k=0; 1=0; tic;
while (stopc>tol && k<=2000)
if mod(k,pfqg)==0 fprintf (’ k=%4d epsm=%9.3e \n’,k,stopc); end;
x0=x; Fx0=Fx; k=k+1;
x=max (x0-Fx0xbeta, 0) ; Fx=d.xatan(x) + Mxx + qg; 1=1+1;

end;

dx=x0-x; df=(Fx0-Fx) xbeta;

r=norm (df) /norm (dx) ;

n=%4d \n’,n);

while r>0.9 beta=0.7*«betaxmin(1,1/r); 1=1+1;
x=max (x0-Fx0xbeta, 0) ; Fx=d.xatan (x) + Mxx + qg;
dx=x0-x; df=(Fx0-Fx) xbeta; r=norm (df) /norm(dx) ;
end;
dxf=dx—-df; rl=dx’ xdxf; r2=dxf’ xdxf; alpha=rl/r2;
x=max (x0—- Fxxbetaxalphax1.9,0);
Fx= d.xatan(x) + Mxx + g; 1=1+1;
ex=x-max (x-Fx,0); stopc=norm(ex, inf) ;

if r <0.4 Dbeta=betaxl.5; end;

toc; fprintf (! k=%4d epsm=%9.3e 1=%4d \n’,k,stopc,1);

~ o~ o~ o~ o~ o~ o~ o~ —~ —~ 0° O O ° o° o° o° oo o°
OW 0O J o O & W DN P O W oo J oy U b WD -

o° o0 o° o o o o° o° o° o° o°

o\°
o\°
o\°
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NCP BUITELER 1 Easy Problems g € (—500, 500)

PC Method-I PC Method-II
n = No.lt No.F CPU No. It No. F CPU
500 448 941 0.15 372 792 0.12
1000 475 995 1.37 410 852 1.17
1500 507 1064 3.17 416 887 2.64
2000 515 1080 5.53 418 892 4 55

NCP BYITHEZE5R 2 Hard Problems ¢ € (—500, 0)

PC Method-I PC Method-II
n = No. It No. F CPU No. It No. F CPU
500 908 1913 0.30 799 1704 0.27
1000 980 2068 2.87 857 1824 2.53
1500 941 1983 5.88 834 1771 5.25
2000 1112 2352  12.18 986 2105  10.87

PC Method-Il converges faster than PC Method-I.

& 2R TEMIFAY Codes-03 A : 15T demo.m 38 n FLAT LA, AW A] DLUEEEA
[E)a]gn 2R PCd1.m F0 PCd2.m 433l & PC Method-I F1 PC Method-Il HFFE 7.




5 E—RNFEELANGE—HER

HAVE (11, 12 PEE TKRBT N EFXNE RIS IWHEEE.
B, EX T NSRS S) . AT o, RIB—EENE K 0* € O
HERE— NS R | =aF < uf e

B, SHAREE F F1 8 > 0, BIRE |0 = Polut — BF(WY)]| A ot
EIRHE AR, BE— A, (BX T 24 Ol A EHE— 75 5%

Gi—IEZR. FHAER o~ & 0" GQEU B — N o = 12;5%:11( b ak) By
—50‘ ia’mmdl( Pab), da(u, a") FNREEZRE o(u”, ") > 0, BA]

LEM%E%%ﬁ
@" e Q, (u—a")"do(u”,7") > (u—a")Tdi (W, 3"), Yue Q. (51a)
2 FEEH K >0, #15
ldy(u®, ") < K|ju® — @"|]. (5.1b)

Il - 40



3. MEEMu € Q" A
(@" —u") dao(u”, ") > p(u”,@") = (u* —a") " di(u*,a"),  (510)

4. p(u*, @) BVI(Q, F) FIREESERY, NFEEEH S > 0, FF
k ~k ko o~k k _ ~k

o(u®, ") > slu* —a"|? & of,a") =0 o u* =a"

> (5.1d)
SHREBEER o(u", 0" MF, di(u”,a"),d(u”, a") BRBEFFIE.

Lemma 5.1 IR FE—EZRFRIEE (5.1a) 1 (5.1¢) i E, MAB

(" — w7 dy (W, 3%) > o(u®,a"), Yu* e R™, u* e Q. (5.2)

W B A v € Q, KL u* K 5.1a) FEY u, FLEB
(@" —u)"dy (W, a") > (@ — )T da(u”, 7).
BIREFEM 5.1c), 15F|
(@ —u)Tdi (W, 0") > o, d") — (W — )T dy (W, T")

M ERE#EEER 2, 5I1BBIE O
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Lemma 5.2 ARG —+EZRFRIEZM (5.1a) F1 (5.1c) &, NH

(" — u) T do(u”, ") > o(u,0), Yu* e Q,u* e Q. (5.3)

WERA. E g u® € Q, KLu® R (5.12) Y u, (1B
(u* — ") da(u”, 7") > (W — @) di (", 7). (5.4)
1% (5.4) ¥ (5.1c) 80, 53
(u" — ") da(u", @%) > p(u®,a").
513JIE. O
RIBIRMEAY dy (u”, 7)) F0 do (v, @7) —3FZESE 8, FH 1T AE—ITE &

(Contraction Method-I) Wt = — arndi u’“,a :
Y

(Contraction Method-1l) "™ = Po{u” — yagda(u”, @)},
Hehop =, a")/|di (v, 3)]|?, ~ € (0,2), B(5.1b)F(5.1d), K =B R

FE R, HERK, & PCHZEPRMENREE. ERRFHRIT, EHRAGE!
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Bid: TARMILHIEEELE . Barzilai-Borwein B % [1] (BB B %) LE iR N F&SE
SRS . INRA—aNERMANE BB Bk, PN TERE TMEEPRA LA~
HEEM L —PEREMT K REFRNPOITELRE, ARG AFRET
PESEBEIRBIRINESIIEE, B iH BB BHA, WEURE T X AR ERHIRS. BB BIAMMK
FHERNMCKETLERSRIZIAT. Dai F Yuan [3, 4] X B E XM T IRANRIER
R BULEWLEE, Yuan B5|[BT — P ERB—ARIEN, S ABF !

KFRIPBEDAFANRBERETRED, A7 ERE? MREER—GIERAN
B, MEXHRZEEFEFRIPC Method-Il, Bl AR F A 5 LI, IRIBAT—HNAR, E
ZHBT—NFELE FXLEFES—INFERE. XRARXNFESE, THBI—
BHRM R ERERN 2K, TR AR E S S T PRI R AV ME B 77 R U SR —
fELL L. Rt AT 3 N — AP SEE— AR IR, AR TR0, HAEE .

B4 75 15), HEEI K BERA (8], 3T T — /MBS B KT I, HEH S, ESHFEE.
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