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The context of this lecture is based on the publication [8, 10, 13, 14]
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·�ïÄüNC©Ø�ª¦)�{.é?�� β > 0,C©Ø�ª

VI(Ω, F ) u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω (0.1)

� F ²N'��¯K

VI(Ω, F ) u∗ ∈ Ω, (u− u∗)TβF (u∗) ≥ 0, ∀u ∈ Ω (0.2)

Ó).~^ e(u, β) := u− PΩ[u− βF (u)] �� ‖e(u, β)‖ ÝþØ�.

�CAc,�5C©Ø�ª�ÝKÂ �{ [6, 7]�¤õA^�Åì<�$Ä

5yÚ¢���¥ [5, 17].|^ [9, 10]¥¦)��5C©Ø�ª��{,¥�

�ÉÇñèåÆïÄ¤�Æö¤õ)û�
ñèó§¯K [18, 19].�©©O

0�üN�5C©Ø�ªÚ��5C©Ø�ª�üéÌ)�{.zéÌ)�

{ÑdÝKJø�éÌ)eü��,æ^ØÓ���ª�)#S�:��ÿ
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1 ýýý������£££

ÝÝÝKKK���ÄÄÄ���555���.·���ÑA�ùpI��!w´��5�.éù
5

�y²a,��Öö�±ë��öÌ�þX�ùÂ�1�ù.

ÚÚÚnnn 1.1 � Ω ⊂ Rn´4à8,Ké?¿� v ∈ <n,k

(u− PΩ(v))T (PΩ(v)− v) ≥ 0, ∀u ∈ Ω. (1.1)

CCC©©©ØØØ���ªªª¤¤¤���ddd���ÝÝÝKKK���§§§.|^ÝK�Vg,¦)C©Ø�ª (0.1)�±

8(�¦

e(u, β) := u− PΩ[u− βF (u)] ���":.

¦)üNC©Ø�ª (0.2)�ÝKÂ �{´�«ýÿ-���{.dÝKJø

ýÿ,d��¢yÂ .3ÝKÂ �{� k-ÚS�¥,é�½��c: uk

Ú βk > 0,·�|^ÝK

ũk = PΩ[uk − βkF (uk)], (1.2)
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)¤��ýÿ: ũk .�âC©Ø�ª)�5�, uk = ũk´ uk ∈ Ω∗�¿©

7�^�.3 (1.1)¥- v = uk − βkF (uk),�â ũk = PΩ(v)Úc�ù`��

ÝK�5�,·�k

ũk ∈ Ω, (u− ũk)T {ũk − [uk − βkF (uk)]} ≥ 0, ∀u ∈ Ω. (1.3)

?��

ũk ∈ Ω, (u− ũk)TβkF (uk) ≥ (u− ũk)T (uk − ũk), ∀u ∈ Ω. (1.4)

nnn���ÄÄÄ���ØØØ���ªªª � u∗´C©Ø�ª VI(Ω, F )�).du ũk ∈ Ω,�âC©

Ø�ª�½Â(0.1),·�k

(FI1) (ũk − u∗)TβkF (u∗) ≥ 0. (1.5)

du u∗ ∈ Ω,ò (1.3)¥�?¿ u ∈ Ω�� u∗,Kk

(FI2) (ũk − u∗)T
(
[uk − ũk]− βkF (uk)

)
≥ 0. (1.6)

�âüN�f�5�,k

(FI3) (ũk − u∗)T
(
βkF (ũk)− βkF (u∗)

)
≥ 0. (1.7)
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·�r (1.5), (1.6)Ú (1.7)��n�Ä�Ø�ª.ÝKÂ �{�Ï���Ñ´

lù
Ä�Ø�ª�Ñ�.

2 ¦¦¦)))���555üüüNNNCCC©©©ØØØ���ªªª������éééÌÌÌ)))���{{{

XJ (0.1)¥� F (u) = Mu+ q,ù��C©Ø�ª¡��5C©Ø�ª:

u∗ ∈ Ω, (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω.

d�¤`�üN5´�¦Ý
MT +M ��½,¿Ø�¦M é¡.

2.1 ���âââýýýÿÿÿ:::���)))���ååålll¼¼¼êêêþþþ,,,������

é�5C©Ø�ª,·��½ëê β,

• ÄÄÄuuu FI1���þþþ,,,������ .Ï� F (u) = Mu+ q,Ä�Ø�ª (1.5)�±�¤

{(uk − u∗)− (uk − ũk)}Tβ{(Muk + q)−M(uk − u∗)} ≥ 0,
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|^üN5, (uk − u∗)TM(uk − u∗) ≥ 0,lþª��

(uk − u∗)Tβ[MT (uk − ũk) + (Muk + q)] ≥ (uk − ũk)Tβ(Muk + q),

(2.1)

Ù¥XJ uk ∈ Ω,3 (1.3)¥|^ F (u) = Mu+ q,Òk

(uk − ũk)Tβk(Muk + q) ≥ ‖uk − ũk‖2.

Ïd,é uk ∈ Ω, βk
(
MT (uk − ũk) + (Muk + q)

)
´��ål¼ê

1
2
‖u− u∗‖23 uk?î¼��þ,��.

• ÄÄÄuuu (FI1+FI2)���þþþ,,,������ .òn�Ä�Ø�ª¥�cü� (1.5)Ú(1.6)

�\,¿|^ F (u) = Mu+ q,��

{(uk − u∗)− (uk − ũk)}T {(uk − ũk)− βM(uk − u∗)} ≥ 0.

düN5, (uk − u∗)TM(uk − u∗) ≥ 0,lþª��

(uk − u∗)T (I + βMT )(uk − ũk) ≥ ‖uk − ũk‖2. (2.2)

Ïd, (I + βMT )(uk − ũk)´��ål¼ê 1
2
‖u− u∗‖23 uk?î¼�

�þ,��.
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ÌÌÌ)))������ é�5C©Ø�ª, (1.4)�±�¤

ũk ∈ Ω, (u− ũk)Tβ(Muk + q) ≥ (u− ũk)T (uk − ũk), ∀u ∈ Ω.

ü>Ñ\þ (u− ũk)TβMT (uk − ũk), Òk

ũk ∈ Ω, (u− ũk)Tβ[MT (uk − ũk) + (Muk + q)]

≥ (u− ũk)T (I + βMT )(uk − ũk), ∀u ∈ Ω, (2.3)

·�¡©? (2.3)üà�

β[MT (uk − ũk) + (Muk + q)] Ú (I + βMT )(uk − ũk) (2.4)

��éÌ)��.§�©O´d (FI1)Ú (FI1+FI2)�)� (©O� (2.1)Ú (2.2)).

�
�B,·�P

g(uk, ũk) = MT (uk − ũk) + (Muk + q). (2.5)

|^ù�L�ª, (2.3)

ũk ∈ Ω, (u− ũk)Tβg(uk, ũk) ≥ (u− ũk)T (I + βMT )(uk − ũk), ∀u ∈ Ω.

(2.6)
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2.2 |||^̂̂ (FI1+FI2)JJJøøø������������)))###���SSS���:::

��´|^ål¼ê�eü��(þ,������),¦�#�S�:l)

8�C�
.|^ (FI1+FI2)Jø����)#S�:�úª�

uk+1
I (α) = uk − α(I + βMT )(uk − ũk). (2.7)

�?ØÚ� αXÛ�,·�ò (2.7)�)��6uÚ� α�#S�:P�

uk+1
I (α).�	� α�'�ål²� áþ,

ϑk(α) := ‖uk − u∗‖2 − ‖uk+1
I (α)− u∗‖2. (2.8)

�â½Â

ϑk(α) = ‖uk − u∗‖2 − ‖uk − u∗ − α(I + βMT )(uk − ũk)‖2

= 2α(uk − u∗)T (I + βMT )(uk − ũk)

−α2‖(I + βMT )(uk − ũk)‖2. (2.9)

é?¿�½�(½): u∗, (2.9)L² ϑk(α)´ α����g¼ê.�´ u∗´
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���,·�Ã{��¦ ϑk(α)�4�./Ï (2.1),·�k

½½½nnn 2.1 � uk+1(α)d (2.7))¤.é?¿� α > 0,d (2.8)½Â� ϑk(α)k

ϑk(α) ≥ qLk (α), (2.10)

Ù¥

qLk (α) = 2α‖uk − ũk‖2 − α2‖(I + βMT )(uk − ũk)‖2. (2.11)

yyy²²².ù�(Ø�±l (2.9)|^ (2.1)����. 2

½n 2.1L²�g¼ê qk(α)´ ϑk(α)���e.¼ê.¦ qLk (α)��4�

� α∗k´

α∗k = argmax{qLk (α)} =
‖uk − ũk‖2

‖(I + βMT )(uk − ũk)‖2 . (2.12)

�âþª,·�k

α∗k ≥
1

‖I + βMT ‖2 . (2.13)

Â �{��¿´�3zgS�¥4�z�g¼ê ϑk(α) (� (2.9)),du§

¹k��� u∗,·�Ø�®â4�z§�e.¼ê qLk (α).
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Ïd,3¢SO�¥,·������tµÏf γ ∈ [1, 2),-

uk+1 = uk − γα∗k(I + βMT )(uk − ũk), (2.14)

e¡�Ñ�{Âñ�'�5½n.

½½½nnn 2.2 � uk+1d (2.14))¤,Ù¥Ú� α∗kd (2.12)�Ñ,Kk

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)

‖I + βMT ‖2 ‖u
k − ũk‖2. (2.15)

yyy²²².�â (2.8)Ú (2.10),d (2.14)�)� uk+1÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − qLk (γα∗k). (2.16)

d qLk (α)Ú α∗k�½Â (©O� (2.11)Ú (2.12)),��

qLk (γα∗k) = γ(2− γ)α∗k‖uk − ũk‖2 ≥ γ(2− γ)

‖I + βMT ‖2 ‖u
k − ũk‖2.

����Ø�ª^�
 (2.13).½n�y. 2
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2.3 |||^̂̂ (FI1)JJJøøø������������)))###���SSS���:::

§2.2¥���úª (2.7)æ^ (I + βMT )(uk − ũk)�|¢��,ùp·�^§

�Ì)�� (� (2.4))

β[MT (uk − ũk) + (Muk + q)]

O�§.5¿� §2.1�©Û¥`�þã��é uk ∈ Ω´þ,�,·�^

uk+1
II (α) = PΩ

{
uk − αβ[MT (uk − ũk) + (Muk + q)]

}
, (2.17)

�)�6uÚ� α�#�S�:,��yáu Ω.�
«O�d (2.7))¤�

#S�:,·�3 (2.17)¥^�eI� uk+1
II (α)L«.é?¿�½� u∗ ∈ Ω∗,

·�ò

ζk(α) = ‖uk − u∗‖2 − ‖uk+1
II (α)− u∗‖2 (2.18)

w¤´�gS��?Úþ,§´Ú� α�¼ê.·�ØU��4�z ζk(α),

Ï�§¹k·��¦� u∗.e¡�½n`²,éÓ�� α, ζk(α) ‘`u’ (2.10)

¥� ϑk(α).

�¤ù�y²{�ÐAc,y²ØÑÒ~¦´��Ø�ß�,�3��.
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½½½nnn 2.3 � uk+1(α)d (2.17))¤.é?¿� α > 0,d (3.19)½Â� ζk(α)k

ζk(α) ≥ qLk (α) + ‖uk+1
II (α)− uk+1

I (α)‖2, (2.19)

Ù¥ qLk (α), uk+1
I (α), uk+1

II (α)©Od (2.11), (2.7)Ú (2.17)�Ñ.

yyy²²².|^ (2.5)�PÒ, (2.17)�±�¤ uk+1
II (α) = PΩ[u− αβg(uk, ũk)].

du u∗ ∈ Ω,ÝK�f´�*Ü�f,·�k

‖uk+1
II (α)− u∗‖2 ≤ ‖uk − αβg(uk, ũk)− u∗‖2.

,,�âÝK�5�Ú{u½n,·�^�°[�'Xª

‖uk+1
II (α)− u∗‖2 ≤ ‖uk − αβg(uk, ũk)− u∗‖2

−‖uk+1
II (α)− (uk − αβg(uk, ũk))‖2. (2.20)
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qu∗






��
�
��

�
��

Ω

ã 2.Ø�ª (2.20)�AÛ)º

Ïd,|^ ζk(α)�½Â(� (2.18))Ú (2.20),·�k

ζk(α) ≥ ‖uk − u∗‖2 − ‖(uk − u∗)− αβg(uk, ũk)‖2

+‖(uk+1
II (α)− uk) + αβg(uk, ũk)‖2

= 2αβ(uk − u∗)T g(uk, ũk) + 2αβ(uk+1
II (α)− uk)T g(uk, ũk)

+‖uk+1
II (α)− uk‖2

= ‖uk+1
II (α)− uk‖2 + 2α(uk+1

II (α)− u∗)Tβg(uk, ũk). (2.21)
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ò (2.21)¥mà����� (uk+1
II (α)− u∗)Tβg(uk, ũk)©)¤

(uk+1
II (α)− u∗)Tβg(uk, ũk)

= (uk+1
II (α)− ũk)Tβg(uk, ũk) + (ũk − u∗)Tβg(uk, ũk). (2.22)

éu (2.22)mà�1�Ü©,|^PÒ g(uk, ũk), uk+1
II (α) ∈ ΩÚ (2.3),k

(uk+1
II (α)− ũk)Tβg(uk, ũk) ≥ (uk+1

II (α)− ũk)T (I + βMT )(uk − ũk).

�Ò´`,

(uk+1
II (α)− ũk)Tβg(uk, ũk) ≥ (uk+1

II (α)− uk)T (I + βMT )(uk − ũk)

+(uk − ũk)T (I + βMT )(uk − ũk). (2.23)

éu (2.22)mà�1�Ü©, (ũk − u∗)Tβg(uk, ũk),2©¤

(ũk − u∗)Tβg(uk, ũk) = (ũk − uk)Tβg(uk, ũk) + (uk − u∗)Tβg(uk, ũk)

|^ (2.1),=

(uk − u∗)Tβg(uk, ũk) ≥ (uk − ũk)Tβ(Muk + q)
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ÚPÒ g(uk, ũk),·���

(ũk − u∗)Tβg(uk, ũk)

≥ (ũk − uk)Tβ{MT (uk − ũk) + (Muk + q)}+ (uk − ũk)Tβ(Muk + q)

≥ −β(uk − ũk)TMT (uk − ũk). (2.24)

ò (2.23)Ú (2.24)�\,Òk

(uk+1
II (α)−u∗)Tβg(uk, ũk) ≥ (uk+1

II (α)−ũk)T (I+βMT )(uk−ũk)+‖uk−ũk‖2.

òþ¡�Ø�ª�\ (2.21),|^ qLk (α)�PÒ,��

ζk(α) ≥ ‖uk+1
II (α)− uk‖2 + 2α(uk+1

II (α)− uk)T (I + βMT )(uk − ũk)

+2α‖uk − ũk‖2

= ‖(uk+1
II (α)− uk) + α(I + βMT )(uk − ũk)‖2

−α2‖(I + βMT )(uk − ũk)‖2 + 2α‖uk − ũk‖2

= ‖uk+1
II (α)− [uk − α(I + βMT )(uk − ũk)]‖2 + qLk (α).

2|^ (2.7),Ò�¤
½n(Ø (2.19)�y². 2
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·�ÙP�,ù�y² [8]´ 1991c�à{¥¢!�þ3Wuerzburg�¤�.

½n 2.3`², qLk (α)�´ ζk(α)�e..3¢SO�¥,ÃØæ^��úª

(PC-I) uk+1
I = uk − γα∗k(I + βMT )(uk − ũk) (2.25)

½ö

(PC-II) uk+1
II = PΩ

[
uk − γα∗kβ[MT (uk − ũk) + (Muk + q)]

]
(2.26)

�)#�S�: uk+1,Ù¥� α∗kÑd (2.12)�Ñ.Ú�ek.,ù:�~

�.��k��S��{,Ú�7L´ek.�.

æ^��úª (2.25),§�Ð?´)¤ uk+1Ø^2�ÝK.¢S¯K¥,� Ω

þ�ÝK�d  Øp£~X Ω~~´���%�½öµ/¤,Ïd~æ^

��úª (2.26).ù�¡�nd·�3Ø© [14]¥k��[�`².
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�â (2.3)Jø�Ì)��,3æ^�ÓÚ��ü��{ (2.25)Ú (2.26)¥,^
PÒ (2.7), (2.10)Ú (2.19)Ò�±©OU�¤

ϑk(α) = ‖uk − u∗‖2 − ‖uk+1
I (α)− u∗‖2 ≥ qLk (α),

Ú

ζk(α) = ‖uk − u∗‖2 − ‖uk+1
II (α)− u∗‖2 ≥ qLk (α) + ‖uk+1

II (α)− uk+1
I (α)‖2.

Ù¥ qLk (α)d (2.11)�Ñ.éÓ�� α, ζk(α)�e.�u ϑk(α)�e..

¦)�5C©Ø�ª� PC Method-IÚ PC Method-II©OuL3 [6]Ú [7],Ñ

�A^�Åì<�$Ä5yÚ¢���¥ [5, 17].·�3 1994cuL� PC

Method-I,©Ù [6]�K8´ “A new method for a class of linear variational

inequalities”,Ú^<¡§� 94LVI�{.Ó�´31994cuL�Ø© [7]¥�

� PC Method-II�úª?Ò´ (4)� (7),Ú^<Ò�ù��{)¶� E47.

O�¢� [5, 17]�y²,ù�éÌ)�{¥,�{-II'�{-I�Ç�p.
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3 ������555üüüNNNCCC©©©ØØØ���ªªª������éééÌÌÌ)))���{{{

é�����5üNC©Ø�ª,3ÝK (1.2)¥,·�b�ëê βkÀ�U¦

βk‖F (uk)− F (ũk)‖ ≤ ν‖uk − ũk‖, ν ∈ (0, 1). (3.1)

�¡,�
1©{ü,·�ò βkP¤ β,¿b�ù� β÷vþ¡�^�.

3.1 ���âââýýýÿÿÿ:::���)))���ååålll¼¼¼êêêþþþ,,,������

• ÄÄÄuuu (FI1+FI3)���þþþ,,,������ .òÄ�Ø�ª (1.5)Ú(1.6)�\��

(ũk − u∗)TβF (ũk) ≥ 0,

lþª��

(uk − u∗)TβF (ũk) ≥ (uk − ũk)TβF (ũk). (3.2)

XJ uk ∈ Ω,�â (1.4)k

(uk − ũk)TβF (uk) ≥ ‖uk − ũk‖2.
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|^þª,b� (3.1)Ú Cauchy-SchwarzØ�ª,k

(uk − ũk)TβF (ũk) = (uk − ũk)TβF (uk)− (uk − ũk)Tβ(F (uk)− F (ũk))

≥ (1− ν)‖uk − ũk‖2. (3.3)

Ø�ª (3.2)Ú (3.3)w�·�,é uk ∈ Ω,3^� (3.1)÷v��¹e,

βF (ũk)´��ål¼ê 1
2
‖u− u∗‖23 uk?î¼��þ,��.

• ÄÄÄuuu (FI1+FI2+FI3)���þþþ,,,������ .òn�Ä�Ø�ª (1.5), (1.6)Ú(1.7)�

\,òn�Ä�Ø�ª (1.5), (1.6)Ú(1.7)�\,¿|^ d(uk, ũk)�L�ª,

��

{(uk − u∗)− (uk − ũk)}T d(uk, ũk) ≥ 0,

Ù¥

d(uk, ũk) = (uk − ũk)− β[F (uk)− F (ũk)]. (3.4)

����

(uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk). (3.5)

d d(uk, ũk)�L�ª (3.4)Úb� (3.1),�â Cauchy-SchwarzØ�ª,k

(uk − ũk)T d(uk, ũk) ≥ (1− ν)‖uk − ũk‖2. (3.6)
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Ø�ª (3.5)Ú (3.6)w�·�,3^� (3.1)÷v��¹e,d (3.4)½Â�

d(uk, ũk)´î¼�e���þ,��.

ÌÌÌ)))������.�	þ¡J��ü����'X.3 (1.4)ü>Ñ\þ

(u− ũk)T {−β[F (uk)− F (ũk)]},

Òk

ũk ∈ Ω, (u− ũk)TβF (ũk) ≥ (u− ũk)T d(uk, ũk), ∀u ∈ Ω, (3.7)

·�¡©? (3.7)üà�

βF (ũk) Ú d(uk, ũk) = (uk − ũk)− β[F (uk)− F (ũk)]

��éÌ)��,§��©O´d (FI1+FI3)Ú (FI1 +FI2 +FI3)�)�.

3.2 |||^̂̂ (FI1+FI2+FI3)JJJøøø������������)))###���SSS���:::

��´|^ål¼ê�eü��(þ,������),¦�#�S�:l)
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8�C�
.Ïd,·�^

uk+1
I = uk − αd(uk, ũk) (3.8)

�)#�S�:,Ù¥ d(uk, ũk)´d (3.4)�Ñ�.

·�ò (3.8)¥� uk+1P� uk+1(α),L«#�S�:�6uÚ� α.�	�

α�'�ål²� áþ,

ϑk(α) := ‖uk − u∗‖2 − ‖uk+1
I (α)− u∗‖2. (3.9)

�â½Â

ϑk(α) = ‖uk − u∗‖2 − ‖uk − u∗ − αd(uk, ũk)‖2

= 2α(uk − u∗)T d(uk, ũk)− α2‖d(uk, ũk)‖2. (3.10)

é?¿�½�(½): u∗, (3.10)L² ϑk(α)´ α����g¼ê.�´ u∗

´���,·�Ã{��¦ ϑk(α)�4�.

½½½nnn 3.1 � uk+1(α)d (3.8))¤.é?¿� α > 0,d (3.9)½Â� ϑk(α)k

ϑk(α) ≥ qNk (α), (3.11)
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Ù¥ d(uk, ũk)d (3.4)�Ñ,

qNk (α) = 2α(uk − ũk)T d(uk, ũk)− α2‖d(uk, ũk)‖2. (3.12)

yyy²²².ù�(Ø�±l (3.10)|^ (3.5)����. 2

½n 3.1L²�g¼ê qNk (α)´ ϑk(α)���e.¼ê.¦ qNk (α)��4�

� α∗k´

α∗k = argmax{qNk (α)} =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2 . (3.13)

3¢SO�¥,aq� §2,·������tµÏf γ ∈ [1, 2),-

uk+1 = uk − γα∗kd(uk, ũk). (3.14)

½½½nnn 3.2 � uk+1d (3.14))¤.é?¿� γ ∈ (0, 2),·�k

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − 1

2
γ(2− γ)(1− ν)‖uk − ũk‖2.
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yyy²²².�â (3.9)Ú (3.11),d (3.14)�)� uk+1÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − qNk (γα∗k). (3.15)

d qNk (α)Ú α∗k�½Â (©O� (3.12)Ú (3.13)),��

qNk (γα∗k) = 2γα∗k(uk − ũk)T d(uk, ũk)− γ2(α∗k)2‖d(uk, ũk)‖2

= γ(2− γ)α∗k(uk − ũk)T d(uk, ũk).

¯¢þ,|^ (3.4)Ú (3.1),�±��

2(uk − ũk)T d(uk, ũk)− ‖d(uk, ũk)‖2 = d(uk, ũk)T {2(uk − ũk)− d(uk, ũk)}

=
{
(uk − ũk)− β[F (uk)− F (ũk)]

}T{
(uk − ũk) + β[F (uk)− F (ũk)]

}
= ‖uk − ũk‖2 − β2

k‖[F (uk)− F (ũk)]‖2 ≥ (1− ν2)‖uk − ũk‖2. (3.16)

Ïd, α∗k >
1
2

.Ïd,

qNk (γα∗k) >
1

2
γ(2− γ)(uk − ũk)T d(uk, ũk).

d��úª (3.14)�)� uk+1÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − 1

2
γ(2− γ)(uk − ũk)T d(uk, ũk). (3.17)

éþª¥mà¥� (uk − ũk)T d(uk, ũk)|^ (3.6),Ò��½n�(Ø. 2
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3.3 |||^̂̂ (FI1+FI3)JJJøøø������������)))###���SSS���:::

§3.2���úª (3.8)¥æ^ d(uk, ũk)���,ùp·�^ βF (ũk)O�§,

¿N\�gÝK.Ó�^

uk+1
II (α) = PΩ[uk − αβF (ũk)], (3.18)

��6uÚ� α�#�S�:.�
«O�d (3.8))¤� uk+1,·�3 (3.18)

¥^�eI� uk+1
II (α)L«.é?¿�½� u∗ ∈ Ω∗,·�ò

ζk(α) = ‖uk − u∗‖2 − ‖uk+1
II (α)− u∗‖2 (3.19)

w¤´�gS��?Úþ,§´Ú� α�¼ê.·�ØU��4�z ζk(α),

Ï�§¹k·��¦� u∗.e¡�½n`²,éÓ�� α, ζk(α) ‘`u’ (3.11)

¥� ϑk(α).

Theorem 3.1 � uk+1(α)d (3.18))¤.é?¿� α > 0,d (3.19)½Â� ζk(α)

k

ζk(α) ≥ qNk (α) + ‖uk+1
II (α)− uk+1

I (α)‖2, (3.20)

Ù¥ qNk (α), uk+1
I (α), uk+1

II (α)©Od (3.12), (3.8)Ú (3.18)�Ñ.
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yyy²²².Äk,Ï� uk+1(α) = PΩ[u− αβF (ũk)]Ú u∗ ∈ Ω,�âÝK�5�Ú

{u½n,k

‖uk+1(α)− u∗‖2 ≤ ‖uk − αβF (ũk)− u∗‖2 − ‖uk − αβF (ũk)− uk+1
II (α)‖2.

(3.21)
Ïd,|^ ζk(α)�½Â(� (3.19)),·�k

ζk(α) ≥ ‖uk − u∗‖2 − ‖(uk − u∗)− αβF (ũk)‖2 + ‖(uk − uk+1
II (α))− αβF (ũk)‖2

= 2α(uk − u∗)T βF (ũk) + 2α(uk+1
II (α)− uk)T βF (ũk) + ‖uk − uk+1

II (α)‖2

= ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− u∗)T βF (ũk). (3.22)

ò (3.22)¥mà����� (uk+1
II (α)− u∗)TβF (ũk)©)¤

(uk+1
II (α)− u∗)TβF (ũk) = (uk+1

II (α)− ũk)TβF (ũk) + (ũk − u∗)TβF (ũk).

|^ F �üN5Ú u∗��`5,

(ũk − u∗)TβF (ũk) ≥ (ũk − u∗)TβF (u∗) ≥ 0.

�\ (3.22)�mà,?�Ú��

ζk(α) = ‖uk+1
II (α)− uk‖2 + 2α(uk+1

II (α)− ũk)TβF (ũk). (3.23)
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Ï� uk+1
II (α) ∈ Ω,^§O� (3.7)¥�?¿ u ∈ Ω,��

(uk+1
II (α)− ũk)TβF (ũk) ≥ (uk+1

II (α)− ũk)T d(uk, ũk).

ò§�\ (3.23)�mà,Òk

ζk(α) ≥ ‖uk+1
II (α)− uk‖2 + 2α(uk+1

II (α)− ũk)T d(uk, ũk). (3.24)

éþªmà,|^ qNk (α)�/ª (�(3.12)),Òz¤

‖uk+1
II (α)− uk‖2 + 2α(uk+1

II (α)− ũk)T d(uk, ũk)

= ‖uk+1
II (α)− uk‖2 + 2α(uk+1

II (α)− uk)T d(uk, ũk) + 2α(uk − ũk)T d(uk, ũk)

= ‖(uk+1
II (α)− uk) + αd(uk, ũk)‖2 − α2‖d(uk, ũk)‖2 + 2α(uk − ũk)T d(uk, ũk)

= ‖uk+1
II (α)− (uk − αd(uk, ũk))‖2 + qNk (α).

ù�Ò�¤
½n(Ø (3.20)�y². 2

½n 3.1`², qNk (α)�´ ζk(α)�e..3¢SO�¥,æ^��úª

(PC Method-I) uk+1
I = uk − γα∗kd(uk, ũk) (3.25)



III - 27

½ö

(PC Method-II) uk+1
II = PΩ[uk − γα∗kβkF (ũk)] (3.26)

�)#�S�: uk+1,Ù¥� α∗kÑd (3.13)�Ñ.æ^��úª (3.25),§�

Ð?´)¤ uk+1Ø^2�ÝK.¢S¯K¥,� Ωþ�ÝK�d  Øp

(~X Ω~~´���%�½öµ/),Ïd~æ^��úª (3.26).

|^§ 3.2��y²�(J,ÃØæ�Ì)�{¥�=��,S��)�S�

{uk}Ñ÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)

2
(1− ν)‖uk − ũk‖2.

âdÒ�±y²e¡�Âñ5½n.

Theorem 3.2 � VI(Ω, F )�)8 Ω∗��,Kd�!J��ÝKÂ �{�)

�S� {uk}Âñ� VI(Ω, F )�,�): u∗ ∈ Ω∗.

¥I�Æ�ÉÇñèåÆïÄ¤��ï<
,òùp0��ÝK-Â �{¤

õ^uNõñèó§¯K�¦) [18, 19],¦��¤J��·��
Ï�.
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4 AAA^̂̂ÚÚÚêêê���ÁÁÁ���

·�©O^�5C©Ø�ªÚ��5C©Ø�ª�~f`²Ú�µe¥�

«�{— PC Method-IÚPC Method-II�ØÓO��J.

4.1 Applied the different PC Methods for LVI

�5C©Ø�ª·�^1�ù §5¥J��/�áålÚ¯K0��~f.�

áålÚ¯K�du��min-max¯K,ÙéA��5C©Ø�ª¥�Ý


M ´�é¡�.éda¯K��[�£ã�1�ù §5.

ÁÁÁ���~~~fff:�g SIAM J. on Optimization.

• G. L. XUE AND Y. Y. YE, An efficient algorithm for minimizing a sum of

Euclidean norms with applications, SIAM Optim. 7 (1997), 1017-1039.

Fig. 1�Ñù��ä�é((�,Ù¥ b[i], i = 1, . . . , 10´�K: (regular

points).ù
�K:��I´�½�.: x[j], j = 1, . . . , 8�:b[i]�é(�´

�½�. Fig. 2�Ñ
î¼�eålÚ�á� x[j], j = 1, . . . , 8� �.
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Fig. 2. Optimal solution in Euclidean-norm

The coordinates of the 10 regular points

x-coordinate y-coordinate x-coordinate y-coordinate

b[1] 7.436490 7.683284 b[6] 1.685912 1.231672
b[2] 3.926097 7.008798 b[7] 4.110855 0.821114
b[3] 2.309469 9.208211 b[8] 4.757506 3.753666
b[4] 0.577367 6.480938 b[9] 7.598152 0.615836
b[5] 0.808314 3.519062 b[10] 8.568129 3.079179
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The update forms of using the contraction method I (3.25) and II (3.26) are

(PC Method-I) uk+1 = uk − γα∗k(I +MT )(uk − ũk),

and

(PC Method-II) uk+1 = PΩ{uk − γα∗k[MT (uk − ũk) + (Muk + q)]},

respectively. The numerical results are listed in the following table.

Table 1. Shortest network under l2 norm.

PC Method-I PC Method-II

Iteration ‖e(u)‖∞ Total Distance Iteration ‖e(u)‖∞ Total Distance

40 7.1e-002 25.3776304969 40 5.0e-004 25.3563526162

80 1.8e-004 25.3561050662 80 4.0e-008 25.3560677986

120 6.4e-007 25.3560678958 106 9.2e-011 25.3560677793

160 2.4e-009 25.3560677797

183 9.5e-011 25.3560677793

CPU-time 0.234 Sec. CPU-time 0.125 Sec.

·�^
tµÏf γ = 1.8.XJ� γ = 1,ü«�{Ñ¬O\80%�O��m.
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PC Method-II for the problem in the Euclidean-norm

clear; % Steiner Minimum Tree * Read the coordinate of the regular points%(1)

P1=[7.436490, 3.926097, 2.309469, 0.577367, 0.808314; %(2)

7.683284, 7.008798, 9.208211, 6.480938, 3.519062]; %(3)

P2=[1.685912, 4.110855, 4.757506, 7.598152, 8.568129; %(4)

1.231672, 0.821114, 3.753666, 0.615836, 3.079179]; %(5)

b=[P1,P2,zeros(2,7)]; x=zeros(2,8); z=zeros(2,17); eps=1; k=0; tic; %(6)

while (eps > 10ˆ(-10) & k<= 200) k=k+1; %% Beginning of an iteration %(7)

Ax=[x(:,1), x, x(:,8), x(:,1:7)-x(:,2:8)]; Axb=Ax-b; %% Compute Ax-b %(8)

ATz=z(:,2:9) + [z(:,1), -z(:,11:17)] + [z(:,11:17), z(:,10)]; % AˆTz %(9)

L2=0; for j=1:17 L2=L2 + norm(Axb(:,j),2); end; % Length-2 %(10)

if mod(k,20)==0 fprintf(’k=%3d stopc=%9.1e L2=%13.10f\n’,k,eps,L2);end;%(11)

Pz=z+Axb; Dp=diag(1./max(1,sqrt(diag(Pz’*Pz)))); Pz=Pz*Dp; %P(z+(Ax-b))%(12)

Ex = ATz; Ez = z-Pz; t=trace(Ex’*Ex)+ trace(Ez’*Ez); eps=sqrt(t); %(13)

AEx= [Ex(:,1), Ex, Ex(:,8), Ex(:,1:7)-Ex(:,2:8)]; % Compute AEx %(14)

ATEz=Ez(:,2:9) + [Ez(:,1),-Ez(:,11:17)] + [Ez(:,11:17),Ez(:,10)]; %ATEz%(15)

ta = trace(AEx’*AEx)+trace(ATEz’*ATEz); alpha=t*1.8/(t+ta); %% Step L%(16)

x =x-(ATz - ATEz)*alpha; %% New x and z %%(17)

z =z-(AEx - Axb)*alpha; Dz=diag(1./max(1,sqrt(diag(z’*z)))); z=z*Dz; %%(18)

end; %% End of an iteration %%(19)

toc; fprintf(’ k=%3d eps=%9.1e Length-2=%13.10f \n’, k,eps,L2); %%(20)

rþ¡1(18)1U¤ z =z-(AEx + Ez)*alpha;Ò´?nÓ�¯K�(CM-D1)§S.



III - 32

Fig. 3 and 4 depict the convergence tendencies of Contraction Method–2 for the

minimum sum of the distance in the Euclidean-norm with different starting points.
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é l1-�Ú l∞-�,·��^ü«ØÓ�{�
O�'�,O�(JXeµ

Table 2. Shortest network under l1 norm.

PC Method-I PC Method-II

Iteration ‖e(u)‖∞ Total Distance Iteration ‖e(u)‖∞ Total Distance

40 3.7e-002 28.6777786413 40 1.1e-004 28.6660178525

80 2.5e-005 28.6658649129 81 1.0e-010 28.6658580000

120 1.8e-008 28.6658580046

149 9.4e-011 28.6658580000

CPU-time 0.031 Sec. CPU-time 0.016 Sec.

Table 3. Shortest network under l∞ norm.

PC Method-I PC Method-II

Iteration ‖e(u)‖∞ Total Distance Iteration ‖e(u)‖∞ Total Distance

40 9.0e-002 21.1322990353 40 2.1e-003 21.1145131146

80 4.4e-005 21.1129244226 80 4.1e-010 21.1129135002

120 2.4e-008 21.1129135060 84 7.4e-011 21.1129135000

150 9.2e-011 21.1129135000

CPU-time 0.187 Sec. CPU-time 0.094 Sec.
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Fig. 5 and Fig. 6 depict the optimal solutions of the minimum sum of the distance

in the l1-norm and l∞-norm, respectively.
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Fig. 7 and 8 depict the convergence tendencies of Contraction Method–2 with

random starting points for the minimum sum of the distance in the in the l1-norm

and l∞-norm, respectively.
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4.2 ������555pppÖÖÖ¯̄̄KKK

����5C©Ø�ª�~f·�^1�ù §7¥���5pÖ¯K

u ≥ 0, F (u) ≥ 0, uTF (u) = 0,

5�	 PC Method-IÚ PC Method-II�ØÓO��Ç.3�~¥·��

F (u) = D(u) +Mu+ q,

�5Ü©Mu+ qæ^e¡��é)¤:

A=(rand(n,n)-0.5)*10; B=(rand(n,n)-0.5)*10; B=B-B’; M=A’*A+B;

q=(rand(n,1)-0.5)*1000; ½ö q=(rand(n,1)-1.0)*500;

��5Ü©D(u)�z�©þDj(u) = dj ∗ arctan(uj),Ù¥dj ´ (0, 1)�m

��Åê.^ù�ù §2.3¥��{)¤�� d1(u, ũ)Ú d2(u, ũ),±9Ø�Ý

þ¼ê ϕ(u, ũ).

5¿�,ù��±�, PC Method-IÒ´1�ù¥�ÝKÂ �{.

�PC Method-II¥� γα∗k ≡ 1,Ò´c�ù� Refined	FÝ�{.

3�¡�Á�¥,Ð©S��þ u0�z�©þÑ� (0, 10)¥��Åê.
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PC Method-II�§S

PC Method-II:
Step 0. Set β0 = 1, ν ∈ (0, 1), u0 ∈ Ω and k = 0.

Step 1. ũk = PΩ[uk − βkF (uk)],

rk := βk‖F (uk)− F (ũk)‖/‖uk − ũk‖,
while rk > ν, βk := 2

3
βk ∗min{1, 1

rk
},

ũk = PΩ[uk − βkF (uk)],

rk := βk‖F (uk)− F (ũk)‖/‖uk − ũk‖,
end(while)

d(uk, ũk) = (uk − ũk)− βk[F (uk)− F (ũk)],

αk =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2 ,

uk+1 = PΩ[uk − γαkβkF (ũk)],

If rk ≤ µ then βk := βk ∗ 1.5, end(if)

Step 2. βk+1 = βk and k = k + 1, go to Step 1.

l PC Method-I�Â �{ PC Method-II�´ò

uk+1 = uk − γαkd(uk, ũk) U¤
 uk+1 = PΩ[uk − γαkβkF (ũk)].



III - 38

Matlab Code of Contraction Method–D2 for NCP
function PC_G(n,M,q,d,xstart,tol,pfq) %(1)

fprintf(’PC Method use Direction D1 with gamma a* n=%4d \n’,n); %(2)

x=xstart; Fx= d.*atan(x) + M*x + q; stopc=norm(x-max(x-Fx,0),inf); %(3)

beta=1; k=0; l=0; tic; %(4)

while (stopc>tol && k<=2000) %(5)

if mod(k,pfq)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

x0=x; Fx0=Fx; k=k+1; %(7)

x=max(x0-Fx0*beta,0); Fx=d.*atan(x) + M*x + q; l=l+1; %(8)

dx=x0-x; df=(Fx0-Fx)*beta; %(9)

r=norm(df)/norm(dx); %(10)

while r>0.9 beta=0.7*beta*min(1,1/r); l=l+1; %(11)

x=max(x0-Fx0*beta,0); Fx=d.*atan(x) + M*x + q; %(12)

dx=x0-x; df=(Fx0-Fx)*beta; r=norm(df)/norm(dx); %(13)

end; %(14)

dxf=dx-df; r1=dx’*dxf; r2=dxf’*dxf; alpha=r1/r2; %(15)

x=max(x0- Fx*beta*alpha*1.9,0); %(16)

Fx= d.*atan(x) + M*x + q; l=l+1; %(17)

ex=x-max(x-Fx,0); stopc=norm(ex,inf); %(18)

if r <0.4 beta=beta*1.5; end; %(19)

end; toc; fprintf(’ k=%4d epsm=%9.3e l=%4d \n’,k,stopc,l); %%%%
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NCP�O�(J 1 Easy Problems q ∈ (−500, 500)

PC Method-I PC Method-II

n = No. It No. F CPU No. It No. F CPU
500 448 941 0.15 372 792 0.12

1000 475 995 1.37 410 852 1.17
1500 507 1064 3.17 416 887 2.64
2000 515 1080 5.53 418 892 4.55

NCP�O�(J 2 Hard Problems q ∈ (−500, 0)

PC Method-I PC Method-II

n = No. It No. F CPU No. It No. F CPU
500 908 1913 0.30 799 1704 0.27

1000 980 2068 2.87 857 1824 2.53
1500 941 1983 5.88 834 1771 5.25
2000 1112 2352 12.18 986 2105 10.87

PC Method-II converges faster than PC Method-I.

♣§S3N�� Codes-03¥µ$1 demo.mÑ\ nÒ�±,Ù¥��±ÀJØ

Ó¯Ka.. PCd1.mÚ PCd2.m©O´ PC Method-IÚ PC Method-II�f§S.
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5 ������������ÌÌÌ)))���{{{���ÚÚÚ���µµµeee

·�3 [11, 12]¥�Ñ
¦)C©Ø�ª����Ì)Â �{.

Äk,½Â
ýÿ:(½¡u�:) .é�½� uk ,�â�½{K)¤� ũk ∈ Ω

`¤´��ýÿ:,XJ uk = ũk ⇔ uk ∈ Ω∗.

~X,é�½� ukÚ β > 0,dÝK ũk = PΩ[uk − βF (uk)] �Ñ� ũk

´U(½�{K�Ñ�,§´��ýÿ:,�ùØ´�Ñýÿ:����{.

ÚÚÚ���µµµeee.é�½� uk ,� ũk ∈ Ω´ uk���ýÿ:.�kÄu (uk, ũk)�

�éÌ)��� d1(uk, ũk), d2(uk, ũk)ÚØ�Ýþ¼ê ϕ(uk, ũk) ≥ 0,§�

÷v±e^�:

1. §�÷v'Xª

ũk ∈ Ω, (u− ũk)T d2(uk, ũk) ≥ (u− ũk)T d1(uk, ũk), ∀u ∈ Ω. (5.1a)

2. �3~êK > 0,¦�

‖d1(uk, ũk)‖ ≤ K‖uk − ũk‖. (5.1b)



III - 41

3. é?¿� u∗ ∈ Ω∗,k

(ũk − u∗)T d2(uk, ũk) ≥ ϕ(uk, ũk)− (uk − ũk)T d1(uk, ũk), (5.1c)

4. ϕ(uk, ũk)´ VI(Ω, F )�Ø�Ýþ¼ê,=�3~ê δ > 0,¦�

ϕ(uk, ũk) ≥ δ‖uk − ũk‖2 & ϕ(uk, ũk) = 0 ⇔ uk = ũk. (5.1d)

éØ�Ýþ¼ê ϕ(uk, ũk)ó, d1(uk, ũk), d2(uk, ũk)Ñ´k|��.

Lemma 5.1 XJÚ�µe¥�^� (5.1a)Ú (5.1c)÷v,Kk

(uk − u∗)T d1(uk, ũk) ≥ ϕ(uk, ũk), ∀uk ∈ <n, u∗ ∈ Ω∗. (5.2)

yyy²²².Ï� u∗ ∈ Ω,± u∗� (5.1a)¥� u,Òk

(ũk − u∗)T d1(uk, ũk) ≥ (ũk − u∗)T d2(uk, ũk).

2�â^� (5.1c),��

(ũk − u∗)T d1(uk, ũk) ≥ ϕ(uk, ũk)− (uk − ũk)T d1(uk, ũk)

lþª���� (5.2),Ún�y. �
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Lemma 5.2 XJÚ�µe¥�^� (5.1a)Ú (5.1c)÷v,Kk

(uk − u∗)T d2(uk, ũk) ≥ ϕ(u, ũ), ∀uk ∈ Ω, u∗ ∈ Ω∗. (5.3)

yyy²²².Ï� uk ∈ Ω,± uk� (5.1a)¥� u,·�k

(uk − ũk)T d2(uk, ũk) ≥ (uk − ũk)T d1(uk, ũk). (5.4)

ò (5.4)Ú (5.1c)�\,��

(uk − u∗)T d2(uk, ũk) ≥ ϕ(uk, ũk).

Ún�y. �

�âJø� d1(uk, ũk)Ú d2(uk, ũk)�éÌ)��,·��±�E�é�{

(Contraction Method-I) uk+1 = uk − γα∗kd1(uk, ũk),

(Contraction Method-II) uk+1 = PΩ{uk − γα∗kd2(uk, ũk)},

Ù¥ α∗k =ϕ(uk, ũk)/‖d1(uk, ũk)‖2, γ ∈ (0, 2),d(5.1b)Ú(5.1d),Ú�´k.�.

Ì)��,�ÓÚ�,´ PC�{¥�`{��Ù. y²IE|,¦^é�B�
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���PPP: Ã�å`z�FÝa�{¥, Barzilai-Borwein�{ [1] (BB���{{{)'��eü{

Âñ¯�õ.XJ^�é{�¦<0� BB�{,@Ò��u3��eü{¥^�c:

�FÝÚþ�ÚS���`Ú�.�â·��O�²�,éÃ�åà�g`z^��e

ü{U���Âñ°Ý,eU^ BB�{,Âñ�Ý  kêþ?�Jp. BB�{�`

Dê�Ly®²3ó§.��2�@�. DaiÚ Yuan [3, 4]éùa�{�
�\�nØ

ïÄ.âd{©(Ü, Yuan�Ú�
��{w����K,-<ûÃ�ý�

¦)üNC©Ø�ª�ÝKÂ �{¥,�o�{�ÐºXJ��^�é{�<0

�,Ò´æ^�Ì)�{¥�PC Method-II,Ï�ÝKN´¢y.�âc�ù�SN,®

²é�
��Ï���,¯¢þ��3,��Ì)��.æ^ù�Ì)��,�^c�

ùJø�Ó��Ú�,�O��{  ¬'1�ù¥°[z��	FÝ�{Âñ¯�

�±þ.âd��éA��È¢����K,@Ò´:73à%,Ù|ä7"

Ì)��,�ÓÚ��y² [8],²L
����û��L§.*�*µ,�8{{38"
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