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The context of this lecture is based on the publication [5, 7, 10]

i -1



We study the solution methods for nonlinear VI. For any 8 > 0, the variational inequalities

VIQLF) v eQ, (u—u)"Fu*) >0 YueQ (0.1)

and

VI, F) v €Q, (u—u")"BFW*) >0, Yue (0.2)

e(u, )|

have the same solution set. For given u, lete(u, 8) := u— Paolu—BF (u)],
is the error function, which measures how much u failed to be a solution point.

Recent years, the projection contraction algorithm for linear variational inequality [3, 4]
has been successfully applied to robot motion planning and real-time control [2, 11]. Some
scholars in Geotechnical Mechanics have solved the problems that worry them for a long
time [12, 13] by the PC Algorithms [6, 7] successfully .

In the last lecture, we have introduced the PC Algorithms for monotone LVI and NVI
whose search directions are based on FI1+FI2 and FI1+FI2+FI3, respectively. Actual-
ly, accompanied each PC Algorithm in the last lecture, there is a twin algorithm, whose
search directions are based on FI1 and FI1+FI3, respectively. It is reasonable, among the
twin algorithms, the method utilizes fewer fundamental inequalities, is more efficient.

It is interesting that the same step length is used when the new iteration points are
updated by the different correction procedures. From the perspective of mathematics
itself, there is such a clever inner connection, which also gives us the enjoyment of the
beauty of mathematics.
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1 Mathematical Backgrounds

Basic property of the projection mapping | We need to list a few important

properties of the projection operator. Readers interested in proving these results
can refer to Lecture 2 of this series of lectures.

Lemma 1.1 Let{) C R" be a closed convex set, then for any v € R, we have

(u — Po(w)) (Pa(v) —v) >0, Yu €. (1.1)

The equivalent projection equation | By using the properties of the projection,

solving the variational inequality (0.1) is equivalent to finding a zero point of
e(u, ) which is defined by

e(u, B) :=u — Palu — BF(u)].

The projection contraction algorithm for monotone variational inequality (0.2) is a
prediction-correction method. The prediction is provided by projection and the
contraction is realized by correction. In the k-th iteration of the PC Algorithms, for
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given u® and B > 0, the predictor a” is given by

" = Polu® — B F(u®)]. (1.2)

Thus, u® € Q* (or e(u, 8) = 0) if and only if u* &

= u”.
Setv = uf — B F(u®) in (1.1), because @* = Pq(v), it follows from (1.1) that
i e Q, (u—a""{a" - [uf - B F (W)} >0, YueQ. (13
Consequently, we get

i e Q, (u—a")BLF W) > (u—a"T (u* — "), YueQ. (1.4

Three fundamental inequalities | Let u* be a solution of VI (€2, F'). Since

ak e (2, according to the definition of the variational inequality (0.1), we have
(FI1) (" — u*)! B F(u*) > 0. (1.5)
Since u* € (), setting the any u € Q2 in (1.3) by u™, it follows that

(FI2) (" —u*)" ([u* — "] — BLF(u")) > 0. (1.6)
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The variational inequality considered in this series is monotone, thus
F13) (@ —u)T (B F (a¥) — BuF(u*)) > 0. (1.7)

We call (1.5), (1.6) and (1.7) three fundamental inequalities. Although these
inequalities are simple, they are very important. The search directions of the PC

Algorithms are derived from these inequalities.

2 A pair of twin PC Algorithms for LVI

When the operator F'(u) in (0.1) is affine, F'(u) = Mwu + ¢, such variational
inequality is linear (abbreviated LVI):

w* €, (u—u)(Mu*+q) >0, Vue

We say the LVI is monotone if M1 + M is positive semidefinite, it is not
necessarily that M is symmetric.
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2.1 The ascent directions provided by the predictor

For linear variational inequality, we use a fixed 5 > 0.

e | The ascent direction provided by FI1 | Because F'(u) = Mu + g, the
fundamental inequality (1.5) can be written as

{(W" —u) = (u* ="} B{(Mu* + q) = M(u* —u")} >0,
since (u* — u*)T M (u® — u*) > 0, it follows from the above inequality

(u —u*)"BM" (u* — @) + (Mu” + q)] > (u*—a")" B(Mu*+q),
(2.1)

If u® € Q, using F'(u) = Mu + g, from (1.3) we get
(u® — @) B (Mu* 4 q) > [Ju” — a¥|%. (2.2)

Thus, if u® € Q, B (M* (u* — @*) + (Mu* + q)) is a ascent direction of
Tju — u*|]? at u®. (2.1)-(2.2) is true only for u* € Q.
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e | The ascent direction provided by FI1+FI2 | Adding (1.5) and (1.6), and
using F'(u) = Mu + q, we get

{(W =) = (u* = @")}{(u" = @) = BM(u” — ")} > 0.

Since (u® — u*)T M (u* — u*) > 0, it follows from the above inequality

(uf — w)T (I + BMTY (P — %) > ||uf — a¥|2. (2.3)

Thus, (I + SM7T)(u® — @") is a ascent direction of the unknown distance
function of £ ||u — u*||? at the point u*.  (2.3) is true for any u* € R™.

A pair of the twin directions | For F'(u) = Mu + g, (1.4) can be written as

e Q, (u—a")TB(MuF +q) > (u— )T (uf - a®), Yueq.
Adding (u — @*)T BM T (u¥ — @*) to the both sides of the last inequality, we get
B eq,  (u-a*THMT(ut — )+ (Mu" + q)
> (u— @)L+ M) (u* —a"), Vue Q. (2.4)
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We call (2.4) the two directions
BIMT (u* — @) + (Mu* +¢q)] and (I +BM")(W" —a*) (25)

which lay on the left and right sides of (2.4), respectively, a pair of twin ascent
directions for LVI. They are also the direction in (2.1) and (2.3), which derived

from (FI1) and (FI1+FI2), respectively. For the notation convenience, we denote
g(u®, @) = M (u* — %) + (Mu* + ¢q). (2.6)

Using this expression, (2.4) can be written as

/&k S Qa (u o ak)Tﬂg(uka ak)
>

(w— a1+ M) (u” — a¥), Yue Q. (@7

Notice that for the direction (I + BMT)(u* — @*), there is a constant K > 0,
such that ||(1 + SM™T)(u* — @*)|| < K||u* — @"||. However, for the related
direction g(u”, @"), we do not have the similar statement !
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2.2 Update the new iterate by the direction due to FI1+FI2

The correction uses the descent direction (the opposite of the ascent direction) of
the distance function to make the new iteration point closer to the solution set.
Based on the direction provided by FI1+FI2, the new iterate is updated by

w1 (o) = uf — oI 4+ M) (uF — a"). (2.8)

BD

The lower index ‘BD’ means ‘Bounded Direction’. For discussion how to
determine the step length «, we denote the output of (2.8) by ukH( ) Let us
investigate the cv-dependent reduction of the square of the distance

I (@) = [lu" —u||* = [lugy ' (o) — u|*. (2.9)

BD

According to the definition,

¥ —w? = [Ju* — " —a(l + BM")(u" —a")|?

= 2a(u® —u) (I +BM")(u" —a")
—a?||[(I + BM™") (u® —a¥)||”. (2.10)

Ui (@)
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For any given solution point u*, (2.10) tell us that ¥ (o) is a quadratic function of
a. Since u™* is unknown, We can't directly find the maximum of ¥}, («). With the

help of (2.1), we have the following theorem.

Theorem 2.1 Letu” 11 () be updated by (2.8). Then for o > 0, we have

BD

91(0) > qf (a). 2.11)
where V. (o) defined by (2.9) and

qf (@) = 2aju® —@*|? = 2[|(I + BMT) (" —a")|2. (212)
Proof. The assertion derived directly from (2.10) by using (2.1). ]

Theorem 2.1 indicates that ¢, () is a lower bound of ¥ (a). The quadratic

function g () reaches its maximum at
|u? —a*|?

ap, = argmax{qy (o)} = 1T+ BMT)(ak —am) 2 (2.13)
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From (2.13), it follows that

1
1T+ B>

ay > (2.14)

In the practical computation, we take a relaxed factor v € [1, 2) and updated the

new iterate by

bt = uf — ~yak (T + M) (uF — a"), (2.15)

BD

Theorem 2.2 Letu"t! = w1 updated by (2.15) with o} given by (2.13), then

Huk—i—l . U*HQ S Huk o U*H2 . 7(2 o ’7)

k ~ k|12
— : 2.16
IET e

Proof. According to (2.9) and (2.11), the uktl updated by (2.15) satisfies

Jut =t < e = ) - g (vag). (2.17)
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According to the definitions of g; (o) and o}, (see (2.12) and (2.13)), we get

- v(2—7) k_ ~k
QIs(VQZ) :7(2_7)047;Huk - kH2 > HI_I_ﬁMTHzHu — H2
The last inequality follows from (2.14). The proof is complete. [

2.3 Update the new iterate by the direction due to Fi1

The correction form (2.8) in §2.2 takes (I + SM7T)(u* — @*) as the search
direction. In this subsection, it is replaced by its related direction (see (2.5))

BIMT (u* —a*) + (Mu" + q)].
In §2.1, it is emphasized that (2.1)-(2.2) are true only for uk € Q. We use

i (a) = Po{u® — aB[M* (u* — @) + (Mu" + )]}, (2.18)

BLD

to update the new iterate ensured in 2. We denote the output of (2.18) by

k+1

u BLD

(). The lower index ‘BLD’ means ‘Boundless Direction’, because



I -13
g(u®, %) 4 0 asdist(@®, Q*) — 0. For discussion how to determine the step
length «, Let us investigate the c-dependent reduction of the square of the

distance

CE(a) = [|u —u|]* = JultH (a) — u*)?, (2.19)

BLD
which is a function of . We can not maximize ¢/ (o) directly because it involves
the unknown vector ©*. The following theorem indicates that for the same av > 0,
Ct (o) is ‘better than V¢ (o) in (2.11).

Theorem 2.3 Letu”t1 () be updated by (2.18). Then for (£ (v) defined in
(2.19) with any o > 0, we have

G () > g () + [luy ) (@) —uptt(a)])?, (2.20)
where i (o), u" 1 (a) and u® 1 (c) are given by (2.12), (2.8) and (2.18),

respectively.

Proof. By using the notation g(uk, f&k’) in (2.6), the update form (2.18) can be

written as u*T1(a) = Polu — aBg(uf, a*)]. Since u* € Q and the

BLD
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projection operator is non-expansive, we have

|upsy (@) = [ < [lu® — aBg(u®,a*) —u* |,

However, according to the properties of projection and cosine theorem, we use

more precise relations

lugsy (@) —u'|* < [lu® — aBg(u®, a") — u"||?

—|[u" (@) — (u¥ — aBg(u®, @*))|?.2.21)

BLD

4 N
it (a) \bk - aﬁg(uk, ak)
(2

N .

Fig.1 Geometric interpretation of the inequality (2.21)
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Hence, by using ¢/ (c) (see (2.19)) and (2.21), we have

Gk (@) 2 Huk—U*HQ—II(uk—u ) — aBg(u®,a")|”
(s, (@) —u®) + aBg(u”, a")||*
= 2aB(u" —u") g(u’, @" )+2a6( e (@) — ) g(u®, a")
g, (@) = u®||?

BLD

= |lug, (@) = u||* + 2a(uf) (@) — u*)" Bg(u®, a%). (2.22)

BLD BLD

Decomposing the cross term of the right hand side of (2.22) in form
(ufr) (@) —

u*
= (up)) (@) —a")" Bg(u”, a") + (@" — u*)" Bg(u”,u").(2.23)

To the first term of the right hand side of (2.23), since ©* 1 (a) € Q, by using

BLD
(2.7), we have

(uit (o) — a*) Bg(u*, %) > (uit(a) — a*)" (I + M) (u* — "),

BLD BLD



In other words,
(uhfo (@) — @) Bg(u®, a*) > (wif (@) — )T (I + M) (u” — a¥)
+(uf — ") + M) (u* — @).(2.24)

To the second term of the right hand side of (2.23), (u —Uu )Tﬁg( k) we
split it in form

(@* —u*)T Bg(u", a%) = (@* —u*)T Bg(u®, a*) + (u* —u*)T Bg(u", a*)
By using (2.1), namely,

(u* —u*)" Bg(u®, @) > (u* — @")" B(Mu® + q),

we get
(ak _u*)Tﬁg ukaﬂk)
= (@" —u")" Bg(uf, a") + (u* —u*) Bg(u®, @)
> (@" —uF)T Bg(u®, @) + (u* — @*)T B(Mu* + q)
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Consequently, by using the notation of g(uk, 11"“) we get

(@ — )" Bg(u®,a") > (@ —u") {Bg(u", ") — B(Mu" + q)}
= —Buf —a")TMT (u* — k). (2.25)

Adding (2.24) and (2.25), it follows that

(W (@)=u™) " Bg(u®, @%) > (uif (a)=a") " (T+BM ") (u® —a®)+[lu®~a"|*.

BLD BLD

Substituting the above inequality in (2.22) and using the notation of q,ﬁ (a), we get

Chla) = lug, () — | + 2a(uy) (@) — u®) (1 + BMT)(u* — a")

— BLD BLD

+20¢Huk — ?1’“||2

= [I(upy (@) = u®) + ol + BM") (u" —a*)||?

BLD

—a?|[(I + BM")(u" — a®)[I° + 2aju” — a®||?
|ty (@) = [u” — a(I + BMT) (u* —a®)]|I* + gf ().

BLD
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Because [u* — a (I + SM™)(uF — @*)] = uFT1(a) (see (2.8)), the last
inequality is the same as (2.20). The proof is complete. []

Theorem 2.3 tells us that ¢ (o) is also a lower bound of {;* (). In the practical
computation, whether the correction formula

(PC-) ufTt =uf —~yaf (I + BMT)(uF — a¥) (2.26)

BD

or

(PC-) uth = Polu® —yai BIMT (uf — &%) + (Mu” + q)]] (2.27)

BLD

is used to update the new iterate u*t1, both the step length o is given by
(2.13), which is lower bounded from 0.
An effective iterative algorithm, the step size must be lower bounded from 0.

#+1 the advantage is that the correction

Using the formula (2.26) to update u
does not need to do an extra projection. However, in many practical problems, the
cost of the projection on {2 (e. g., 2 = R’} or a ‘box’) is not expensive. Thus, the

correction formula (2.27) is often used. The reasons are explained in paper [10].



im-19

Based on the pair of twin directions offered by (2.4), the different algorithms (2.26)

and (2.27), we get the following key inequalities for the contraction:

If (@) = [[u —u’||* = uif (o) —u"|* = gi(a),

Ela) = [Juf —u*|]? = [[ufF (a) — u*|]?
> gk (o) + Ju* T (a) — uP T (a) |,

where q,’; (a) is defined by (2.12) and reaches its maximum at ozz (see (2.13)).

The PC Algorithms for solving LVI, PC-I (2.26) and PC-Il (2.27), are published
in [3] and [4], respectively. Both the algorithms are successfully applied to robot
motion planning and real-time control by Zhang and his students [2, 11].

In [2, 11], PC-I (2.26) is called 94LVI because the method was published in
1994 and the title of the article is ‘A new method for a class of Linear Variational
Inequalities”; PC-Il (2.27) is named as E47 since it is described by Equations
(4) to (7) in the original article [4]. The numerical experiments in [2, 11] verified
that PC-II (2.27) is more efficient than PC-1 (2.26).
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3 A pair of twin PC Algorithms for NVI

For nonlinear variational inequalities (abbreviated NVI), we assume its operator F’

is Lipschitz continuous. In the projection for getting the predictor o (1.2), the

parameter (3, is chosen such that

Bl F(u®) — F(@")|| < vllu® —a"|, ve(0,1). (3.1)

In the following, for analysis convenience, we omit the index k in 3 and assume

that this [ satisfies the condition (3.1).

3.1 The ascent directions provided by the predictor

e | The ascent direction provided by FI1+FI3

follows that

Adding (1.5) and (1.7), it

(" —u*)T BF(a*) > 0.

From the last inequality, we get

(u* —u)"BF(@") = (u* -

i BF(a"). (3.2)



When u* € ), according to (1.4), we have
(¥ —@*)" BF(u*) > ||u”

i - 21

—a”|%

According to the last inequality and the assumption (3.1), it follows from the

Cauchy-Schwarz inequality that
(u* —a*)" BF(a")
( kE
(

> (L—v)[u” —a"|*.

u® — @) BF (u*) — (uf — @) B(F(u*) — F(a"))

(3.3)

The inequalities (3.2) and (3.3) tell us, for u® € Q, under the assumption

1), BF (") is an ascent direction of the unknown distance function
2|Ju — u*||* at the point . (3.2)-(3.3) is true only for u* € .

The ascent direction provided by FI1+FI2+ FI3

inequalities (1.5), (1.6) and (1.7), we get

{(W* =) = (u" — ")} d(u”

. Adding the fundamental

") >0,



where

d(u®,a") = (u* —a*) - B[F(u*) — F(a")]. (3.4)

Consequently, we have

(u* —u") d(u®,a%) > (u* —a")"d(u", ab). (3.5)

According to the notation d(u*, ") (3.4) and the assumption (3.1), it follows

from the Cauchy-Schwarz inequality that

(u* —a")"d(u*, a") = (1= v)|lu® —a¥||*. (3.6)

k

The inequalities (3.5) and (3.6) tell us, under the assumption (3.1), d(u”, @)

is an ascent direction of the unknown distance function % [|u — u*||* at the

point uk.

A pair of the twin directions

(3.5)-(3.6) is true for any u* € R™.

Notice that the inequality (1.4) is derived from the

basic property of the projection. Adding the term

(u—a*)" {=BIF(u") — F(a")]},
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to the both sides of (1.4), we get

" e Q, (u—a")TBF@E") > (u—a*)Tdw”®, a*), YueQ, 3.7

where d(u”, @") is given by (3.4). We call the directions
BF(@") and d(u®,a") = (u* —a*) — B[F(u") — F(a")]

which lay on the left and right sides of (3.7), respectively, a pair of twin ascent
directions for NVI. They are derived from FI1+FI3 and FI1+FI2+FI3, respectively.

3.2 Update the new iterate by the direction due to Fl1+FI2+FI3

The correction uses the descent direction (the opposite of the ascent direction) of
the distance function to make the new iteration point closer to the solution set.
Based on the direction provided by FI1+FI2+FI3, the new iterate is updated by

u (o) = u* — ad(u”,@"). (3.8)

where d(u, %) is given by (3.4). The lower index ‘BD’ means ‘Bounded



- 24

Direction’ because ||d(u”, @*)|| < 2||u* — @”||. For discussion how to
determine the step length o, we denote the output of (2.8) by ukH( ) Let us
investigate the cv-dependent reduction of the square of the distance

Iy (@) = [lu — w||* = fluiy (@) — w1, (3.9)

BD

According to the definition,

I (e) = Jlu’ = = u" —u” — ad(u®, a")|

= 20(u” —u")Td(W”, a*) — || d(u”, a%)||%.  (3.10)

For any given solution point ©*, (3.10) tell us that 19? (a) is a quadratic function
of cv. Since u* is unknown, we can’t directly find the maximum of 9} (). With

the help of (3.5), we have

Theorem 3.1 LetukH( ) be updated by (3.8) with d(u”, ") given by (3.4).

Then for o > 0, we have
9y (a) > qff (o), (3.11)



where

q () = 200(u® — @) d(u®, a*) — o||d(u”, a")||%. (3.12)
Proof. The assertion derived directly from (3.10) by using (3.5). [

Theorem 3.1 indicates that ¢; () is a lower bound of ¥} (¢). The quadratic

function g’ () reaches its maximum at

) <uk _ ”&,k)Td(’U,k, ,ak)
o = argmax{q, (o)} = (e ) (3.13)

In the practical computation, similarly as in §2, we take a relaxed factor
v € |1, 2) and updated the new iterate by

k k ~k
S = uF — yagd(uF, ab), (3.14)

u
where d(u”, ") is given by (3.5) and is '} given by (3.13).

Theorem 3.2 Letu* ! = u’;gl be updated by (3.14). Then for any v € (O, 2),
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we have

1
| T e L 572 - (L =v)u® —a"|?. @3.15)

Proof. According to (3.9) and (3.11), the ©*T! updated by (3.14) satisfies
lu+t — w12 < lu® —ut)? = g (vag). (3.16)
According to the definitions g, (o) and o}, (see (3.12) and (3.13)), we get

ay (vag) = 2yag(u” — @) d(u’, ") — *(af)?|d(u”, @)
= (2 -’ —a") du",ab).

In fact, by using (3.4) and (3.1), we have

= d(u”,@")" {2(u" — ") — d(u*, a")}
= Ju® = a@¥|]* = BEN[F () = F@M)]* > 0. (3.17)

Il - 26
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Thus, 047; > 1 and consequently, it follows that

27
oy L N .
qr (yo) > 57(2 —y)(” =) d(u®, a").

Substituting it in (3.16), we get

1 - -
[ = ® <l = = (2 = ) (f - At (", at).
Using (3.6) to the term (u® — @) T'd(u®, @*) in the right hand side of the last
inequality, we get the assertion (3.15) and the theorem is proved. [

3.3 Update the new iterate by the direction due to FI1+FI3

The correction step (3.8) in $3.3 takes d(uk, f&k) as the search direction. In this
section, it is replaced by 3F (") and finished the correction with an additional
projection. Namely, we let

w1 () = Pou® — aBF(4")], (3.18)

BLD



to update the cv-dependent new iterate ensured in §2. We denote the output of
(3.18) by u’;j;( ). The lower index ‘BLD’ means ‘Boundless Direction’, because
F(u*) 4 0 as dist(a”, Q*) — 0. For discussion how to determine the step
length «, Let us investigate the av-dependent reduction of the square of the

distance
G () = Jlu” — u* || = [Jult (o) — u*||? (3.19)

BLD
which is a function of . We can not maximize (' () directly because it involves
the unknown vector ©*. The following theorem indicates that for the same av > 0,
Cr (@) is ‘better than U7 () in (3.11)

Theorem 3.3 Letu” 11 () be updated by (3.18). Then for (' (v) defined in
(3.19) with any o > 0, we have

Y (@) > g (@) + [[uy ) (a) —uifH (@))%, (3.20)
where ¢y (o), u’;gl( ) andukH( ) are given by (3.12), (3.8) and (3.18),

respectively.
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Proof. First, similarly as (2.21), because u**1(a) = Polu — aSF (a")] and
u* € €2, we have (see Fig. 1)

lugsy (@)= ||* < [Ju* —aBF(a") —u |~ [u" —aBF(a") —uy) () |*.

BLD BLD

(3.21)

Hence, by using ¢}’ () (see (3.19)) and (3.21), we have

a) > lu” —u*]]? = [|(u* —u*) — afF(a")?
+H|(u® —ult (@) — afF (@")|?
= 2a(uk — )TﬂF(Nk) + 2a(u’;zrD1(a) — uk)TﬂF(f&k)
+Hlu® — uft ()]

= [Juf — " ()|? + 2a(uF T () — )T BF(TF). (3.22)

BLD BLD

Decomposing the cross term of the right hand side of (3.22) in form

(uit i (a)—u*)" BF (W) = (ulf (o) —a*)" BF(a")+(a"—u*)" BF(a¥).
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Since F' is monotone and u™* is a solution of VI(€2, F'), we have
(@ —u*)TBF (") > (a¥ —u*)' BF(u*) > 0.
Substituting it in the right hand side of (3.22), it follows that

(Y (@) > |lult (@) — uF | + 2a(u T (o) — @)T BF(TF).  (3.23)

BLD

Since u*T1(a) € €, replacing the any . € Qin (3.7) by u* 1 (), we get

BLD BLD

(W (@) = @) BF(@") = (uif ) () — @¥)"d(u”, a").

BLD BLD

Substituting it in the right hand side of (3.23),

(M) > ut(a) — uF P+ 20w (@) — @) T d(u®, @)

BLD
= Jlug, (@) = u"|1* + 2a(uy) (@) — u®) d(u”, %)

+2a(u” — @) d(u®, a"). (3.24)



By using the notations ¢; (<) (see (3.12)) and ukH( ) (3.8), we get
N (a) = [l(uif) (@) —u®) + ad(u®, a")||* — o?||d(u®, a")|?

BLD

+2a(u” — @) d(u®, o)
= g, (@) = (u" = ad(u”, @"))[I* + ¢ (@)

BLD
= up, (@) = w5 (@) + g (@)
This is just the assertion (3.20) and the theorem is proved. [

Theorem 3.3 tells us that g5 («) is also the lower bound of (Y («). In practical
computation, with the same predictor ak given by (1.2) which satisfied (3.1), the
corrector u* 1! is updated by

k

(PC Method-l)  uT = ¥t (a) = u¥ — yafd(u”, ") (3.25)

BD

or

(PC Method-Il)  ui = u*t1(a) = Po[u® — yaiBiF(i%)], (3.26)

BLD

where o is given by (3.13), which is lower bounded from 1/2.
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Based on the same predictor, if we use the formula (3.25) to update uFt the
advantage is that the correction does not need to do an extra projection. However,
in many practical problems, the cost of the projection on €2 (for example,

() = R or a ‘box’) is not expensive. Thus, the correction formula (3.26) is often

used.

By using theorem 3.2, no matter which of the twin methods is applied, the
generated sequence {u”*} satisfies
1 -
[ =l < flut = ? = Sv(2 = ) (A = w)llut - a

Based on this inequality, we can prove the following convergence theorem.

Theorem 3.4 Assume that the operator F' in VI(S, F') is Lipschitz continuous
and its solution set {)* is nonempty. Then the sequence {uk’ } generated by
(3.25) or (3.26) converges to some solution point of VI(§2, F').

The projection contraction algorithms introduced in this section have successfully
applied to solve many geotechnical engineering problems [12, 13].
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4 Applications and numerical experiments

We use examples of linear and nonlinear variational inequalities to illustrate the
efficiency of the twin algorithms — PC Method-I and PC Method-II.

4.1 Applied the different PC Methods for LVI

For LVI, we use the "sum of the shortest distance” mentioned in Lecture 1 as an
example. This problem is equivalent to a min-max problem whose correspond-
ing LVI with a skew symmetric matrix. For a detailed description of this kind of
problem, see 35 of Lecture 1.

The test examples taking from SIAM J. on Optimization.

e G. L. XUE AND Y. Y. YE, An efficient algorithm for minimizing a sum of
Euclidean norms with applications, SIAM Optim. 7 (1997), 1017-1039.

Fig.1 depicters the structure of the network, where bj;;,7 = 1,...,10 are
regular points whose coordinates are given. The connection between x[,1, ] =
l,...,8 and by; are also given.  Fig. 2 gives the positions of x[;,] =
1,...,8 when the sum of the shortest distance is reached.
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Fig. 1 Ordering of the topology Fig. 2. Optimal solution in Euclidean-norm

The coordinates of the 10 regular points

x-coordinate  y-coordinate x-coordinate  y-coordinate
b 7.436490 7.683284 bie] 1.685912 1.231672
bi2] 3.926097 7.008798 b7 4.110855 0.821114
b3 2.309469 9.208211 bis] 4.757506 3.753666
b4 0.577367 6.480938 bio] 7.598152 0.615836
bys) 0.808314 3.519062 br10 8.568129 3.079179




The update forms of using the contraction method | (3.25) and Il (3.26) are
(PC Method-l)  u*t! = u¥ — vy (I + M) (W — @"),
and
(PC Method-Il)  u*T! = Po{u® — yai[MT (u* — @%) + (Mu* + ¢)]},

respectively. The numerical results are listed in the following table.

Table 1. Shortest network under [ norm.

PC Method-| PC Method-II
lteration  ||le(u)||coc ~ Total Distance | lteration |le(u)||oc  Total Distance

40 7.1e-002 25.3776304969 40 5.0e-004 25.3563526162
80 1.8e-004 25.3561050662 80 4.0e-008 25.3560677986
120 6.4e-007 25.3560678958 106 9.2e-011 25.3560677793
160 2.4e-009 25.3560677797

183 9.5e-011 25.3560677793

CPU-time 0.234 Sec. CPU-time 0.125 Sec.

Here we take v = 1.8. If v = 1, 80% more iterations are needed for both methods.

- 35



PC Method-II for the problem in the Euclidean-norm
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clear; % Steiner Minimum Tree % Read the coordinate of the regular points% (1)
P1=[7.436490, 3.926097, 2.309469, 0.577367, 0.808314; 5(2)
7.683284, 7.008798, 9.208211, 6.480938, 3.519062]; 5(3)
P2=[1.685912, 4.110855, 4.757506, 7.598152, 8.568129; 5 (4)
1.231672, 0.821114, 3.753666, 0.615836, 3.079179]; %(5)
b=[P1,P2,zeros (2,7)]; x=zeros(2,8); z=zeros(2,17); eps=1; k=0; tic; %(6)
while (eps > 107 (-10) & k<= 200) k=k+1; %% Beginning of an iteration % (7)
Ax=[x(:,1), x, x(:,8), x(:,1:7)-x(:,2:8)71; Axb=Ax-b; %% Compute Ax-b %(8)
ATz=z(:,2:9) + [z(:,1), —-=z(:,11:17)]1 + [z(:,11:17), =z(:,10)]; $ ATz  %(9)
L2=0; for j=1:17 L2=L2 + norm(Axb(:,]),2); end; % Length-2 %(10)
if mod(k,20)==0 fprintf ('k=%3d stopc=%9.le L2=%13.10f\n’,k,eps,L2);end;%(11)
Pz=z+Axb; Dp=diag(l./max(l,sqgrt (diag(Pz’*Pz)))); Pz=PzxDp; %P (z+ (Ax-b))%(12)
Ex = ATz; Ez = z-Pz; t=trace (Ex’ *Ex)+ trace(Ez’ xEz); eps=sqrt (t) ; $(13)
AFEx= [Ex(:,1), Ex, Ex(:,8), Ex(:,1:7)-Ex(:,2:8)1; % Compute AEx $(14)
ATEz=Ez (:,2:9) + [Ez(:,1),-Ez(:,11:17)] + [Ez(:,11:17),Ez(:,10)]; S%SATEz%(15)
ta = trace (AEx’ *AEx) +trace (ATEz' «ATEZ) ; alpha=t+1.8/ (t+ta); %% Step L% (106)

X =x—(ATz - ATEz) xalpha; %% New x and z %%(17)

z =z— (AEx — Axb)=xalpha; Dz=diag(l./max(1l,sqgrt (diag(z’*z)))); z=z*Dz; %%(18)
end; %% End of an iteration %%(19)
toc; fprintf ('’ k=%3d eps=%9.1le Length-2=%13.10f \n’, k,eps,L2); %% (20)

o EEE8) 1T z =z- (AEx + Ez)xalpha; g2 [E—(olf A (CM-D1)FEF.



Fig. 3 and 4 depict the convergence tendencies of Contraction Method-2 for the

minimum sum of the distance in the Euclidean-norm with different starting points.
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Table 2. Shortest network under [; norm.

PC Method-| PC Method-I
lteration  ||e(u)||co ~ Total Distance | lteration ||e(u)||occ  Total Distance
40 3.7e-002 28.6777786413 40 1.1e-004 28.6660178525
80 2.5e-005 28.6658649129 81 1.0e-010 28.6658580000
120 1.8e-008 28.6658580046
149 9.4e-011 28.6658580000
CPU-time 0.031 Sec. CPU-time 0.016 Sec.
Table 3. Shortest network under [, norm.
PC Method-| PC Method-I
lteration  ||e(u)||coc ~ Total Distance | lteration |le(u)||cc  Total Distance
40 9.0e-002 21.1322990353 40 2.1e-003 21.1145131146
80 4.4e-005 21.1129244226 80 4.1e-010 21.1129135002
120 2.4e-008 21.1129135060 84 7.4e-011 21.1129135000
150 9.2e-011 21.1129135000
CPU-time 0.187 Sec. CPU-time 0.094 Sec.
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Fig. 5 and Fig. 6 depict the optimal solutions of the minimum sum of the distance

in the [1-norm and [.,-norm, respectively.
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0 1 1 1 1 1 1 1 1 0
0 1 2 3 4 5 6 7 8 9 0 9

Fig. 5. Optimal solution, {1-norm Fig. 6. Optimal solution, [~,-norm
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Fig. 7 and 8 depict the convergence tendencies of Contraction Method—2 with
random starting points for the minimum sum of the distance in the in the {1 -norm

and [..-norm, respectively.
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Fig. 7. Convergence tendency, [1-norm Fig. 8. Convergence tendency, [o.-norm



4.2 Test examples of the NCP

For comparing the efficiency of PC Method-I and PC Method-II, we test the
nonlinear complementarity problem (a class of VI(Q, F) with ) = §R7_”ﬁ)

w>0, F(u)>0, u'F(u)=0.
In the test examples, we take
F(u) = D(u) + Mu + q,

The linear part M u + ¢ is generated by using Matlab, it produced by
A=(rand(n,n)-0.5)%«10; B=(rand(n,n)-0.5)%«10; B=B-B’; M=A’*A+B;
g=(rand(n,1)-0.5)%1000; or g=(rand(n,1)-1.0)*500;

In the nonlinear part D(u), each element is given by D,(u) = d; *

arctan(u; ), where d; is a random variable between (0, 1).

We use the algorithms (3.25) and (3.26) in §3.3 to solve the test problems.

Notice that PC Method-l is just the PC Algorithm in Lecture 2 for NVI.
Set ya;, = 1in PC Method-ll, it reduced to the Refined EG.

In all the tests, each element of the initial u" is a random variable in (0, 10).
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PC Method-Il BYI2/F

PC Method-ll:
Step 0. Set 3o = 1,v € (0,1),u’ € Qand k = 0.
Step 1. 4" = Po[u® — 81 F(u

ol
rie = Bl F(u®) — F(@")]|/[lu” — @],
while 74 > v, Sy = 50, * min{l, .-},
— Polu — BLF(u")]
rie = Bl F(u®) — F(a")]|/[lu” — a"|,
end(while)

d(u®,a") = (u* - ’?k) — Br[F(u”) — F(a")),

(uf — a") T d(u, @
[d(u?, a®)|?

uw* Tt = Polu® — you B F (@),

if 7. <pu then (i := Br*1.5, end(if)

o =

Step2. Bx+1 =0Br and k=k+ 1, gotoStep.

From PC Method-I to PC Method-Il, R 1%
k1l — o F — yay, d( k ~k) EﬁUﬂZT yktl

= Po[u* — yayBeF (@

)l
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Matlab Code of Contraction Method—D2 for NCP
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function PC_G(n,M,q,d, xstart,tol,pfq)

fprintf (' PC Method use Direction D1 with gamma ax
x=xstart; Fx= d.xatan(x) + M*xx + g; stopc=norm(x-max (x-Fx,0),1inf);

beta=1; k=0; 1=0; tic;
while (stopc>tol && k<=2000)
if mod(k,pfqg)==0 fprintf (’ k=%4d epsm=%9.3e \n’,k,stopc); end;
x0=x; Fx0=Fx; k=k+1;
x=max (x0-Fx0xbeta, 0) ; Fx=d.xatan(x) + Mxx + qg; 1=1+1;

end;

dx=x0-x; df=(Fx0-Fx) xbeta;

r=norm (df) /norm (dx) ;

n=%4d \n’,n);

while r>0.9 beta=0.7*«betaxmin(1,1/r); 1=1+1;
x=max (x0-Fx0xbeta, 0) ; Fx=d.xatan (x) + Mxx + qg;
dx=x0-x; df=(Fx0-Fx) xbeta; r=norm (df) /norm(dx) ;
end;
dxf=dx—-df; rl=dx’ xdxf; r2=dxf’ xdxf; alpha=rl/r2;
x=max (x0—- Fxxbetaxalphax1.9,0);
Fx= d.xatan(x) + Mxx + g; 1=1+1;
ex=x-max (x-Fx,0); stopc=norm(ex, inf) ;

if r <0.4 Dbeta=betaxl.5; end;

toc; fprintf (! k=%4d epsm=%9.3e 1=%4d \n’,k,stopc,1);

~ o~ o~ o~ o~ o~ o~ o~ —~ —~ 0° O O ° o° o° o° oo o°
OW 0O J o O & W DN P O W oo J oy U b WD -

o° o0 o° o o o o° o° o° o° o°

o\°
o\°
o\°
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NCP BUITELER 1 Easy Problems g € (—500, 500)

PC Method-I PC Method-II
n = No.lt No.F CPU No. It No. F CPU
500 448 941 0.15 372 792 0.12
1000 475 995 1.37 410 852 1.17
1500 507 1064 3.17 416 887 2.64
2000 515 1080 5.53 418 892 4 55

NCP BYITHEZE5R 2 Hard Problems ¢ € (—500, 0)

PC Method-I PC Method-II
n = No. It No. F CPU No. It No. F CPU
500 908 1913 0.30 799 1704 0.27
1000 980 2068 2.87 857 1824 2.53
1500 941 1983 5.88 834 1771 5.25
2000 1112 2352  12.18 986 2105  10.87

PC Method-Il converges faster than PC Method-I.

& 2R TEMIFAY Codes-03 A : 15T demo.m 38 n FLAT LA, AW A] DLUEEEA
[E)a]gn 2R PCd1.m F0 PCd2.m 433l & PC Method-I F1 PC Method-Il HFFE 7.




5 E—RNFEELANGE—HER

HWAE 8, 9 FAELE T KBEDPAFAE—RINTEEWNGEEF L.
B, EX T NSRS S) . AT/ o, RIB—EENE K a* € O
HERE—NME MR | =aF < uf e

B, SHAREE F F1 8 > 0, BIRE |0 = Polut — BF(WY)]| A ot
EIRHE AR, BE— A, (BX T 24 Ol A EHE— 75 5%

Gi—IEZR. FHAER o~ & 0" GQEU B — N o = 12;5%:11( b ak) By
—50‘ ia’mmdl( Pab), da(u, a") FNREEZRE o(u”, ") > 0, BA]

LEM%E%%ﬁ
@" e Q, (u—a")"do(u”,7") > (u—a")Tdi (W, 3"), Yue Q. (51a)
2 FEEH K >0, #15
ldy(u®, ") < K|ju® — @"|]. (5.1b)
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3. MEEMu € Q" A
(@" —u") dao(u”, ") > p(u”,@") = (u* —a") " di(u*,a"),  (510)

4. p(u*, @) BVI(Q, F) FIREESERY, NFEEEH S > 0, FF
k ~k ko o~k k _ ~k

o(u®, ") > slu* —a"|? & of,a") =0 o u* =a"

> (5.1d)
SHREBEER o(u", 0" MF, di(u”,a"),d(u”, a") BRBEFFIE.

Lemma 5.1 IR FE—EZRFRIEE (5.1a) 1 (5.1¢) i E, MAB

(" — w7 dy (W, 3%) > o(u®,a"), Yu* e R™, u* e Q. (5.2)

W B A v € Q, KL u* K 5.1a) FEY u, FLEB
(@" —u)"dy (W, a") > (@ — )T da(u”, 7).
BIREFEM 5.1c), 15F|
(@ —u)Tdi (W, 0") > o, d") — (W — )T dy (W, T")

M ERE#EEER 2, 5I1BBIE O
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Lemma 5.2 ARG —+EZRFRIEZM (5.1a) F1 (5.1c) &, NH

(" — u) T do(u”, ") > o(u,0), Yu* e Q,u* e Q. (5.3)

WERA. E g u® € Q, KLu® R (5.12) Y u, (1B
(u* — ") da(u”, 7") > (W — @) di (", 7). (5.4)
1% (5.4) ¥ (5.1c) 80, 53
(u" — ") da(u", @%) > p(u®,a").
513JIE. O
RIBIRMEAY dy (u”, 7)) F0 do (v, @7) —3FZESE 8, FH 1T AE—ITE &

(Contraction Method-I) Wt = — arndi u’“,a :
Y

(Contraction Method-1l) "™ = Po{u” — yagda(u”, @)},
Hehop =, a")/|di (v, 3)]|?, ~ € (0,2), B(5.1b)F(5.1d), K =B R

FE R, HERK, & PCHZEPRMENREE. ERRFHRIT, EHRAGE!
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