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The context of this lecture is based on the publication [2]
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For solving the monotone linear variational inequalities, in 1994, we have proposed a class
of projection and contraction methods [6, 7]. Before 2015, only convergence results are
available to these methods. In this article, we prove the convergence rate of such

projection and contraction methods.

1 Introduction

Let 2 be a closed convex subset of R™, M € R"*™ and g € R". The linear variational

inequality problem, denoted by LVI(2, M, q), is to find a vector u™ € €2 such that
LVI(S2, M, q) (w — v (Mu* +q) >0, YueQ. (1.1)

Throughout this paper we assume that the matrix M is positive semi-definite (but not

necessary symmetric), i.e.,
(w—v)"M(u—v)>0, Yu,veR"

Moreover, we assume that the solution set of LVI(Q, M, q), denoted by €2*, is nonempty.

The nonempty assumption of the solution set, together with the positivity assumption of the
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matrix M, implies that 2™ is closed and convex (see pp. 158 in [3]).

For any 5 > 0, the solution set of the following linear variational inequality
LVI(S2, M, q) (u—u*)" B(Mu* +¢q) >0, YuecQ.
is coincides with the one of (1.1). It is well known that,
u” isasolutionof LVI(Q2, M, q) <= u" = Palu" — B(Mu" +4q)], (1.2

where (3 is any positive scalar and Pq () denotes the projection onto {2 with respect to the

Euclidean norm, i.e.,
1
Pao(v) = argmin{EHu —o||* | u e Q}.

For convergence rate investigation, without loss of generality, we fix 3 = 1. Throughout
this article, we assume that the projection on {2 in the Euclidean-norm has a closed form

and it is easy to be carried out. The most important property of the projection mapping is

(v—Pa(v)" (u— Po(v)) <0, VveR"Vue. (1.3)
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A pair of twin projection and contraction methods

For simpleness of the theoretical analysis, without loss the generality, we let 5 = 1. For

given u® € R™, the predictor is given by
i = Polu® — (Mu" + q)]. (1.4)

According to (1.2), w is a solution of LVI(§2, M, q) if and only if u® = @*. In[6, 7], we
define e(u®) = u* — @" and use ||e(u”)|| to measure how much u* fails to be a
solution of the linear variational inequality LVI(€2, M, q).

By using (1.4), the projection and contraction method [6] can be described as
PCM-)  u* T =u” —yaf (T 4+ M) (" —a"), (1.5)

where v € (0, 2) and
lu® —a*|?

I(T 4+ MT)(uk —a*)[|>
It was proved that (see Lecture 2 or 3 of this seriers)

*
A —

T =T <l =T = (), (1.72)
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where
ge(7) = (2 — y)ap|u” —@"|?. (1.7b)

In an earlier preprint [5], it was pointed out that the method
PCM-I) w1 = Po{u” —yoi [(Mu" +q)+ M" (u* —a")]}, (1.8)

has the same contractive property as (1.7), the result was reported in [7] and detailed proof
can be found in [8]. Note that the same step size length is used in (1.5) and (1.8) even if
the search directions are different. Thus, this pair of methods are called a pair of twin

projection and contraction methods for linear variational inequalities.

The projection and contraction methods make one (or two) projection(s) on €2 at each
iteration, and the distance of the iterates to the solution set monotonically converges to
zero. According to the terminology in [1], these methods belong to the class of Fejér
contraction methods. Stimulated by the complexity analysis [14], this article shows the
O(1/t) convergence rate of the projection and contraction methods for monotone linear

variational inequalities.
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2 Preliminaries

Recall that 2™ can be characterized as (see (2.3.2) in pp. 159 of [3])

QO = ﬂ{ﬂe Q:(u—2a)" (Mu+q) >0}.
ue)
This implies that 4 € €2 is an approximate solution of LVI(€2, M, q) with the accuracy e if

it satisfies

i€ Q and i%{é ){(u—a)T(Mu+q)} > —e,
u€e U

where
D(i) = {u € Q| |lu—a < 1}.

In this article, we show that, for given € > 0, in O(1/¢) iterations the pair of twin

projection and contraction methods can offer a u such that

uef) and  sup {('&—u)T(Mu—I—q)} <e. (2.1)
ueD(n)

Since the term (&t — u)”* (Mwu 4+ q) is essential in the approximate criterion (2.1) and the
search direction in PCM-Il is [(Mu” 4 q) + M (u* — @*)], now, we establish a
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relation between

(w— ") (Mu+q) and (uw—a@")"[(Mu" + q) + MT (" — @")].

k ~k

Lemma 2.1 Forgivenu”™, u" is given by (1.4). Then for any u, the inequality

(w — @) (Mu + q)
1
9

is always true, where D = M™* + M is symmetric and positive semi-definite.
y

> (u—a")" [(Mu" +q) + M" (u* —a")] - S[lu” —a"||p @2

Proof. By calculating the difference and using the Cauchy-Schwarz Inequality, we get
(u—a")" (Mu+q) — (u—a")" [(Mu" +q) + M" (u* —@")]
= (u—a") {M(u—u") - M (u" —a")}
= (u—a") {M(u—a") - (M+M")(u" —a")}

1
= Slu—aI} - (w— 3" D - ")
1
> ot — @

Consequently, we get (2.2) and the assertion is proved. [
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3 Important theorems for the twin PC methods

Now, we prove the same key inequality of the twin PC Methods for the complexity analysis.
The assertion (2.2) is useful for the proofs of the following theorems, even though the proof

is relative simple.

Setv = u” — (Mu” + q) in (1.3), since @° = Pq[u® — (Mu" + ¢)], it follows from
(1.3) that
([ — (Mu* 4+ @)] —a"} (u — ") <0, YueQ

and consequently,
(w— @) (Mu" +q) > (v — ") (W —a"), Vueq.

Adding the term (u — @) M™ (u* — @) to the both sides of the above inequality, we
obtain

(w—a@") {(Mu" +q) + M" (u" —a")}
> (u—a")T T+ MD)W —d"), YueQ. (3.1)
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Main theorem for PC-Method-I

Theorem 3.1 Forgivenu”® € R™, let 4" be defined by (1.4) and the new iterate u™ 1 be

generated by PCM-I (1.5) with any v > 0. Then we have

yo (u — f&k)T(Mu +q)

1 1
> S (lu— a7 =l = u®7) + Sae(7), YueQ, @2

where qi, () is defined in (1.7b).

Proof. Substituting (3.1) in the right hand side of (2.2), we get

(u—a")" (Mu +q)

A2
=
I
D
Z

N
~
+

J

=
>
|

2

\5
|
| —
IS
>
|
=g
_=
@o

Thus, we have

'V
=
|

l
<
N
5
Q
Py
I~
+
J
)
X
|
l
<
|
2
Q
Py
I
|
l
_F
oS
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Because oy (I + M™)(u® — @%) = u* — u*T (see (1.5)), we get
yay (u — f&k’)T(Mu +q)

> (u— @) (WP — Wt — Vgﬂuuk — a3, (3.3)

To the crossed term in the right hand side of (3.3), namely (u — @*)% (u* — u**1),
using an identity
T J) — 1 e 2 1 2 2
(@ =57 (c—d) = 2 (la—d* ~la—cl) + 3 (lle — b — 14— b|]>).
we obtain

~k\NT / k k
(w—a")" (" —u") = S (e = a7

/N

1
2
_1_

(lu® —a"|* = """ = a"|"). @4

N | —
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By using "t = u* — yai (I + M) (u* — @*) and (1.6), we get

k ~k k ~k

lu® —a@®|* = [lu"" — @t
= " =@ = (u" = a@") = yar (I + M) (u" —a")|?
= 2yap(u” —a") (I +M")(u" —a")

2  x ~ky\2
—v2ag (arl|(I + M) (" —a*)|?)
= 2yopllu® — @7 + yoi v — @D — Y agllu® — @)

= 72— y)aillu” —a"|]° +yai|u" —a"||p.

Substituting it in the right hand side of (3.4) and using the definition of gy (7) we obtain

K k k 1 k 3 1
(w— ) =) = R (= = =) + 2an()

Oé
+ Rt — a3 (3.5)

Adding (8.3) and (3.5), the theorem is proved. U



Main theorem for PCM-II

The both sequences {@"} and {u"} in the PC method Il belong to €2. In the following

lemma we prove the same assertion for PC method Il as in Theorem 3.1.

Theorem 3.2 For given Tal= Rr", let i* be defined by (1.4) and the new iterate u* ! pe

generated by PCM-II (1.8) with any ~v > 0. Then we have

yag(u —a*)" (Mu + q)

1 1
Sl = = = ) + Sa(n), YueQ, @9

'V

where qr. () is defined in (1.7b).

Proof. By using the assertion in Lemma 2.1, we need only to show that

(u — @) yai [(Mu* + q) + MT (u® — a@")]

1 . i 1
> L (=P - )+ Sa)
a*
—|—u||uk— kH%, Vu e Q (3.7)
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For investigating the term in the left hand side of (3.7), we divide it in the terms
(T — @) yar [(Mu® + q) + M7 (W* — @) (3.8a)
and
(w — ") yog [(Mu® + q) + MT (" — @")]. (3.8)
First, we deal with the term (3.8a). Since u*T! € , substituting © = «* 1% in (3.1) we
get
(T — @) o [(Mu® + ¢) + MT (u* — @")]
> yap(u"T = a1+ M) (" —a")
= qoq(u =) (I + M) (" — i)
—yag (u® — " THY(T + MY (u® — @)
Va
2
—~ai (U — YT+ MW —a"). (3.9)

= yaplu® —a"|® + ZE " —ab
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To the crossed term of the right hand side of (3.9), using the Cauchy-Schwarz Inequality

and (1.6) we get
—yai(u" =T+ M) (" )

1 15, . _
> =Sl = a T = oA (k) A+ M) (e - AP

- 2 2
1k k:1212>|<k~k2
= S leh =P - St — )

Substituting them in the right hand side of (3.9) and using the notation of gx (), we obtain

(W™ — @) ok [(Mu” +q) + M* (u” — @")]
1 o . 1
—age () + B ub — @B — S lluf — W )2, (3.10)
2 2 2
Now, we turn to treat of the term (3.8b). The update form of PC Method Il (1.8) means that
u**1 is the projection of (u* — yaji[(Mu” + q) + M™" (u* — @*)]) on Q. Thus, it

follows from (1.3) that

[(uf —yai [(Mu® +q) + M" (u" —@")]) —ukH}T(u—ukH) <0, Yu € Q,
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and consequently
(u—ukH)TyaZ[(Muk—i—q)+MT(uk—ﬂk)] > (u—ukH)T(uk—ukH), Vu e .
For the the last inequality, by using the identity

1 1
b (b—a) =5 (Il — llall*) + 5 lla —b|°
2 2

k

witha = v — u® and b = u — v to the right hand side, we obtain

(u — u* ) yan[(Mu* + q) + MT (u* — @)
1 1
5 (=" =l =™ )?) + Sl =" @)

Adding (3.10) and (3.11), we get (3.7) and the proof is complete. U

The assertion in Theorem 3.1 (see inequality (3.2)) coincides with the one in Theorem 3.2

(see inequality (3.6)). The only difference is the sequence {uk} in R or (2.



4 Convergence rate of the PC methods for LVI

For the different projection and contraction methods, we have the same key inequality
which is shown in Theorem 3.1 (see (3.2)) and Theorem 3.2 (see (3.6)), respectively. The
contraction property (1.7) of the PC methods is the consequent result of Theorem 3.1 and

Theorem 3.2, respectively.

Theorem 4.1 The sequence {uk} generated by PC Method-I or PC Method |l satisfies

[ =P <t - P = (2 = paille - @2 Vet et @)

Proof. By setting u = «™ in (3.2) and (3.6), we get

k+1

lu® = ||* = [T = * > 2y0k (@ - w) (Mu” + q) + ar ().

Because (4" — u*)" (Mu* + q) > 0, it follows from the last inequality that
k1l w2 ko %2
lu™ = < Jle” = u" P~ qr ().

Using the notation of qx () (see (1.7b)), the theorem is proved. [
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The following is the assertion of the convergence rate in ergodic sense.

Theorem 4.2 For any integert > 0, we have a u; € {) which satisfies

~ I+MT 2
(@t — )" F(u) < ”27(75 n 1|>| |u —u’||?, Yu e Q, (4.2)
where
| '
Up = T Z aia®™  and Yy = Z Q. (4.3)
t k=0 k=0

Proof. For the convergence rate proof, we allow v € (0, 2]. In this case, we still have

qr () > 0. By using the monotonicity of F', from (3.2) and (3.6) we get
« 1 1
") o (Mu + q) + %HU —u"|]* > %”’UJ —u"?, Yueq.

Summing the above inequality over £ = 0, . . . , ¢, we obtain

(Zak U—ZO%U) Mu—l—q)—l——Hu—uH >0, Yu €.
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Using the notations of Y'; and u; in the above inequality, we derive

Indeed, U/~t c () because it is a convex combination of l~1,0, l~1,1, ceey 1~Lt. Because

af > 1/||[I + M]||* forall k > 0 (see (1.4)), it follows from (4.3) that

> _t+1l
— M+ M

The proof is complete. [

and thus the PC methods have O(1/t) convergence rate. For any substantial set
D C (2, the PC methods reach

I+ MHQdZW

(i —u)" F(u) <e, VuéeD(@), inatmost t= P >
€

iterations, where i is defined in (4.3) and d = sup {||lu — u°|| | u € D(@)}. This
convergence rate is in the ergodic sense, the statement (4.2) suggests us to take a larger

parameter v € (0, 2] in the correction steps of the PC methods.
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5 PC Method for convex quadratic optimization

This section instigate the convergence rate of the PC method for the convex quadratic
programming. Let 2 be a closed convex subset of R™, H € R™*" is positive

semidefinite and ¢ € R". Solving the convex quadratic optimization
min{sz’' Hx +c¢'z |z € Q}
is equivalent to finding a vector ™ € 2 such that
SLVI(Q, H, ¢) (x—z") (Hz* +¢) >0, VzeQ. (5.1)

The problem (5.1) is called symmetric linear variational inequality problem and denoted by
LVI(Q2, H, c). For given z* € R™, let

it = Pola® — B(HZ" + ¢)]. (5.2)

For solving the monotone variational inequalities [7] are developed. For monotone linear
variational inequality, SLVI(Q, H, c), one of the method in [7] (see Method 1 therein)
generates the new iterate by

(PC Method) "' = 2" — yaj (2" — "), (5.3)
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where iy -
= G=1+B8H d 0,2). 5.4
Mk = 2R ’ o vel02) >

It was proved [7] that the sequence {xk} generated by PC Method satisfies
lz* T —2|& < [la” — 2" ||& — v (2 — y)akll=® — &))" (5.5)

Because a projection is needed in each iteration and the distance of the iterates to the
solution set is monotonically decreasing, according to the terminology in [1], such methods

are called Projection and Contraction Methods (see [4]).

In this section, we show that, for given € > 0, in O(1/¢) iterations the projection and

contraction method can find a & such that

T€Q and sup {(Z-— ) (Hx + o)} <e, (5.6)
x€D(Z)
where
D(z) = {z € Q|[lz —zf| < 1}.

In this sense, we will establish the algorithmic convergence complexity for the pair of

geminate projection and contraction method .
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5.1 Main theorem for complexity analysis

This section shows the main theorems for the complexity analysis. Now, we prove the key

inequality for the complexity analysis of the pair of geminate Algorithm.
Theorem 5.1 Forgiven z® € R™, let &* be defined by (5.2) and the new iterate "1 be

generated by PC Method (5.3) with any v € (0, 2). Then we have

yarf(z — %) (Ha + ¢)

1 1
> §(||37 — "G = Iz - 2")%) + 5%(7)7 Vi e Q, (5.7)
where
a(7) = (2 — y)akllz® — 7|7 (5.8)

Proof. Set v = =" — B(Hx" + ¢) in (1.3), because &" = Pqo[z" — B(Hz" + ¢)]
and thus % = Pq(v), it follows that

(x — )" {z" — B(Hz" +¢) — 3"} <0 Vz e
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Thus, we have

(x — T B(H2" +¢) > (& — ") (2" — &%), VaeQ.

Adding the term (z — )T BH (¥ — &) to the both sides of the above inequality and
using (I + BH) = G, we obtain
(v = &) {B(H2" + ) + BH(a" - 3")}
> (z—3")"G(" - 5%, Vzeq.

Then, we rewrite the above inequality in our desirable form

(x — &) {B(Hz + ) + BH(E" — x) + 2BH («" — 7")}
> (2 -G - "), VzeQ.

By using the Cauchy-Schwarz inequality, from the above inequality we obtain

(¢ — ") B(Hz + c)
(¢ — &) G(a" — ") + Bllz — & ||m — 2(x — &")" BH(z" — Z")
(x — )" G2" — &%) — B2 — 2" |3, Vzeq,

AVARRAVS
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and thus
vay(z — &%) B(Hz + )
> (z— ") Gyoi(z® — ") —yailla® — &, Ve

¥ 2kt (see (1.5)), we get

> (z-2)"G(" — ") — yaiBlz" - 2%, Yz eQ. (59

To the crossed term in the right hand side of (5.9), namely (x — )T G(z* — 1),

using an identity

1
(a—b)"G(c—d) = S (lla —dll& —lla — cll&) + 5 (e — bll& — lld - blle),

1
2
we obtain

(¢ —2")"GE" 2" = S(llz—2"TG — llz —2"]l&) +

N — DN —

(llz" = 2"[1& = l2"" = 2°(|&)- (5.10)
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By using "1 = z* — yaj (z¥ — %) and (5.4), we get
|lz® = &6 — [l="T = &*|&
= 2" =&"& — I(z" — &%) —rak(a" - 2")[I&

= 2yap(z® — )T G" - 2°) — Yag(ag|2” — 7°|%)

= 2yaillz” — Z°|° + 2vaiBlle” — 2|5 — 1 aklla” — 2"

= 72— y)aillz” - 2°° + 2yailla® — "%

Substituting it in the right hand side of (5.10) and using the definition of gx (), we obtain
1

~k k k k k|12
@— )G~ o) = (-2 - at2)
1 N 5
+§qk(7) ‘|"Yak5”$k — ka%I (5.11)

Adding (5.9) and (5.11), the theorem is proved. U

By setting x = x™ in (5.7), we get

Iz — 2™ ||& = 1" — 27 ||& > 2yek (2" — 2")" (Ha" + ¢) + qr (7).
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Because (£" — 2*)T (Hz* + ¢) > 0, it follows from the last inequality and (5.8) that
2" =& < la® =27 [E — (2 = y)allz” — 2°°.

Thus, the contraction property (5.5) of the PC-Method is a byproduct of Theorem 5.1.

5.2 Convergence rate of the PC method

This section uses Theorem 3.1 to show the convergence rate of the projection type

algorithm.

Theorem 5.2 Let the sequence {x"} be generated by PC Method, and &* be given by
(1.4). For any integert > 0, it holds that

|1+ BH]

. T 02
Tzt —x) (Hx+c¢) < xr—x ||lg, Vx €, 5.12
(@ =) (o ) < 5o o — a1 512
where
| t
Tt = — aiz®  and Yy = Zaz. (5.13)
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Proof. For the convergence rate proof, we allow v € (0, 2]. In this case, we still have
qr(7y) > 0. From (3.2) we get

x 1 1
(v —3") o (Hz + ) + 5 B||x—a; (= B||x—xk+1||g, Ve

Summing the above inequality over k = 0, ..., ¢, we obtain

T
(Zak T — oszi:k) (Hx + ¢) + 5 BH:E—:UH >0, VxeQ.
k=0

Using the notations of Y'; and Z; in the above inequality, we derive

(% V' (Hz +¢) < |z — 27| Vz € (5.14)
Tt — & T+ c x : :

t T 2987y

Indeed, Z: € () because it is a convex combination of Z°, Z', ..., &'. Because

ay > 1/||I + BH|| forall k > 0 (see (5.2)), it follows from (5.13) that

> t+1 |
1T+ BH|

Substituting it in (5.14), the proof is complete. [

Ty
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Thus the projection and contraction method have O(1/t) convergence rate. For any
substantial set D C (2, the PC Method and PC Method reach

11+ BHde
2vBe
iterations, where Z; is defined in (5.13) and d = sup { ||z — z°|| | z € D(&:)}. This

convergence rate is in the ergodic sense, the statement (5.12) suggests us to take a larger

(¢ —x) (Hx+¢) <e, VY& D(&), inatmost t:{

parameter vy € (0, 2] in the correction steps of the projection and contraction method .

5.3 Convergence rate in the point manner

In this subsection, we consider a special version of PC Method which updates the new

iterate by

T =gb — (2 - M), (5.15)

where the positive definite matrix (G satisfies the following condition:

G=1+p6H <X2(1-v)I, ve(0,1). (5.16)

Under the condition (5.16), if we use the original PC Method (1.5), the «, defined in (1.6)
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satisfies
P ol R S
lz* —a+|E — 2(1 = v)
The update form (5.15) can be viewed in PC Method (5.3) by dynamically taking
~vr = 1/aj,. According to (5.5) and (5.17), using

(5.17)

war, =1 and ||z —2°||* = ok |GT (I + H) (2" — 3°)|1%,
we obtain

a(e) = (2— )|z — 2|

* ~ 1%
= 2-ailz” —z"e >

|z* — 2" |5, Va* e Q.

1—v
Then, from (1.7), the above inequality and (5.15) follows that

|zt — et — 2P, vat e Q. (518

* 12 k * 112
< — —
L

In the following we focus on showing that the sequence {||z* — z*T1||g} is

monotonically non-increasing. For this purpose, we need to prove the following lemma.

Lemma 5.1 For given :z:k, let &* be offered by (1.4). If the algorithm uses the update form
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(5.15) to generate the new iterate, then we have

(xk__a#+&) (;{CU __xk)__(xh+1__£k+1)}

> (2" = &%) — @ =Y+ Bl -2 E. (5.19)

Proof. First, sety = 2 — B(Hx" + ¢) in (1.3), since &* = Pqz" — B(Hz" + ¢)],

it follows that
(x — ) {B(Hz" +¢) — (" ="} >0, Vze.
We rewrite it as
(=" {B(HE" +c)+2BH(z* —3")— (I+BH)(z"—3")} >0, VzeQ,
and thus

(x— ") B(HE" + o)
> (z— ") G(" — %) —28(x — ") H(z" — %), Vo € Q. (5.20)
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Setxz = #*1in (5.20), we have

@ - BHE +0) > @ -2Y'GE" - )
—28(F" Tt — #TH (" — %), (5.21)

Note that (5.20) is also true for £ := k + 1 and thus we have

(x . 53]{—{—1)T5(H53k—|—1 + C) Z (3’) L Zik+1)TG( kE+1 jk—i—l)

—28(x — " THTH(" — &, Ve e Q.

Set 2 = %" in the above inequality, we obtain
(jk _ j«jk—l—l)Tﬁ(H:ﬁk—i—l te) > (i,k: B ik:—i—l)TG( k41 fék+1)
—28(&" — &Y T H(&" — &) (5.22)
Adding (5.21) and (5.22), we get
(j}k _ j}k—l—l)TG{( ko ~k:) _ (xk—l—l B ik+1>}

> BllE" - g
+28(" — #" T H{(z" — #*) — ("' =" THY.  (5.29)
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Moreover, by adding the identity

(@ =35 = @ =BG -7 - @ -3
= BllE" &%) = (@ = T E 4 (12" - F7) = @ =)
to the both sides of (5.23), we obtain
(xk _ xkz+1)TG{(xk _ ik) _ (xk:+1 _ 53k:+1)}
> B”ik _ g}k+1H%{ 1 26(33k _ j:k—kl)TH{(xk _ ik) _ (mk—i—l _ jl~c+1)}
+HBll(a" = 2°) = (" = |+ (@ = &) = (@ =)
= Blla* — 2" E + (2" - 3F) - @ =) (5.24)
This is just the inequality (5.19) and the lemma is proved. O
Theorem 5.3 For given " , let #* be offered by (1.4). If the algorithm uses the update

form (5.15) to generate the new iterate and the the condition (5.16) is satisfied, then for all
integer k > 0, it holds that

|2t — 228 < ||=* — =" 1|2 (5.25)
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k+1

Proof. Using ¥ = 21 and 27! = 2572 (see (5.15)) in (5.19), we obtain

(2" — "I G{(a" — 2 — (2T = 2P H2))

> (2" — 2" = (& = )P (5.26)
Setting a = (2 — ") and b = ("' — 2"T2) in the identity
2 2 T 2
lalle = liblle = 2a” G(a = b) — [la = blq,

we obtain

xk—|—1|| k+1 . $k—|—2

I
_ 2($k . xk—l—l)TG{(mk . ﬂ?k+1) L (xk—l—l L ch+2)}

—[l(z" = 2" = (@ = 2"l

|z — & — |l

Inserting (5.26) into the first term of the right-hand side of the last equality, we obtain

|z — TG — |2 — 2"
2 2||<$k o xk—l—l) o (xk—l—l o xk—}—2)||2
—[l(@® = 2" — (" =" T2 (5.27)
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Thus,

L A R [ A [

(2" — 2" 1) — (@ — )| % (5.28)

Vv

According to (5.16), the matrix (2[ — G) is positive definite, and thus the right hand side

of (5.28) is non-negative. The assertion (5.25) follows immediately. [l

With (5.18) and (5.25), we can prove the main result for the convergence rate in the

non-ergodic sense.

Theorem 5.4 For given " , let #* be offered by (1.4). If the algorithm uses the update
form (5.15) to generate the new iterate and the the condition (5.16) is satisfied, then for any
integert > 0, we have

|zt — "G < —x" |G, (5.29)
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Proof. First, it follows from (5.18) that

©.@)

Z 2" — " T2 < ||2° — 2*||&, Va* e QF. (5.30)
k=0

v

1 —v

k+1

According to Theorem 5.3, the sequence {||z" — 2" "1||Z} is monotonically

non-increasing. Therefore, we have

t
(t+ Dz’ — 2T <) [la® — 28 (5.31)

k=0
The assertion (5.29) follows from (5.30) and (5.31) immediately. O

Notice that {2* is convex and closed (see (2.3.2) of [3]). Let
d = inf{||z° — z*||¢ | z* € Q*}.

Then, for any given € > 0, Theorem 5.4 shows that the it needs at most |d? /coe]
iterations to ensure that ||z — 2" T1||Z < e.

Recall that ¥ is a solution of SLVI(S2, H, ¢) if ||2* — 2" T1||Z = 0 (see (5.15)). A
worst-case O(1/t) convergence rate in a non-ergodic sense is thus established.
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