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The context of this lecture is based on the publication [2]
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For solving the monotone linear variational inequalities, in 1994, we have proposed a class

of projection and contraction methods [6, 7]. Before 2015, only convergence results are

available to these methods. In this article, we prove the convergence rate of such

projection and contraction methods.

1 Introduction

Let Ω be a closed convex subset of <n, M ∈ <n×n and q ∈ <n. The linear variational

inequality problem, denoted by LVI(Ω,M, q), is to find a vector u∗ ∈ Ω such that

LVI(Ω,M, q) (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω. (1.1)

Throughout this paper we assume that the matrix M is positive semi-definite (but not

necessary symmetric), i.e.,

(u− v)TM(u− v) ≥ 0, ∀u, v ∈ <n.

Moreover, we assume that the solution set of LVI(Ω,M, q), denoted by Ω∗, is nonempty.

The nonempty assumption of the solution set, together with the positivity assumption of the
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matrix M , implies that Ω∗ is closed and convex (see pp. 158 in [3]).

For any β > 0, the solution set of the following linear variational inequality

LVI(Ω,M, q) (u− u∗)Tβ(Mu∗ + q) ≥ 0, ∀u ∈ Ω.

is coincides with the one of (1.1). It is well known that,

u∗ is a solution of LVI(Ω,M, q) ⇐⇒ u∗ = PΩ[u∗ − β(Mu∗ + q)], (1.2)

where β is any positive scalar and PΩ(·) denotes the projection onto Ω with respect to the

Euclidean norm, i.e.,

PΩ(v) = argmin{1

2
‖u− v‖2 | u ∈ Ω}.

For convergence rate investigation, without loss of generality, we fix β = 1. Throughout

this article, we assume that the projection on Ω in the Euclidean-norm has a closed form

and it is easy to be carried out. The most important property of the projection mapping is

(v − PΩ(v))T (u− PΩ(v)) ≤ 0, ∀ v ∈ <n, ∀ u ∈ Ω. (1.3)
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A pair of twin projection and contraction methods

For simpleness of the theoretical analysis, without loss the generality, we let β ≡ 1. For

given uk ∈ <n, the predictor is given by

ũk = PΩ[uk − (Muk + q)]. (1.4)

According to (1.2), u is a solution of LVI(Ω,M, q) if and only if uk = ũk . In [6, 7], we

define e(uk) = uk − ũk and use ‖e(uk)‖ to measure how much uk fails to be a

solution of the linear variational inequality LVI(Ω,M, q).

By using (1.4), the projection and contraction method [6] can be described as

(PCM-I) uk+1 = uk − γα∗k(I +MT )(uk − ũk), (1.5)

where γ ∈ (0, 2) and

α∗k =
‖uk − ũk‖2

‖(I +MT )(uk − ũk)‖2 . (1.6)

It was proved that (see Lecture 2 or 3 of this seriers)

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − qk(γ), (1.7a)
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where

qk(γ) = γ(2− γ)α∗k‖uk − ũk‖2. (1.7b)

In an earlier preprint [5], it was pointed out that the method

(PCM-II) uk+1 = PΩ{uk−γα∗k[(Muk + q) +MT (uk− ũk)]}, (1.8)

has the same contractive property as (1.7), the result was reported in [7] and detailed proof

can be found in [8]. Note that the same step size length is used in (1.5) and (1.8) even if

the search directions are different. Thus, this pair of methods are called a pair of twin

projection and contraction methods for linear variational inequalities.

The projection and contraction methods make one (or two) projection(s) on Ω at each

iteration, and the distance of the iterates to the solution set monotonically converges to

zero. According to the terminology in [1], these methods belong to the class of Fejér

contraction methods. Stimulated by the complexity analysis [14], this article shows the

O(1/t) convergence rate of the projection and contraction methods for monotone linear

variational inequalities.
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2 Preliminaries

Recall that Ω∗ can be characterized as (see (2.3.2) in pp. 159 of [3])

Ω∗ =
⋂
u∈Ω

{
ũ ∈ Ω : (u− ũ)T (Mu+ q) ≥ 0

}
.

This implies that ũ ∈ Ω is an approximate solution of LVI(Ω,M, q) with the accuracy ε if

it satisfies

ũ ∈ Ω and inf
u∈D(ũ)

{
(u− ũ)T (Mu+ q)

}
≥ −ε,

where

D(ũ) = {u ∈ Ω | ‖u− ũ‖ ≤ 1}.

In this article, we show that, for given ε > 0, in O(1/ε) iterations the pair of twin

projection and contraction methods can offer a ũ such that

ũ ∈ Ω and sup
u∈D(ũ)

{
(ũ− u)T (Mu+ q)

}
≤ ε. (2.1)

Since the term (ũ− u)T (Mu+ q) is essential in the approximate criterion (2.1) and the

search direction in PCM-II is [(Muk + q) +MT (uk − ũk)], now, we establish a
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relation between

(u− ũk)T (Mu+ q) and (u− ũk)T [(Muk + q) +MT (uk − ũk)].

Lemma 2.1 For given uk , ũk is given by (1.4). Then for any u, the inequality

(u− ũk)T (Mu+ q)

≥ (u− ũk)T [(Muk + q) +MT (uk − ũk)]− 1

2
‖uk − ũk‖2D (2.2)

is always true, where D = MT +M is symmetric and positive semi-definite.

Proof. By calculating the difference and using the Cauchy-Schwarz Inequality, we get

(u− ũk)T (Mu+ q)− (u− ũk)T [(Muk + q) +MT (uk − ũk)]

= (u− ũk)T {M(u− uk)−MT (uk − ũk)}

= (u− ũk)T {M(u− ũk)− (M +MT )(uk − ũk)}

=
1

2
‖u− ũk‖2D − (u− ũk)TD(uk − ũk)

≥ −1

2
‖uk − ũk‖2D.

Consequently, we get (2.2) and the assertion is proved. 2
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3 Important theorems for the twin PC methods

Now, we prove the same key inequality of the twin PC Methods for the complexity analysis.

The assertion (2.2) is useful for the proofs of the following theorems, even though the proof

is relative simple.

Set v = uk − (Muk + q) in (1.3), since ũk = PΩ[uk − (Muk + q)], it follows from

(1.3) that

{[uk − (Muk + q)]− ũk}T (u− ũk) ≤ 0, ∀u ∈ Ω

and consequently,

(u− ũk)T (Muk + q) ≥ (u− ũk)T (uk − ũk), ∀u ∈ Ω.

Adding the term (u− ũk)TMT (uk − ũk) to the both sides of the above inequality, we

obtain

(u− ũk)T {(Muk + q) +MT (uk − ũk)}

≥ (u− ũk)T (I +MT )(uk − ũk), ∀u ∈ Ω. (3.1)
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Main theorem for PC-Method-I

Theorem 3.1 For given uk ∈ <n, let ũk be defined by (1.4) and the new iterate uk+1 be

generated by PCM-I (1.5) with any γ > 0. Then we have

γα∗k(u− ũk)T (Mu+ q)

≥ 1

2

(
‖u− uk+1‖2 − ‖u− uk‖2

)
+

1

2
qk(γ), ∀u ∈ Ω, (3.2)

where qk(γ) is defined in (1.7b).

Proof. Substituting (3.1) in the right hand side of (2.2), we get

(u− ũk)T (Mu+ q)

≥ (u− ũk)T (I +MT )(uk − ũk)− 1

2
‖uk − ũk‖2D.

Thus, we have

γα∗k(u− ũk)T (Mu+ q)

≥ (u− ũk)T γα∗k(I +MT )(uk − ũk)− γα∗k
2
‖uk − ũk‖2D,
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Because γα∗k(I +MT )(uk − ũk) = uk − uk+1 (see (1.5)), we get

γα∗k(u− ũk)T (Mu+ q)

≥ (u− ũk)T (uk − uk+1)− γα∗k
2
‖uk − ũk‖2D. (3.3)

To the crossed term in the right hand side of (3.3), namely (u− ũk)T (uk − uk+1),

using an identity

(a− b)T (c− d) =
1

2

(
‖a− d‖2 − ‖a− c‖2

)
+

1

2

(
‖c− b‖2 − ‖d− b‖2

)
,

we obtain

(u− ũk)T (uk − uk+1) =
1

2

(
‖u− uk+1‖2 − ‖u− uk‖2

)
+

1

2

(
‖uk − ũk‖2 − ‖uk+1 − ũk‖2

)
. (3.4)
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By using uk+1 = uk − γα∗k(I +MT )(uk − ũk) and (1.6), we get

‖uk − ũk‖2 − ‖uk+1 − ũk‖2

= ‖uk − ũk‖2 − ‖(uk − ũk)− γα∗k(I +MT )(uk − ũk)‖2

= 2γα∗k(uk − ũk)T (I +MT )(uk − ũk)

−γ2α∗k
(
α∗k‖(I +MT )(uk − ũk)‖2

)
= 2γα∗k‖uk − ũk‖2 + γα∗k‖uk − ũk‖2D − γ2α∗k‖uk − ũk‖2

= γ(2− γ)α∗k‖uk − ũk‖2 + γα∗k‖uk − ũk‖2D.

Substituting it in the right hand side of (3.4) and using the definition of qk(γ), we obtain

(u− ũk)T (uk − uk+1) =
1

2

(
‖u− uk+1‖2 − ‖u− uk‖2

)
+

1

2
qk(γ)

+
γα∗k

2
‖uk − ũk‖2D. (3.5)

Adding (3.3) and (3.5), the theorem is proved. 2
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Main theorem for PCM-II

The both sequences {ũk} and {uk} in the PC method II belong to Ω. In the following

lemma we prove the same assertion for PC method II as in Theorem 3.1.

Theorem 3.2 For given uk ∈ <n, let ũk be defined by (1.4) and the new iterate uk+1 be

generated by PCM-II (1.8) with any γ > 0. Then we have

γα∗k(u− ũk)T (Mu+ q)

≥ 1

2

(
‖u− uk+1‖2 − ‖u− uk‖2

)
+

1

2
qk(γ), ∀u ∈ Ω, (3.6)

where qk(γ) is defined in (1.7b).

Proof. By using the assertion in Lemma 2.1, we need only to show that

(u− ũk)T γα∗k[(Muk + q) +MT (uk − ũk)]

≥ 1

2

(
‖u− uk+1‖2 − ‖u− uk‖2

)
+

1

2
qk(γ)

+
γα∗k

2
‖uk − ũk‖2D, ∀u ∈ Ω. (3.7)
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For investigating the term in the left hand side of (3.7), we divide it in the terms

(uk+1 − ũk)T γα∗k[(Muk + q) +MT (uk − ũk)] (3.8a)

and

(u− uk+1)T γα∗k[(Muk + q) +MT (uk − ũk)]. (3.8b)

First, we deal with the term (3.8a). Since uk+1 ∈ Ω, substituting u = uk+1 in (3.1) we

get

(uk+1 − ũk)T γα∗k[(Muk + q) +MT (uk − ũk)]

≥ γα∗k(uk+1 − ũk)T (I +MT )(uk − ũk)

= γα∗k(uk − ũk)T (I +MT )(uk − ũk)

−γα∗k(uk − uk+1)T (I +MT )(uk − ũk)

= γα∗k‖uk − ũk‖2 +
γα∗k

2
‖uk − ũk‖2D

−γα∗k(uk − uk+1)T (I +MT )(uk − ũk). (3.9)
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To the crossed term of the right hand side of (3.9), using the Cauchy-Schwarz Inequality

and (1.6) we get

−γα∗k(uk − uk+1)T (I +MT )(uk − ũk)

≥ −1

2
‖uk − uk+1‖2 − 1

2
γ2(α∗k)2‖(I +MT )(uk − ũk)‖2

= −1

2
‖uk − uk+1‖2 − 1

2
γ2α∗k‖uk − ũk‖2.

Substituting them in the right hand side of (3.9) and using the notation of qk(γ), we obtain

(uk+1 − ũk)T γα∗k[(Muk + q) +MT (uk − ũk)]

≥ 1

2
qk(γ) +

γα∗k
2
‖uk − ũk‖2D −

1

2
‖uk − uk+1‖2. (3.10)

Now, we turn to treat of the term (3.8b). The update form of PC Method II (1.8) means that

uk+1 is the projection of
(
uk − γα∗k[(Muk + q) +MT (uk − ũk)]

)
on Ω. Thus, it

follows from (1.3) that{(
uk−γα∗k[(Muk +q)+MT (uk− ũk)]

)
−uk+1}T (u−uk+1) ≤ 0, ∀u ∈ Ω,
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and consequently(
u−uk+1)T γα∗k[(Muk+q)+MT (uk−ũk)] ≥

(
u−uk+1)T (uk−uk+1), ∀u ∈ Ω.

For the the last inequality, by using the identity

bT (b− a) =
1

2

(
‖b‖2 − ‖a‖2

)
+

1

2
‖a− b‖2

with a = u− uk and b = u− uk+1 to the right hand side, we obtain(
u− uk+1)T γα∗k[(Muk + q) +MT (uk − ũk)]

≥ 1

2

(
‖u− uk+1‖2 − ‖u− uk‖2

)
+

1

2
‖uk − uk+1‖2. (3.11)

Adding (3.10) and (3.11), we get (3.7) and the proof is complete. 2

The assertion in Theorem 3.1 (see inequality (3.2)) coincides with the one in Theorem 3.2

(see inequality (3.6)). The only difference is the sequence {uk} in <n or Ω.
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4 Convergence rate of the PC methods for LVI

For the different projection and contraction methods, we have the same key inequality

which is shown in Theorem 3.1 (see (3.2)) and Theorem 3.2 (see (3.6)), respectively. The

contraction property (1.7) of the PC methods is the consequent result of Theorem 3.1 and

Theorem 3.2, respectively.

Theorem 4.1 The sequence {uk} generated by PC Method-I or PC Method II satisfies

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)α∗k‖uk − ũk‖2, ∀u∗ ∈ Ω∗. (4.1)

Proof. By setting u = u∗ in (3.2) and (3.6), we get

‖uk − u∗‖2 − ‖uk+1 − u∗‖2 ≥ 2γα∗k(ũk − u∗)T (Mu∗ + q) + qk(γ).

Because (ũk − u∗)T (Mu∗ + q) ≥ 0, it follows from the last inequality that

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − qk(γ).

Using the notation of qk(γ) (see (1.7b)), the theorem is proved. 2.
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The following is the assertion of the convergence rate in ergodic sense.

Theorem 4.2 For any integer t > 0, we have a ũt ∈ Ω which satisfies

(ũt − u)TF (u) ≤ ‖I +MT ‖2

2γ(t+ 1)
‖u− u0‖2, ∀u ∈ Ω, (4.2)

where

ũt =
1

Υt

t∑
k=0

α∗kũ
k and Υt =

t∑
k=0

α∗k. (4.3)

Proof. For the convergence rate proof, we allow γ ∈ (0, 2]. In this case, we still have

qk(γ) ≥ 0. By using the monotonicity of F , from (3.2) and (3.6) we get

(u− ũk)Tα∗k(Mu+ q) +
1

2γ
‖u− uk‖2 ≥ 1

2γ
‖u− uk+1‖2, ∀u ∈ Ω.

Summing the above inequality over k = 0, . . . , t, we obtain(( t∑
k=0

α∗k
)
u−

t∑
k=0

α∗kũ
k
)T

(Mu+ q) +
1

2γ
‖u− u0‖2 ≥ 0, ∀u ∈ Ω.
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Using the notations of Υt and ũt in the above inequality, we derive

(ũt − u)T (Mu+ q) ≤ ‖u− u
0‖2

2γΥt
, ∀u ∈ Ω. (4.4)

Indeed, ũt ∈ Ω because it is a convex combination of ũ0, ũ1, . . . , ũt. Because

α∗k ≥ 1/‖I +M‖2 for all k > 0 (see (1.4)), it follows from (4.3) that

Υt ≥
t+ 1

‖I +M‖2 ,

The proof is complete. 2

and thus the PC methods have O(1/t) convergence rate. For any substantial set

D ⊂ Ω, the PC methods reach

(ũt − u)TF (u) ≤ ε, ∀u ∈ D(ũt), in at most t =
⌈‖I +M‖2d2

2γε

⌉
iterations, where ũt is defined in (4.3) and d = sup {‖u− u0‖ |u ∈ D(ũ)}. This

convergence rate is in the ergodic sense, the statement (4.2) suggests us to take a larger

parameter γ ∈ (0, 2] in the correction steps of the PC methods.



IV - 19

5 PC Method for convex quadratic optimization

This section instigate the convergence rate of the PC method for the convex quadratic

programming. Let Ω be a closed convex subset of <n, H ∈ <n×n is positive

semidefinite and c ∈ <n. Solving the convex quadratic optimization

min{ 1
2
xTHx+ cTx |x ∈ Ω}

is equivalent to finding a vector x∗ ∈ Ω such that

SLVI(Ω, H, c) (x− x∗)T (Hx∗ + c) ≥ 0, ∀x ∈ Ω. (5.1)

The problem (5.1) is called symmetric linear variational inequality problem and denoted by

LVI(Ω, H, c). For given xk ∈ <n, let

x̃k = PΩ[xk − β(Hxk + c)]. (5.2)

For solving the monotone variational inequalities [7] are developed. For monotone linear

variational inequality, SLVI(Ω, H, c), one of the method in [7] (see Method 1 therein)

generates the new iterate by

(PC Method) xk+1 = xk − γα∗k(xk − x̃k), (5.3)
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where

α∗k =
‖xk − x̃k‖2

‖xk − x̃k‖2G
, G = I + βH and γ ∈ (0, 2). (5.4)

It was proved [7] that the sequence {xk} generated by PC Method satisfies

‖xk+1 − x∗‖2G ≤ ‖xk − x∗‖2G − γ(2− γ)α∗k‖xk − x̃k‖2. (5.5)

Because a projection is needed in each iteration and the distance of the iterates to the

solution set is monotonically decreasing, according to the terminology in [1], such methods

are called Projection and Contraction Methods (see [4]).

In this section, we show that, for given ε > 0, in O(1/ε) iterations the projection and

contraction method can find a x̃ such that

x̃ ∈ Ω and sup
x∈D(x̃)

{
(x̃− x)T (Hx+ c)

}
≤ ε, (5.6)

where

D(x̃) = {x ∈ Ω | ‖x− x̃‖ ≤ 1}.

In this sense, we will establish the algorithmic convergence complexity for the pair of

geminate projection and contraction method .
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5.1 Main theorem for complexity analysis

This section shows the main theorems for the complexity analysis. Now, we prove the key

inequality for the complexity analysis of the pair of geminate Algorithm.

Theorem 5.1 For given xk ∈ <n, let x̃k be defined by (5.2) and the new iterate xk+1 be

generated by PC Method (5.3) with any γ ∈ (0, 2). Then we have

γα∗kβ(x− x̃k)T (Hx+ c)

≥ 1

2

(
‖x− xk+1‖2G − ‖x− xk‖2G

)
+

1

2
qk(γ), ∀x ∈ Ω, (5.7)

where

qk(γ) = γ(2− γ)α∗k‖xk − x̃k‖2. (5.8)

Proof. Set v = xk − β(Hxk + c) in (1.3), because x̃k = PΩ[xk − β(Hxk + c)]

and thus x̃k = PΩ(v), it follows that

(x− x̃k)T {xk − β(Hxk + c)− x̃k} ≤ 0 ∀x ∈ Ω.
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Thus, we have

(x− x̃k)Tβ(Hxk + c) ≥ (x− x̃k)T (xk − x̃k), ∀x ∈ Ω.

Adding the term (x− x̃k)TβH(xk − x̃k) to the both sides of the above inequality and

using (I + βH) = G, we obtain

(x− x̃k)T {β(Hxk + c) + βH(xk − x̃k)}

≥ (x− x̃k)TG(xk − x̃k), ∀x ∈ Ω.

Then, we rewrite the above inequality in our desirable form

(x− x̃k)T {β(Hx+ c) + βH(x̃k − x) + 2βH(xk − x̃k)}

≥ (x− x̃k)TG(xk − x̃k), ∀x ∈ Ω.

By using the Cauchy-Schwarz inequality, from the above inequality we obtain

(x− x̃k)Tβ(Hx+ c)

≥ (x− x̃k)TG(xk − x̃k) + β‖x− x̃k‖H − 2(x− x̃k)TβH(xk − x̃k)

≥ (x− x̃k)TG(xk − x̃k)− β‖xk − x̃k‖2H , ∀x ∈ Ω,
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and thus

γα∗k(x− x̃k)Tβ(Hx+ c)

≥ (x− x̃k)TGγα∗k(xk − x̃k)− γα∗kβ‖xk − x̃k‖2H , ∀x ∈ Ω.

Because γα∗k(xk − x̃k) = (xk − xk+1) (see (1.5)), we get

γα∗k(x− x̃k)Tβ(Hx+ c)

≥ (x− x̃k)TG(xk − xk+1)− γα∗kβ‖xk − x̃k‖2H , ∀x ∈ Ω. (5.9)

To the crossed term in the right hand side of (5.9), namely (x− x̃k)TG(xk − xk+1),

using an identity

(a− b)TG(c− d) =
1

2

(
‖a− d‖2G − ‖a− c‖2G

)
+

1

2

(
‖c− b‖2G − ‖d− b‖2G

)
,

we obtain

(x− x̃k)TG(xk − xk+1) =
1

2

(
‖x− xk+1‖2G − ‖x− xk‖2G

)
+

1

2

(
‖xk − x̃k‖2G − ‖xk+1 − x̃k‖2G

)
. (5.10)
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By using xk+1 = xk − γα∗k(xk − x̃k) and (5.4), we get

‖xk − x̃k‖2G − ‖xk+1 − x̃k‖2G
= ‖xk − x̃k‖2G − ‖(xk − x̃k)− γα∗k(xk − x̃k)‖2G
= 2γα∗k(xk − x̃k)TG(xk − x̃k)− γ2α∗k(α∗k‖xk − x̃k‖2G)

= 2γα∗k‖xk − x̃k‖2 + 2γα∗kβ‖xk − x̃k‖2H − γ2α∗k‖xk − x̃k‖2

= γ(2− γ)α∗k‖xk − x̃k‖2 + 2γα∗k‖xk − x̃k‖2H .

Substituting it in the right hand side of (5.10) and using the definition of qk(γ), we obtain

(x− x̃k)TG(xk − xk+1) =
1

2

(
‖x− xk+1‖2G − ‖x− xk‖2G

)
+

1

2
qk(γ) + γα∗kβ‖xk − x̃k‖2H . (5.11)

Adding (5.9) and (5.11), the theorem is proved. 2

By setting x = x∗ in (5.7), we get

‖xk − x∗‖2G − ‖xk+1 − x∗‖2G ≥ 2γα∗k(x̃k − x∗)T (Hx∗ + c) + qk(γ).
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Because (x̃k − x∗)T (Hx∗ + c) ≥ 0, it follows from the last inequality and (5.8) that

‖xk+1 − x∗‖2G ≤ ‖xk − x∗‖2G − γ(2− γ)α∗k‖xk − x̃k‖2.

Thus, the contraction property (5.5) of the PC-Method is a byproduct of Theorem 5.1.

5.2 Convergence rate of the PC method

This section uses Theorem 3.1 to show the convergence rate of the projection type

algorithm.

Theorem 5.2 Let the sequence {xk} be generated by PC Method, and x̃k be given by

(1.4). For any integer t > 0, it holds that

(x̃t − x)T (Hx+ c) ≤ ‖I + βH‖
2γβ(t+ 1)

‖x− x0‖2G, ∀x ∈ Ω, (5.12)

where

x̃t =
1

Υt

t∑
k=0

α∗kx̃
k and Υt =

t∑
k=0

α∗k. (5.13)
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Proof. For the convergence rate proof, we allow γ ∈ (0, 2]. In this case, we still have

qk(γ) ≥ 0. From (3.2) we get

(x− x̃k)Tα∗k(Hx+ c) +
1

2γβ
‖x− xk‖2G ≥

1

2γβ
‖x− xk+1‖2G, ∀x ∈ Ω.

Summing the above inequality over k = 0, . . . , t, we obtain(( t∑
k=0

α∗k
)
x−

t∑
k=0

α∗kx̃
k
)T

(Hx+ c) +
1

2γβ
‖x− x0‖2 ≥ 0, ∀x ∈ Ω.

Using the notations of Υt and x̃t in the above inequality, we derive

(x̃t − x)T (Hx+ c) ≤ ‖x− x
0‖2

2γβΥt
, ∀x ∈ Ω. (5.14)

Indeed, x̃t ∈ Ω because it is a convex combination of x̃0, x̃1, . . . , x̃t. Because

α∗k ≥ 1/‖I + βH‖ for all k > 0 (see (5.2)), it follows from (5.13) that

Υt ≥
t+ 1

‖I + βH‖ .

Substituting it in (5.14), the proof is complete. 2
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Thus the projection and contraction method have O(1/t) convergence rate. For any

substantial setD ⊂ Ω, the PC Method and PC MethodI reach

(x̃t − x)T (Hx+ c) ≤ ε, ∀x ∈ D(x̃t), in at most t =
⌈‖I + βH‖d2

2γβε

⌉
iterations, where x̃t is defined in (5.13) and d = sup {‖x− x0‖ |x ∈ D(x̃t)}. This

convergence rate is in the ergodic sense, the statement (5.12) suggests us to take a larger

parameter γ ∈ (0, 2] in the correction steps of the projection and contraction method .

5.3 Convergence rate in the point manner

In this subsection, we consider a special version of PC Method which updates the new

iterate by

xk+1 = xk − (xk − x̃k), (5.15)

where the positive definite matrix G satisfies the following condition:

G = I + βH � 2(1− ν)I, ν ∈ (0, 1). (5.16)

Under the condition (5.16), if we use the original PC Method (1.5), the α∗k defined in (1.6)
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satisfies

α∗k =
‖xk − x̃k‖2

‖xk − x̃k‖2G
≥ 1

2(1− ν)
. (5.17)

The update form (5.15) can be viewed in PC Method (5.3) by dynamically taking

γk ≡ 1/α∗k . According to (5.5) and (5.17), using

γkα
∗
k = 1 and ‖xk − x̃k‖2 = α∗k‖G−1(I +H)(xk − x̃k)‖2G,

we obtain

qk(γk) = (2− γk)‖xk − x̃k‖2

= (2− γk)α∗k‖xk − x̃k‖2G ≥
ν

1− ν ‖x
k − x̃k‖2G, ∀x∗ ∈ Ω∗.

Then, from (1.7), the above inequality and (5.15) follows that

‖xk+1 − x∗‖2G ≤ ‖xk − x∗‖2G −
ν

1− ν ‖x
k − xk+1‖2G, ∀x∗ ∈ Ω∗. (5.18)

In the following we focus on showing that the sequence {‖xk − xk+1‖G} is

monotonically non-increasing. For this purpose, we need to prove the following lemma.

Lemma 5.1 For given xk , let x̃k be offered by (1.4). If the algorithm uses the update form
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(5.15) to generate the new iterate, then we have

(xk − xk+1)TG{(xk − x̃k)− (xk+1 − x̃k+1)}

≥ ‖(xk − x̃k)− (xk+1 − x̃k+1)‖2 + β‖xk − xk+1‖2H . (5.19)

Proof. First, set y = xk − β(Hxk + c) in (1.3), since x̃k = PΩ[xk − β(Hxk + c)],

it follows that

(x− x̃k)T {β(Hxk + c)− (xk − x̃k)} ≥ 0, ∀x ∈ Ω.

We rewrite it as

(x− x̃k)T {β(Hx̃k +c)+2βH(xk− x̃k)−(I+βH)(xk− x̃k)} ≥ 0, ∀x ∈ Ω,

and thus

(x− x̃k)Tβ(Hx̃k + c)

≥ (x− x̃k)TG(xk − x̃k)− 2β(x− x̃k)TH(xk − x̃k), ∀x ∈ Ω. (5.20)
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Set x = x̃k+1 in (5.20), we have

(x̃k+1 − x̃k)Tβ(Hx̃k + c) ≥ (x̃k+1 − x̃k)TG(xk − x̃k)

−2β(x̃k+1 − x̃k)TH(xk − x̃k). (5.21)

Note that (5.20) is also true for k := k + 1 and thus we have

(x− x̃k+1)Tβ(Hx̃k+1 + c) ≥ (x− x̃k+1)TG(xk+1 − x̃k+1)

−2β(x− x̃k+1)TH(xk+1 − x̃k+1), ∀x ∈ Ω.

Set x = x̃k in the above inequality, we obtain

(x̃k − x̃k+1)Tβ(Hx̃k+1 + c) ≥ (x̃k − x̃k+1)TG(xk+1 − x̃k+1)

−2β(x̃k − x̃k+1)TH(xk+1 − x̃k+1). (5.22)

Adding (5.21) and (5.22), we get

(x̃k − x̃k+1)TG{(xk − x̃k)− (xk+1 − x̃k+1)}

≥ β‖x̃k − x̃k+1‖2H
+2β(x̃k − x̃k+1)TH{(xk − x̃k)− (xk+1 − x̃k+1)}. (5.23)
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Moreover, by adding the identity

{(xk − x̃k)− (xk+1 − x̃k+1)}TG{(xk − x̃k)− (xk+1 − x̃k+1)}

= β‖(xk − x̃k)− (xk+1 − x̃k+1)‖2H + ‖(xk − x̃k)− (xk+1 − x̃k+1)‖2

to the both sides of (5.23), we obtain

(xk − xk+1)TG{(xk − x̃k)− (xk+1 − x̃k+1)}

≥ β‖x̃k − x̃k+1‖2H + 2β(x̃k − x̃k+1)TH{(xk − x̃k)− (xk+1 − x̃k+1)}

+β‖(xk − x̃k)− (xk+1 − x̃k+1)‖2H + ‖(xk − x̃k)− (xk+1 − x̃k+1)‖2

= β‖xk − xk+1‖2H + ‖(xk − x̃k)− (xk+1 − x̃k+1)‖2. (5.24)

This is just the inequality (5.19) and the lemma is proved. 2

Theorem 5.3 For given xk , let x̃k be offered by (1.4). If the algorithm uses the update

form (5.15) to generate the new iterate and the the condition (5.16) is satisfied, then for all

integer k ≥ 0, it holds that

‖xk+1 − xk+2‖2G ≤ ‖xk − xk+1‖2G. (5.25)
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Proof. Using x̃k = xk+1 and x̃k+1 = xk+2 (see (5.15)) in (5.19), we obtain

(xk − xk+1)TG{(xk − xk+1)− (xk+1 − xk+2)}

≥ ‖(xk − xk+1)− (xk+1 − xk+2)‖2. (5.26)

Setting a = (xk − xk+1) and b = (xk+1 − xk+2) in the identity

‖a‖2G − ‖b‖2G = 2aTG(a− b)− ‖a− b‖2G,

we obtain

‖xk − xk+1‖2G − ‖xk+1 − xk+2‖2G
= 2(xk − xk+1)TG{(xk − xk+1)− (xk+1 − xk+2)}

−‖(xk − xk+1)− (xk+1 − xk+2)‖2G.

Inserting (5.26) into the first term of the right-hand side of the last equality, we obtain

‖xk − xk+1‖2G − ‖xk+1 − xk+2‖2G
≥ 2‖(xk − xk+1)− (xk+1 − xk+2)‖2

−‖(xk − xk+1)− (xk+1 − xk+2)‖2G. (5.27)
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Thus,

‖xk − xk+1‖2G − ‖xk+1 − xk+2‖2G
≥ ‖(xk − xk+1)− (xk+1 − xk+2)‖2(2I−G). (5.28)

According to (5.16), the matrix (2I −G) is positive definite, and thus the right hand side

of (5.28) is non-negative. The assertion (5.25) follows immediately. 2

With (5.18) and (5.25), we can prove the main result for the convergence rate in the

non-ergodic sense.

Theorem 5.4 For given xk , let x̃k be offered by (1.4). If the algorithm uses the update

form (5.15) to generate the new iterate and the the condition (5.16) is satisfied, then for any

integer t > 0, we have

‖xt − xt+1‖2G ≤
1− ν

(t+ 1)ν
‖x0 − x∗‖2G. (5.29)
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Proof. First, it follows from (5.18) that

ν

1− ν

∞∑
k=0

‖xk − xk+1‖2G ≤ ‖x0 − x∗‖2G, ∀x∗ ∈ Ω∗. (5.30)

According to Theorem 5.3, the sequence {‖xk − xk+1‖2G} is monotonically

non-increasing. Therefore, we have

(t+ 1)‖xt − xt+1‖2G ≤
t∑

k=0

‖xk − xk+1‖2G. (5.31)

The assertion (5.29) follows from (5.30) and (5.31) immediately. 2

Notice that Ω∗ is convex and closed (see (2.3.2) of [3]). Let

d := inf{‖x0 − x∗‖G |x∗ ∈ Ω∗}.

Then, for any given ε > 0, Theorem 5.4 shows that the it needs at most bd2/c0εc
iterations to ensure that ‖xk − xk+1‖2G ≤ ε.

Recall that xk is a solution of SLVI(Ω, H, c) if ‖xk − xk+1‖2G = 0 (see (5.15)). A

worst-case O(1/t) convergence rate in a non-ergodic sense is thus established.



IV - 35

References

[1] E. Blum and W. Oettli, Mathematische Optimierung: Grundlagen und Verfahren. Ökonometrie und
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