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1 Introduction

lù�ùm©�où,?Ø�¯K´

min{θ(x) | Ax = b (or Ax ≥ b) x ∈ X}

Ù¥ θ(x)´à¼ê, A ∈ <m×n, b ∈ <m, X ´ <n¥�4à8.

é?¿�½� r > 0Ú a ∈ <n,Ï�·�b�f¯K

min {θ(x) + r
2
‖x− a‖2 |x ∈ X}

�¦)´{ü�.

8� `²ò�5�å�à`z¯K=�¤·ÜüNC©Ø�ª,

ÀJ·���½Ý
H ,æ^H-�e� PPA�{.3þãb�^�

e,�5�å�à`z¯KÒC��~N´¦).
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For the analysis in this paper, we need only the basic property which is described

in the following lemma.

Lemma 1.1 Let X ⊂ <n be a closed convex set, θ(x) and f(x) be convex

functions and f(x) is differentiable. Assume that the solution set of the

minimization problem min{θ(x) + f(x) |x ∈ X} is nonempty. Then,

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (1.1a)

if and only if

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (1.1b)

ProofµFirst, if (1.1a) is true, then for any x ∈ X , we have

θ(xα)− θ(x∗)
α

+
f(xα)− f(x∗)

α
≥ 0, (1.2)

where

xα = (1− α)x∗ + αx, ∀α ∈ (0, 1].
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Because θ(·) is convex, it follows that

θ(xα) ≤ (1− α)θ(x∗) + αθ(x),

and thus

θ(x)− θ(x∗) ≥ θ(xα)− θ(x∗)
α

, ∀α ∈ (0, 1].

Substituting the last inequality in the left hand side of (1.2), we have

θ(x)− θ(x∗) +
f(xα)− f(x∗)

α
≥ 0, ∀α ∈ (0, 1].

Using f(xα) = f(x∗ + α(x− x∗)) and letting α→ 0+, from the above

inequality we get

θ(x)− θ(x∗) +∇f(x∗)T (x− x∗) ≥ 0, ∀x ∈ X .

Thus (1.1b) follows from (1.1a). Conversely, since f is convex, it follow that

f(xα) ≤ (1− α)f(x∗) + αf(x)
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and it can be rewritten as

f(xα)− f(x∗) ≤ α(f(x)− f(x∗)).

Thus, we have

f(x)− f(x∗) ≥ f(xα)− f(x∗)

α
=
f(x∗ + α(x− x∗))− f(x∗)

α
,

for all α ∈ (0, 1]. Letting α→ 0+, we get

f(x)− f(x∗) ≥ ∇f(x∗)T (x− x∗).

Substituting it in the left hand side of (1.1b), we get

x∗ ∈ X , θ(x)− θ(x∗) + f(x)− f(x∗) ≥ 0, ∀x ∈ X ,

and (1.1a) is true. The proof is complete. 2
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1.1 Linear constrained convex optimization and VI

We consider the linearly constrained convex op-

timization problem

min{θ(x)|Ax = (or ≥) b, x ∈ X}. (1.3)

The Lagrangian function of the problem (1.3) is

L(x, λ) = θ(x)− λT (Ax− b),

which is defined on X × Λ (<m or <m+ ).

A pair of (x∗, λ∗) is called a saddle point of the Lagrange function, if

Lλ∈Λ(x∗, λ) ≤ L(x∗, λ∗) ≤ Lx∈X (x, λ∗).

An equivalent expression of the saddle point is the following variational inequality:{
x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T (−ATλ∗) ≥ 0, ∀x ∈ X ,
λ∗ ∈ Λ, (λ− λ∗)T (Ax∗ − b) ≥ 0, ∀ λ ∈ Λ.
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The optimal condition can be characterized as a monotone variational inequality:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.4a)

where

w =

 x

λ

 , F (w) =

 −ATλ
Ax− b

 and Ω = X × Λ. (1.4b)

Note that the operator F is monotone, because

(w− w̃)T(F (w)−F (w̃)) ≥ 0, Here (w − w̃)T(F (w)−F (w̃)) = 0. (1.5)

Example 1 of the problem (1.3): Finding the nearest correlation matrix

A positive semi-definite matrix, whose each diagonal element is equal 1, is called
the correlation matrix. For given symmetric n× n matrix C , the mathematical
form of finding the nearest correlation matrix X is

min{ 1
2‖X − C‖

2
F | diag(X) = e, X ∈ Sn+}, (1.6)
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where Sn+ is the positive semi-definite cone and e is a n-vector whose each

element is equal 1. The problem (1.6) is a concrete problem of type (1.3).

Example 2 of the problem (1.3): The matrix completion problem

Let M be a given m × n matrix, Π is the elements in-

dices set of M ,

Π ⊂ {(ij)|i ∈ {1, . . . ,m}, j ∈ {1, . . . , n}}.
The mathematical form of the matrix completion problem

is relaxed to

min{‖X‖∗ | Xij = Mij , (ij) ∈ Π}, (1.7)

where ‖ · ‖∗ is the nuclear norm–the sum of the singular

values of a given matrix. The problem (3.5) is a convex

optimization of form (1.3). The matrix A in (1.3) for the

linear constraints

Xij = Mij , (ij) ∈ Π,

is a projection matrix, and thus ‖ATA‖ = 1.

M is low Rank, only some

elements of M are known.

∗ ∗ ∗ ∗
∗ ∗ ∗

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗
∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗
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1.2 Proximal point algorithms for convex optimization

Lemma 1.2 Let the vectors a, b ∈ <n, H ∈ <n×n be a positive definite matrix.

If bTH(a− b) ≥ 0, then we have

‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H . (1.8)

The assertion follows from ‖a‖2 = ‖b+ (a− b)‖2 ≥ ‖b‖2 + ‖a− b‖2.

Convex Optimization Now, let us consider the simple convex optimization

min{θ(x) + f(x) | x ∈ X}, (1.9)

where θ(x) and f(x) are convex but θ(x) is not necessary smooth, X is a

closed convex set.

For solving (1.9), the k-th iteration of the proximal point algorithm (abbreviated to

PPA) [9, 11] begins with a given xk, offers the new iterate xk+1 via the recursion

xk+1 = Argmin{θ(x) + f(x) +
r

2
‖x− xk‖2 | x ∈ X}. (1.10)
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Since xk+1 is the optimal solution of (1.10), it follows from Lemma 1.1 that

θ(x)−θ(xk+1)+(x− xk+1)T {∇f(xk+1) + r(xk+1 − xk)} ≥ 0, ∀x ∈ X .
(1.11)

Setting x = x∗ in the above inequality, it follows that

(xk+1−x∗)T r(xk−xk+1) ≥ θ(xk+1)−θ(x∗)+(xk+1−x∗)T∇f(xk+1).

(1.12)

Since

(xk+1 − x∗)T∇f(xk+1) ≥ (xk+1 − x∗)T∇f(x∗),

it follows that the right hand side of (1.12) is nonnegative. And consequently,

(xk+1 − x∗)T (xk − xk+1) ≥ 0. (1.13)

Let a = xk − x∗ and b = xk+1 − x∗ and using Lemma 1.2, we obtain

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − ‖xk − xk+1‖2, (1.14)

which is the nice convergence property of Proximal Point Algorithm.
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1.3 Preliminaries of PPA for Variational Inequalities

The optimal condition of the problem (1.3) is characterized as a mixed monotone

variational inequality:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.15)

PPA for VI in Euclidean-norm For given wk and H � 0, find wk+1

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (w − w̃k)TH(wk − w̃k), ∀ w ∈ Ω.
(1.16)

w̃k is called the proximal point of the k-th iteration for the problem (1.15).

z wk is the solution of (1.15) if and only if wk = w̃k z

Setting w = w∗ in (1.16), we obtain

(w̃k − w∗)TH(wk − w̃k) ≥ θ(x̃k)− θ(x∗) + (w̃k − w∗)TF (w̃k)

Note that (see the structure of F (w) in (1.4b))

(w̃k − w∗)TF (w̃k) = (w̃k − w∗)TF (w∗),
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and consequently (by using (1.15)) we obtain

(w̃k − w∗)T r(wk − w̃k) ≥ θ(x̃k)− θ(x∗) + (w̃k − w∗)TF (w∗) ≥ 0,

and thus

(w̃k − w∗)TH(wk − w̃k) ≥ 0. (1.17)

If we take wk+1 = w̃k, and set a = wk − w∗ and b = wk+1 − w∗ in the

inequality (1.17), it yields that bTH(a− b) ≥ 0. Using Lemma1.2, we get the

nice convergence property of the PPA in H-norm:

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H . (1.18)

Extended PPA From the inequality (1.17) consequently

(wk − w∗)TH(wk − w̃k) ≥ ‖wk − w̃k‖2H . (1.19)

Usually, we take

wk+1 = wk − γ(wk − w̃k), γ = 1.5 ∈ (0, 2) (1.20)
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as the new iterate. Then

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − γ(2− γ)‖wk − w̃k‖2H . (1.21)

Theorem 1.1 For given wk, setting the solution of (1.16) by w̃k and let the new

iterate wk+1 be updated by (1.20). Then, the generated sequence {wk}
converges to a solution point of (1.15).

Sketch of the proof .

• Since (1.21) is true for every solution point, the sequence {wk} is bounded

and limk→∞ ‖wk − w̃k‖H = 0.

• Because limk→∞ ‖wk − w̃k‖H = 0 and {wk} is bounded, {w̃k} is also

bounded. Moreover, {wk} and {w̃k} have the same cluster points.

• According to (1.16), every cluster point of {w̃k} which is also the cluster

point of {wk}, is a solution point of the VI (1.15).

• Finally, according to the contraction inequality (1.21), the generated sequence

{wk} can only have a cluster point and the method is convergent.
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2 CCC©©©ØØØ���ªªªµµµeeeeeeààà`̀̀zzz��� PPA���{{{

é�ª�å (½Ø�ª�å)�à`z¯K (1.3),

min{θ(x) | Ax = b (or Ax ≥ b), x ∈ X}

·�^ Customized PPA¦)�§��d�C©Ø�ª (1.4).` Customized
PPA,´Ï��¡�H-�e� PPA�{�±w�UI½��.

æ^ Customized PPA�{,�¦ATA��´N´�O�.ù�ù����!

¬`²�
kA^�µ�¯K,TU÷vù
�¦.

2.1 Primal-dual hybrid gradient algorithm

Since the objective is to find a saddle point of the Lagrange function, a natural idea is to

use the primal-dual hybrid gradient algorithm [12]. For given (xk, λk), by using the

primal-dual hybrid gradient algorithm,

xk+1 = Argmin{L(x, λk) +
r

2
‖x− xk‖2 |x ∈ X}, (2.1)
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after getting xk+1, we obtain

λk+1 = Argmax{L(xk+1, λ)− s

2
‖λ− λk‖2 |λ ∈ <m}. (2.2)

Combining (2.1) and (2.2), we get

θ(x)− θ(xk+1) +

x− xk+1

λ− λk+1

T 
−ATλk+1

Axk+1 − b


+

r(xk+1 − xk)+AT (λk+1 − λk)

s(λk+1 − λk)

 ≥ 0, ∀(x, λ) ∈ Ω.

The compact form is

θ(x)− θ(xk+1) + (w − wk+1)T {F (wk+1) +Q(wk+1 − wk)} ≥ 0, ∀w ∈ Ω,

(2.3)

where

Q =

 rIn AT

0 sIm

 is not symmetric.
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Remark For general, min-max problem, the primal-dual hybrid gradient algorithm is

not convergent. For example, we consider a pair of the primal-dual linear programmingµ

(Primal)
min cTx

s. t. Ax = b

x ≥ 0.

(Dual)
max bT y

s. t. AT y ≤ c.

We take the following example

(P)
min x1 + 2x2

s. t. x1 + x2 = 1

x1, x2 ≥ 0.

(D)

max y

s. t.

[
1

1

]
y ≤

[
1

2

]

where A = [1, 1], b = 1, c =

[
1

2

]
and the vector x =

[
x1

x2

]
.

The optimal solutions of this pair of linear programming are x∗ =

[
1

0

]
and y∗ = 1.
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Note that its Lagrange function is

L(x, y) = cTx− yT (Ax− b) (2.4)

which defined on R2
+ ×R. (x∗, y∗) is the unique saddle point of the Lagrange function.

Using the Primal-dual hybrid gradient method with r = s = 1. For given (xk, yk), Zhu

and Chan’s procedure is

xk+1 = Argmin{L(x, yk) +
1

2
‖x− xk‖2 |x ≥ 0} = max{(xk +AT yk − c), 0},

and then

yk+1 = Argmax{L(xk+1, y)− 1

2
‖y − yk‖2} = yk − (Axk+1 − 1).

In other words, the iteration formula is{
xk+1 = max{(xk + 1

r
(AT yk − c)), 0},

yk+1 = yk − 1
s
(Axk+1 − b).

We use (x0
1, x

0
2; y0) = (0, 0; 0) as the start point. For this example, the

method is not convergent.
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Fig. 2.1 The sequence generated by
PDHG Method with r = s = 1

w0 = (0, 0; 0)

w1 = (0, 0; 1)

w2 = (0, 0; 2)

w3 = (1, 0; 2)

w4 = (2, 0; 1)

w5 = (2, 0; 0)

w6 = (1, 0; 0)

w7 = (0, 0; 1)

wk+6 = wk

2.2 Customized PPA

If we can change Q to a symmetric matrix H such that

Q =

 rIn AT

0 sIm

 ⇒ H =

 rIn AT

A sIm

 ,
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then w̃k is the solution of the following variational inequality:

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)T {F (w̃k) +H(w̃k − wk)} ≥ 0, ∀w ∈ Ω.

(2.5)

For this purpose, we need only change (Ax̃k − b) + s(λ̃k − λk) = 0 to

(Ax̃k − b) +A(x̃k − xk) + s(λ̃k − λk) = 0. (2.6)

Because x̃k is known, with the given xk and λk , λ̃k is given by

λ̃k = λk − 1

s
[A(2x̃k − xk)− b].

Thus, for given (xk, λk), produce a proximal point (x̃k, λ̃k) via (2.1) and (2.6) can be

summarized as:

x̃k = argmin
{
L(x, λk) +

r

2

∥∥x− xk∥∥2 ∣∣x ∈ X}. (2.7a)

λ̃k = argmax
{
L
(
[2x̃k − xk], λ

)
− s

2

∥∥λ− λk∥∥2}
(2.7b)

We call the point (x̃k, λ̃k) generated by (2.7) as the predictor. The subproblem (2.7a) is
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equivalent to

x̃k = argmin
{
θ(x) +

r

2

∥∥x− [xk +
1

r
ATλk

]∥∥2 ∣∣x ∈ X}.
The solution of (2.7b) is given by

λ̃k = λk − 1

s
[A(2x̃k − xk)− b].

Indeed, under the assumption, the sub-problem (2.7a) is simple.

In the case that rs > ‖ATA‖, the matrix

H =

 rIn AT

A sIm

 is positive definite

and the w̃k = (x̃k, λ̃k) generated by (2.7) is a proximal point. Based on the predictor,

the new iterate is given by

wk+1 := wk − γ(wk − wk+1), γ ∈ (0, 2).
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Theorem 2.1 The sequence {wk = (xk, λk)} generated by the customized PPA

satisfies

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − γ(2− γ)‖wk − w̃k‖2H . (2.8)

½n 2.1¥� (2.8)´�{oNÂñ�'�Ø�ª.XÓ §1.3§�±ddy²

�{�oNÂñ5.O�¥¢S(J  3uXÛÀJëê rÚ s.

·���±^,	�^S�)ýÿ: ũk = (x̃k, λ̃k).é�½� (xk, λk),

¦ (x̃k, λ̃k) ∈ Ω,¦�

θ(x)− θ(x̃k) +

x− x̃k
λ− λ̃k

T 
−AT λ̃k
Ax̃k − b


+

 r(x̃k − xk)−AT (λ̃k − λk)

−A(x̃k − xk) + s(λ̃k − λk)

 ≥ 0, ∀(x, λ) ∈ Ω. (2.9)
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ù��u¦�C©Ø�ª (1.4)� PPAf¯K (1.16)�),Ù¥é¡Ý


H =

(
rIn −AT

−A sIm

)
. (2.10)

Ó�,� rs > ‖ATA‖�G´�½�.5¿�(2.9)�e�Ü©��u

λ̃k ∈ Λ, (λ− λ̃k)T {(Axk − b) + s(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ,

§�±d

λ̃k = PΛ[λk − 1

s
(Axk − b)] (2.11)

�Ñ.Ï�k
 λ̃k ,C©Ø�ª (2.9)�þ�Ü©¥����k x̃k ,§�±Ï

L¦)4�z¯K

min
{
θ(x) +

r

2

∥∥x− [xk +
1

r
AT (2λ̃k − λk)

]∥∥2 ∣∣x ∈ X} (2.12)

��.ù´��N´¦)�¯K.)¤ýÿ:±�,�Ñ#S�: wk+1�ú

ª´

wk+1 = wk − γ(wk − w̃k), γ ∈ (0, 2).
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3 Applications in optimization problems

3.1 Correcting the correlation matrices

3ÚOÆ¥,��é��þ� 1�é¡��½Ý
¡� (Correlation Matrix)�
'5Ý
.é�½�é¡Ý
 C ,¦ F -�e� Cål�C��'5Ý
,Ù

êÆL�ª´

min{1

2
‖X − C‖2F | diag(X) = e, X ∈ Sn+}, (3.1)

Ù¥ eL«z�©þÑ� 1� n-��þ, Sn+L« n× n��½I�8Ü.¯

K (3.1)´/X (1.3)��ª�åà`z¯K,Ù¥ ‖ATA‖ = 1.

·�^ z ∈ <n���ª�å diag(X) = e � Lagrange¦f.

Dual-Primal Customized PPA¦¦¦)))¯̄̄KKK(3.1)

é�½� (Xk, zk),^ (2.11)–(2.12)�)(X̃k, z̃k):

1. Producing z̃k by

z̃k = zk − 1

s
(diag(Xk)− e).
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2. Finding X̃k which is the solution of the following minimization problem

min{1

2
‖X −C‖2F +

r

2
‖X − [Xk +

1

r
diag(2z̃k − zk)]‖2F |X ∈ Sn+}. (3.2)

fff¯̄̄KKK (3.2)¦¦¦)))���äääNNN���{{{:z��d¯K

min{1

2
‖X − 1

1 + r
[rXk + diag(2z̃k − zk) + C]‖2F |X ∈ Sn+}.

PA = 1
1+r

[rXk + diag(2z̃k − zk) + C],·����ÄXÛ¦)

X̃k = Argmin
{1

2
‖X −A‖2F |X ∈ Sn+

}
. (3.3)

¢Sþ,òé¡Ý
A�IOA��–A��þ©)

A = V ΛV T , Λ = diag(λ1, λ2, . . . , λn). (3.4)

Ù¥ V ´��Ý
.5¿���C�eÝ
� Frobenius-�´ØC�,·�k

‖X −A‖F = ‖X − V ΛV T ‖F = ‖V TXV − Λ‖F .
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�¦ X̃ � 0¿�þªmà��,ATk

V T X̃V = Λ̃,

Ù¥

Λ̃ = diag(λ̃1, λ̃2, . . . , λ̃n), λ̃j = max{0, λj}.

��ÏL

X̃ = V Λ̃V T

�� X̃ .Ïd,zgS��Ì�ó�´� (3.4)¥�A�� (A��þ)©).

ê�Á� �)¤Á�~f,���½é¡Ý
 C .

C=rand(n,n); C=(C’+C)-ones(n,n) + eye(n)

ù��Ý
 C�é��3 (0, 2)�m,�é��3 (−1, 1)�m"

Code 4.a. Matlab code for Creating the test examples

clear; close all;

n = 1000; tol=1e-5; r=2.0; s=1.01/r; gamma=1.5;

rand(’state’,0); C=rand(n,n); C=(C’+C)-ones(n,n) + eye(n);
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Code 4.1. Matlab code of the classical PPA
%%% Classical PPA for calibrating correlation matrix %(1)

function PPAC(n,C,r,s,tol) %(2)

X=eye(n); z=zeros(n,1); tic; %% The initial iterate %(3)

stopc=1; k=0; %(4)

while (stopc>tol && k<=100) %% Beginning of an Iteration %(5)

if mod(k,20)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

X0=X; z0=z; k=k+1; %(7)

zt=z0 - (diag(X0)-ones(n,1))/s; EZ=z0-zt; %(8)

A=(X0*r + C + diag(zt*2-z0))/(1+r); %(9)

[V,D]=eig(A); D=max(0,D); XT=(V*D)*V’; EX=X0-XT; %(10)

ex=max(max(abs(EX))); ez=max(abs(EZ)); stopc=max(ex,ez); %(11)

X=XT; z=zt; %(12)

end; % End of an Iteration %(13)

toc; TB = max(abs(diag(X-eye(n)))); %(14)

fprintf(’ k=%4d epsm=%9.3e max|X_jj - 1|=%8.5f \n’,k,stopc,TB); %%

� (3.4)¥�A�� (A��þ)©),3þã§S¥�1 (10)1^ Matlab¥

��é [V,D]=eig(A)¢y�,ù´��O�þ�V 9n3�$�.

ò Classical PPAU¤ Extended PPA,��ò1 (12)1U�e"
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Code 4.2 Matlab Code of the Extended PPA
%%% Extended PPA for calibrating correlation matrix %(1)

function PPAE(n,C,r,s,tol,gamma) %(2)

X=eye(n); z=zeros(n,1); tic; %% The initial iterate %(3)

stopc=1; k=0; %(4)

while (stopc>tol && k<=100) %% Beginning of an Iteration %(5)

if mod(k,20)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

X0=X; z0=z; k=k+1; %(7)

zt=z0 - (diag(X0)-ones(n,1))/s; EZ=z0-zt; %(8)

A=(X0*r + C + diag(zt*2-z0))/(1+r); %(9)

[V,D]=eig(A); D=max(0,D); XT=(V*D)*V’; EX=X0-XT; %(10)

ex=max(max(abs(EX))); ez=max(abs(EZ)); stopc=max(ex,ez); %(11)

X=X0-EX*gamma; z=z0-EZ*gamma; %(12)

end; % End of an Iteration %(13)

toc; TB = max(abs(diag(X-eye(n)))); %(14)

fprintf(’ k=%4d epsm=%9.3e max|X_jj - 1|=%8.5f \n’,k,stopc,TB); %%

ü�ØÓ��{,§SÑé{ü,^Ø
A1.ü�§SØÓ�/�==´1

121k
�O,� γ = 1.5��{�J%k²w�Jp"

du3ù�¯K¥, A´ÝKÝ
, ‖ATA‖ = 1,·��I�À rs > 1ÒU

(�G � 0.5¿�,�
²ï primalÚ dualíþ,·�� r = 2, s = 1.01/r.
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A��©)^ Matlab¥� eig�S�gêÚO��m

n× n Matrix Classical PPA Extended PPA

n = No. It CPU Sec. No. It CPU Sec.

100 31 0.35 23 0.26
200 34 2.00 25 1.48
500 39 17.28 27 13.14
800 41 72.82 29 51.97
1000 47 153.14 31 102.12
2000 62 1344.50 40 881.38

The extended PPA converges faster than the classical PPA.

It. No. of Extended PPA

It. No. of Classical PPA
≈ 65%.
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♣'u�'XêÝ
���§S3N�� Codes-04�©�Y“Ý
��”¥.

��$1 demo.m,Ñ\ nÒ�±
.Ù¥� PPAC.mÚ PPAE.m©O´ Classical

PPAÚ Extended PPA�f§S.

(¢,^ù�ù0�� PPA�{¦)�'Ý
Ý
��¯K,zÚS��Ì�

O�ó�þ´é��é¡Ý
^ Matlab¥�IOf§S� [V,D]=eig(A).XJ

U^ Kim TOH�� mexeig� [V,D]=mexeig(A), O��m��!�.

A��©)¦^ mexeig�S�gêÚO��m

n× n Matrix Classical PPA Extended PPA

n = No. It CPU Sec. No. It CPU Sec.

100 30 0.12 23 0.10
200 33 0.54 25 0.40
500 38 7.99 26 6.25
800 38 37.44 28 27.04
1000 45 94.32 30 55.32
2000 62 723.40 38 482.18
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3.2 ÝÝÝ


������zzz���¡¡¡���AAA^̂̂

�M ´��m× nÝ
, Π´Ý
����I8.

Π = {(ij) | i ∈ {1, 2, . . . ,m}, j ∈ {1, 2, . . . , n}}.

Ý
��z¯K´ dddÜÜÜ©©©&&&EEE¼¼¼������ÜÜÜ&&&EEE

• w,,vkÙ¦&E,¡E�����Ý
´Ø�U�.

• 3$�´,3Nõ�¹e,·��¡E�Ý
´��$�Ý
.

¡E$�Ý
���êÆ�.´:

min{rank(X) : Xij = Mij, (ij) ∈ Π}.

,
,ù�¯K´NP-hard�.�â Candés, Recht, Tao�C�ó�

• E. J. Candés and B. Recht, Exact Matrix Completion via Convex Optimization, 2008.

• E. J. Candés and T. Tao, The Power of Convex Relaxation: Near-Optimial Matrix

Completion, 2009,
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3·�(¢S¯Kä��)^�e,�õêØ��&E�$�Ý
�±ÏL¦

)tµ¯K

min{‖X‖∗ | Xij = Mij , (ij) ∈ Π} (3.5)

��°(¡E.Ù¥ ‖X‖∗L«Ý
X �ÛÉ��Ú.Ï~¡�Ý
X �Ø

�— Nuclear Norm.ùa¯K�û�A^,�� [10].

¯K (3.5)´/X (1.3)��ª�åà`z¯K,Ù¥ ‖ATA‖ = 1.·�ò (3.5)

��ª�åP�XΠ = MΠ§¿^ Z ∈ <m×n���A� Lagrange¦f.

Dual-Primal PPA¦¦¦)))¯̄̄KKK(3.5)

é�½� (Xk, Zk),^ (2.11)–(2.12)�)(X̃k, Z̃k):

1. Producing Z̃k by

Z̃kΠ = ZkΠ −
1

s
(Xk

Π −MΠ).

2. Finding X̃k which is the solution of the following linear variational inequality

min
{
‖X‖∗ +

r

2

∥∥X − [Xk +
1

r
(2Z̃kΠ − ZkΠ)

]∥∥2

F

}
(3.6)
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fff¯̄̄KKK (3.6)¦¦¦)))���äääNNN���{{{: �I�ÄXÛ¦)

X̃k = Argmin
{1

r
‖X‖∗ +

1

2
‖X −A‖2F

}
. (3.7)

·�òA� SVD©)
A = UΛV T ,

¿�\ (3.7),��

1

r
‖X̃‖∗ +

1

2
‖X̃ − UΛV T ‖2F =

1

r
‖UT X̃V ‖∗ +

1

2
‖UT X̃V − Λ‖2F .

þ¡��ª´duÝ
�ÛÉ�9F -�ê3��C�eØC��Ï. Ïd,

UT X̃V AT´���K�é�Ý
.� UT X̃V = Λ̃,�é{`,

X̃ = U Λ̃V T . (3.8)

é�½��Ké�Ý
 Λ,

min
{1

r
‖Λ̃‖∗ +

1

2
‖Λ̃− Λ‖2F

}
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�)é�Ý
 Λ̃,Ùé��ÏL

λ̃j = λj −min(λj ,
1

r
), (3.9)

ÒU��.�\ (3.8)Ò�� (3.7)�) X̃k .Ïd,zgS��Ì�ó�þ´�

��Ý
� SVD©).

XJ± λÚ λ̃©OL«é�Ý
 ΛÚ Λ̃�é��)¤��þ,du λ´�K

�þ,'Xª (3.9)��±�¤

λ̃ = λ− P
B

1/r
∞

[λ],

Ù¥B
1/r
∞ ´Ã¡�e�»� 1/r�/�0£��á�N¤.þã$�3©z

¥~~¡� Shrinkage.

(((ØØØ:ò�5�å�à`z¯K=�¤üNC©Ø�ª,2^�©0��

PPA�{¦),zgS�¥�¦)�f¯K,ê��ê¥Ñk(½�¤Ù�

�{¦) !
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ê�Á� ê�Á�~f�g[1]

���� ra� n× n�gdÝ´ dra := ra(2n− ra).

)))¤¤¤ÁÁÁ���¯̄̄KKKµ

• k^pdÓ©Ù (Gaussian i.i.d)Õá)¤ü� n× ra�Ý
M1ÚM2,

,�-M = M1M
T
2 ,K n× nÝ
M ��� ra.

• �ÅÀ½M �m�����®���,ù
���eI8�Π.

OOO���(((JJJµ

• Ý
��z¯K�JÝ�'Çm/draÚm/n2Ñk'X.

• ©O^ Classical PPAÚ Extended PPA (γ = 1.5)?1O�.

• �½Ý
G (see (2.10))¥�ëê r, s©O� rs = 1.01Ú r = 0.005.

• ÊÅOKæ^�éØ� ‖Xk
Π −MΠ‖F /‖MΠ‖F ≤ 10−4.

·�^ γ = 1.5� Extended PPA¦),5¿� KKT^� PrimalÜ©((2.9)�þ

�Ü©)�Ø÷vþ´

r(X̃k −Xk)− (Z̃k − Zk).
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♣Ý
��z�§S3N�� Codes-04�©�Y“Ý
��z”¥.��$1

demo.mÒ�±
. �éØÓ�/Á�,��3 demo.m¥^ %�·�ÀJ.

Ù¥� PPAC.mÚ PPAE.m©O´ Classical PPAÚ Extended PPA�f§S.

Code 4.b. Creating the test examples of Matrix Completion

%% Creating the test examples of the matrix Completion problem %(1)

clear all; clc %(2)

maxIt=100; tol = 1e-4; %(3)

r=0.005; s=1.01/r; gamma=1.5; %(4)

n=200; ra = 10; oversampling = 5; %(5)

% n=1000; ra=100; oversampling = 3; %% Iteration No. 31 %(6)

% n=1000; ra=50; oversampling = 4; %% Iteration No. 36 %(7)

% n=1000; ra=10; oversampling = 6; %% Iteration No. 78 %(8)

%% Generating the test problem %(9)

rs = randseed; randn(’state’,rs); %(10)

M=randn(n,ra)*randn(ra,n); %% The matrix will be completed %(11)

df =ra*(n*2-ra); %% The freedom of the matrix %(12)

mo=oversampling; %(13)

m =min(mo*df,round(.99*n*n)); %% No. of the known elements %(14)

Omega= randsample(nˆ2,m); %% Define the subset Omega %(15)

fprintf(’Matrix: n=%4d Rank(M)=%3d Oversampling=%2d \n’,n,ra,mo);%(16)
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Code 4.3. Extended PPA for Matrix Completion Problem

function PPAE(n,r,s,M,Omega,maxIt,tol,gamma) % Ititial Process %%(1)

X=zeros(n); Y=zeros(n); YT=zeros(n); %(2)

nM0=norm(M(Omega),’fro’); eps=1; VioKKT=1; k=0; tic; %(3)

%% Minimum nuclear norm solution by PPA method %(4)

while (eps > tol && k<= maxIt) %(5)

if mod(k,5)==0 %(6)

fprintf(’It=%3d |X-M|/|M|=%9.2e VioKKT=%9.2e\n’,k,eps,VioKKT); end;%(7)

k=k+1; X0=X; Y0=Y; %(8)

YT(Omega)=Y0(Omega)-(X0(Omega)-M(Omega))/s; EY=Y-YT; %(9)

A = X0 + (YT*2-Y0)/r; [U,D,V]=svd(A,0); %(10)

D=D-eye(n)/r; D=max(D,0); XT=(U*D)*V’; EX=X-XT; %(11)

DXM=XT(Omega)-M(Omega); eps = norm(DXM,’fro’)/nM0; %(12)

VioKKT = max( max(max(abs(EX)))*r, max(max(abs(EY))) ); %(13)

if (eps <= tol) gamma=1; end; %(14)

X = X0 - EX*gamma; %(15)

Y(Omega) = Y0(Omega) - EY(Omega)*gamma; %(16)

end; %(17)

fprintf(’It=%3d |X-M|/|M|=%9.2e Vi0KKT=%9.2e \n’,k,eps,VioKKT); %(18)

RelEr=norm((X-M),’fro’)/norm(M,’fro’); toc; %(19)

fprintf(’ Relative error = %9.2e Rank(X)=%3d \n’,RelEr,rank(X)); %(20)

fprintf(’ Violation of KKT Condition = %9.2e \n’,VioKKT); %(21)
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Ý
��z¯Kµ^ Matlab¥IO SVD¦)(J
Unknown n× n matrixM Computational Results

n rank(ra) m/dra m/n2 #iters times(Sec.) relative error KKT-Violation

1000 10 6 0.12 76 841.59 9.38E-5 9.31E-6
1000 50 4 0.39 37 406.24 1.21E-4 2.11E-5
1000 100 3 0.58 31 362.58 1.50E-4 2.88E-5

♣ ^ Matlab¥� SVD,��g SVD�s¤é�,oÑ��S�gê¤'~.

♣ ^ PROPACK [8]¥� SVD,¯Nõ,oÑ�Ì��¯K5�k'.·�Ì�éS�g

êa,�,���^ Matlab� SVD�(J,�Nþ¤I��f§S.

éÝ
��z¯K, (2.5)Ú (2.9)�e�Ü©Ø�^‖Xk
Π −MΠ‖F /‖MΠ‖F ��.du

(2.5)Ú (2.9)�þ�Ü©´

θ(x)− θ(x̃k) + (x− x̃k)T {(−AT λ̃k) + [r(x̃k − xk)±AT (λ̃k − λk)]},

Ïdþ�Ü©Ø��´ [r(x̃k − xk)∓AT (λ̃k − λk)].éÝ
��z¯K,A´ÝKÝ


,Ù�� 1,¤±·�3O�(J¥��Ñ

KKT-Violation := max{rmaxij |Xk
ij − X̃k

ij |, maxij |Zkij − Z̃kij |}.

♣ Ø© [1]´�@uL3 SIAM J. Optimizationþ�¦)Ý
��z¯K�©Ù.é±

þÁ��n�~f, [1]¥��{��Ó�°Ý�¦�S�gê©O´ 117, 114Ú 129

(See the first three examples in Table 5.1 of [1], pp. 1974),zgS��Ì�ó�þ�´��g

SVD©).duæ^
Ø��©)Eâ, [1]¥!�
 SVD©)��m.·�N^�´

Matlab¥IOSVD,�,s¤
���S�gê,�vk!�o�$1�m.
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3.3 ØØØ   DDDaaa(Compressed Sensing)¯̄̄KKK

• Ø Da¯K´|^&Ò�DÕ5�,�éÙ?1�é���ÿþ,,�

U±���Ø�½ö°(/¡E�©&Ò"

• CS¯K:¦÷vAx = b��"��ê���)

min{‖x‖0 | Ax = b}.

Ù¥‖x‖0L«�þ x��"���ê,§Ø´~5¿Âe��"´��

éJ¦)�|Ü`z¯K.

‖x‖1 ≤ ‖x‖0, ∀ x ∈ Ω = {x ∈ Rn | |xj | ≤ 1, j = 1, . . . , n}.

CandésÚ Taoy²
3�½^�e,¯K

min{‖x‖0 : Ax = b} �¯K min{‖x‖1 : Ax = b}

�)3VÇ¿Âe´�Ó�.
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4�z¯K

min
x
{µ‖x‖1 |Ax = b } (BP) (3.10)

´/X (1.3)��ª�åà`z¯K.

PPA���{{{¦¦¦)))¯̄̄KKK(3.10)

é�½� (xk, λk),^ (2.11)–(2.12)�)(x̃k, λ̃k):

1. Producing λ̃k by

λ̃k = λk − 1

s
(Axk − b).

2. Finding x̃k which is the solution of the following minimization problem

min{µ‖x‖1 +
r

2
‖x− [xk +

1

r
AT (2λ̃k − λk)]‖2}. (3.11)

fff¯̄̄KKK (3.11)¦¦¦)))���äääNNN���{{{:·����ÄXÛ¦)

min
x∈<n

{τ‖x‖1 +
1

2
‖x− a‖2}. (3.12)



VI - 40

� x∗ ∈ <n´ (3.12)�),

• XJ x∗j > 0, é τx+ 1
2
‖x− a‖2 ¦�, k

τ + x∗j − aj = 0, = x∗j = aj − τ, (ùÛ¹
 aj > τ ).

• XJ x∗j < 0, é −τx+ 1
2
‖x− a‖2 ¦�, k

−τ + x∗j − aj = 0, = x∗j = aj + τ, (ùÛ¹
 aj < −τ ).

• ��o x∗j = 0, ´Ï� −τ ≤ aj ≤ τ .

nþ¤ã,¯K (3.12)�)d

x∗j =


aj − τ, if aj > τ

aj + τ, if aj < −τ

0, if − τ ≤ aj ≤ τ.

�Ñ.ù��±�¤ Shrinkage�/ª

x∗ = a− PBτ∞ [a], where Bτ∞ = {ξ ∈ <n | − τe ≤ ξ ≤ τe}.

¢S CS¯K�O�,�\?�
 ContinuationEâ,�u�Ì,Ø�[0�.
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3.4 Min-Max ¯̄̄KKKþþþ���AAA^̂̂

1�ù §4.2¥J�^�C�4�?nã���
 [2],²lÑz±�,¯K�

êÆ�.´� min-max¯K,

minx∈X maxy∈Y Φ(x, y) := θ1(x) + yTAx− θ2(y). (3.13)

§�±=�¤�d�C©Ø�ª:¦ (x∗, y∗) ∈ X × Y ,¦� x− x∗

y − y∗

T f(x∗) +AT y∗

g(y∗)−Ax∗

 ≥ 0, ∀(x, y) ∈ X × Y, (3.14)

Ù¥ f(x) ∈ ∂θ1(x), g(y) ∈ ∂θ2(y).©z [6]¥J�^ùp� PPA�{�¦

).é�½� (xk, yk),¦ (x̃k, ỹk) ∈ X × Y ,é�� (x, y) ∈ X × Y ,Ñk x− x̃k

y − ỹk

T
 f(x̃k) +AT ỹk

g(ỹk)−Ax̃k

+

r(x̃k − xk) +AT (ỹk − yk)

+A(x̃k − xk) + s(ỹk − yk)

 ≥ 0.

(3.15)
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5¿� (3.15)�e�Ü©¥�¹k��� ỹk .§�±ÏL¦) y�f¯K:

ỹk = Argmin{θ2(y) + yTAxk +
s

2
‖y − yk‖2 | y ∈ Y}. (3.16a)

��.,�,�¦� (3.15)þ�Ü©� x̃k ,·���¦)��'u x�¯K:

x̃k = Argmin
{
θ1(x) +

r

2

∥∥x− [xk − 1

r
AT (2ỹk − yk)

]∥∥2 ∣∣x ∈ X}. (3.16b)

�,, PPAýÿ: (x̃k, ỹk) ∈ X × Y ��±ÏLk x,� y�^S�¤.

é�½� (xk, yk),ÏL¦) x�f¯K

x̃k = Argmin{θ1(x) + xTAT yk +
r

2
‖x− xk‖2 |x ∈ X}. (3.17a)

�� x̃k ,,�¦ ỹkÏL��'u y�f¯K:

ỹk = Argmin
{
θ2(y) +

s

2

∥∥y − [yk +
1

s
A(2x̃k − xk)

]∥∥2 ∣∣ y ∈ Y}. (3.17b)
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d (3.17))¤� (x̃k, ỹk) ∈ X × Y ,é��¦ (x, y) ∈ X × Y ,Ñk x− x̃k

y − ỹk

T
 f(x̃k) +AT ỹk

g(ỹk)−Ax̃k

+

r(x̃k − xk)−AT (ỹk − yk)

−A(x̃k − xk) + s(ỹk − yk)

 ≥ 0.

(3.18)
ÃØ´ (3.15)�´ (3.18),Ñ�±�¤

ũk ∈ Ω, (u− ũk)T {F (ũk) +G(ũk − uk)} ≥ 0, ∀ u ∈ Ω, (3.19)

�/ª,¤ØÓ��´

G =

(
rIn AT

A sIm

)
Ú G =

(
rIn −AT

−A sIm

)
.

§�Ñ´� rs > ‖ATA‖�ÿ�½.·�ïÆ#�S�:uk+1^S�ª

uk+1 = uk − γ(uk − ũk), γ ∈ [1, 2),

)¤,��� γ = 1.5.é�
ó§Eâþ�¯K,æ� γ > 1�S�÷vÊÅ

OK±�,��\�g γ = 1�S�.ù�QJp
�Ý,q÷v¢S¯Ké

ÃX Low-Rankù���¦.ùa�{3ã�?n¥�A^��Ø© [6, 7].

½�� PPA�{äkO(1/k)�Âñ�Ç,y²�±3Ø© [4]¥é�.
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