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For the analysis in this paper, we need only the basic property which is described

in the following lemma.

Lemma 1.1 Let ¥ C R" be a closed convex set, §(x) and f(x) be convex

functions and f(x) is differentiable. Assume that the solution set of the
minimization problem min{6(z) + f(x) |z € X'} is nonempty. Then,

r* € argmin{f(x) + f(x) |z € X}

if and only if

e X, O(x)—0x*)+ (x —2")'Vf(x*) >0, VreX.

Proof : First, if (1.1a) is true, then for any x € X, we have

O(ra) = 0(z")  flwa) = f)

87 84

> 0,

where
To = (1 —a)x™ +ax, Vae (0,1].

(1.1a)

(1.1b)

(1.2)

VI -



Because 0(+) is convex, it follows that
O(za) < (1 —a)f(z”) + af(z),

and thus .
0(x) — O(x*) > 2F) =0 011,

Qa
Substituting the last inequality in the left hand side of (1.2), we have

0(x) — 0(x*) + LE) =@ o v e 0.1)

0%

Using f(xzo) = f(x* + a(x — x*)) and letting & — 0.1, from the above

inequality we get
0(x) — 0(x*) + V() (x —2*) >0, Vz € X.
Thus (1.1b) follows from (1.1a). Conversely, since f is convex, it follow that

flea) < (1 —=a)f(z") + af(z)
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and it can be rewritten as

f(za) = f(2") < a(f(z) — f(27)).
Thus, we have

Fa)— flany > JE) = f@) _ f@ +al@ =) - f@)

87 87

forall o € (0, 1]. Letting o — 0., we get
f(2) = f(z") = Vf(z")" (z —z").
Substituting it in the left hand side of (1.1b), we get
e X, O(z)—0")+ f(z)— f(z*) >0, VxelX,

and (1.1a) is true. The proof is complete. [l
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1.1 Linear constrained convex optimization and VI

We consider the linearly constrained convex op-

timization problem
min{f(x)|Az = (or >) b,z € X}. (1.3)
The Lagrangian function of the problem (1.3) is

L(z,)\) = 0(x) — M (Az — b),

which is defined on & x A (""" or R7").

A pair of (x*, \*) is called a saddle point of the Lagrange function, if
Lyea(xz™, N) < L(z*, X*) < Lyex(x, \Y).
An equivalent expression of the saddle point is the following variational inequality:

z* e X, 0(x)—0x*)+ (x — 2T (=ATX*) >0, Vaxe X,
A* e A, A=) (Az* —0) >0, V€A

VI -



The optimal condition can be characterized as a monotone variational inequality:
w* € Q, 0(x)—0(x*) + (w—w)'Fw*) >0, YweN (14a)
where

x — AT\
w = , F(w) = and Q=X xA. (1.4b)
A Az —b
Note that the operator F' is monotone, because

(w — W) (F(w)—F(®)) >0, Here (w — )" (F(w)—F(®)) = 0. (1.5)

Example 1 of the problem (1.3): Finding the nearest correlation matrix

A positive semi-definite matrix, whose each diagonal element is equal 1, is called
the correlation matrix. For given symmetric n X n matrix C', the mathematical
form of finding the nearest correlation matrix X is

min{1|| X — C||7 |diag(X) =€, X € SV}, (1.6)
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where Sﬁ is the positive semi-definite cone and e is a n-vector whose each
element is equal 1. The problem (1.6) is a concrete problem of type (1.3).

Example 2 of the problem (1.3): The matrix completion problem

VI -

Let M be a given m X n matrix, 11 is the elements in- | )7 is jow Rank, only some
dices set of M, elements of M are known.
IT C{(ij)]i e {1,...,m}, 5 €{1,...,n}}. * * * *
The mathematical form of the matrix completion problem ¥ ¥ *
is relaxed to " * " I ) *
min{[| X || [ Xi; = My;, (i7) € 11}, (1.7) i T
* * * *
where || - ||« is the nuclear norm—-the sum of the singular * S
values of a given matrix. The problem (3.5) is a convex i i i I o
optimization of form (1.3). The matrix A in (1.3) for the * * * *
linear constraints * * * *
Xi; = Mij;, (ij) € 1L, « ' « ' % '
is a projection matrix, and thus || A" A|| = 1. kX ko k




VI -

1.2 Proximal point algorithms for convex optimization

Lemma 1.2 Let the vectors a,b € R™, H € R"™*"™ be a positive definite matrix.
if bI'H(a —b) > 0, then we have

10l|7 < llallz — lla —bll%- (1.8)
The assertion follows from ||a||* = ||b + (a — b)[|* > [|b||* + ||a — b]|*.
Convex Optimization ' Now, let us consider the simple convex optimization
min{f(x) + f(z) | x € X}, (1.9)

where 6(x) and f(x) are convex but () is not necessary smooth, X is a
closed convex set.

For solving (1.9), the k-th iteration of the proximal point algorithm (abbreviated to
PPA) [9, 11] begins with a given ajk, offers the new iterate 2" 1! via the recursion

F T = Argmin{0(z) + f(z) + ng —zF||? |z € X}, (1.10)
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Since "1 is the optimal solution of (1.10), it follows from Lemma 1.1 that

0(z)—0(z" )+ (x — " THTH{VF () +r(a" —2F))} >0, Vo e X.
(1.11)
Setting x = x* in the above inequality, it follows that

($k+1—x*)TT(xk—ZCk+l) Z 9(xk+1)—0(w*)+(xk+l—:U*)TVf(:ckH).
(1.12)
Since

(2" =) V(") = (@ = 2TV (7)),

it follows that the right hand side of (1.12) is nonnegative. And consequently,

(" — )T (2P — 2T > 0. (1.13)
Let @ = ¥ — 2* and b = 2*T! — 2* and using Lemma 1.2, we obtain
JeF T — 2|2 < fla® — 2|2 — |lz* — 2%, (1.14)

which is the nice convergence property of Proximal Point Algorithm.



1.3 Preliminaries of PPA for Variational Inequalities

The optimal condition of the problem (1.3) is characterized as a mixed monotone

variational inequality:

w* € Q, 0(x) —0(z*) + (w—w) ' F(w*) >0, YweQ. (1.15)

PPA for VI in Euclidean-norm ' For given w"* and H > 0, find w®+!

ok e Q, 0(z) — () + (w — 8T F (")
> (w — ") T H(w* — k), Vw e Q.

(1.16)

w" is called the proximal point of the k-th iteration for the problem (1.15).
3« w" is the solution of (1.15) if and only if w* = w*

Setting w = w™ in (1.16), we obtain
(@* —w*)" H(w" — @) > (&%) — (™) + (0" — w*)" F(@")
Note that (see the structure of F'(w) in (1.4b))

(0" —w*) F(0*) = (@" —w")" F(w"),
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and consequently (by using (1.15)) we obtain
(* — w)Tr(w® — @) > 0(z%) — 0(z*) + (@ — w*)T F(w*) >0,

and thus
(0" — w*)T H(w® — @%) > 0. (1.17)

1 k andset a = w* — w* and b = wFt! — w* inthe

inequality (1.17), it yields that bY H (a — b) > 0. Using Lemma1.2, we get the
nice convergence property of the PPA in [ -norm:

If we take wFt! = @

Hwk—i—l

—w'lE < fJw® — w7 = llw® - Wt (1.18)

Extended PPA | From the inequality (1.17) consequently

(w* — w*) H((wk —aF) > [|Jw® — @[3 (1.19)
Usually, we take

w' T =w® —y(w® —a"), y=15¢€(0,2) (1.20)
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as the new iterate. Then

[ —w* [ < w® = wf = (2= y)llw —@f|E. a2

k setting the solution of (1.16) by W* and let the new

Theorem 1.1 For given w
iterate w* Tt pe updated by (1.20). Then, the generated sequence {w"C }

converges to a solution point of (1.15).
Sketch of the proof .

e Since (1.21) is true for every solution point, the sequence {wk} is bounded
and limg_, o ||wk — ~k||H = 0.

e Because limy_,o ||w* — @] g = 0 and {w"} is bounded, {1*} is also
bounded. Moreover, {w”} and {1"} have the same cluster points.

e According to (1.16), every cluster point of {10* } which is also the cluster
point of {w”}, is a solution point of the VI (1.15).

e Finally, according to the contraction inequality (1.21), the generated sequence
{wk} can only have a cluster point and the method is convergent.



2 THAFAERTONLR PPAFK

MFRAR (EHAFNLR) O ILERE (1.3),
min{f(z) | Ax =b(or Ax > b), x € X'}

FA1H Customized PPA KBS ENTFMNEILZ T AF (1.4). i Customized
PPA, EEAEEM H-AETE PPA AEAIAE{EIRE EHIM.

5K F Customized PPA 753%, 3k A"A MER B G MEITTH. X—iHHIRE—T

SRA—EANHERAEIRE, [§EEME X LK.

2.1 Primal-dual hybrid gradient algorithm

Since the objective is to find a saddle point of the Lagrange function, a natural idea is to
use the primal-dual hybrid gradient algorithm [12]. For given (xk, )\k), by using the
primal-dual hybrid gradient algorithm,

" = Argmin{ L(z, \*) + g”:c —2"|]? |z € XY, (2.1)
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+1

after getting " , we obtain

A = Argmax{ L(z" T, \) — %HA —ARI2 e R (2.2)

Combining (2.1) and (2.2), we get

T

k1 _AT \k+1
0(z) — 0"+ [
A — At AzFtt — b
k+1 k T k+1 k
— 2P AT (R )
+ (e ) ( ) >0, V(z,\) €.
S(}\k—l—l . )\k:)

The compact form is

O(z) — 0(z" ) + (w — w* TH{F(w*") + Q"™ —w®)} >0, Yw € Q,
(2.3)
where

rl, A" . _
Q= is not symmetric.

0 sl,,
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For general, min-max problem, the primal-dual hybrid gradient algorithm is

not convergent. For example, we consider a pair of the primal-dual linear programming :

min ¢’z max pT
(Primal) st Ax=0» (Dual) AT y<
s. t. Yy C.
x > 0. o

We take the following example
min x1 + 2xo max Y

P) st x14+z22=1 (D) 1 1
L1, 33220 st yg

where A =[1,1], b=1,c = [1] and the vector x = {xl}
2 X2

3k 1 %
The optimal solutions of this pair of linear programming are = = [ 0 ] andy” = 1.

VI-16



Note that its Lagrange function is
L(z,y) =c 'z —y' (Az —b) (2.4)
which defined on Ri X R. (x*,y") is the unique saddle point of the Lagrange function.

Using the Primal-dual hybrid gradient method with r = s = 1. For given (2", 4*), Zhu

and Chan’s procedure is
2" = Argmin{L(z, ") + %Hx — 22 |2 > 0} = max{(z" + ATy* — ¢),0},
and then
Y = Argmax{ L(z"y) = Slly — I} = o — (At - 1),
In other words, the iteration formula is

{xkﬂ = ma:x:{(xllC + %(ATyk —¢)), 0},
L = gk %(Axk—kl _b).

We use (29, 29;4%) = (0, 0;0) as the start point. For this example, the

method is not convergent.

VI-17



w2ﬂ—> w3
w?® = (0,0;0)
w! = (0,0;1)
w? = (0,0;2)
wi w’ We (1,0:1) w? = (1,0;2)
w* = (2,0;1)
w® = (2,0;0)
w9 = (1,0;0)
wO‘ (0,0;0) . w’ = (0,0;1)
wkt6 — Wk
Fig. 2.1 The sequence generated by
PDHG Method withr = s =1
2.2 Customized PPA
If we can change () to a symmetric matrix H such that
rl, AT rl, AT

VI-18
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then W" is the solution of the following variational inequality:

W* e Q, 0(z) — 0(E") + (w — ") T{F (") + H@" — w*)} >0, Vw € Q.
(2.5)
For this purpose, we need only change  (AZ* — b) + s(A\* = X*) =0 to

(AZ" —b) + A(E" — 2") + s\ = \F) =0. (2.6)

~

Because 2" is known, with the given 2 and A®, A¥ is given by
- 1 ~
A=\ — 247" — &) —b).
S

Thus, for given (z*, \*), produce a proximal point (%", S\k) via (2.1) and (2.6) can be

summarized as:

~

T argmin{L(:z:, )\k) + ng — :I:kHQ ‘ x € X}. (2.7a)

A= argmax{L([Q:Z’]‘C — 2", A) — gH)\ - )\kHQ} (2.7b)

We call the point (:’f:k, Sxk) generated by (2.7) as the predictor. The subproblem (2.7a) is
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equivalent to
it = argmin{6(x) + ng — [azk — %AT)\k} H2 |z e X}
The solution of (2.7b) is given by

AF = Ak E[A(zfz»k — 2" 1),

Indeed, under the assumption, the sub-problem (2.7a) is simple.

In the case that s > || A A||, the matrix

rl, AT
H = is positive definite
A sl

and the W* = (:Ttk, S\k) generated by (2.7) is a proximal point. Based on the predictor,

the new iterate is given by

L b — (b — P, e (0,2).
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Theorem 2.1 The sequence {w" = (x*, \*)} generated by the customized PPA
satisfies

k+1

[ — w5 < flw® = w5 = (2 =) [Jw" =@ (2.8)

EIE 2.1 PR (2.8) 277 A B USRI RBAF. 2AE §1.3, ATLAEILLUERA
BRSNS, R P SIPREMEEEE T WERESH r M s.

AT AT LA BANIRS A=A TS @ — (35, AF). SRR (o8, \9),
K (2%, \F) € Q, [F15

, r — " ' AT \F
A— A AZ® —b

r(zF — ") —AT(NF — \F)
+ . >0, V(z,\) € Q. (2.9)
—A(Z" — 2F) + s(AF = \F)
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XL TFRETHAER (1.4) B9 PPA Fia)gR (1.16) AR, H X FREERE

T
H = < rln =4 ) (2.10)
—A sl
B, 2 s > AT A| B G RIERM. SERE29) BTEHoMELT

B A LA )
A= PyA — g(Aa;k —b)] (2.11)

B BERET N\ EITER 2.9 WLEEBSPRAIAE 27, EFTLUE
KRR /ML (8]

min{@(a:)—l—%“x—[ —|— AT 22" — \F) }H ‘ c X} (2.12)

538 FR—NEFHKERE)R. i)ﬂhﬁ})ﬂ\u,ﬂ—iuiﬁ, LHFHER R W A

wr T = w" — 4" — @), ~€(0,2).



3 Applications in optimization problems

3.1 Correcting the correlation matrices

ESITER, — X ATTHIA 1 IXTFRFEIEEXEFEFRA (Correlation Matrix) 18
FMEREFE. SHAERIXIRIERE C, 3k F-H8ET 5 C BB HIANHEE45EME, H
HERIEA=Z

min{%llX — CllF | diag(X) =e, X € S}, (3.1)
Hbh e RRBIMDERN 1B nER@E, ST Rnn x n EXEHENES. 0]
R (3.1) 2 (1.3) WFERAROELER, He ||AT A = 1.
AV 2z e R MERFRAR  diag(X) =e B Lagrange T
Dual-Primal Customized PPA 3K fi# o] 85(3.1)
ITATER (X, 27), B 211)—@2.12) FFHE (X, 2F):

1. Producing 3k by
1
78 = 2F — Z(diag(X") —e).
S
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2. Finding X which is the solution of the following minimization problem
.1 T 1 . - n
min{ || X - Cll% + SIX - (X" + - diag(2z" — 2")]||7| X € ST}. (32

F el (3.2) KGRV EHMUE: (L AFMin)RE

1
1+7r

It A= Flr [r X" + diag(22" — 2%) + O], BATR B B K i

min{%”X - [r X" + diag(22" — 2*) + C]||7| X € ST}

XF = Argmin{%”X — A|F| X € ST} (3.3)
SEPR_E, BXIRREERE A MARESHIEE- fFIERE S #E
A=VAV", A =diag(\i, A2, ..., \n). (3.4)
Hoh V BIERFERE. SFEEIER TR TR Frobenius- 122 TR, Hi1E
IX —Allp =X = VAV |[r = VXV — A|lp.
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EiF X - 0 A ERAHRRT ), NixE
VXV = A,
h

\
/|

/N\:diag(jxl,S\Q,...,S\n), S\j :max{(),)\j}.
RiB

wil

X =VAV"'
B8 X. Fit, OERNEETIERM (3.4) FHFHEE FHERE) S,
HEI A ' RERRARE G, ABLEXTRIER C.

C=rand(n,n); C=(C’+C)-ones(n,n) + eye(n)
XHRIRERE C B3R ITEE (0,2) 2 18), IEEXAITE (-1, 1) I8,

Code 4.a. Matlab code for Creating the test examples

clear; close all;
n = 1000; tol=le-5; r=2.0; s=1.01/r; gamma=1.5;
rand (' state’,0); C=rand(n,n); C=(C"+C) —-ones(n,n) + eye(n);




Code 4.1. Matlab code of the classical PPA

%% Classical PPA for calibrating correlation matrix (1)
function PPAC(n,C,r,s,tol) 5 (2)
X=eye (n) ; z=zeros (n,1l); tic; %% The initial iterate % (3)
stopc=1; k=0; % (4)
while (stopc>tol && k<=100) %% Beginning of an Iteration % (5)
if mod(k,20)==0 fprintf ('’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)
X0=X; z0=2z; k=k+1; s (7)
zt=2z0 - (diag(X0)-ones ( ) /s; Ez=z0-zt; %(8)
=(X0xr + C + diag(zt*Z—zO))/(l+r); %(9)
[V,D]=eig (A7) ; D=max (0,D); XT=(V«D)*V’; EX=X0-XT; %(10)
ex=max (max (abs (EX)) ) ; ez=max (abs (EZ) ) ; stopc=max (ex, ez) ; $(11)
X=XT; z=zt; %(12)
end; % End of an Iteration $%$(13)
toc; TB = max (abs (diag(X-eye (n)))); $(14)

o\
o\

fprintf (! k=%4d epsm=%9.3e max|X_jj - 1|/=%8.5f \n’,k,stopc, TB);

i (3.4) FEVFHEE fﬁﬂhg ﬁﬁq: £ EIARFEFRHRYEE (10) 17TH Matlab
89154 [V,D]=eig(A) SEINAY, XE—MTEE X on® HIzE.

1% Classical PPA B X Extended PPA, REIEZE (12) 1TIL— T

VI -
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Code 4.2 Matlab Code of the Extended PPA

%% Extended PPA for calibrating correlation matrix (1)
function PPAE(n,C,r,s,tol,gamma) % (2)
X=eye (n) ; z=zeros (n,1l); tic; %% The initial iterate % (3)
stopc=1; k=0; % (4)
while (stopc>tol && k<=100) %% Beginning of an Iteration % (5)
if mod(k,20)==0 fprintf ('’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)
X0=X; z0=z; k=k+1; s (7)
zt=2z0 - (diag(X0)-ones(n,1))/s; EZ=z0-zt; % (8)

A= (X0*r + C + diag(ztx2-z0))/(1l+r); %(9)
[V,D]=eig (A7) ; D=max (0,D); XT=(V«D)*V’; EX=X0-XT; %(10)
ex=max (max (abs (EX) ) ) ; ez=max (abs (EZ) ) ; stopc=max (ex, ez) ; $(11)
X=X0-EX*gamma; z=z0-EZ*xgamma; $(12)
end; % End of an Iteration $%$(13)
toc; TB = max (abs (diag(X-eye(n)))); %(14)

o\
o\°

fprintf (! k=%4d epsm=%9.3e max|X_3jj - 1|/=%8.5f \n’,k,stopc, TB);

WA ENTEE EFERER, BATIUT AT EFARRMGXES
12178LES, By = 1.5 AEMRABRERRS.

BATFAEXNLEES, A BEFERE, |ATA| =1, BRNRAFEIE rs > 1 FhEE
iR G = 0. 3 EER, J3 7 T4 primal # dual %E, FA 1B r = 2,5 = 1.01/r.




FFIE1E 57 7 F Matlab FRY eig BYIE R BIANTH E AT (8]

n X n Matrix Classical PPA Extended PPA
n = No. It | CPU Sec. No. It CPU Sec.
100 31 0.35 23 0.26
200 34 2.00 25 1.48
500 39 17.28 27 13.14
800 41 72.82 29 51.97
1000 47 153.14 31 102.12
2000 62 1344.50 40 881.38

The extended PPA converges faster than the classical PPA.
lt. No. of Extended PPA

a4

It. No. of Classical PPA

65%.
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& X THXABIEMEKENTEFEMHR Codes-04 FYIZ R RERIIE"H.
QHEE{T demo.m, i\ n FRETLL T . E P A PPAC.m F1 PPAE.m 43 Bl) 2 Classical
PPA F0 Extended PPA HYFF2/F.

TRSE, X —3 4880 PPA A KR HH R FEREFERE R IE DR, AR ERE
HEITEE R —NXTHREEME A Matlab B BIFREFFEF 8 [V.D]=eig(A). AR
M F Kim TOH 5 HY mexeig f#l [V,D]=mexeig(A), 1T EBTB] K ATH.

FHIEE 5 BR(E F mexeig BUIE IR E AN 1+ E B8]

n X n Matrix Classical PPA Extended PPA
n = No. It | CPU Sec. No. It | CPU Sec.
100 30 0.12 23 0.10
200 33 0.54 25 0.40
500 38 7.99 26 6.25
800 38 37.44 28 27.04
1000 45 94.32 30 55.32
2000 62 723.40 38 482.18

29
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3.2 HEFEEAFEBMNE

® M 22— m x n B, 11 2FEfFETEiErRE.
II={(¢j)|i€{1,2,...,m}, 5 €{1,2,...,n}}.
EEFEELDmE HIBTEERFENERER

o FEMZE, AITZFAT, HRMNBRERNEEZE —MEFRIERE.
IRERTRIEFERN— IR B FEHEER:
min{rank(X) : X,

M;;, (v5) € 11}.

SR, XN ]ZR2NP-hard Y. #R1E Candés, Recht, Tao &=if 8 T 1E
e E. J. Candés and B. Recht, Exact Matrix Completion via Convex Optimization, 2008.

e E. J. Candés and T. Tao, The Power of Convex Relaxation: Near-Optimial Matrix
Completion, 2009,
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EEHE RO AR FHT, KEHATRZEE2HRIRIERE T LUBE X
RN ot O] @
mind || X ||« | Xi; = Mij;, (i) € 11} (3.5)

SEFERIRE. E':F' |1 X ||« F"-FEFE X BIEFFENM. BEIRAZERE X 9%
1‘%— Nuclear Norm. X 2 [a] # g4 /g Ml2 sz A, BT I [10].

B (3.5) /I (1.3) FRARMMALEI, He ||AT Al = 1. F14F (3.5)
FERNARICA Xn = Mu, HFB Z ¢ R {EARHENMAY Lagrange 3T

Dual-Primal PPA >k fi#[a) 81 (3.5)
SHAER (X*, Z8), B 2.11)=2.12) FF5E (XF, ZF):

1. Producing Zk by

~ 1
Zn = Zn — —(Xit — Mn).

2. Finding X* which is the solution of the following linear variational inequality

1 -
min {||X||*+gHX— [X’“Jr;(QZ{fI—Zﬁ)]Hi} (3.6)
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F el (3.6) KR ERMIE: RFZEMAKE

~ 1 1
XF = Argmin{;||X||* + 511X - Allz}. (3.7)

A48 A 8 SVD 7 ##
A=UAV",
HEN 3.7), 53|

1,5 1, ¢ 1 = 1 =
“[IXle + SIX = UAVE = —([UT XV + ST XV = Allp.

TENERERTEMENTRERFCHEEXTHETATHER. Eit,
UTXV MixE—MEARXT AR & UT XV = A, aiEH,

X =UAVT, (3.8)
e EHIIECAXT A FERE A,

T S 1~
min{ ~[|A]l + 314 - All}}



BOERXT FREERE A, EX) A TTidid
1

S\j =\ — min()\j, —), (3.9)

r

FLEESEL RN (3.8) FL1BEI (3.7) MURE X" Bk, ®RERMEET(EERM
— M EFERY SVD 57,

RPN FI N SRR R A A W ATERNEE, BT )\ 23R
mE, & 3.9 WA LB

~

A=X— PN,

Heh BY BEBHETERER/r ) “B” (—ASAEK) | BREE 7k
th g # #R{E Shrinkage.

58 WM AR ORI R AT S ANEFX, BRAXXNTERN
PPA 757K 2, 8K P EKRBRFORE, BERB P EETHER LR
F3iEK R |
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@ﬁﬁﬁi HUER IG5 F BN E 1]

—MEAralin x n WEBHER dro := ra(2n — ra).
A Al i 56 [0)

o S SHE] 93 (Gaussian i.i.d) I E RN n x ra BIFEFE M, 1 Mo,

SRIGESM = M1 M3, M n x n%6E M BTN ra.
o FEHLIEE M B m MRRIEAEBHTER, XLETEMNTIRENIL
HEESR:
o JEMEFERXOEAIMESLEE m/d.. Tl m/n° BEXE.
o 95l Classical PPA #1 Extended PPA (y = 1.5) #{TitE.
o IEXEFEPE G (see (2.10) FHIBH r, s BHIE rs = 1.01 F r = 0.005.
o FHLUENRAMEIMRE || XE — Mu||r/||Mnl|lr <107

{11 ~ = 1.5 B Extended PPA K&, ¥ =3 KKT & Primal #8453 ((2.9) B9 L
(IS PN FHEEER

r(X* — X5 — (2" = Z").

VI -
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& FEPESTEEIL TR R FEMIHERY Codes-04 RS 4B PE5E 2 h. REBIT
demo.m FLAJ LT . EXARIFER IR, R EE demo.m FAH % Eé’l T
H g PPAC.m FA PPAE.m 43 7l & Classical PPA Fl1 Extended PPA B FFE/F.

Code 4.b. Creating the test examples of Matrix Completion

%% Creating the test examples of the matrix Completion problem (1)
clear all; clc $(2)
maxIt=100; tol = le—-4; % (3)
r=0.005; s=1.01/r; gamma=1.5; % (4)

n=200; ra = 10; oversampling = 5; %(5)
% n=1000; ra=100; oversampling = 3; %% Iteration No. 31 % (06)
% n=1000; ra=>50; oversampling = 4; $% Iteration No. 36 $(7)
% n=1000; ra=10; oversampling = 6; %% Iteration No. 78 %(8)
%% Generating the test problem 5(9)
rs = randseed; randn (" state’, rs); $(10)
M=randn (n, ra) xrandn (ra, n) ; %% The matrix will be completed %(11)
df =rax* (n*2-ra); %% The freedom of the matrix $(12)
mo=oversampling; 5(13)
m =min (moxdf, round(.99xn=*n)) ; %% No. of the known elements $(14)
Omega= randsample (n"2,m); %% Define the subset Omega %(15)
fprintf ("Matrix: n=%4d Rank (M)=%3d Oversampling=%2d \n’,n,ra,mo);%(16)
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Code 4.3. Extended PPA for Matrix Completion Problem

fprintf (’ Relative error = %9.2e Rank (X)=%3d \n’,RelEr,rank (X)) ;
fprintf (’ Violation of KKT Condition = %9.2e \n’,VioKKT);

function PPAE (n,r,s,M,Omega,maxIt,tol, gamma) % Ititial Process %% (1)
X=zeros (n) ; Y=zeros (n) ; YT=zeros (n) ; $(2)
nMO=norm (M (Omega), ' fro’); eps=1; VioKKT=1l; k=0; tic; % (3)
%% Minimum nuclear norm solution by PPA method % (4)
while (eps > tol && k<= maxIt) 5(5)
if mod(k,5)== % (06)
fprintf (" It=%3d |X-M|/|M|=%9.2e VioKKT=%9.2e\n’,k,eps,VioKKT); end;%(7)
k=k+1; X0=X; YO=Y; % (8)
YT (Omega) =Y0 (Omega) — (X0 (Omega) -M (Omega) ) /s; EY=Y-YT; % (9)
A = X0 + (YT*x2-Y0)/r; [U,D,V]=svd(A,0); %$(10)
D=D-eye (n) /r; D=max (D, 0) ; XT=(U%D) *V’ ; EX=X-XT; $(11)
DXM=XT (Omega) —M (Omega) ; eps = norm(DXM, ' fro’) /nMO; %(12)
VioKKT = max ( max (max (abs (EX)))*r, max (max (abs(EY))) ); $(13)
if (eps <= tol) gamma=1; end; $(14)

X = X0 - EX*xgamma; 35(15)

Y (Omega) = YO0 (Omega) - EY (Omega) *gamma; %(16)
end; 5 (17)
fprintf (" It=%3d [|X-M|/|M|=%9.2e ViOKKT=%9.2e \n’,k,eps,VioKKT); % (18)
RelEr=norm((X-M),’ fro’) /norm(M,’ fro’); toc; %$(19)
%(20)

%(21)
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XEPESEEL{k o] : FH Matlab 4R SVD KRG R

Unknown n X m matrix M Computational Results
n rank(ra) m/dra  m/m? | #titers times(Sec.) relative error  KKT-Violation
1000 10 6 0.12 76 841.59 9.38E-5 9.31E-6
1000 50 4 0.39 37 406.24 1.21E-4 2.11E-5
1000 100 3 0.58 31 362.58 1.50E-4 2.88E-5

& [ Matlab Y SVD, fl—x SVD BITEZRIR K, BT 5iE X B Ak EL 1.
& F PROPACK [8] 1KY SVD, [RiF %, RFEFFESEIMMEREX. HNEFEHERIX
B SLHB, R IRIE R Matlab 4 SVD HIZE R, LM FEREERN FIEF.
XTFEPETEEEALIGIRE, (2.5) A0 2.9) W THEMMRER| XE — M| p/||Mn| F &H. BF
(2.5) A0 (2.9) By L ER 3 =

0(x) — 0(z%) + (z — TF)T{ATAF) + [r(2F — 2%) £ AT (AP — AF)]3,
Elt EHEEMREE [r(3F — k) F AT (R — \F)]. XH4BRETEE L), ARRSAE
B, HIZ A 1, FRUARANETESR P 1L

KKT-Violation := max{r max, \XZ - XZL maxs; |er; - ny‘}

& B[] EFRFE LKA SIAM J. Optimization £ IR AR EEFE ST EEK (O] B AU SCE. X 1A
ERIE=D61F, (1] PG EIREIEHEEERBERRE S HIRZ 117, 114 F1 129
(See the first three examples in Table 5.1 of [1], pp. 1974), X IERWEET(EE L EM—X
SVD 1fig. HTRA TATZTESEEAR, 1 P HE T SVD 7oERETE. FiTARKNEZ
Matlab F#R/ESVD, BRATEEE T B DREARIXE, (BRETE S80S TR E.



3.3 [E4a{& B (Compressed Sensing)|o] g2

o EHaERCEZF RMESHMHIER, A HETHERDRINE, RfE
RELABUNHIREDRE BRI E RIGES .
e CS[alfl: K& Az = b WIAEF TN &/ HVER
min{||z|o | Az = b}.

Hef||z|lo FT=mEE 2 BIIFEFTHTNE, EARENEX TR 2—1
RAEKBRRVLE S 1L ID]E.

|zl < |zllo, Vo€ Q={z € R" | |z;| <1, j=1,...,n}

Candés # Tao WERA T E—EFH T, [a)dh
min{||z|o : Az =5b} SE@  min{||z|: : Ax = b}

HBESREX T EHEERN.
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U A

min{ pl|zfly [Az =0} (BP) (3.10)
=0 (1.3) FR AR IL ).
PPA B Ak f#10]#(3.10)

STAERT (27, \F), B (2.11)-(2.12) =5 (25, \F):
1. Producing ME by
- 1
Ao = \F — Z(AxF — D).

S

2. Finding Z* which is the solution of the following minimization problem
, r 1 ~
min{ p||z||1 + §Hx — [a:k + ;AT(Q)\k — )\k)]HQ} (3.11)

FiElEl (3.11) SKIERY BARMUER: FA R EZE [RIN]K A

, 1
min {7llz] + 5]l —al*}. (3.12)
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% 2" € R" 2 (3.12) BIEE,
e IR 27 >0, X tz+i|lzv—al’ KE B
T+xz; —a; =0, B} zj=a;—7, XBEET a; > 7).
o IR 27 <0, X —7z+ %HSU—CLHQ KF,
—T+x; —a; =0, B z; =a;+T, (XFEET a; < —71).

o Afta z7=0, BREAA —-7<a; <7
4R ERTIA, [9]@0 (3.12) RURREH

( .
a; — 71, if a; >T1

;i =94 a; +7, if a;j < —7

0, if —7<a; <T.

\
‘G, XA LLE Ak Shrinkage BYAZ 3K

t” =a— Ppr_la], where Bl ={{ecR"| —71e<E{<Tel

SCPR cs el E, E:hNiH—LE Continuation ¥ K, R T &S, TN1EHIT 2.



3.4 Min-Max o] & gy FE

E—i §4.2 PIREI A 2T ERNLIBE G AR 2, KEBULLUS, [BIRERY

HF R A ZRY min-max [a] 3,
mingex maxyey ®(x,y) := 01(x) +y Az — 02(y). (3.13)
BAIIEBBRFNITSAFN: K (2%,y") e X x ), F15

* T * T x
v fl@m)+ A%y >0, V(r,y) e X x), (3.14)
y—y" g(y*) — Az’
Hep f(x) € 001(2), ( ) = 892(y) Sk [6] FIREIA X E/Y PPA FiEEK
ﬁq= SHETER (27, "), R (%, 5") € X x Y, 3= (z,y) € X x ), &BH

—I—AT ~k N ’I“(;ik _xk) —i—AT(gk _yk> . 0
+A@E" = 2") + (5" - y")

(3.15)

VI -

41



B2 (3.15) M TRHEHAF R EERMN §°. BRI LUBE KR v BF o)

- . S
§° = Argmin{02(y) +y" Az" + Slly = y°|I? |y € V}.

(3.16a)

B2 RiE, AKX 3.15 EFEBHE 2, MNREKRB—NET » FIIE):

it = Argmin{ 01 (z) + ng -~ [ibk - %AT(Zﬂk - yk)} H2 |z € X}. (3.16b)

L8R, PPA TGN A (2%, 9%) € & x Y AT LU@ i % =, f5 v BOIRFSERK.

XHRERT (=, y"), BIE K z B9 F )R
" = Argmin{0; (z) + =" AT y" + g”x —2"|]? |z € X}
5%l z*, REX §" — X T y BF )R

§" = Argmin{02(y) + guy ~ [y + 5 A )Py e v}

(3.17a)

(3.17b)
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317’_*._EJzE| Y e X x Y, =K (z,y) € X x ), #E

x_x AT ~k N T(fk—ibk)—AT(gk—yk) ZO
— Az" —A(E" —2") + s(5" — y*)
j_mém 3.15) i & (3.18), %B_Ilal'ﬁﬁ‘z

" e, (u—d"T{F@E")+G@E" —u) >0, YueQ, (319
S, R EIRR =
T T
G_(rfn A ) o G_(rln —A >
A sl, —A sl
ENERY rs > ||ATA|| FHEEE. FRA1TEGFIRER S BIERR

W= ub (k- ),y e [1,2),

R, —RREY v = 1.5. }—L TIEHR AR _ERYIEIRE, AL v > 1 BIERH B E
EMPLUER, RI—X v = 1 BEK. XHERIRS TiRE, NXi# & LFR(o) 7%t
&40 Low-Rank XAV E k. XX EAEEGAIBHRRIM AR R [6, 7).

EHIH PPABERSE O(1/k) BUMSURZR, JERRPT LATEIR 3T [4] R E.
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