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1 Introduction

In the 1990s, we have published some projection and contraction algorithms for
solving monotone linear variational inequalities [5, 6]. These algorithms can be
applied to solve the constrained convex optimization problems

1
min{§a;THa;—|—cT:I;|xeX} (1.1)

and

min{%xTH:r;qLcT:r;\Ax:b(orZ b),x € X}, (1.2)

where H € R™*™ is a symmetric positive semi-definite matrix, A € R™*",
be R, ce R"and X C R" is a closed convex set. The purpose of this

IX -



article is to develop such algorithms to solve the following composite convex

optimization problems:

1
min{f(x) + 5:1:TH:1: +clx|re X} (1.3)

and
1
min{6f(x) + §$TH£C +clx| Az = blor > b)),z € X}, (1.4)

where 6(x) : ™ — R is a convex function (not necessarily smooth),
H, A, b, cand X are the same as described in (1.1) and (1.2).

Throughout this article, we assume that the solution set (1.3) and (1.4) are
nonempty. In addition, we assume that for any given constant » > 0 and vector
a € R", the subproblem

min{0(z) + gHw —al? |z € X) (1.5)

has a closed-form solution or can be efficiently computed with a high precision.

The analysis of this note is based on the following lemma (proof is omitted here).
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Lemma 1.1 Let X C R” be a closed convex set, 0(x) and f(x) be convex
functions and f () is differentiable on an open set which includes ). Assume
that the solution set of the minimization problem min{f(z) + f(x) |x € X'}

is nonempty. Then,
r* € argmin{f(z) + f(x) |z € X} (1.6a)
if and only if
e X, 0(z) —0(z*)+ (zr —2")'Vf(z*) >0, V€ X. (1.6b)

2 The algorithms for solving (1.3) based on P-C
Algorithm for the problem (1.1)

In (1.3), since the 6(x) is convex and H is semidefinite, by using Lemma 1.1, the

optimal solution of (1.3), say ™, satisfies

r* e X, O(z)—0x*)+ (x -2 (Hax* +¢) >0, YVrecX. (21)
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1
2.1 Key inequality for solving min{EwTH:B +clz|xz e X}

Set 6(x) = 0in (1.3), it is reduced to the problem (1.1) whose optimal solution

x* satisfies
t* e X, (x—a")"(Hx*4+¢)>0, Ve X. (2.2)

For solving (1.1) (or its equivalent (2.2)), we have proposed a class of projection
and contraction algorithms [5, 6]. These algorithms are based on constructing the
descent direction of the distance function ||z — z*||Z, where G is some

symmetric positive definite matrix.

For given 2 € *™ and B > 0, let
ik = Pyla® — B(Hz" + ¢)]. (2.3)

¥ is the optimal solution of (1.1) (or its equivalent (2.2)) if and only if % = x*.
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The projector 7 is the solution of the minimization problem,

1
ik = argmin{§\\a: — [2F — B(Hz" + 0)]|* | = € &}.

According to Lemma 1.1, we have
e X, (x—aNT{zF — [ - B(HZ" +¢)]} >0, Ve X,

Set the any vector x € X in the above inequality by a solution point ™, it follows
that

(% — )T {(z* — 3%) — B(H2* +¢)} > 0. (2.4)
On the other hand, since £* € X, it follows from (2.2) that
(% — 2T B(Hz* + ¢) > 0. (2.5)

Adding (2.4) and (2.5), we get

(@ —2"){(z" —3") = BH(a" — 27)} > 0.
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The above inequality can be rewritten as
{(@" —a%) = (" = 2"} {(=" - 2") - BH(2" —2")} > 0.
Finally, by using the semi-positiveness of H, we get
(% — ") (I + BH) (" — &%) > |2 — 2|2 (2.6)

The above inequality is the main basis for building the projection contraction
algorithms for solving (1.1) (and its equivalent variational inequality (2.2)). We

hope to establish the same inequality for the problem (1.3).

2.2 Key inequality for solving min{60(z)+ ;x"Hz+c'z|z € X'}

Our task is to solve (1.3). The purpose of this subsection is to construct the same
key-inequality as (2.6). For given ¥ and £ > 0, we let

L 1

" = arg min{f(x) + %Hx — 2" — B(Hz" +o)]|* |z € X}. (27
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This is an optimization problem as (1.5) and it is assumed to be solved without
difficulty. According to Lemma 1.1, we have £* € X and

0(z) — 0() + (z — :zk)T%{;z’f ok — B(HZ + )]} 20, Vo € XL

We rewrite it as ©% € X and
B0(x)—pBO(E")+(x—a") {B(Hx +c)—(z"—F%)} >0, Vo € X. (2.8)
Since ¥ € X, according to the optimal condition (2.1), we have
BO(z*) — pO(z*) + (2" — ") B(Hz" +¢) > 0. (2.9)
Setting the any x € () in (2.8) by x* and then adding it with (2.9), we obtain
(% — )T {(a® — %) — BH (2" — 2*)} > 0.
Rewriting the above inequality in form

{(@" —a") = (@" = 2"} {(e" - 2") - BH(z" —27)} =2 0
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and using the semi-positivity of H, we get
(% — T (I 4+ BH)T (2% — 7%) > ||a* — 772, (2.10)

This is the same inequality as (2.6). Usually, we call the vector T* obtained by
(2.7) the predictor in the k-th iteration of the proposed algorithm for solving the

convex optimization problem (1.3).

2.3 Solving the optimization problem (1.3) by using
the key inequality (2.10)

The inequality (2.10) can be written as
(I + BH)(a" —a¥), (2" = 2%)) > ||l2* — 2¥|%,

Let G = (I + BH), the above inequality tells us that —(x* — Z¥) is the

descent direction of the unknown distance function 3 ||z — z*||% at z*.

IX -



We take
eF () = 2% — a(z® — ) (2.11)

as the step length a dependent new iterate. In order to shorten the distance
|z — x* H%IJFBH), we consider the following a-dependent benefit

Ir(a) = [|l2" — CU*H%H—BH) — [z () - 33*||%1+5H)- (2.12)
By using (2.10), we obtain
Ip(a) = ka - ZU*H?HﬁH) - ||37k -z - O‘(ka - fk)H%HﬁH)
= 2a(z® — 2T (I + BH)(z" — &)
—a? ||z — 2|7y pm). (2.13)

By using the (2.10), we have the following theorem.

Theorem 2.1 For given x* and any B > 0, let ¥ be a predictor generated by
(2.7) and "1 () be updated by (2.11). Then for any o > 0, we have

(@) > qr(a), (2.14)
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where U, (<) is defined by (2.12) and

~kH2 .

g () = 2al|z® — o ||z — :Tck|\%l+5H). (2.15)

Proof. The assertion of this theorem follows directly from (2.13) and (2.10). [

Now, gx (<) is a lower bound function of 1 (). The quadratic function qx ()

reaches its maximum at

* o+ — & -
o = . .
T (xk — 20T (I 4 BH)(zF — k)
We use
eh = ok — ~yak(2® — 2F), v €(0,2) (2.17)

to determine the new iterate x*+1. By using (2.15) and (2.16), we get

~kH2 — VQQZ <047;ka — i"kH%IJFBH))

= (2 —7)ai|z" — |2 (2.18)

2vag||z" —

q(vaz,)
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Thus, the profit of the k-th iteration

I(yay) = H«Tk — 37*“%1+5H) - ||5’ijrl — 95*”%1+5H)
> q(yag) = (2 = y)aglla® — 2|, (2.19)
Theoretically ¥(yaj) > 0 when y € (0, 2), usually, we take v € [1.2, 1.8].
A

11(0))

q(c)

;l | | | | >
0 of Yo \ \ o

~ Fig. 1 Itis suggested to take v € [1.2, 1.§]
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For solving the composite convex optimization problem (1.3), we use (2.7) to
generate the predictor z* and (2.17) to update the corrector phtl Together with

some strategy for adjusting the parameter 3, we have the following algorithm.

Algorithm 2.1 Prediction-Correction method for solving the composite convex opti-
mization problem (1.3):
Start with given ¥ and 3 > 0. For k = 0, 1, . . ., do:

1. Prediction: T% = arg min{f(x)+ % |z —[z* —B(Hz*+c)]||? |z € X}.
=2k —yag(at - 2"),
jjk ||2

2. Correction: x

=" —

(xF — )T (I + BH)(xF — zF)
3. Adjust the parameter (3 if necessary

Bl — 2% % 3 { (6/r)*0.9, ifr>1 o r<0.4;

where o} = and v € (0,2).

r —=

|k — 252

k:=k+ landgoto 1.

3, otherwise.




According to our numerical experiments, the parameter 5 should be selected in
range

2lle® = 2M[| < Blla® - 2*|1F < [l2* — 2"
We can also adjust the parameters every five or ten iterations. In practical, after

some iterations, the algorithm will automatically find a suitable fixed .

Theorem 2.2 For solving the composite convex optimization problem (1.3), the
sequence {x"} generated by Algorithm 2.1 with fixed 3 > 0 satisfies

x*||2 . 7(2_7)
B | T+ pH]|

|2 =" |[Fr sy < ll2” =" — 2", (2.20

Proof. From (2.16) we have a;, > Together with (2.19), it follows the

1
[ 1+BH] "
assertion (2.20) directly. [

Generally speaking, whether the selection of parameters is appropriate or not, it
will affect the convergence speed. Without loss of the generality, Theorem 2.2
gives us the key inequality for the convergence of Algorithm 2.1.

IX-14



3 The algorithms for solving (1.4) based on P-C
Algorithm for the problem (1.2)

The Lagrangian function of the linearly constrained optimization problem (1.4) is
1
L(z,\) =0(x) + ia:THa; +clz — A(Ax —b),
which is defined on X x A and where

A { R, if the lineary constraints in (1.4) is Ax = b,

J’,  if the lineary constraints in (1.4) is Az > b.
Let (z*, \*) € X X A be a saddle point of the Lagrangian function, we have
Lyepm (™, N) < L(x™,\*) < Lyex(xz, \").
This tells us that (*, \*) € X x A and

L(x,\*) = L(z*,\*) >0, VzeX,
L(x*,\*) — L(z*,\) >0, VXeA.
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Thus, finding a saddle point of the Lagrange function is equivalent to finding
(x*, \*) € X x A such that

{Q(x) —0(x*) + (z — ") (Hz*+c— AT X*) >0, VzelX,
(3.1)

)
A=2)T(Az* —b) >0, VIeA.
The above variational inequality can be written in a compact form
w* €, O(x)—0x*)+ (u—u) (Mu*+q) >0, YVucQ, (3.2a)

where

x H —AT c
u = , M = , Q= and ) = X xA.
A A 0 —b

(3.2b)
Although the matrix M is not symmetric, however, for any u, we have ul Mu =

T He > (0. The variational inequality (3.2) is monotone.
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3.1 Key inequality for solving the minimization problem
min{;zTHx + Tz | Az = (or >) b,z € X}

Set 6(xz) = 0 (1.4), the problem is reduced to the linear constrained quadratic
programming (1.2), the related variational inequality (3.2) is reduced to

w €, (u—u)(Mu*+¢q) >0, Vueq, (3.3a)
where
x H -AT c
U = , M = , g = and (2 = X x A.
A A 0 —b
(3.3b)

For solving (1.2) (or its equivalent (3.3)), we have proposed a projection and
contraction method [5] whose search direction is established in the following way.

First, for given u* € R™*T™ and 3 > 0, let

¥ = Pouf — B(MuF + q)). (3.4)
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Since
i = argmin{ g u— [u¥ — S + g)]|Plu € ),
according to Lemma 1.1, it follows that
it e, (u—a)T{ak — [uf - B(MuF +¢)]} >0, VueQ.

Setting the any u € () in the above inequality by u*, we get

(@" — u) T {(u® — %) — B(Mu* + q)} > 0. (3.5)
Because 4* € Q and 3 > 0, according to (3.3a), we have

(" — u")TB(Mu* + q) > 0. (3.6)

Adding the above two inequalities, we get

(@" — u*)T{(u* —a") = BM(u* —u*)} > 0. (3.7)

It can be written as

{(W* =) = (" —a") P {(" —a") = BM(u* —u")} > 0.
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Consequently, using the semi-positivity of M (v Mwv > 0), it follows that
(uf — w)T (I + BMTY (WP — @) > [|u® — a%|]?, Yu* € Q*. (3.8)

The above inequality is the main basis for building the projection and contraction
algorithms for solving the linearly constrained convex quadratic optimization (1.2)
(and its equivalent variational inequality (3.2)). We hope to establish the same

inequality for the composite optimization problem (1.4).

3.2 Key inequality for solving the minimization problem
min{0(x) + %SETHZU +clz|Ax = (or >) b,z € X}

Our task is to solve the problem (1.4). This subsection will construct the same
key-inequality as (3.8). For given u* = (2%, \*) and 8 > 0, let

1
iF = argmin{f(z) + — ||z — [z — B(Hz" + c — ATA)]||? |z € &}

20
(3.9a)
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and
~ 1
M\ = arg min{§|\)\ — [NF = B(AzF —b)] | X € A}, (3.9b)

Since (3.9a) is a convex optimization problem as (1.5) which has assumed to
have closed form solution. Thus, there is no difficulty to obtain 7% and \F in
parallel. According to Lemma 1.1, we have ¥ € X and

Q(x)—ﬁ(ik)+(x—53k)T%{:ﬁk—[xk—ﬁ(Ha:kJrc—AT)\k)]} >0, Ve € X.

Taking a solution point ™ as the any point x € X, it follows that

BO(x*) — BOEF) + (87 — ) {(2F — &%) — B(H2" +c— ATAF)} > 0.
(3.10)
On the other hand, since ¥ € X, it follows from (3.1) that

BO(z") — pO(x*) + (% — )T B{Hz* + c — ATX\*} >0, Va* € &A™,
(3.11)
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Adding (3.10) and (3.11), we obtain
(@ —2") {(a" = 2") = B[H (2" — ") = AT(\* = X")]} 2 0. (38.12)
For (3.9b), according to Lemma 1.1, we have
ANe A, (A= MTINF - DF — B(AxF —b)]} >0, VAeA.
Set the fixed any point A € A in the last inequality by \*, it follows that
(WF = AOTLOF — 3k — B(Az* — b))} > 0. (3.13)
On the other hand, since ME e A, according the second part of (3.1), we have
(N — AT B(Az* —b) > 0. (3.14)
Adding (3.13) and (3.14), it follows that

OF — ATLOF = 3F) = BA(zF — 2%)} > 0. (3.15)
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Write (3.12) and (3.15) together,

T _ i}
Tk — ok — gk H —AT xk — p*
- . — B > (),
e\ A )k A 0 AE )\

Using the notation in (3.3), it can be written as
(@ —u)T{(u¥ — @) — BM(uF — u*)} > 0.
Clearly, it is same inequality as (3.7) in §3.1. It can be written as
{(W" —u) = (u" —a") ' {(u" —a*) = BM(u* —u")} > 0.
Consequently, using the semi-positivity of M (vTMv > ()), it follows that
(uf — )T (I + BMTY (WP — @) > ||u® — a¥|]?, Yu* € Q*. (3.16)

This is the same key inequality as (3.8). For solving the linearly constrained
composite convex optimization problem (1.4), we call the vector ak = (:T:k, )\k)
obtained from (3.9) a predictor in the k-iteration.
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3.3 Solving the optimization problem (1.4) by using
the key inequality (3.16)

The task of the contraction method is to generate the new iterate which is more
closed to the solution set. Thus, we use

w1 (a) = uf —a(l + BM™T)(uF — @) (3.17)

to update the new iterate which is dependent on the step length a.

In the following we discuss how to chose the step length «. For this purpose, we
consider the following ai-dependent benefit function

Vi () = Huk — u*||2 — ||uk+1(oz) — u*H2 (3.18)
According to the definition,
Or(a) = Jlu* —u*|? = u* —u" —a(l + BM")(u* —a")|?
k

= 2a(u® —uT (I + M7 (u* — )
—o?||(I + MY (uF — a")|2. (3.19)
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Theorem 3.1 For given u” and any 8 > 0, let &* be a predictor generated by
(3.9) and u* () be updated by (3.17). Then for any o > 0, we have

De(a) > qr(a), (3-20)
where 9, («v) is defined by (3.18) and

qr (@) = 2allu® —@"||* = (I + BM ") (u" —a")|*.  (3.21)
Proof. The assertion of this theorem follows from (3.19) and (3.16) directly. [

Theorem 3.1 tells us g () is a lower bound function of the profit function ¥ ().
The quadratic function qx (c) (3.21) reaches its maximum at

|u? — G|
I+ BMT)(ur —u*)||>

o, = argmax{qx(a)} = i (3.22)

Notice that our intention is to maximize the quadratic profit function ¥ () (see
(3.19)), which includes the unknown solution ©*. As a remedy, we maximize its

lower bound function g ().
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In the practical computation, we take ay € [1,2) and
uF T = uP — o (I + M) (uF — a"), (3.23)

to produce the new iterate. The reason to take v € |1, 2) is illustrated in Fig. 1 of
§2.3. Using (3.18) and (3.20), the new iterate ©**1 updated by (3.23) satisfies

luf Tt — w12 < Jlu® = ? = g (yvaq). (3.24)
According to the definitions of qk(oz) and oz,’; (see (3.21) and (3.22)), we get

ar(yar) = 2yaglu® — @ = y*ag(agll(1 + BM ") (u* —a")|?)

| — i

—  2yaf|luf - Vag|uk — i

= (2= y)agllu® —a*|2.
Thus, from (3.24) we get

Juf =P < e = [P = (2 = y)ag et - aFP @.25)
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Algorithm 3.1 Prediction-Correction method for solving the composite convex opti-
mization problem (1.4):
Start with given u¥ = (2%, \°) and 8 > 0. Fork = 0,1,...,do
1. Prediction:
T* = argmin{0(x) + 25”:6— (2% — B(Hz* +c— ATXR)]||? |z € X}
and \F = argmin{1||]\ — [\* — B(Az* — b)]| A € A}.
2. Correction: u* ™1 = uf — yaj (I + M) (uF — a¥),
|u® — a2
I+ BM™)(u® — a®)[[*
3. Adjust the parameter [ if necessary

and v € (0,2).

where oz}z =

x (2.5/r) ifr >3
, B=4 Bx*(25/r) ifr<2

L B otherwise.

_ T+ M) — @b
N lu® — a¥|

k:=k+1andgoto.




For solving the problem (1.4), the k-th iteration of the Algorithm3.1 start from uk,

produces the predictor a by (3.9), and updated the new iterate Thas by (3.23).
For this algorithm, we have the following theorem.

Theorem 3.2 Let {uk} be the sequence generated by the Algorithm3.1 for the
problem (1.4). Then we have

2 —
Huk—{—l . U*HZ < Huk . u*HQ o 7( 7)

k ~ 12
— : 3.26

Proof. In fact, by using (3.22), we get

1
o > .
T+ BMT?
Thus, it follows from (3.25) that
2 _
7( 7) Hukz . ﬂkH2

ap) >

Substituting it in (3.24), the assertion (3.26) follows directly. U

IX-27



Remark | Since the predictor ak generated by (3.9) satisfies (3.16), as in [6], we
can take

uF T = uk — (T + M) T (WP — ) (3.27)
as the new iterate. For G = (I + BM 1) (I + BM), by using (3.16), we get

[ =t = (W =) =y + BM) T (W - @)

lu? — wIE = 2y(u® = u*) (L + BM)T (u* — @)
(L + BM) ™ (u® — a") &

<t =G = (2 =)l - a*

Thus, for solving the optimization problem (1.4), if we use (3.9) to offer the

predictor and (3.27) to update the new iterate, then the sequence {uk} satisfies

ut =G < et = ut G = (@2 = )l - At
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4 Convergence rate of the Algorithm 2.1

This section studies the convergence rate of the Algorithm 2.1 for the composite
convex optimization problem (1.3) (or its equivalent variational inequality (2.1)) :

0(x) — 0(z*) + (x — ") (Hz* +¢) >0, Vr e X. (4.1)

For given zF € R™, the predictor Z* in Algorithm 2.1 is offered by (2.7). The new
iterate of the k-th iteration of Algorithm 2.1 is updated by

el = oF — yag(2F — &), (4.2)
where
S et G=1+pH d € (0,2) (4.3)
ay = = an ,2). .
P laF = !

It was proved [6] that the sequence {azk} generated by the Algorithm 2.1 satisfies

|2 — 2" ([E < fla® = 27E = (2 = yeglla® - 272 @a)
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Recall that X'* can be characterized as (see Theorem 2.1 in [8])
X* = ﬂ {zeX:0(x)—0)+ (x—2) (Hx+c)>0}.
reX

This implies that x € A& is an approximate solution of (4.1) with the accuracy e if

it satisfies
reX and i%ié ){H(x)—9(:7:)—|—(x—5{;)T(Hx—|—c)} > —e,
xeED(x
where

D(z) ={z e Xz —zf <1}.

In this section, we show that, for given € > 0, in O(1/¢) iterations the Algorithm

2.1 can find a x such that

7€Q and sup {(0(Z) —0(x))+ (@ —2) (Hx+c)} <e, (45)
x€D(Z)

where
D(&) = {z € Q| |z — | < 1}.
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In this sense, we will establish the algorithmic convergence complexity for the
Algorithm 2.1.

4.1 Main theorem for complexity analysis

This subsection proves some main theorems for the complexity analysis. Now, we
prove the key inequality for the complexity analysis of the Algorithm 2.1.

Theorem 4.1 For given k€ R™, let TF be generated by (2.7). If he new iterate
2" is updated by (4.2) with any v € (0, 2), then we have

yapB{0(x) — 0(z*) + (z — ") (Hz + c)}
1 1

> (Il =G — e — 2N E) + Sak(r), YR, @

where
ar () = (2 — 7)oy ||z* — 2|7, (4.7)

Proof. Since Z* is the solution of (2.7), we have (see (2.8))

BO(x) — BO(E") + (x — #T{B(Hz" 4+ ¢) — (¥ — ")} >0, Vx € X.

IX - 31



Thus, we have

BO(x) — BO(Z") + (x — )T B(Hz" +¢) > (x — 35T (¥ —3F), Vo € X.

Adding the term (z — 2%)T BH (¥ — Z¥) to the both sides of the above
inequality and using (I + SH ) = G, we obtain

BO(x) — BO(E") + (z — 2¥)T{B(Ha" + ¢) + BH (2" — 7")}

> (z—3)TG(" —3%), VeeX.

By using the identity
B(Hz" +c)+BH (2" — i) = B(Hx +c)+ BH (Z" —x) +26H (2~ — &)
Then, we rewrite the above inequality in our desirable form

B6(x) — BO(E*) + (z — F)T{B(Hz + ) + 28H («* — 7*)}
> (z—i""G(a" - 3"+ Bllz — 7|, Vo e X

IX-32



By using the Cauchy-Schwarz inequality, from the above inequality we obtain

BO(x) — BO(E") + (x — 2*)" B(Hz + ¢)

> (z—3TG(2" — %) + Blle — &%\ g — 2(x — ¥ BH (2F — &F)
> (z—2)"'G(z" — &) - Bl=* — 7¥|%, Vzex,
and thus

Y B{8(x) — 0(&*) + (x — )T (Hz + )}
> (2 — ) Graj(a® — &) —yapBllat — My, Vo e X,

Because o (7% — 2F) = (% — 2FT1) (see (4.2)), thus we have

vag{0(x) — 0(2%) + (z — )" (Hz + ¢)}
> (z—2")"G(a" — ") =y B2’ — ||, Ve e X.(48)

To the crossed term in the right hand side of (4.8), (x — z*)T G(a* — 2FT1),
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using an identity
(a=b)"Glc—d) = 3(lla—dlg —lla—cl&) + 5 (lc—bll& —d—blZ),
we obtain

(1’ . ZZ’k)TG(LEk . xk—l—l)

(lo = 2" HIG = Nl — 2™ 11&) + 5 (Ila® — 2¥II& — la*F — 2*]

1
2

k

Using 2" T1 = 2% — vaf (2% — %) to the last part of the right hand side of

(4.9), we get

2

= lz" = 2¥E — (" = 2%) — yap (=" - 2°)IIE

P& —ag(aglla® = 2ME)  (see (4.3)
~]€‘

=¥ — Z¥|[E — [l

= 2yapfla® -

= 2yogla® — 2|7 + 2y Blla” — 2F|F — v ag 2" — 28|

= (2= aglla® = 2|7 + 2yag 2" - 2¥|F.
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Substituting it in the right hand side of (4.9) and using the definition of g (), we
obtain

(ZC . flv}k)TG(ZCk . ij_H)

k41

1 . ]
I& = llz = 2™1&) + 5an(v) + e Blla® — 2°|F.

(Ha: —
2 (4.10)

DO |

Adding (4.8) and (4.10), the theorem is proved. [

By setting x = x™ in (4.6), we get
|z — 271

> 2ya;B{(0(2") — 0(z") + (2" — ") (Hz * +c)} + ai(7).
Because 0(2%) — 0(x*) + (2% — 2*)T (Hz* + ¢) > 0, it follows from the last
inequality and (4.7) that

e

2" —2G < l2® — 271G — (2 = y)aglla” — 2F|°.

Thus, the contraction property (4.4) is a byproduct of Theorem 4.1.
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4.2 Convergence rate of the Algorithm 2.1.

This section uses Theorem 4.1 to show the convergence rate of the Algorithm 2.1.

Theorem 4.2 Let the sequence {x*} be generated by the Algorithm 2.1. Then
for any integert > 0, it holds that

) ) I+ pH|
0(z:) — 6 —o)'(H < | — 292 X
(Z¢) = 0(x) + (2 — )" ( x+c)_2w(t+1)llw z |G, Vo e X,
(4.11)
where
1 t t
~ * ~k _ *
Ty = T—t ,;)akx and T, = kz:%ozk. (4.12)

Proof. For the convergence rate proof, we allow v € (0, 2|. In this case, we still
have g () > 0. From (4.6) we get

of(0(z) — 0(2%)) + af(z — 2°)T (Hz + ¢)

1 1
> — ||z — 2" A — — ||z — 2"||%, Vae X.
o I = 55 lle -t
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Summing the above inequality over £ = 0, . .., ¢, we obtain
t ¢ ¢ ¢ T
((Z oz;;)é’(x) — Z a}i@(ik)) + ((Z oz}‘;)x — Z oz}';:’i:k) (Hx + ¢)
k=0 k=0 k=0 k=0
1
> |z —2°|]?, VzeX.

2B

Using the notations of Y'; and x; in the above inequality, we derive

t

1 «n/~k ~ T HZE - :COHZ
(T—t(];)akG(x ))—H(x))Jr(a:t—x) (Hx4c) < BT, Ve e X,
(4.13)
Indeed, Z; € X because it is a convex combination of Z°, 21, ..., Z!. Since

6(x) is convex and

| '
Ty = — g oz}';ik and YT, = g ag..
Ry k=0 k=0

IX-37



we have 0(x;) < T% (Ztk:o a;0(Z")). Thus, it follows from (4.13) that

012
0(z,) — 0 v — )T (H <Mz =] Vee X. (414
(80) = Oa) + (@~ o) (Ho+ ) < 52 E Voe X, @i
Because af > 1/||I + SH|| forall k > O (see (4.3)), it follows from (4.12) that
t+1
T, > .
"= IT+ BH]|

Substituting it in (4.14), the proof is complete. U

Thus the Algorithm 2.1. has O(1/t) convergence rate. For any substantial set
D C X, itreaches

0(3) —0(x) + (B — ) (Hrx 4+ ¢) <€, Va € D),

in at most

I H||d?
e

2~ Be l iterations,
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where Z; is defined in (4.12) and d = sup {||z — z°|| |z € D(Z;)}. This
convergence rate is in the ergodic sense, the statement (4.11) suggests us to take
a larger parameter v € (O, 2] in the correction steps of the the Algorithm 2.1.
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