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of customized PPA and its linearized version
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The context of this lecture is based on the manuscript [2]
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1 Structured constrained convex optimization

We consider the following structured constrained convex optimization problem

min {θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y} (1.1)

where θ1(x) : <n1 → <, θ2(y) : <n2 → < are convex functions (but not

necessary smooth), A ∈ <m×n1 , B ∈ <m×n2 and b ∈ <m, X ⊂ <n1 ,

Y ⊂ <n2 are given closed convex sets.

The task of solving the problem (1.1) is to find an (x∗, y∗, λ∗) ∈ Ω, such that
θ1(x)− θ1(x∗) + (x− x∗)T (−ATλ∗) ≥ 0,

θ2(y)− θ2(y∗) + (y − y∗)T (−BTλ∗) ≥ 0,

(λ− λ∗)T (Ax∗ +By∗ − b) ≥ 0,

∀ (x, y, λ) ∈ Ω, (1.2)

where

Ω = X × Y × <m.
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By denoting

u =

 x

y

 , w =


x

y

λ

 , F (w) =


−ATλ
−BTλ

Ax+By − b


and

θ(u) = θ1(x) + θ2(y),

the first order optimal condition (1.2) can be written in a compact form such as

w∗ ∈ Ω, θ(u)−θ(u∗)+(w−w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.3)

Note that the mapping F is monotone. We use Ω∗ to denote the solution set of

the variational inequality (1.3). For convenience we use the notations

v =

 y

λ

 and V∗ = {(y∗, λ∗) | (x∗, y∗, λ∗) ∈ Ω∗}.
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Applied ADMM to the structure VI (yk, λk)⇒ (yk+1, λk+1)

First, for given (yk, λk), x̃k is the solution of the following problem

x̃k = Argmin

{
θ1(x)− (λk)T (Ax+Byk − b)

+β
2 ‖Ax+Byk − b‖2

∣∣∣∣∣x ∈ X
}

(1.4a)

Use λk and the obtained x̃k , ỹk is the solution of the following problem

ỹk = Argmin

{
θ2(y)− (λk)T (Ax̃k +By − b)

+β
2 ‖Ax̃

k +By − b‖2

∣∣∣∣∣y ∈ Y
}

(1.4b)

λ̃k = λk − β(Ax̃k +Bỹk − b). (1.4c)

The sub-problems (1.4a) and (1.4b) are separately solved.

Classical Alternating Direction Method of Multipliers:
vk+1 = ṽk.



XIII - 5

2 ADMM based customized PPA

The k-th iteration of the proposed Alternating Direction Method of Multipliers in
this section is also from a pair of (yk, λk) to a new pair of (yk+1, λk+1). In the

prediction step, we generate a w̃k = (x̃k, ỹk, λ̃k) which satisfies

w̃k ∈ Ω, θ(u)−θ(ũk)+(w−w̃k)T {F (w̃k)+Q(ṽk−vk)} ≥ 0, ∀w ∈ Ω, (2.1)

where Q is a 3× 2 block matrix whose first low is zero, and the rest sub-matrix

is symmetric and positive semi-definite. In details, the matrices Q and M have

the following forms

Q =


0 0

βBTB −BT

−B 1
β Im

 and H =

 βBTB −BT

−B 1
β Im

 . (2.2)

Note that the matrix H is symmetric and positive semidefinite. If we replace

Q(ṽk − vk) by G(w̃k − wk) with a symmetric positive definite matrix G, then

(2.1) becomes a sub-problem of the proximal point algorithm. Thus, the method in
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this lecture is called the ADMM-based customized PPA or Alternating direction

method in the sense of customized PPA.

2.1 Motivation

In the classical ADMM, x is the intermediate variable. For given (yk, λk), we

denote the the minimizer of the augmented Lagrangian function by x̃k, i. e.,

x̃k = Argmin{θ1(x)−(λk)T (Ax+Byk−b)+ β
2 ‖Ax+Byk−b‖2 |x ∈ X}.

(2.3)
Thus, we have x̃k ∈ X and

θ1(x)− θ1(x̃k) + (x− x̃k)T
{
−ATλk+βAT

(
Ax̃k +Byk − b

)}
≥ 0, ∀ x ∈ X .

If we write the above variational inequality as

θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀ x ∈ X , (2.4)

it implies that

λ̃k = λk − β(Ax̃k +Byk − b). (2.5)
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According to the above definition, for any ỹk ∈ Y , we have

(Ax̃k +Bỹk − b)−B(ỹk − yk) + 1
β (λ̃k − λk) = 0. (2.6)

Combining (2.4) and (2.6) together, we get (x̃k, λ̃k) ∈ X × <m,

θ1(x)− θ1(x̃k)

+

x− x̃k
λ− λ̃k

T
 −AT λ̃k

Ax̃k +Bỹk − b

+

 0 0

−B 1
β

 ỹk − yk
λ̃k − λk

 ≥ 0, (2.7)

for all (x, λ) ∈ X × <m. In order to get w̃k ∈ Ω, such that(θ1(x)− θ1(x̃k)
)
+(

θ2(y)− θ2(ỹk)
)
+

x− x̃ky − ỹk

λ− λ̃k


T 
 −AT λ̃k

−BT λ̃k

Ax̃k +Bỹk − b



+

 0 0

βBTB −BT

−B 1
β


 ỹk − yk
λ̃k − λk


 ≥ 0, ∀w ∈ Ω, (2.8)
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we need only to find ỹk ∈ Y , such that

ỹk ∈ Y,
(
θ2(y)− θ2(ỹk)

)
+ (y − ỹk)T{

−BT λ̃k +BT
(
βB(ỹk − yk)− (λ̃k − λk)

)}
≥ 0, ∀ y ∈ Y. (2.9)

By using (2.5), we have

βB(ỹk − yk)− (λ̃k − λk) = β
(
Ax̃k +Bỹk − b

)
.

Thus, the variational inequality (2.9) is(
θ2(y)−θ2(ỹk)

)
+(y− ỹk)T

{
−BT λ̃k+βBT

(
Ax̃k+Bỹk−b

)}
≥ 0, ∀ y ∈ Y.

For given x̃k and the defined λ̃k in (2.5), such a ỹk can be obtained via solving

the following convex optimization problem:

ỹk = Argmin{θ2(y) + β
2 ‖Ax̃

k +By − b− 1
β λ̃

k‖2 | y ∈ Y}. (2.10)

The above analysis guides us to construct the ADMM based customized PPA.
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2.2 The proposed ADMM based customized PPA

From given vk = (yk, λk), the prediction step produces w̃k = (x̃k, ỹk, λ̃k).

The prediction step:

1. First, for given (yk, λk), x̃k is the solution of the following problem

x̃k = Argmin{θ1(x) + β
2 ‖Ax+Byk− b− 1

βλ
k‖2 |x ∈ X} (2.11a)

2. Set the multipliers by

λ̃k = λk − β(Ax̃k +Byk − b). (2.11b)

3. Finally, use the obtained x̃k and λ̃k, find ỹk by

ỹk = Argmin{θ2(y) + β
2 ‖Ax̃

k +By− b− 1
β λ̃

k‖2 | y ∈ Y} (2.11c)

In the ADMM view of point, we generate the predictor in the order

x̃k, λ̃k and ỹk.
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As illustrated in the motivation, we get (2.8). This variational inequality can be

written in the form of

w̃k ∈ Ω, (w − w̃k)T {F (w̃k) +Q(ṽk − vk)} ≥ 0, ∀w ∈ Ω, (2.12)

where Q is just the same matrix defined in (2.2). The above variational inequality

is essential in the unified framework of the contraction methods.

The correction step: Update the new iterate vk+1 by

vk+1 = vk − γ(vk − ṽk), γ ∈ (0, 2). (2.13)

To get the new iterate vk+1, this method does not need to calculate the step size.

2.3 Convergence of the ADMM in sense of customized PPA

Based on the analysis in the last subsection, we have the following lemma.

Lemma 2.1 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (2.11) from the given



XIII - 11

vk = (yk, λk). Then, we have

(w̃k − w∗)TQ(vk − ṽk) ≥ 0, ∀w∗ ∈ Ω∗, (2.14)

where the matrix Q is defined in (2.2).

Proof. Setting (x, y, λ) = (x∗, y∗, λ∗) in (2.8), we obtain

(w̃k − w∗)TQ(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k). (2.15)

Since F is monotone and w̃k ∈ Ω, it follows that

θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)

≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗) ≥ 0.

The last inequality is due to w̃k ∈ Ω and w∗ ∈ Ω∗ (see (1.3)). Therefore, the

right hand side of (2.15) is non-negative and the lemma is proved. 2

Lemma 2.2 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (2.11) from the given
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vk = (yk, λk). Then, we have

(vk − v∗)TH(vk − ṽk) ≥ ‖vk − ṽk‖2H , ∀ v∗ ∈ V∗, (2.16)

where H is defined in (2.2).

Proof. Recall the matrices Q and H in (2.2). It follows from (2.14) that

(ṽk − v∗)TH(vk − ṽk) ≥ 0, ∀ v∗ ∈ V∗.

Assertion (2.16) follows from the last inequality directly. 2

The matrix H is symmetric and positive semi-definite. We still use ‖v − ṽ‖H to

denote that

‖v − ṽ‖H =
√

(v − ṽ)TH(v − ṽ).

If ‖vk − ṽk‖2H = 0, because H is symmetric and positive semi-definite, we

have H(vk − ṽk) = 0. In this case, w̃k is a solution of the variational inequality

(see (1.2) and (2.8)). Thus, we can take ‖vk − ṽk‖2H ≤ ε as the stopping

criterium in the iteration process.
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Theorem 2.1 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (2.11) from the

given vk = (yk, λk) and the new iterate vk+1 be given by (2.13). Then we have

‖vk+1−v∗‖2H ≤ ‖vk−v∗‖2H −γ(2−γ)‖vk− ṽk‖2H , ∀ v∗ ∈ V∗. (2.17)

Proof. By a simple manipulation, we obtain

‖vk+1 − v∗‖2H
(2.16)
= ‖(vk − v∗)− γ(vk − ṽk)‖2H
= ‖vk − v∗‖2H − 2γ(vk − v∗)TH(vk − ṽk) + γ2‖vk − ṽk‖2H

(2.13)
≤ ‖vk − v∗‖2H − 2γ‖vk − ṽk‖2H + γ2‖vk − ṽk‖2H
= ‖vk − v∗‖2H − γ(2− γ)‖vk − ṽk‖2H .

This is true for any v∗ ∈ V∗ and the theorem is proved. 2

The inequality (2.17) is essential for the convergence of the proposed alternating

direction method. The detailed convergence proof can be found in [2]. For the

convergence rate of the customized PPA, the reader are refereed to [6].
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2.4 Ensure the matrix H to be positive definite

In the ADMM based customized PPA (2.11), the subproblem (2.11c) can be

written as

ỹk = Argmin{θ2(y) + β
2 ‖By − p

k‖2 | y ∈ Y}, (2.18)

where

pk = b+ 1
β λ̃

k −Ax̃k.

If we add an additional term δβ
2 ‖B(y − yk)‖2 (with any small δ > 0) to the

objective function of the subproblem (2.11c), we will get ỹk via

ỹk = Argmin{θ2(y) + β
2 ‖By − p

k‖2 + δβ
2 ‖B(y − yk)‖2 | y ∈ Y}.

By a manipulation, the solution point of the above subproblem is obtained via

ỹk = Argmin{θ2(y) + (1+δ)β
2 ‖By − qk‖2 | y ∈ Y}, (2.19)

where

qk = 1
1+δ (pk + δByk).
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In this way, the matrix Q in (2.12) will be modified to

Q =


0 0

(1 + δ)βBTB −BT

−B 1
β Im

 ,

and the related matrix H in (2.2) becomes

H =

 (1 + δ)βBTB −BT

−B 1
β Im


=

√βBT 0

0
√

1
β Im

(1 + δ)I −I

−I Im

√βB 0

0
√

1
β Im

 .(2.20)

Thus, for any δ > 0, H is positive definite when B is a full rank matrix. In other

words, instead of (2.18), using (2.19) to get ỹk, it will ensure the positivity of H

theoretically. However, in practical computation, it works still well by using δ = 0.
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3 Application and Numerical Experiments

3.1 Applications to least-squares problems

We consider the following problem:

min{1

2
‖X − C‖2F |X ∈ Sn+ ∩ SB}, (3.1)

where

Sn+ = {H ∈ Rn×n |HT = H, H � 0}.

and

SB = {H ∈ Rn×n |HT = H, HL ≤ H ≤ HU}.

Use the following MATLAB Code to produce the matrices C , HL and HU

rand(’state’,0); C=rand(n,n); C=(C’+C)-ones(n,n)+eye(n);

%% C is symmetric and C_{ij} is in (-1,1), C_{jj} is in (0,2)

HU=ones(n)*0.1; HL=-HU; for i=1:n HU(i,i)=1; HL(i,i)=1; end;
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The problem is converted to the following equivalent one:

min 1
2‖X − C‖

2 + 1
2‖Y − C‖

2

s.t X − Y = 0,

X ∈ Sn+, Y ∈ SB .

(3.2)

The basic sub-problems in the ADMM based customized PPA

• For fixed Y k and Zk,

X̃k = Argmin{1

2
‖X −C‖2F −Tr(ZkX) +

β

2
‖X − Y k‖2F | X ∈ Sn+}

• Set Z̃k by

Z̃k = Zk − β(X̃k − Y k).

• With fixed X̃k and Z̃k,

Ỹ k = Argmin{1

2
‖Y − C‖2F + Tr(Z̃kY ) +

β

2
‖X̃k − Y ‖2F | Y ∈ SB}
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X̃k can be directly obtained via

X̃k = PSn+
{ 1

1 + β
(βY k + Zk + C)

}
. (3.3)

PSn+(A) = UΛ+UT , [U,Λ] = eig(A), Λ+ = max(Λ, 0).

Similarly, Ỹ k in is given by

Ỹ k = PSB
{ 1

1 + β
(βX̃k − Z̃k + C)

}
. (3.4)

SB = {H |HL ≤ H ≤ HU}, PSB (A) = min(max(HL, A), HU )

The most time consuming calculation is [U,Λ] = eig(A), 9n3
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MATLAB Code – An iteration of the classical ADMM
Y0= Y; Z0 = Z; k = k+1;

X = (Y0*beta+Z0+C)/(1+beta); [V,D] = eig(X); D = max(0,D);

X = (V*D)*V’;

Y = min(max((X*beta-Z0+C)/(1+beta),HL),HU);

Z = Z0-(X-Y)*beta;

MATLAB Code – An iteration of the new order ADMM
Y0= Y; Z0 = Z; k = k+1;

X = (Y0*beta+Z0+C)/(1+beta); [V,D] = eig(X); D = max(0,D);

X = (V*D)*V’; Z = Z0-(X-Y0)*beta;;

Y = min(max((X*beta-Z+C)/(1+beta),HL),HU);

MATLAB Code – An iteration of the extended ADMM
Y0= Y; Z0 = Z; k = k+1;

X = (Y0*beta+Z0+C)/(1+beta); [V,D] = eig(X); D = max(0,D);

X = (V*D)*V’; Z = Z0-(X-Y0)*beta;;

Y = min(max((X*beta-Z+C)/(1+beta),HL),HU);

Y = Y0-(Y0-Y)*1.5;

Z = Z0-(Z0-Z)*1.5;
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Numerical results for problem (3.1)

C=rand(n,n); C=(C’+C)-ones(n,n) + eye(n)

HU=ones(n,n)/10; HL=-ones(n,n)/10; HU (jj) = HL(jj)=1.

Table 1. Numerical results

n× n Matrix Classical ADMM Customized PPA Extended C-PPA

n = No. It CPU Sec. No. It CPU Sec. No. It CPU Sec. β

100 46 1.39 44 1.37 28 0.94 5

200 50 3.07 50 3.05 31 4.41 10

500 48 25.50 49 24.52 32 16.50 10

800 51 110.18 50 107.29 33 72.12 10

1000 51 208.93 52 212.74 34 140.70 10

2000 55 1578.96 55 1579.68 36 1053.87 10
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3.2 Applications to image restoration

The mathematical form of the image restoration problem is

min ‖|∇x|‖1 +
µ

2
‖Kx− f‖2, (3.5)

where µ > 0 is trade-off; K is a blur operator and f is observed image.

The equivalent problem:

min ‖|y|‖1 +
µ

2
‖Kx− f‖2 (3.6)

s. t. ∇x = y,

This is a problem of form (1.1) where X , Y are full spaces,

θ1(x) =
µ

2
‖Kx− f‖2,

θ2(y) = ‖|y|‖1,
A = ∇, B = −I and b = 0.
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The augmented Lagrangian function

LA(x, y, λ) = ‖|y|‖1 +
µ

2
‖Kx− f‖2 − λT (∇x− y) +

β

2
‖∇x− y‖2,

where λ is Lagrange multiplier and β is the penalty parameter.

For given (yk, λk), get (x̃k, ỹk, λ̃k) as follows:

1. x̃k is the solution of the following least square problem

x̃k = arg min
x

{
µ
2 ‖Kx− f‖

2 − (λk)T (∇x− yk) + β
2 ‖∇x− y

k‖2
}
.

2. Set λ̃k by

λ̃k = λk − β(∇x̃k − yk).

3. Finally, with fixed (x̃k, λ̃k), ỹk are solutions of

ỹk = arg min
y

{
‖|y|‖1 − (λ̃k)T (∇x̃k − y) + β

2 ‖∇x̃
k − y‖2

}
.
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Solving the x subproblem for getting x̃k:

(β∇T∇+ µKTK)x̃k = ∇T (βyk + λk) + µKT f.

• If∇ and K satisfy some periodic boundary conditions, they can be factored

by Fourier transform as∇ = F−1ΛDF and K = F−1ΛKF .

• If∇ and K satisfy some reflective boundary conditions, they can be factored

by discrete cosine transform as∇ = C−1ΛDC and K = C−1ΛKC.

Solving the y subproblem for getting ỹk:

ỹk = shrink 1
β

(
∇x̃k − λ̃k

β

)
,

where

shrinkc(v) = v −min(c, ‖v‖) v

‖v‖
.
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Note that

shrinkc(v) = v − PBc2 (v) where Bc2 = {v ∈ <n|‖v‖2 ≤ c}.

MATLAB Code – An iteration of the classical ADMM
%%%%%%%%%%%%%%%%%%%% step 1 xˆ{k+1} %%%%%%%%%%%%%%%%%%%%%%

Temp= PTx(beta*v1+lbd11) + PTy(beta*v2+lbd12) + HTx0;

un = real(ifft2(fft2(Temp)./MDu));

%%%%%%%%%%%%%%%%%%%% step 2 yˆ{k+1} %%%%%%%%%%%%%%%%%%%%%%

dxun= Px(un);

dyun= Py(un);

sk1 = dxun - lbd11/beta;

sk2 = dyun - lbd12/beta;

nsk = sqrt(sk1.ˆ2 + sk2.ˆ2); nsk(nsk==0)=1;

nsk = max(1-1./(beta*nsk),0);

vn1 = sk1.*nsk;

vn2 = sk2.*nsk;

%%%%%%%%%%%%%%%%%%%% update \lambda %%%%%%%%%%%%%%%%%%%%%%

lbdn11 = lbd11 - beta*(dxun - vn1);

lbdn12 = lbd12 - beta*(dyun - vn2);

%%%%%%%%%%%%%%%%%%%% New iterative point %%%%%%%%%%%%%%%%%%%%%%

u = un; v1 = vn1; v2 = vn2; lbd11 = lbdn11; lbd12 = lbdn12;
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MATLAB Code – An iteration of the new order ADMM
%%%%%%%%%%%%%%%%%%%% step 1 xˆ{k+1} %%%%%%%%%%%%%%%%%%%%%%

Temp= PTx(beta*v1+lbd11) + PTy(beta*v2+lbd12) + HTx0;

un = real(ifft2(fft2(Temp)./MDu));

dxun= Px(un);

dyun= Py(un);

%%%%%%%%%%%%%%%%%%%% update \lambda %%%%%%%%%%%%%%%%%%%%%%

lbdn11 = lbd11 - beta*(dxun - v1);

lbdn12 = lbd12 - beta*(dyun - v2);

%%%%%%%%%%%%%%%%%%%% step 2 yˆ{k+1} %%%%%%%%%%%%%%%%%%%%%%

sk1 = dxun - lbdn11/beta;

sk2 = dyun - lbdn12/beta;

nsk = sqrt(sk1.ˆ2 + sk2.ˆ2); nsk(nsk==0)=1;

nsk = max(1-1./(beta*nsk),0);

vn1 = sk1.*nsk;

vn2 = sk2.*nsk;

%%%%%%%%%%%%%%%%%%%% New iterative point %%%%%%%%%%%%%%%%%%%%%%

u = un; v1 = vn1; v2 = vn2; lbd11 = lbdn11; lbd12 = lbdn12;
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MATLAB Code – An iteration of the extended C-PPA
%%%%%%%%%%%%%%%%%%%% step 1 xˆ{k+1} %%%%%%%%%%%%%%%%%%%%%%

Temp= PTx(beta*v1+lbd11) + PTy(beta*v2+lbd12) + HTx0;

un = real(ifft2(fft2(Temp)./MDu));

dxun= Px(un);

dyun= Py(un);

%%%%%%%%%%%%%%%%%%%% update \lambda %%%%%%%%%%%%%%%%%%%%%%

lbdn11 = lbd11 - beta*(dxun - v1);

lbdn12 = lbd12 - beta*(dyun - v2);

%%%%%%%%%%%%%%%%%%%% step 2 yˆ{k+1} %%%%%%%%%%%%%%%%%%%%%%

sk1 = dxun - lbd11/beta;

sk2 = dyun - lbd12/beta;

nsk = sqrt(sk1.ˆ2 + sk2.ˆ2); nsk(nsk==0)=1;

nsk = max(1-1./(beta*nsk),0);

vn1 = sk1.*nsk;

vn2 = sk2.*nsk;

%%%%%%%%%%%%%%%%%% New iterative point %%%%%%%%%%%%%%%%%%%%%

u = un;

v1 = v1 - gamma*(v1-vn1);

v2 = v2 - gamma*(v2-vn2);

lbd11 = lbd11 - gamma*(lbd11-lbdn11);

lbd12 = lbd12 - gamma*(lbd12-lbdn12);
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Numerical results for image restoration

I = double(imread(’chart.tiff’))/255; I = double(imread(’house.png’))/255;

h = fspecial(’disk’,7); x0 = imfilter(I,h,’circular’)+0.02*randn(size(I));

Figure 1: Original and degraded images. Left: Chart. Right: House
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Figure 2: Performances of ADMM and two variants methods on TV-l2. Left: Chart.

Right: House.
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Figure 3: Performances of Algorithm 2 with different values of γ for Chart. Top:

fixed γ. Bottom: random generated γ.
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Figure 4: Restorations. From left column to right column: ADMM, new order ADM-

M, and the extended new order ADMM.
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Table 1: Numerical comparisons of the classical ADMM (ADMM), the customized

PPA and the extended customized PPA for TV-l2 image restoration.

Chart House

ADMM C-PPA E-C-PPA ADMM C-PPA E-C-PPA

γ = 1 γ = 1.8 γ = 1 γ = 1.8

Iter 74 74 42 57 56 33

CPU 2.32 2.29 1.29 2.79 2.75 1.63

SNR 19.01 19.01 19.02 22.11 22.11 22.12

SNR = 20 log10
‖x‖
‖x−I‖ , where x is restoration and I is original image.

It seems that the new order ADMM is so good as the classical one. However, the

extended-ADMM converges much faster than the other both ADMMs.
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4 Linearized ADMM-based PPA Method

Note that the subproblems (2.11a) and (2.11c) in the last section are equivalent to

the problems

x̃k = Argmin
{
θ1(x) + β

2 ‖(Ax+Byk − b)− 1
βλ

k‖2
∣∣x ∈ X} (4.1a)

and

ỹk = Argmin
{
θ2(y) + β

2 ‖(Ax̃
k +By − b)− 1

β λ̃
k‖2
∣∣y ∈ Y} (4.1b)

respectively. In some structured optimization (1.1), the subproblem (4.1a) is easy

because A is usually a scalar matrix. However, to obtain the solution of the

subproblem (4.1b) is expensive in the case that B does not have a special form.

In this lecture, we suppose that only the solution of the problem

min
{
θ2(y) +

s

2
‖y − a‖2 | y ∈ Y

}
has a closed form, and consider to linearize the quadratic function of the

subproblem (4.1b) ADMM in sense of the customized PPA.
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4.1 Linearized alternating direction method

The prediction step:

1. First, for given (xk, yk, λk), solving the x subproblem to get x̃k by

x̃k = Argmin
{
θ1(x) + β

2 ‖(Ax+Byk − b)− 1
βλ

k‖2
∣∣x ∈ X}

(4.2a)
2. Set the new multipliers by

λ̃k = λk − β(Ax̃k +Byk − b). (4.2b)

3. Finally, use the obtained x̃k and λ̃k, solving the y subproblem to get ỹk by

ỹk = Argmin

( {
θ2(y) + βyTBT (Ax̃k +Byk − b− 1

β λ̃
k)

+ s
2‖y − y

k‖2
∣∣ y ∈ Y}

)
.

(4.2c)
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Request on the parameter s For given β > 0, s should satisfy

sI − βBTB � 0. (4.3)

The correction step: Update the new iterate vk+1 by

vk+1 = vk − γ(vk − ṽk), γ ∈ [1, 2). (4.4)

To get the new iterate vk+1, this method does not need to calculate the step size.

However, it needs to estimate the max-eigenvalue of BTB, i. e., λmax(BTB).

4.2 Analysis in the PPA framework

Note that the solution of (4.2a), x̃k satisfies

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T

{−ATλk+ βAT (Ax̃k +Byk − b)} ≥ 0, ∀x ∈ X . (4.5)
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Substituting λ̃k (see (4.2b)) in (4.5) (eliminating λk), we get

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T
{
−AT λ̃k

}
≥ 0, ∀x ∈ X . (4.6)

The solution of (4.2c), ỹk satisfies

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k

+βBT
(
Ax̃k +Byk − b

)
+ s(ỹk − yk)

}
≥ 0, ∀ y ∈ Y. (4.7)

Note that β(Ax̃k +Byk − b
)

= (λk − λ̃k) (see (4.2b)). Substituting it in

(4.7), we obtain

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k

−BT (λ̃k − λk) + s(ỹk − yk)
}
≥ 0, ∀ y ∈ Y. (4.8)

From (4.2b) we have

(Ax̃k +Bỹk − b)−B(ỹk − yk) +
1

β
(λ̃k − λk) = 0. (4.9)
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Combining the inequalities (4.6), (4.8) and (4.9), we obtain

θ(u)− θ(ũk) +


x− x̃k

y − ỹk

λ− λ̃k


T


−AT λ̃k

−BT λ̃k

Ax̃k +Bỹk − b



+


0 0

sI −BT

−B 1
β
Im


 ỹk − yk

λ̃k − λk


 ≥ 0, ∀w ∈ Ω. (4.10)

The last variational inequality can be written in form of w̃k ∈ Ω and

θ(u)−θ(ũk)+ (w− w̃k)T {F (w̃k)+Q(ṽk−vk)} ≥ 0, ∀w ∈ Ω, (4.11)

where

Q =


0 0

sI −BT

−B 1
β Im

 (4.12)
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which is essential in the framework of the PPA contraction methods.

4.3 Convergence of the Linearized ADM-based PPA Method

Based on the analysis in the last subsection, we have the following lemma.

Lemma 4.1 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (4.2) from the given

vk = (yk, λk). Then, we have

(ṽk − v∗)TG(vk − ṽk) ≥ 0, ∀w∗ ∈ Ω∗, (4.13)

where

G =

 sI −BT

−B 1
β Im

 . (4.14)

Proof. Setting w = w∗ in (4.10), we get

(ṽk − v∗)TG(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k).
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Since F is monotone and w̃k ∈ Ω, it follows that

θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗).

The right hand side of the last inequality is non-negative because w̃k ∈ Ω and

w∗ ∈ Ω∗. the assertion follows directly. 2

Lemma 4.2 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (4.2) from the given

vk = (yk, λk). Then, we have

(vk − v∗)TG(vk − ṽk) ≥ ‖vk − ṽk‖2G, ∀w∗ ∈ Ω∗, (4.15)

where G is defined in (4.14).

Proof. Assertion (4.15) follows from the last inequality directly. 2

Since G is symmetric and positive semi-definite, we have

vk − ṽk = 0 or G(vk − ṽk) = 0,

whenever ‖vk − ṽk‖2G = 0. Therefore, it follows from (4.10) that w̃k is a

solution of the variational inequality when ‖vk − ṽk‖2G = 0.
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Theorem 4.1 Let w̃k = (x̃k, ỹk, λ̃k) ∈ Ω be generated by (4.2) from the given

vk = (yk, λk) and the new iterate wk+1 be given by (4.4). Then we have

‖vk+1− v∗‖2G ≤ ‖vk− v∗‖2G−γ(2−γ)‖vk− ṽk‖2G, ∀w∗ ∈ Ω∗. (4.16)

Proof. By using (4.4) and (4.15), we obtain

‖vk+1 − v∗‖2G
(4.4)
= ‖(vk − v∗)− γ(vk − ṽk)‖2G

(4.15)
≤ ‖vk − v∗‖2G − 2γ‖vk − ṽk‖2G + γ2‖vk − ṽk‖2G
= ‖vk − v∗‖2G − γ(2− γ)‖vk − ṽk‖2G.

This is true for any w∗ ∈ Ω∗ and the theorem is proved. 2

The inequality (4.16) is essential for the convergence of the Linearized alternating

direction method. By using (4.4), the result of Theorem 4.1 can be written as

‖vk+1 − v∗‖2G ≤ ‖vk − v∗‖2G −
2− γ
γ
‖vk − vk+1‖2G, ∀w∗ ∈ Ω∗.
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5 Convergence rate of ADMM-CPPA Method

Lemma 5.1 Let {wk} be the sequence generated by the customized PPA (4.2)

with (4.4). Then, we have

(ṽk − ṽk+1)TG{(vk − vk+1)− (ṽk − ṽk+1)} ≥ 0. (5.1)

Proof. Set w = w̃k+1 in (4.11), we have

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)T {F (w̃k) +Q(ṽk − vk)} ≥ 0. (5.2)

Note that (4.11) is also true for k := k + 1 and thus we have

θ(u)−θ(ũk+1)+(w−w̃k+1)T {F (w̃k+1)+Q(ṽk+1−vk+1)} ≥ 0, ∀w ∈ Ω.

Set w = w̃k in the above inequality, we obtain

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)T {F (w̃k+1) +Q(ṽk+1 − vk+1)} ≥ 0.

(5.3)
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Adding (5.2) and (5.3) and using the monotonicity of F , we get

(w̃k − w̃k+1)TQ{(vk − vk+1)− (ṽk − ṽk+1)} ≥ 0.

we obtain (5.1) immediately. 2

Lemma 5.2 Let {wk} be the sequence generated by the customized PPA (4.2)

with (4.4). Then, we have

(vk − ṽk)TG{(vk − ṽk)− (vk+1 − ṽk+1)}

≥ 1

γ
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G. (5.4)

Proof. Adding the term ‖(vk − vk+1)− (w̃k − w̃k+1)‖2G to the both sides of

(5.1), we obtain

(vk − vk+1)TG{(vk − ṽk)− (vk+1 − ṽk+1)}

≥ ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G. (5.5)
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Substituting the term (vk − vk+1) in the left hand side of (5.5) by γ(vk − ṽk)

(see (4.4)), we obtain (5.4) and the lemma is proved. 2

Lemma 5.3 Let {vk} be the sequence generated by the customized PPA (4.2)

with (4.4). Then, we have

‖vk+1 − ṽk+1‖2G ≤ ‖vk − ṽk‖2G. (5.6)

Proof. Setting a = vk − ṽk and b = vk+1 − w̃k+1 in the identity

‖a‖2G − ‖b‖2G = 2aTG(a− b)− ‖a− b‖2G,

we obtain

‖vk − ṽk‖2G − ‖vk+1 − ṽk+1‖2G
= 2(vk − ṽk)TG{(vk − ṽk)− (vk+1 − ṽk+1)}

−‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G.
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By using (5.4) to the first term of the right hand side of the last equality, we obtain

‖vk − ṽk‖2G−‖vk+1− ṽk+1‖2G ≥
2− γ
γ
‖(vk − ṽk)− (vk+1− ṽk+1)‖2G.

The assertion of this lemma is proved. 2

Having the assertion (4.16) and Lemma 5.3, we are ready to present the O(1/t)

convergence rate of the customized PPA in the residue sense.

Theorem 5.1 Let {wk} be the sequence generated by the customized PPA (4.2)

with (4.4). Then, we have

‖vk − ṽk‖2G ≤
1

(k + 1)γ(2− γ)
‖v0 − v∗‖2G, ∀w∗ ∈ Ω∗. (5.7)

Proof. First, it follows from (4.16) that

γ(2− γ)

∞∑
t=0

‖vt − ṽt‖2G ≤ ‖v0 − v∗‖2G, ∀w∗ ∈ Ω∗. (5.8)
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According to Lemma 5.3, the sequence {‖vt − ṽt‖2G} is non-increasing.

Therefore, we have

(k + 1)‖vk − ṽk‖2G ≤
k∑
i=0

‖vi − ṽi‖2G. (5.9)

The assertion of this theorem follows from (5.8) and (5.9) directly. 2

The solution set of the variational inequality VI(Ω, F, θ) is convex and closed.

Theorem 5.1 indicates that ADMM has O(1/k) iteration convergence rate. Let

d = inf{‖v0 − v∗‖G |w∗ ∈ Ω∗}.

For any given ε > 0, in order to enforce the error ‖vk − ṽk‖2G ≤ ε, according to

(5.7), it needs at most k = bd2/γ(2− γ)εc iterations.
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