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The context of this lecture is based on the paper [10, 12]



In this note, we discuss the ADMM and ADM-like methods for the separable
convex optimization problem in a unified framework, and study the their global

convergence and convergence rate.

1 Algorithms in a unified framework

The classical separable convex optimization problem has the following mathematical form:
min {61 (x) + 02(y)| Az + By=b, t € X, y € Y} (1.1)

where 01 () : ™' — R, 02(y) : R™? — R are convex functions (but not necessary
smooth), A € R™*"™ B c R™*™ andb e R™, X C R™, Y C RN"2 are given

closed convex sets. Let n = n1 + no.

The optimal condition of the linearly constrained convex optimization is resulted in a

variational inequality: The Lagrangian function of the problem (1.1) is

L(z,y,A) = 61(x) 4 62(y) — A" (Az + By — b)
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which is definedon Q = X' X Y x R™. Let (z*,y",\") € X x Y X R™ be an
saddle point which satisfies

Lxerm (x*ay*a >\) < L(I*,y*,)\*) < L:UGX,yEy(xaya )\*)

These inequalities can be interpreted as

(

zt e X, L(z,y*,\")—L(z*,y",\") >0, VxeX
\ y*e), Lx",y,\")—L(x",y",\*) >0, VYye)y
LA eR”, Lz, y",A") = L(z",y",A\) >0, YAeR™
The equivalent expression is the following variational inequality:
(2t e X, Oi(z)—61(z*) + (z—2)T(=ATA) >0, VoeX
{ Yy e, 0xy) —02(y") +(y—y") (=B"X) >0, Vyecy
L A eR™, (A =X (Az* 4+ By* —b) >0, VAXeR™

This first order optimal condition (1.3) can be written in a compact form such as

(1.2)

(1.3)

w* e, 0u) —0u")+ (w—w)" Fw*) >0, YweQ, (1.4a)
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where
x — AT\
x
u = , W = Yy ) F(w) - —BT)\ (1.4b)
Y A Ax + By — b
O(u) =61(x) +02(y) and Q=X xYxR™. (1.4c)

We study the algorithms using the guidance of variational inequality. The analysis can be
fund in [6] (Sections 4 and 5 therein). Notice that the augmented Lagrangian function of
(1.1)is

La(2,9.3) = 02(2) + 02(y) — AT (Aw + By — b) + £ || Az + By — b|]*

The recursion of the classical alternating direction method of multipliers for the structured
convex optimization (1.1) can be written as

(

2"t = Argmin{Ls(z,y", \¥) |z € X'},
(ADMM) ¢ "t = Argmin{Ls(z" T, y, \*) |y € Y}, (1.5)
)\k—l—l — )\k . 5(A37k+1 i Byk—|—1 . b)

\
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Thus, ADMM can be viewed as a relaxed Augmented Lagrangian Method. The main
advantage of ADMM is that one can solve the x and y-subproblem separately. Note that
the essential variable of ADMM (1.5)is v = (y, \).

The linearized ADMM for (1.1) which taking v = (y, )\) as the essential variable can be
written as

(2P = Agmin{Ls(z, v*, \F) |z € &Y,

(LADMM) ¢ ot = Argmin{Ls(a" "', y, \*) + 2|y — "D |y € Y},
)\k—l—l — )\k . 6(A$k+1 1+ Byk—l—l . b)

\

where
D=sI—-B8B"B, s> fBp(B'B). (1.7)
1.1  The algorithmic framework

We study the convergence and the convergence rate of the different ADMM methods. First,

we interpret these methods in a prediction-correction framework.
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A Prototype Algorithm for (1.4)
[Prediction Step.] With given v*, find a vector " € Q which satisfying

0(u) — 0(7") + (w — ") F(@") > (v — )T QMW" — %), Yvw € Q, (1.8a)

where the matrix @ has the property: Q7 + Q is (essentially) positive definite.

[Correction Step.] Determine a nonsingular matrix M and a scalar o > 0, let

R = F — on(’Uk — fD’k). (1.8b)
Convergence Conditions
For the matrices () and M, and the step size @ determined in (1.8), the matrices
H=QM ' (1.9a)
and
G=Q"+Q—aM"HM. (1.9b)

are positive definite.




1.2 Interpreting ADMM in the framework

The ADMM scheme (1.5) (and its linearized version (1.6)) is also a special case of the
prototype algorithm (1.8). Recall the model (1.1) can be explained as the VI (1.4) with the

specification given in (1.4b)-(1.4c).

In order to cast the ADMM scheme (1.5) (and (1.6)) into a special case of (1.8), let us first

define the artificial vector w* = (&%, 7%, \¥) by

( jk _ xk—l—l’
S g o= gt (1.10)
| A = A= B(AzF T 4+ ByF —b),

where (2T, yFT1) s generated by the ADMM (1.5). Using these notations, we define
Y

the prediction by

% = Argmin{Ls(x,y", \*) |z € X},

§ 7" = Argmin{Ls(Z",y, \*) |y € V}, (1.11)
A= AF — B(AZ* + By* —b).
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According to the scheme (1.5), the defined artificial vector " satisfies the following VI:

(01(z) — 61(3") + (& — #*)T(=ATNF) >0, VzelX,
Q 02(y) — 02(5%) + (y — §")" (=B" N + BBTB(§F —y*)) >0, Vy eV,
| (AF" 4+ B* —b) — BE* — ") + (1/8)(N = M) =0.

(1.12)
This can be written in form of (1.8a) as described in the following lemma.

Lemma 1.1 For given fuk, letw* T be generated by (1.5) and W" be defined by (1.10).
Then, we have " € Q and

0(u) — 0(a") + (w — ") F(@") > (v —*)T Q" — &%), Yw € Q,

where
BBTB 0
—B I

Q= (1.13)

™|~

Recall the essential variable of the ADMM scheme (1.5) is (y, A). Moreover, using the
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definition of ”lZJk, the A*T1 updated by (1.5) can be represented as

ML = AF (AT 4 ByFt —p)

= A\ — 843" + Bg" —b)
= A" — [-B8B" - §*) + B(Az" + By" —b)]
= N~ [-8BW" -7+ (=)

Therefore, the output of ADMM scheme (1.5) can be written as the correction

k+1 k I 0 kK ~k
Y = Y — Y ?i : (1.14a)
A\Ftl AP —B8B I A \F
which corresponds to the step (1.8b) in the framework with
I 0
M = and oo =1. (1.14b)
—B8B 1

Now we check that the Convergence Condition is satisfied by the ADMM scheme (1.5).
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Indeed, for the matrix M in (1.14b), we have

I 0
BB I

Mt =

Thus, by using (1.13) and (1.14b), we obtain H = QM ~! and thus

BB 0 r o0 BBTB 0
1 1
—B El BB I 0 BI

H =

(1.15)

and consequently (since o = 1)

G = Q"+Q—-aM'HM = Q"+Q-Q'M
26BTB —B7T sBTB —B7T I 0
- 2 B 1
~-B 21 0 51 —BB I
26BTB —BT 26B*B —BT 0 0
2 1 1
—-B 21 —-B S 0 51
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N\

Therefore, H is symmetric and positive definite under the assumption that B is full column
rank; and (5 is positive semi-definite. The Convergence Condition is satisfied; and thus the

convergence of the ADMM scheme (1.5) is guaranteed.

1.3 Interpreting the Linearized ADMM in the framework

For the linearized version (1.6), using the same definition about @W" = (&%, §*, \¥) as in
(1.10), the predictor is given by

( 3k = Argmin{Ls(z,y* \F) |z € X},

gt = Agmin{Ls (2", y, \) + 5lly - Iply €V}, (117)
L )\k—l—l = Ak — B(Axk+1 + Byk+1 . b)

N\

Because D = sl — ﬁBTB, in comparing with (1.12), the defined artificial vector ik

satisfies the following VI:

(01(z) — 61 (%) + (z — Z*)T(—=ATNF) > 0, VaeX,
O2(y) — 02(5°) + (y — §°) (=BT N + s(g" —¢*) >0, Vyey, (118

|(AZ" + Bg" —b) = B(5" —y") + (1/8)(\" = X*) = 0.
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This can be written in form of (1.8a) as described in the following lemma.

Lemma 1.2 For given vk, let w* ! pe generated by (1.6) and W" be defined by (1.10).
Then, we have " € Q and

0(u) — 0(a") + (w — ") F(@") > (v — )T Q" — &%), Yw € Q,

where

sl 0

(1.19)
—B I

1
B
In this way, the output of the linearized ADMM scheme (1.6) can be written as (1.14) with
the same M and o = 1. By using (1.19) and (1.14b), we obtain H = QM_l and thus

sl 0 I 0 sl,, 0
H =

1 — . (1.20)
-B I BB I 0 11

™|
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and consequently (since o = 1)

G = Q +Q-M'HM = Q@ +Q-Q'M
[ 2sIm —BT sl,, —B7" I 0
-\ .nB 2l i 0 51 —B8B I
[ 2sIn —BT sl,, + BB*B —B?'
\-p oz ) B 1

s, —8B"B 0
— _ (1.21)
1
0 EI
Since sI,, — BB* B > 0, both the matrices H (in (1.20)) and G (in (1.21)) are
symmetric and positive definite. The Convergence Condition is satisfied; and thus the

convergence of the ADMM scheme (1.5) is guaranteed.
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2 Convergence proof in the unified framework

In this section, assuming the conditions (1.9) in the unified framework are satisfied, we

prove some convergence properties.

Theorem 2.1 Let {vk} be the sequence generated by a method for the problem (1.4) and

k+1

W" is obtained in the k-th iteration. If v" , U and " satisfy the conditions in the

unified framework, then we have

a(f(u) — 0(@*) + (w — @*)" F(a"))

1
—(Hv — v

k+12
> . ||

o 5
= llv—v®||H) + §|\vk — "%, Yw e Q. (21)

Proof. Using () = H M (see (1.9a)) and the relation (1.8b), the right hand side of (1.9a)

. ,Uk—i—l)

can be written as (v — 9*)" L H (v" and hence

o{0(vw)—0(i")+(w—a") " F(@")} > (v—0")" H@W" —o* ), vw € Q. (2.2

Applying the identity

1 1
(a—b)" H(c—d) = —{lla —dllz — lla —cllzr} + 5 {lle = bllz — lld — bllz},
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to the right hand side of (2.2) with

~k k k41
a=v, b=9", ¢=0", and d=0""",

we thus obtain

('U . ?7k)TH(?}k . vk—l—l)

1 1

k412 k2 ko ~kp2 k+1  ~Kk2
= S (Ilv = v a—llo = ") + 5 (" = 8" [a—llv™™ = 57[|7).23)
For the last term of (2.3), we have
[ = "7 — [[o" " — "%

ko ~kp2 k ~k k k+1\)2
= " =g = |(v" =07) = (0" =" )|k
(1.9a) ~ ~ -
= of =" E — 10" = 3%) — aM (" = 3")|[E

= 220" —")"THM®OW" — ") — (0" = ") MTHM(v* — o)
= a0 —="TQT +Q — aMTHM)W" — ")
= alo” — 572, (2.4)

Substituting (2.3), (2.4) in (2.2), the assertion of this theorem is proved. [
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2.1 Convergence in a strictly contraction sense

Theorem 2.2 Let {vk} be the sequence generated by a method for the problem (1.4) and

~k k+1

W" is obtained in the k-th iteration. If v" , U and " satisfy the conditions in the

unified framework, then we have

0" =0T < " = 0" et =G, Wt eVt (@5

Proof. Setting w = w™ in (2.1), we get

| [ (o [

> afv” — || 4 22{0(0") — 0(u*) + (@° — w*) F(@")}. (26)
By using the optimality of w™ and the monotonicity of F'(w), we have

0(a") —0(u*) + (0" —w*)" F(@") > 0(a") —0(u*) + (0" —w*) F(w*) >0

and thus

k+1

e (O e i = (2.7)

The assertion (2.5) follows directly. L]
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2.2 Convergence rate in an ergodic sense

Equivalent Characterization of the Solution Set of VI '

For the convergence rate analysis, we need another characterization of the solution set of

VI (1.4). It can be described the following theorem and the proof can be found in [?]
(Theorem 2.3.5) or [10] (Theorem 2.1). We include all the details for completeness.

Theorem 2.3 The solution set of VI(S2, F, 0) is convex and it can be characterized as

Q' = ({weQ: (6(u) —0(@) + (w—d)" F(w) >0}.  (28)

weEN
Proof. Indeed, if w € {2, we have

0(u) — () + (w —w)" F(w) >0, Yw € Q.
By using the monotonicity of /' on €2, this implies that

0(u) — () + (w — W) F(w) >0, Yw € Q.

Thus, W belongs to the right-hand set in (2.8). Conversely, suppose 1w belongs to the latter
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set of (2.8). Let w € (2 be arbitrary. The vector
w=aw+ (1 —a)w
belongs to €2 for all &« € (0, 1). Thus we have
0(a) — 0(a) + (w —w)" F(w) > 0. (2.9)

Because 6(-) is convex, we have
O(a) <af(u) + (1 -a)f(u) = (1-a)d(u)—-0(u)=0(u)—0(u)
Substituting it in (2.9) and using w — W = (1 — «a)(w — W), we get
(O(w) — 0(@) + (w — )" Foaw + (1 —a)w) >0
forall € (0, 1). Letting o — 1, it yields
(0(u) — 6(@) + (w — @) F(w) > 0.

Thus w € €2*. Now, we turn to prove the convexity of £2™. For each fixed but arbitrary
w € (2, the set

{weQ: 0@)+w Flw) <0u)+w' Flw)}
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and its equivalent expression

{we: (O(u)—0(w) + (w—w)" F(w) >0}

is convex. Since the intersection of any number of convex sets is convex, it follows that the
solution set of VI(§2, F’, 0) is convex. O

In Theorem 2.3, we have proved the equivalence of
weQ, Ou)—0(a)+ (w—w) F(w) >0, Ywe L,

and
weQ, Ou)—0(a)+ (w—w) F(w) >0, Ywe Q.

We use the late one to define the approximate solution of VI (1.4). Namely, for given

e > 0,w € (Qis called an e-approximate solution of VI(£2, F, 0), if it satisfies
weQ, Ou)—0(a)+ (w—0) Flw)>—e, Ywe D),

where
Diay = {w € Q| |Jw — || < 1}.
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We need to show that for given € > 0, after t iterations, it can offer a w € VV, such that

weW and sup {60(a)—0(u)+ (w0 — w)TF(w)} <. (2.10)

’UJE'D(,J))

Theorem 2.1 is also the base for the convergence rate proof. Using the monotonicity of F’,

we have
(w — ") F(w) > (w— ") F(a").

Substituting it in (2.1), we obtain

. 1 1
0(u)=0(a")+(w — ") F(w)+ v —v"|[i > —llv—v""|F, Yw € Q.
(2.11)

Note that the above assertion is hold for G > O.

Theorem 2.4 Let {vk’} be the sequence generated by a method for the problem (1.4) and

k+1

W" is obtained in the k-th iteration. Assume that v™ , U and w" satisfy the conditions

in the unified framework and let W be defined by

t
- 1 ke

Wt — ———
t+1k:0

(2.12)
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Then, for any integer numbert > 0, w: € €2 and

~ ~ T 1
0(a:) — O(u) + (0r —w)” F(w) < 20t + 1)

v —°||3, Ywe Q. (2.13)

Proof. First, it holds that " € Q for all k > 0. Together with the convexity of X and ),
(2.12) implies that w: € 2. Summing the inequality (2.11) over k = 0,1, ...,¢, we
obtain

t

(t+1)0(u)— >~ 0(a")+ ((t+1)w—z w’“)

k=0

T 1 012
F(w)—l—%Hv—v |7z >0, Yw e Q.

Use the notation of w;, it can be written as

t

1 ~k ~ T 1 02
—— > 0 —6 — F(w) < - \ Q.
g Do) ) (= ) ) < gl e
(2.14)
Since 6(u) is convex and
t
. 1 oy
U = —— » U,



we have that

1 k
O(u) < —— O(u”).
(i) < = > 0(@")
k=0
Substituting it in (2.14), the assertion of this theorem follows directly. U

Recall (2.10). The conclusion (2.13) thus indicates obviously that the method is able to

generate an approximate solution (i.e., W) with the accuracy O(1/t) after ¢ iterations.

That is, in the case G > 0, the convergence rate O(1/t) of the method is established.

e For the unified framework and the convergence proof, the reader can consult:

B.S. He, H. Liu, Z.R. Wang and X.M. Yuan, A strictly contractive Peaceman-
Rachford splitting method for convex programming, SIAM Journal on
Optimization 24(2014), 1011-1040.

e B.S. He and X. M. Yuan, On the O(1/n) convergence rate of the alternating
direction method, SIAM J. Numerical Analysis 50(2012), 700-709.
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2.3 Convergence rate in pointwise iteration-complexity

In this subsection, we show that if the matrix G defined in (1.9b) is positive definite, a
worst-case O(1/t) convergence rate in a nonergodic sense can also be established for
the prototype algorithm (1.8). Note in general a nonergodic convergence rate is stronger

than the ergodic convergence rate.

We first need to prove the following lemma.

Lemma 2.1 For the sequence generated by the prototype algorithm (1.8) where the

Convergence Condition is satisfied, we have
(Uk o 6k)TMTHM{<Uk . ?7k) o (Uk—l—l o 6k+1)}

1 Kk ~k k1 ~kt1y (2
> %H(U ") = (" =" )ier+q)- (2.15)

Proof. First, set w = T lin (1.8a), we have

0(w" ) — 0(a") + (@ =T F@") > (3" = M) T Q" — &%), (2.16)
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Note that (1.8a) is also true for £ := k + 1 and thus we have
0(uw)—0(@" T Hw—a"THTF@ ) > (v=3"THTQ " =t ), vw € Q.
Set w = " in the above inequality, we obtain

e(ﬂlk) . e(ﬂlk—l—l) + (wk o ’J}k+1) F(wk—l—l) 2 (@k . @vk'—l—l)TQ(vk'—l—l . @vk'—l—l).
(2.17)
Combining (2.16) and (2.17) and using the monotonicity of F', we get

(0" — " THTQ{(v" — ") — (" =" 1 > 0. (2.18)
Adding the term
ko o~k k+l  ~k4+1\qT ko ~k k1l ~k41
{07 =07") = (" =07 ) P Q{(v" —27) = (v"T =07 );}
to the both sides of (2.18), and using v* Qv = 2v" (Q" + Q)v, we obtain
ko k4l k1 skt ~k k1 skl
(0" =" )T Q{(v" =")— (v )} = —H(’U —0)=(v Migr+q)-

Substituting (v* — v* ™) = aM (v — ©¥) in the left-hand side of the last inequality
and using Q = H M, we obtain (2.15) and the lemma is proved. O



Now, we are ready to prove (2.19), the key inequality in this section.

Theorem 2.5 For the sequence generated by the prototype algorithm (1.8) where the

Convergence Condition is satisfied, we have

M@ =" g < [IM@" = 5")|u, VE>O0. (2.19)

Proof. Setting a = M (v — %) and b = M (v**! — 5"1) in the identity
lallzr — [1bll7 = 2a" H(a = b) — |la — bz,
we obtain

1M (0" —a")E — 1M (™ = 5" )|k
= 20" =T MTHM[(W" — ") — Tt — "]

—[IM[(0" = 5") = (" = )]l
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Inserting (2.15) into the first term of the right-hand side of the last equality, we obtain

k _ ~k k ~ &
M (v* —55)||F — [M (5T ="t

Lok <k k o k_ ~k k ~k
> —0F =) = @ =T ) — MR = 8F) = FT |
1
= —|(v* =3F) = (" =" TH|Z >0,
(87
where the last inequality is because of the positive definiteness of the matrix
(QT + Q) — aMT HM > 0. The assertion (2.19) follows immediately. O

Note that it follows from G = 0 and Theorem 2.2 there is a constant ¢cg > 0 such that
(0" —o* |5 < [[0° — o™ |3 — co||M (v* — 0%)||F, Yor e V™. (2.20)

Now, with (2.20) and (2.19), we can establish the worst-case O(1/t) convergence rate in

a nonergodic sense for the prototype algorithm (1.8).

Theorem 2.6 Let {v"} and {{0"} be the sequences generated by the prototype
algorithm (1.8) under the Convergence Condition. For any integert > 0, we have

IM(v" =3[ < lv” — o™ |13 (2.21)

(t -+ 1)60



Proof. First, it follows from (2.20) that

o

D ol M@ —")IFH < W =t |F, Vot e V™. (2.22)
k=0

According to Theorem 2.5, the sequence {||M (v" — ©%)||7;} is monotonically

non-increasing. Therefore, we have

(t+ DM =" HH<ZHM iz (2.23)

The assertion (2.21) follows from (2.22) and (2.23) immediately. [

Letd := inf{|[v” — v*||g | v* € V*}. Then, for any given € > 0, Theorem 2.6 shows
that the it needs at most | d? /coe | iterations to ensure that || M (v* — %) |3, < .
Recall that v is a solution of VI(§2, F, 8) if || M (v® — ©%)||%; = 0 (see (1.8a) and due
to Q = H M). A worst-case O(1/t) convergence rate in pointwise iteration-complexity is
thus established for the prototype algorithm (1.8).

Notice that, for a differentiable unconstrained convex optimization min f (), it holds that

f(@) = f(2") = V") (@ —2") + Oz — 2"||*) = O(l|lz — «"||").
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3 Classical ADMM in the Unified Framework

This section interprets the classical ADMM (1.5) and the linearized IADMM (1.6).

ADMM (1.5) Note that Theorem 2.4 is true for G = 0. Thus the classical ADMM (1.5)

has O(1/t) convergence rate in the ergodic sense.

Since a« = 1, according to (2.5) and the form of & in (1.16), we have
0" — o 17 < " —o"IH = SN = AR et eVt @)

Lemma 3.1 For given vk, let w*t?! be generated by (1.5) and W" be defined by (1.10).
Then, we have
ko k|2 k k+1,2
FIAT = AP > 0" =" (3.2)

Proof. According to (1.5) and (1.10), the optimal condition of the y-subproblem is
§" €Y, 02(y)=02(3")+(y—5") {-B \"+BB B(§"—y")} > 0, Vy € V.

Because

~

M=M= BB —y") and g =yt
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it can be written as
g ey, Ga(y) =02y )+ (y—y ) {=B A"} >0, Vy € V. 33
The above inequality is hold also for the last iteration, /. e., we have
y eV, ba(y) —02(y") + (y—y" ) {=B'N} 20, ¥yey. @4
Setting y = y"C in (83.3)and y = ka in (3.4), and then adding them, we get
A" = AT B* — ") > 0. (3.5)

Using A* — ¥ = (AF — XFt1) 4 BB(y* — y*1) and the inequality (3.5), we obtain

SINT =2 = SO =AY + 8B -y I
> AT = AT+ BB -y
= 0" =" [
The assertion of this lemma is proved. O

Substituting (3.2) in (3.1), we get the following nice property of the classical ADMM as in
Lecture 11.
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k+1

Theorem 3.1 For given V¥ , letw be generated by (1.5). Then, we have

o = o[ < o = oI = 0f = o, Wt e V. @)

Notice that the sequence {||v" — v*T1||7;} generated by the classical ADMM is

monotone non-increasing. In fact, in Theorem 2.5, we have proved that (see (2.19))

IM@" = 3") o < IM@"" =" )|lw, VE>1 (3.7)

Because (see the correction formula (1.14)), v — v*T1 = M(vk — ﬁk), it follows from
(3.7) that

" — " I EH < T =015 (3.8)

On the other hand, the inequality (3.6) tell us that

©.@)
D o =" <l ="
k=0
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Thus, we have

lof =" HE <

<

<

k+1
tHEju o

k+1
t+1§ju i

Therefore, ADMM (1.5) has O(1/t) convergence rate in pointwise iteration-complexity

[12].

ADMM (1.6) According to Theorem 2.2, for the v generated by (1.6) and ¥ defined

by (1.10), we have

Hvkt—i—l

where

sl,, 0
0

— vl <" =0 E — 0 =", Vot e VT, (3.9)

sl, —BBTB 0

0 I

1
B
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Since

it follows from (3.9) that

o = ot < JoF = vt — M = )G, et eV

UsingM:[ !
— 8B
g - I pBB
0 I
B slm,
B

I

(3.10)

? ] (see (1.14b)) and defining S = M~ T GM ™1, we have

SIm _ﬁBTB 0

Il o5 7]
0 11 BB I

Since sI,, = Bp(B' B), the matrix S is positive definite and it follows from (3.10) that

o = < 0¥ = vt = o = o, vt e v
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4 ADMM in Sense of Customized PPA [3]

If we change the performance order of y and \ of the classical ADMM (1.5), it becomes

"

"t = Argmin{Ls(z, y", \¥) |z € X'},

¢ AN = \F — B(Az*T + By* —b), (4.1)

\ y"““ — Argmin{[,g(azkﬂ,y, )\kH) ly € V}.

In this way we can get a positive semidefinite matrix () in (1.8a). We define

e e L D LS 4.2)
where (2" 11 4"t A*T1) s the output of (4.1) and thus it can be rewritten as
(% = Argmin{Ls(z, y", \F) |z € X},
¢ A=)k — B(Az* + By* —b), (4.3)
7" = Agmin{Ls (", y, \¥) |y € V).
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Because \* = A\*T1 = \¥ — 3(A%* + By* — b), the optimal condition of the

ax-subproblem of (4.3) is
01(z) — 01(2") + (x — )" (A" XY >0, Ve ex. (4.4)
Notice that

L@@y, ) = 61(3") + 02(y) — ()T (AZ* + By — b) + 5[|AZ" + By — b|?,

ignoring the constant term in the y optimization subproblem of (4.3), it turns to
7" = Argmin{02(y) — (\")" By + 5||AZ" + By — b||* |y € I},
and consequently, the optimal condition is §* € Y,

O2(y) — 02(5") + (y — §°) " [-B"N* + BB A" + Bj* — b)] > 0, Vy € V.
For the term [ - | in the last inequality, using B(AZ* + By® — b) = —(A\* — X*), we
have

—B"\F + 8B Az" + B§" —b)
= —B'\'+BB'B(I" —y") + BB(AZ" + By" - b)
_ BTk 4 BBTB(:&IC _ yk) B BT(S\k: B )\k).
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Finally, the optimal condition of the y-subproblem can be written as yjk € )Y and

02(y)—02(5")+(y—3°)" B N +B8B'B(§"—y")—B (X" =\*)] >0, vy € V.

(4.5)
From the \ update form in (4.3) we have
~k ~k ~k k Tk k
(AZ" + By —b) — B(g" —y") +(1/8)(A" =A%) =0. (4.6)
Combining (4.4), (4.5) and (4.6), and using the notations of (1.4), we get following lemma.
Lemma 4.1 For given vk, let 0" be generated by (4.3). Then, we have
" € Q, 0(u) — 0(@") + (w—")TF (@) > (v—)T QMW" — %), vw € Q,
where
sBTB —B7T
Q = . : (4.7)
—B Elm
Because () is symmetric and positive semidefinite, according to (1.8), we can take

M=1 «a€(0,2) andthus H =Q.
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In this way, we get the new iterate by

The generated sequence {vk} has the convergence property

0" =" < 0" =0T — a2 = @)t -5

Ensure the matrix H to be positive definite ' If we add an additional proximal term

22|B(y — y*)||? to the y-subproblem of (4.3) with any small § > 0, it becomes

(

ik = Argmin{ﬁg)(x, y* ) e X},
§ A=\ — B(Az" + By* —b), (4.8)
| 7" = Argmin{LZ (&, y, \*) + LBy —y")|I” |y € V}.

In the ADMM based customized PPA (4.3), the y-subproblem can be written as

§" = Argmin{6>(y) + 5||By —p"|I” |y € Y}, (4.9)

where
—p+ L >\ — AF",



If we add an additional term %’B |1B(y — y™)||? (with any small § > 0) to the objective

function of the y-subproblem, we will get §* via
7" = Argmin{6:(y) + 5[|1By — p"|I* + LBy —y")II* |y € V}.
By a manipulation, the solution point of the above subproblem is obtained via
g = Argmin{02(y) + 522 || By — ¢"|” |y € ¥}, (4.10)

where
¢" = 15" +0By").
In this way, the matrix () in (4.7) will turn to
(1+6sB*B —-B*
—B I

Take H = (), forany d > 0, H is positive definite when B is a full rank matrix. In other

words, instead of (4.9), using (4.10) to get gjk, it will ensure the positivity of H theoretically.

However, in practical computation, it works still well by using 6 = O.
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5 Symmetric ADMM [7]

In the problem (1.1), & and y are a pair of fair variables. It is nature to consider a symmetric

method: Update the Lagrangian Multiplier after solving each x and y-subproblem. .

We take p € (0, 1) (usually i = 0.9), the method is described as
(2P = Argmin{Ls(z, y*, \F) |z € X},
Nt2 = \F — pB(Adt T + Byb —b),

1
y* T = Argmin{Ls(z" Ty, AT 2) |y € VY,

A+ )\kz—i—% —MB(Aka _|_Byk:—|—1 —b).

\

This method is called Alternating direction method of multipliers with symmetric

multipliers updating, or Symmetric Alternating Direction Method of Multipliers.

The convergence of the proposed method is established via the unified framework.



For establishing the main result, we introduce an artificial vector nk by

jik xk—|—1
~k _ ij — yk—l—l : (5_2)
A N — B(Az"Tt + By* —b)

where (2" 11, 4y*T1) is generated by the ADMM (5.1).

According to (5.2), the optimal condition of the x-subproblem of (5.1) is
01(x) — 61(Z") + (. — )T (=ATX*) >0, Ve ex. (5.3)
Notice that the objective function of the y-subproblem in (5.1) is

Co(T",y, A"2)
= 0.(3") + 0a(y) — OFF2)T(AZ" + By — b) + £||AZ" + By — b||>.

Ilgnoring the constant term in the y-subproblem, it turns to

7* = Argmin{02(y) — A\ T2)T By + BllAZ" 4+ By —b||* |y € V1.
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Consequently, according to the optimality equivalent lemma , we have

J° €Y, 02(y) — 02(5")

_|_(y_gk)T{_BT)\k—|—% _I_ﬂBT<A£k _|_ng —b)} >0, Vy €.

Using

~

NFE = AF —(F = 3 = 3P 4 (1= ) (AF = A,

and B(AZ* 4+ By* — b) = (\F — AF), we get

BTNz 4 8BT(AZ* + B —b)

—B "\ + (1 = (N = X)) 4+ BT (AZ* + Bg* —b)

—B" (A" + (1= p)(\" = A") + BB B(7" — ")
+BBT (AZ" + By* —b)

—B" X — (1 —p)B" (A" = X*) + BB B(§" — y")
+BT (A" = \9)

_RBT\Fk —I—BBTB(?]k _ yk) B ,LLBT(S\k B )\k).
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Finally, the optimal condition of the y-subproblem can be written as ?jk € ), and
b2(y) — 02(5") + (y — ") {~B"\* + BB"B(7" —¢")
—uBY (AP =21 >0, vyey. (54
According to the definition of " in (5.2), we have
(Az" + Bj" —b) — B(5" — y*) + (1/8)(A" = X*) = 0. (5.5)
Combining (5.3), (5.4) and (5.5), and using the notations of (1.4), we get following lemma.

Lemma 5.1 For given VP , letw* ! pe generated by (5.1) and W" be defined by (5.2).
Then, we have

" € Q, 0(u)—0(@")+ (w—a")TF@") > (v-5")T Q0" —3"), vw e Q,
where
sB*B —uB”*
Q = X . (5.6)
—B Elm

Using this notation and by a manipulation, the update form of A in (5.1) can be represented
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as
ML= e [ BB(F - §7) + B(A + Byt —b)]

= A" — [=uBB" — ") +2u(A" = X)), (5.7)

Thus, together with yk+1 = g}k, we have the following useful relationship
P AF —uBB  2uln, AE )k
This can be rewritten into a compact form:
Pt = oF — M(0* — ),
with
I 0
M = . (5.8)
—upB  2ulm

These relationships greatly simplify our analysis and presentation.
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In order to use the unified framework, we only need to verify the positiveness of H and G.

For the matrix M given by (5.8), we have

u-to [ 1 0
13B ﬁlm
For H = QM !, it follows that
o BB'"B —uB" I 0\ _((Q-3wBB'B —3B'
1 1 1 1 1
-B 31m 3BB 5. Im —5B 5.5 1m
Thus
oo ] vBB" 0 2-—wI -I\ (VBB 0
) 1 1 1
0 51 —I i 0 51
Notice that
2-u) -1\ _J =0 pe(0)
1 B _
—1 m =0, p=1.

Therefore, H is positive definite for any . € (0, 1) when B is a full column rank matrix.
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It remains to check the positiveness of G = QT + Q — M H M. Note that

I —uBB* \[ BB*B —uB"

MYHM = M'Q=
0 2ulm -B  3ln

(1+wp)BB"B —2uB"
—2uB L

Using (5.6) and the above equation, we have

BB —-B*
G=@ +@-MHM=(—p | T
-B  ZIn
Thus
BT 0 I I VBB 0
G=(1—-p) Ve
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Because the matrix

1 —1
—1 2
is positive definite, for any © € (O, 1), (5 is essentially positive definite (positive definite

when B is a full column rank matrix). The convergence conditions (1.9) are satisfied.

Take p = 0.9, it will accelerate the convergence much. For the numerical experiments of

this method, it is refereed to consult [7].

The symmetric ADMM is a special version of the unified framework (1.8) - (1.9) whose

o =1,
—1)8B*B —-LiBT BB —-B*
H = ( 2‘1)6 12 and G = (1—p) P ,
——513 5531%1 ——l3 Bl;n

Both the matrices H and G are positive definite for iz € (0, 1). According to Theorem
2.2, we have

[ =0 < o =0 (7 — (0" = 30l Vot e V.
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Conclusion Remarks
Theorem 2.1 is the base of this note. Using aM (v — ©%) = (v* — v*T1) and
Q) = HM, we get
o{0(u) — 0(@") + (w — )T F(@™)} > (v — )T HW" — "), Yw € Q.
The elementary identity
1 1
(a—b)" H(c—d) = g illa - dl|zr = lla = ellE} + 5 tle = bl|7r — lld — bl %},
plays a key role in the proof. we thus obtain

(’U . @kz)TH(vk . Uk—|—1)
1 1

k412 k2 k ~k 12 k+1 ~k
= 5 (o = =l = o 3) + 5 " = 5 Fr = [10™+ = 113,

This basic technique has also been adopted by A. Beck [1] in his monographs. He has

made a special footnote (see Page 428 in [1]). The technique is simple yet powerful !
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