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The context of this lecture is based on the publication [21]
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1 Splitting Methods in a Unified Framework

We study the algorithms using the guidance of variational inequality. The optimal condition

of the linearly constrained convex optimization is resulted in a variational inequality:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.1)

The analysis can be fund in [17] (Sections 4 and 5 therin). In order to illustrate the unified

framework, let us restudy the augmented Lagrangian method.

1.1 Extended Augmented Lagrangian Method

For the convex optimization

min{θ(x) |Ax = b, x ∈ X}. (1.2)

Its augmented Lagrangian function is

Lβ(x, λ) = θ(x)− λT (Ax− b) +
β

2
‖Ax− b‖2,

where the quadratic term is the penalty for the linear constraints Ax = b. The k-th

iteration of the Augmented Lagrangian Method [28, 32] begins with a given λk , obtain
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wk+1 = (xk+1, λk+1) via

(ALM)

{
xk+1 = arg min

{
Lβ(x, λk)

∣∣ x ∈ X}, (1.3a)

λk+1 = λk − β(Axk+1 − b). (1.3b)

In (1.3), xk+1 is only a computational result of (1.3a) from given λk , it is called the

intermediate variable. If we denote the output of (1.3) by w̃k = (x̃k, λ̃k), then the optimal

condition can be written as w̃k ∈ Ω and{
θ(x)− θ(x̃k) + (x− x̃k)T {−ATλk + βAT (Ax̃k − b)} ≥ 0, ∀x ∈ X ,

(λ− λ̃k)T {(Ax̃k − b) + 1
β

(λ̃k − λk)} ≥ 0, ∀λ ∈ <m.

The above relation can be written as

θ(x)− θ(x̃k) +

 x− x̃k

λ− λ̃k

T −AT λ̃k
Ax̃k − b

 ≥ (λ− λ̃k)T
1

β
(λk − λ̃k), (1.4a)

for all w ∈ Ω. In the classical augmented Lagrangian method, λk+1 = λ̃k . In practice,

we can use relaxation techniques and offer the new iterate by

λk+1 = λk − α(λk − λ̃k), α ∈ (0, 2). (1.4b)
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Setting w = w∗ in (1.4a), we get (λ̃k − λ∗)T 1
β

(λk − λ̃k) ≥ 0 and thus

(λk − λ∗)T (λk − λ̃k) ≥ ‖λk − λ̃k‖2. (1.5)

By using (1.4b) and (1.5), we get

‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − α(2− α)‖λk − λ̃k‖2.

In order to describe the algorithm prototype, we give the following definition.

Definition (Intermediate variables and Essential Variables)

For an iterative algorithm solving VI(Ω, F, θ), if some coordinates of w are not involved in

the beginning of each iteration, then these coordinates are called intermediate variables

and those required by the iteration are called essential variables (denoted by v).

• The sub-vector w\v is called intermediate variables.

• In some Algorithms, v is a proper sub-vector of w; however, v = w is also possible.

According to the above mentioned definition, in the the augmented Lagrangian method, x

is an intermediate variable and λ is the essential variable.
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1.2 Algorithms in a unified framework
A Prototype Algorithm for (1.1)

[Prediction Step.] With given vk , find a vector w̃k ∈ Ω which satisfying

θ(u)−θ(ũk)+(w− w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk− ṽk), ∀w ∈ Ω, (1.6a)

where the matrix Q has the property: QT +Q is positive definite.

[Correction Step.] Determine a nonsingular matrix M and a scalar α > 0, let

vk+1 = vk − αM(vk − ṽk). (1.6b)

• Usually, we do not take the output of (1.6a), ṽk , as the new iterate. Thus, ṽk is called

the predictor. The new iterate vk+1 given by (1.6b) is called the corrector. The

prototype algorithm is a Prediction-Correction Method.

• We use the extended ALM in Section 1.1 as an example. In (1.4a) we have v = λ,

Q = 1
β
I , while in the correction step (1.4b), M = I and α ∈ (0, 2).

• When vk = ṽk , it follows from (1.6a) directly that w̃k is a solution of (1.1). Thus, one

can use ‖vk − ṽk‖ < ε as the stopping criterion in (1.6).
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Convergence Conditions

For the matrices Q and M , and the step size α determined in (1.6), the matrices

H = QM−1 (1.7a)

and

G = QT +Q− αMTHM. (1.7b)

are positive definite (or H � 0 and G � 0).

• We use the extended ALM in Section 1.1 as an example. Since Q = 1
β
I in the

prediction step, and M = I and α ∈ (0, 2) in the correction step, it follows that

H = QM−1 = 1
β
I and G = QT +Q− αMTHM = 2−α

β
I.

Therefore, the convergence conditions are satisfied.

• For G � 0, it has the O(1/t) convergence rate in a ergodic sense. If G � 0, the

sequence {vk} is Fèjer monotone and converges to a v∗ ∈ V∗ in H-norm.

• Using the unified framework, the convergence proof is very simple. In addition, it will

help us to construct more efficient splitting contraction method for convex optimization

with different structures.
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Given a positive definite matrix Q in (1.6a) (QT +Q � 0), for satisfying the convergence

conditions (1.7), how to choose the matrix M and α > 0 in the correction step (1.6b) ?

There are many possibilities, the principle is simplicity and efficiency. See an example:

• In order to ensure the symmetry and positivity of H = QM−1, we take

H = QD−1QT ,

where D is a symmetric investable block diagonal matrix. Because

H = QD−1QT and H = QM−1,

we only need to set M−1 = D−1QT and thus

M = Q−TD satisfies the condition (1.7a).

In this case, MTHM = QTM = QTQ−TD = D.

• After choosing the matrix M , let

αmax = arg max{α |QT +Q− αMTHM � 0},

the condition (1.7b) is satisfied for any α ∈ (0, αmax).
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1.3 Customized PPA satisfies the Convergence Condition

Recall the convex optimization problem discussed in Lecture 6, namely,

min{θ(x) | Ax = b, x ∈ X}.

The related variational inequality of the saddle point of the Lagrangian function is

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

where

w =

 x

λ

 , F (w) =

 −ATλ

Ax− b

 and Ω = X × <m.

For given vk = wk = (xk, λk), let the output of the Customized PPA as a predictor and

denote it as w̃k = (x̃k, λ̃k). Then, we have x̃k = arg min
{
θ(x)− (λk)T (Ax− b) + r

2
‖x− xk‖2

∣∣ x ∈ X},
λ̃k = λk − 1

s
[A(2x̃k − xk)− b].

(1.8)
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Similar as (1.4), the output w̃k ∈ Ω of the iteration (1.8) satisfies

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TH(wk − w̃k), ∀w ∈ Ω.

It is a form of (1.6a) where

Q = H =

(
rI AT

A sI

)
.

This matrix is positive definite when rs > ‖ATA‖. We take M = I in the correction

(1.6b) and the new iterate is updated by

wk+1 = wk − α(wk − w̃k), α ∈ (0, 2).

Then, we have and

H = QM−1 = Q � 0 and G = QT +Q− αMTHM = (2− α)H � 0.

The convergence conditions (1.7) are satisfied. More about customized PPA, please see

♣ G.Y. Gu, B.S. He and X.M. Yuan, Customized Proximal point algorithms for linearly

constrained convex minimization and saddle-point problem: a unified Approach, Comput.

Optim. Appl., 59(2014), 135-161.



XX - 10

1.4 Primal-Dual relaxed PPA-based Contraction Methods

For solving (1.2), with given vk = wk = (xk, λk), let w̃k = (x̃k, λ̃k) be produced by

x̃k = arg min
{
θ(x)− (λk)T (Ax− b) + r

2
‖x− xk‖2

∣∣ x ∈ X} (1.9a)

and (according to equality constraints Ax = b or inequality constranits Ax ≥ b)

λ̃k = λk − 1

s
(Ax̃k − b) or λ̃k = [λk − 1

s
(Ax̃k − b)]+. (1.9b)

The predictor w̃k ∈ Ω generated by (1.9) satisfies

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (1.10)

where the matrix

Q =

 rIn AT

0 sIm

 , (1.11)

is not symmetric. However, (1.10) can be viewed as (1.6a). In this subsection, all the

mentioned matrix Q is (1.11). There is example to show that the method is not necessary

convergent if we directly take wk+1 = w̃k .
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Corrector—the new iterate For given vk and the predictor ṽk by (1.9), we use

vk+1 = vk −M(vk − ṽk), (1.12)

to produce the new iterate, where

M =

 In
1
r
AT

0 Im


is a upper triangular block matrix whose diagonal part is unit matrix. Note that

H = QM−1 =

 rIn AT

0 sIm

 In − 1
r
AT

0 Im

 =

 rIn 0

0 sIm

 � 0.

In addition,

G = QT +Q−MTHM = QT +Q−QTM

=

rIn 0

0 sIm − 1
r
AAT

 .
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G is positive definite when rs > ‖ATA‖. The convergence conditions (1.7) are satisfied.

Convergence behaviors for LP

A Toy Example: min{x |x = 1, x ≥ 0}, (x∗, y∗) = (1, 1).
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This example shows, sometimes the correction has surprising effectiveness.
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In the correction step (1.12), the matrix M is a upper-triangular matrix. We can also use

the lower-triangular matrix

M =

 In 0

− 1
s
A Im


According to (1.7a), H = QM−1, by a simple computation, we have

H =

 rIn AT

0 sIm

 In 0

1
s
A Im

 =

 rIn + 1
s
ATA AT

A sIm

 .

H is positive definite for any r, s > 0. In addition,

G = QT +Q−MTHM = QT +Q−QTM

=

2rIn AT

A 2sIm

−
rIn 0

0 sIm

 =

rIn AT

A sIm

 .

G is positive definite when rs > ‖ATA‖. The convergence conditions (1.7) are satisfied.

For a given prediction, there are different corrections which satisfy the convergence

conditions (1.7). For example, we can take a convex combination of the above mentioned
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matrices. Namely, for τ ∈ [0, 1]

M = (1− τ)

 In
1
r
AT

0 Im

+ τ

 In 0

− 1
s
A Im


=

 In
1−τ
r
AT

− τ
s
A Im

 .

For this matrix M , we denote

Π = I +
τ(1− τ)

rs
AAT .

Clearly, Π is positive definite. Let

H =

 rIn + τ2

s
ATΠ−1A τATΠ−1

τΠ−1A sΠ−1

 .

It is easy to verify that H is positive definite for any r, s > 0 and

HM = Q.
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Now, we turn to observe the matrix G, it leads that

G = QT +Q−MTHM = QT +Q−QTM

=

2rIn AT

A 2sIm

−
rIn 0

A sIm

 In
1−τ
r
AT

−τ
s
A Im


=

rIn τAT

τA s(Im − 1−τ
rs
AAT )


=

rIn τAT

τA τ2sI

+

0 0

0 s(1− τ)[(1 + τ)Im − 1
rs
AAT ]

 .

For τ ∈ [0, 1], G is positive definite when rs > ‖ATA‖. The convergence conditions

(1.7) are satisfied. Especially, in the case τ = 1/2, when rs > 3
4
‖ATA‖,

G =

rIn 1
2
AT

1
2
A s(Im − 1

2rs
AAT )

 � 0.

We do not need to calculate H and G, only verifying their positivity is necessary.
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2 Convergence proof in the unified framework

In this section, assuming the conditions (1.7) in the unified framework are satisfied, we

prove some convergence properties.

Theorem 2.1 Let {vk} be the sequence generated by a method for the problem (1.1) and

w̃k is obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the

unified framework, then we have

α
(
θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

)
≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+
α

2
‖vk − ṽk‖2G, ∀w ∈ Ω. (2.1)

Proof. Using Q = HM (see (1.7a)) and the relation (1.6b), the right hand side of (1.7a)

can be written as (v − ṽk)T 1
α
H(vk − vk+1) and hence

α{θ(u)−θ(ũk)+(w−w̃k)TF (w̃k)} ≥ (v−ṽk)TH(vk−vk+1), ∀w ∈ Ω. (2.2)

Applying the identity

(a− b)TH(c− d) =
1

2
{‖a− d‖2H − ‖a− c‖2H}+

1

2
{‖c− b‖2H − ‖d− b‖2H},
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to the right hand side of (2.2) with

a = v, b = ṽk, c = vk, and d = vk+1,

we thus obtain

(v − ṽk)TH(vk − vk+1)

=
1

2

(
‖v − vk+1‖2H−‖v − vk‖2H

)
+

1

2
(‖vk − ṽk‖2H−‖vk+1 − ṽk‖2H).(2.3)

For the last term of (2.3), we have

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− (vk − vk+1)‖2H

(1.6b)
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− αM(vk − ṽk)‖2H
= 2α(vk − ṽk)THM(vk − ṽk)− α2(vk − ṽk)TMTHM(vk − ṽk)

= α(vk − ṽk)T (QT +Q− αMTHM)(vk − ṽk)
(1.7b)
= α‖vk − ṽk‖2G. (2.4)

Substituting (2.3), (2.4) in (2.2), the assertion of this theorem is proved. 2
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2.1 Convergence in a strictly contraction sense

For the convergence in a strictly contraction sense, the matrixG should be positive definite.

Theorem 2.2 Let {vk} be the sequence generated by a method for the problem (1.1) and

w̃k is obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the

unified framework, then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (2.5)

Proof. Setting w = w∗ in (2.1), we get

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ α‖vk − ṽk‖2G + 2α{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)}. (2.6)

By using the optimality of w∗ and the monotonicity of F (w), we have

θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗) ≥ 0

and thus

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ α‖vk − ṽk‖2G. (2.7)
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The assertion (2.5) follows directly. 2

2.2 Convergence rate in an ergodic sense

Equivalent Characterization of the Solution Set of VI

For the convergence rate analysis, we need another characterization of the solution set of

VI (1.1). It can be described the following theorem and the proof can be found in [9]

(Theorem 2.3.5) or [25] (Theorem 2.1).

Theorem 2.3 The solution set of VI(Ω, F, θ) is convex and it can be characterized as

Ω∗ =
⋂
w∈Ω

{
w̃ ∈ Ω :

(
θ(u)− θ(ũ)

)
+ (w − w̃)TF (w) ≥ 0

}
. (2.8)

Proof. Indeed, if w̃ ∈ Ω∗, we have

θ(u)− θ(ũ) + (w − w̃)TF (w̃) ≥ 0, ∀w ∈ Ω.
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By using the monotonicity of F on Ω, this implies that

θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ 0, ∀w ∈ Ω.

Thus, w̃ belongs to the right-hand set in (2.8). Conversely, suppose w̃ belongs to the latter

set of (2.8). Let w ∈ Ω be arbitrary. The vector

w̄ = αw̃ + (1− α)w

belongs to Ω for all α ∈ (0, 1). Thus we have

θ(ū)− θ(ũ) + (w̄ − w̃)TF (w̄) ≥ 0. (2.9)

Because θ(·) is convex, we have

θ(ū) ≤ αθ(ũ) + (1− α)θ(u) ⇒ (1− α)(θ(u)− θ(ũ)) ≥ θ(u)− θ(ũ).

Substituting it in (2.9) and using w̄ − w̃ = (1− α)(w − w̃), we get

(θ(u)− θ(ũ)) + (w − w̃)TF (αw̃ + (1− α)w) ≥ 0

for all α ∈ (0, 1). Letting α→ 1, it yields

(θ(u)− θ(ũ)) + (w − w̃)TF (w̃) ≥ 0.
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Thus w̃ ∈ Ω∗. Now, we turn to prove the convexity of Ω∗. For each fixed but arbitrary

w ∈ Ω, the set

{w̃ ∈ Ω : θ(ũ) + w̃TF (w) ≤ θ(u) + wTF (w)}

and its equivalent expression

{w̃ ∈ Ω :
(
θ(u)− θ(ũ)

)
+ (w − w̃)TF (w) ≥ 0}

is convex. Since the intersection of any number of convex sets is convex, it follows that the

solution set of VI(Ω, F, θ) is convex. 2

In Theorem 2.3, we have proved the equivalence of

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w̃) ≥ 0, ∀w ∈ Ω,

and

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ 0, ∀w ∈ Ω.

We use the late one to define the approximate solution of VI (1.1). Namely, for given

ε > 0, w̃ ∈ Ω is called an ε-approximate solution of VI(Ω, F, θ), if it satisfies

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ −ε, ∀ w ∈ D(w̃),
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where

D(w̃) = {w ∈ Ω | ‖w − w̃‖ ≤ 1}.

We need to show that for given ε > 0, after t iterations, it can offer a w̃ ∈ W , such that

w̃ ∈ W and sup
w∈D(w̃)

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ ε. (2.10)

Theorem 2.1 is also the base for the convergence rate proof. Using the monotonicity of F ,

we have

(w − w̃k)TF (w) ≥ (w − w̃k)TF (w̃k).

Substituting it in (2.1), we obtain

θ(u)−θ(ũk)+(w− w̃k)TF (w) +
1

2α
‖v− vk‖2H ≥

1

2α
‖v− vk+1‖2H , ∀w ∈ Ω.

(2.11)

Note that the above assertion is hold for G � 0.

Theorem 2.4 Let {vk} be the sequence generated by a method for the problem (1.1) and

w̃k is obtained in the k-th iteration. Assume that vk , vk+1 and w̃k satisfy the conditions
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in the unified framework and let w̃t be defined by

w̃t =
1

t+ 1

t∑
k=0

w̃k. (2.12)

Then, for any integer number t > 0, w̃t ∈ Ω and

θ(ũt)− θ(u) + (w̃t − w)TF (w) ≤ 1

2α(t+ 1)
‖v − v0‖2H , ∀w ∈ Ω. (2.13)

Proof. First, it holds that w̃k ∈ Ω for all k ≥ 0. Together with the convexity of X and Y ,

(2.12) implies that w̃t ∈ Ω. Summing the inequality (2.11) over k = 0, 1, . . . , t, we

obtain

(t+1)θ(u)−
t∑

k=0

θ(ũk)+
(

(t+1)w−
t∑

k=0

w̃k
)T
F (w)+

1

2α
‖v−v0‖2H ≥ 0, ∀w ∈ Ω.

Use the notation of w̃t, it can be written as

1

t+ 1

t∑
k=0

θ(ũk)− θ(u) + (w̃t −w)TF (w) ≤ 1

2α(t+ 1)
‖v− v0‖2H , ∀w ∈ Ω.

(2.14)
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Since θ(u) is convex and

ũt =
1

t+ 1

t∑
k=0

ũk,

we have that

θ(ũt) ≤
1

t+ 1

t∑
k=0

θ(ũk).

Substituting it in (2.14), the assertion of this theorem follows directly. 2

Recall (2.10). The conclusion (2.13) thus indicates obviously that the method is able to

generate an approximate solution (i.e., w̃t) with the accuracy O(1/t) after t iterations.

That is, in the case G � 0, the convergence rate O(1/t) of the method is established.

• For the unified framework and the convergence proof, the reader can consult:

B.S. He, H. Liu, Z.R. Wang and X.M. Yuan, A strictly contractive Peaceman-

Rachford splitting method for convex programming, SIAM Journal on

Optimization 24(2014), 1011-1040.

• B. S. He and X. M. Yuan, On the O(1/n) convergence rate of the alternating

direction method, SIAM J. Numerical Analysis 50(2012), 700-709.
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2.3 Convergence rate in pointwise iteration-complexity

In this subsection, we show that if the matrix G defined in (1.7b) is positive definite, a

worst-case O(1/t) convergence rate in a nonergodic sense can also be established for

the prototype algorithm (1.6). Note in general a nonergodic convergence rate is stronger

than the ergodic convergence rate.

We first need to prove the following lemma.

Lemma 2.1 For the sequence generated by the prototype algorithm (1.6) where the

Convergence Condition is satisfied, we have

(vk − ṽk)TMTHM{(vk − ṽk)− (vk+1 − ṽk+1)}

≥ 1

2α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q). (2.15)

Proof. First, set w = w̃k+1 in (1.6a), we have

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk). (2.16)
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Note that (1.6a) is also true for k := k + 1 and thus we have

θ(u)−θ(ũk+1)+(w−w̃k+1)TF (w̃k+1) ≥ (v−ṽk+1)TQ(vk+1−ṽk+1), ∀w ∈ Ω.

Set w = w̃k in the above inequality, we obtain

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1).

(2.17)

Combining (2.16) and (2.17) and using the monotonicity of F , we get

(ṽk − ṽk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 0. (2.18)

Adding the term

{(vk − ṽk)− (vk+1 − ṽk+1)}TQ{(vk − ṽk)− (vk+1 − ṽk+1)}

to the both sides of (2.18), and using vTQv = 1
2
vT (QT +Q)v, we obtain

(vk−vk+1)TQ{(vk−ṽk)−(vk+1−ṽk+1)} ≥ 1

2
‖(vk−ṽk)−(vk+1−ṽk+1)‖2(QT +Q).

Substituting (vk − vk+1) = αM(vk − ṽk) in the left-hand side of the last inequality

and using Q = HM , we obtain (2.15) and the lemma is proved. 2
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Now, we are ready to prove (2.19), the key inequality in this section.

Theorem 2.5 For the sequence generated by the prototype algorithm (1.6) where the

Convergence Condition is satisfied, we have

‖M(vk+1 − ṽk+1)‖H ≤ ‖M(vk − ṽk)‖H , ∀ k > 0. (2.19)

Proof. Setting a = M(vk − ṽk) and b = M(vk+1 − ṽk+1) in the identity

‖a‖2H − ‖b‖2H = 2aTH(a− b)− ‖a− b‖2H ,

we obtain

‖M(vk − ṽk)‖2H − ‖M(vk+1 − ṽk+1)‖2H
= 2(vk − ṽk)TMTHM [(vk − ṽk)− (vk+1 − ṽk+1)]

−‖M [(vk − ṽk)− (vk+1 − ṽk+1)]‖2H .
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Inserting (2.15) into the first term of the right-hand side of the last equality, we obtain

‖M(vk − ṽk)‖2H − ‖M(vk+1 − ṽk+1)‖2H

≥ 1

α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q) − ‖M [(vk − ṽk)− (vk+1 − ṽk+1)]‖2H

=
1

α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G ≥ 0,

where the last inequality is because of the positive definiteness of the matrix

(QT +Q)− αMTHM � 0. The assertion (2.19) follows immediately. 2

Note that it follows from G � 0 and Theorem 2.2 there is a constant c0 > 0 such that

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − c0‖M(vk − ṽk)‖2H , ∀v∗ ∈ V∗. (2.20)

Now, with (2.20) and (2.19), we can establish the worst-case O(1/t) convergence rate in

a nonergodic sense for the prototype algorithm (1.6).

Theorem 2.6 Let {vk} and {w̃k} be the sequences generated by the prototype

algorithm (1.6) under the Convergence Condition. For any integer t > 0, we have

‖M(vt − ṽt)‖2H ≤
1

(t+ 1)c0
‖v0 − v∗‖2H . (2.21)
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Proof. First, it follows from (2.20) that

∞∑
k=0

c0‖M(vk − ṽk)‖2H ≤ ‖v0 − v∗‖2H , ∀ v∗ ∈ V∗. (2.22)

According to Theorem 2.5, the sequence {‖M(vk − ṽk)‖2H} is monotonically

non-increasing. Therefore, we have

(t+ 1)‖M(vt − ṽt)‖2H ≤
t∑

k=0

‖M(vk − ṽk)‖2H . (2.23)

The assertion (2.21) follows from (2.22) and (2.23) immediately. 2

Let d := inf{‖v0 − v∗‖H | v∗ ∈ V∗}. Then, for any given ε > 0, Theorem 2.6 shows

that the it needs at most bd2/c0εc iterations to ensure that ‖M(vk − ṽk)‖2H ≤ ε.
Recall that vk is a solution of VI(Ω, F, θ) if ‖M(vk − ṽk)‖2H = 0 (see (1.6a) and due

toQ = HM ). A worst-caseO(1/t) convergence rate in pointwise iteration-complexity is

thus established for the prototype algorithm (1.6).

Notice that, for a differentiable unconstrained convex optimization min f(x), it holds that

f(x)− f(x∗) = ∇f(x∗)T (x− x∗) +O(‖x− x∗‖2) = O(‖x− x∗‖2).
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3 Conclusions and Remarks

3.1 ADMM vs AMA
We consider the following convex optimization problem

min {θ(u) | Au = b, u ∈ U} (3.1)

Solving (3.1) by using the penalty function method

uk+1 =Argmin
{
θ(u) +

βk
2
‖Au− b‖2

∣∣u ∈ U}
Solving (3.1) by using the augmented Lagrangian method

Begin with a given λk ,

uk+1 =Argmin
{
θ(u)− (λk)T (Au− b) + β

2
‖Au− b‖2

∣∣x ∈ X}
λk+1 = λk − β(Auk+1 − b).
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·�y3�¦)�´

min {θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y} (3.2)

¦¦¦)))¯̄̄KKK (3.2)���vvv¼¼¼êêê���{{{

(xk+1, yk+1)=Argmin
{
θ1(x) + θ2(y) +

βk
2
‖Ax+By − b‖2

∣∣x ∈ X , y ∈ Y}

¦¦¦)))¯̄̄KKK (3.2)���OOO222 Lagrange¦¦¦fff{{{ l�½� λkm©

(xk+1, yk+1)=Argmin

θ1(x) + θ2(y)− (λk)T (Ax+By − b)

+β
2
‖Ax+By − b‖2

∣∣∣∣∣x ∈ Xy ∈ Y


λk+1 = λk − β(Axk+1 +Byk+1 − b).
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üaØÓ�{,f¯KJUÝ����.

O2 Lagrange¦f{`uv¼ê�{"

J. Nocedal, S. J. Wright: Numerical Optimization

?näk�©l(�¯K (3.2)��Ó�":µ

vk|^ xÚ y��©l(��¦)¬ÃlXÃ"

• ü��©l�f¯Kv¼ê�{tµ�Ò´�O4�z�{
AMA"

• ü��©l�f¯K�O2 Lagrange¦f{tµÒ´¦f�O
��{ ADMM"
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¦¦¦)))¯̄̄KKK (3.2)���tttµµµ���vvv¼¼¼êêê���{{{— ���OOO444���zzz���{{{(AMA)

l�½� ykm©

xk+1 =Argmin
{
θ1(x) + β

2
‖Ax+Byk − b‖2

∣∣x ∈ X},
yk+1 =Argmin

{
θ2(y) + β

2
‖Axk+1 +By − b‖2

∣∣y ∈ Y}.
¦¦¦)))¯̄̄KKK (3.2)���tttµµµ���OOO222 Lagrange¦¦¦fff{{{ — ADMM

l�½� (yk, λk)m©

xk+1 = Argmin
{
θ1(x)− (λk)TAx+ β

2
‖Ax+Byk − b‖2

∣∣x ∈ X},
yk+1 = Argmin

{
θ2(y)− (λk)TBy + β

2
‖Axk+1 +By − b‖2

∣∣y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b).

ÑÑÑtttµµµ,¦¦¦fff���OOO������{{{ (ADMM)AAATTT`̀̀uuu���OOO444���zzz���{{{ (AMA)
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3.2 üüü������fff¯̄̄KKK ADMM���{{{��� (ÌÌÌ���)UUU???

1. ADMM in sense of PPA������^̂̂SSS¿¿¿			òòò l (yk, λk)Ñu.


xk+1 = Argmin{Lβ(x, yk, λk) |x ∈ X},
λk+1 = λk − β(Axk+1 +Byk − b),
yk+1 = Argmin{Lβ(xk+1, y, λk+1) | y ∈ Y},

(3.3a)

 yk+1 := yk − γ(yk − yk+1),

λk+1 := λk − γ(λk − λk+1).
£tµòÿ¤ (3.3b)

ùp γ ∈ (0, 2).D�Ò := L« (3.3b)mà� (yk+1, λk+1)´d�

{�c�Ü© (3.3a)�)�.éõê¯K,ù�  U\¯Âñ�Ý.

• X.J. Cai, G.Y. Gu, B.S. He and X.M. Yuan, A proximal point

algorithms revisit on the alternating direction method of

multipliers, Science China Math., 56 (2013), 2179-2186.
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2. Symmetric ADMM ééé¡¡¡������OOO������{{{

�©Cþ xÚ y��þ´²��.¤±ïÆæ^é¡��O��{.

Symmetric Alternating Direction Method of Multipliers is described as

xk+1 = Argmin{Lβ(x, yk, λk) |x ∈ X},

λk+
1
2 = λk − µβ(Axk+1 +Byk − b),

yk+1 = Argmin{Lβ(xk+1, y, λk+
1
2 ) | y ∈ Y},

λk+1 = λk+
1
2 − µβ(Axk+1 +Byk+1 − b).

(3.4)

wehre µ ∈ (0, 1) (usually µ = 0.9).

• B.S. He, H. Liu, Z.R. Wang and X.M. Yuan, A strictly contractive

Peaceman- Rachford splitting method for convex programming,

SIAM Journal on Optimization 24(2014), 1011-1040.
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3.3 õõõ������©©©lll���fff���ààà`̀̀zzz¯̄̄KKK

·�± 3��©l�f�¯K�~

min{θ1(x) + θ2(y) + θ3(z)|Ax+By+Cz = b, x ∈ X , y ∈ Y, z ∈ Z}. (3.5)

ù�¯K�O2 Lagrange¼ê´

L3
β(x, y, z, λ) = θ1(x)+θ2(y)+θ3(z)−λT (Ax+By+Cz−b)+β

2
‖Ax+By+Cz−b‖2.

xk+1 = arg min
{
L3
β(x, yk, zk, λk)

∣∣ x ∈ X},
yk+1 = arg min

{
L3
β(xk+1, y, zk, λk)

∣∣ y ∈ Y},
zk+1 = arg min

{
L3
β(xk+1, yk+1, z, λk)

∣∣ z ∈ Z},
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b).

(3.6)

ém ≥ 3,��í2��O��{ØU�yÂñ.

• C. H. Chen, B. S. He, Y. Y. Ye and X. M. Yuan, The direct extension of ADMM

for multi-block convex minimization problems is not necessarily convergent,

Mathematical Programming, 155 (2016) 57-79.
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������ííí222 ADMMµµµ·�uL3 2016 Math.Progr.�n��f¯K

min{θ1(x)+ θ2(y)+ θ3(z)|Ax+By+Cz = b, x ∈ X , y ∈ Y, z ∈ Z}

�1��~f¥, θ1(x) = θ2(y) = θ3(z) = 0, X = Y = Z = <,

A = [A,B,C] ∈ <3×3 ´��ÛÉÝ
, b = 0 ∈ <3.

�k�
âdò��~f,y²
��í2� ADMM¿ØÂñ.

ù
~f�õ�´3nØ�¡�¿Â.

������UUUYYYïïïÄÄÄ���¯̄̄KKKµn��f�¢S¯K¥,�5�åÝ


A = [A,B,C]   ��k��´ü Ý
,=, A = [A,B, I].

��í2� ADMM?nù«�bC¢S�n��f�¯K,

QQQvvvkkkyyy²²²ÂÂÂñññ§§§���vvvkkkÞÞÞÑÑÑ���~~~§§§���888···���uuu%%%ØØØ[[[������
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ÞÞÞ���{{{üüü���~~~fff555`̀̀ :

• ¦f�O��{ (ADMM)?n¯K

min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y} ´Âñ�.

• ò�ª�å�¤Ø�ª�å,¯KÒC¤

min{θ1(x) + θ2(y)|Ax+By ≤ b, x ∈ X , y ∈ Y}.

• 2z¤n��f��ª�å¯K

min{θ1(x) + θ2(y) + 0 |Ax+By + z = b, x ∈ X , y ∈ Y, z ≥ 0}

• ��í2� ADMM?nþ¡ù«¯K,Ø�<�L}Á,�´�

8Qvky²Âñ5,�vkÞÑ�~�

Äuþã@�,·�én��f�¯KJÑ
�
?��{.5¿µ

·���{é¯KØ\?Û^��é βØ\��,�é�{ÄÃâ�
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???nnn���{{{���µµµ���pppddd£££������ ADMM���{{{

± (3.6)Jø� (yk+1, zk+1)�ýÿ,� α ∈ (0, 1),��úª�(
yk+1

zk+1

)
:=

(
yk

zk

)
− α

(
I −(BTB)−1BTC

0 I

)(
yk − yk+1

zk − zk+1

)
. (3.7)

du�e�ÚS���O� (Byk+1, Czk+1, λk+1),·����(
Byk+1

Czk+1

)
:=

(
Byk

Czk

)
− α

(
I −I
0 I

)(
B(yk − yk+1)

C(zk − zk+1)

)
.

• B. S. He, M. Tao and X.M. Yuan, Alternating direction method

with Gaussian back substitution for separable convex

programming, SIAM Journal on Optimization 22(2012), 313-340.

ééé yÚÚÚ z,kkkkkk���,ØØØúúú²²²,@@@ÒÒÒ������éééÖÖÖ,NNN���.
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???nnn���{{{���µµµADMM + Prox-Parallel Splitting ALM

y, zf¯K²1,XJØ���?n,Ò�§�èýkÑ\��K�
xk+1 = argmin

{
L3
β(x, y

k, zk, λk)
∣∣ x ∈ X},

yk+1 = argmin
{
L3
β(x

k+1, y, zk, λk) + τ
2β‖B(y − yk)‖2

∣∣y ∈ Y},
zk+1 = argmin

{
L3
β(x

k+1, yk, z, λk) + τ
2β‖C(z − z

k)‖2
∣∣z ∈ Z},

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b).

• B. He, M. Tao and X. Yuan, A splitting method for separable

convex programming. IMA J. Numerical Analysis, 31(2015),

394-426.

���gggddd,qqqØØØ������,ÒÒÒ\\\���KKK���,ØØØ###gggCCC���UUU���«««ììì.
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¦)�5�åà`z§O2.�KF¦f{ (ALM)`uv¼ê�
{§k:`zÄ:�£�<Ñ��"

éü��©l�f��5�åà`z¯K§O2.�KF¦f{

(ALM)Úv¼ê�{,tµ�©O¤
¦f�O��{ (ADMM)Ú
�O4�z�{ (AMA)"

<�Ïdkndé ADMM�	'%"

ADMMØ´·�JÑ5�"k
 10cÝKÂ �{�ïÄ�Ä

:,¦�·é ADMMa�{�	a,�"�+Æ)éADMM�{
��
kd��U?Úy²�
­��nØ(J§B^n¤Ù"
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�{þ§��
�©Cþ yÚéóCþ�gS§?
��ÏI½�

� PPA¿Âe� ADMM (Science in China, Mathematics, 2013)¶

²�é��©Cþ xÚ y§üg��éóCþ�§Ò��é¡.

� ADMM (SIAM Optimization, 2014)"

ù
�{§�nþUÕ4�§O�Ly�Ø�"

nØþ§·�y²
 ADMM3H{¿Âe (SIAM Numerical
Analysis§2012)Ú:�¿Âe(Numer. Mathematik, 2015)�
O(1/t)�Âñ�Ç.y²ÑØE,.

ADMM�2�A^§<�g,���n��f�¯Kí2"
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·�3ØUy²/��í2��{0Âñ��ÿ§JÑ
�
?n

õ��f¯K�ADMMa�{

(Computational Optimization and Applications, 2009).

(SIAM Optimization, 2012; IMA Numerical Analysis, 2015).

ù
�{��ÓA:´ØI�é¯K\?Û^��é β Ø\��,

�é�{ÄÃâ�

�5·�q�Ñ/��í2�ADMM�{?nn��f¯KØ�y

Âñ0�~f(Math. Progr., 2016),`²:

±cJÑ��
üÑ§Ããþ´7L�§Å�þ�´Ün�"
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• The analysis is guided by variational inequality.

• The most methods mentioned fall in a unified prediction-correction framework,

in which the convergence analysis is quite simple.

• All the discussed methods are closed related to Proximal Point Algorithms.

• All the discussed ADMM-like splitting methods are rooted from Augmented

Lagrangian Method.

• A through reading will acquaint you with the ADMM, while a more carefully

reading may make you familiar with the tricks on constructing splitting

methods according to the problem you met.

• The discussed first order splitting contraction methods are only appropriate

for some structured convex optimization in some practical applications.
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