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The context of this lecture is based on the publication [21]
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1 Splitting Methods in a Unified Framework

We study the algorithms using the guidance of variational inequality. The optimal condition

of the linearly constrained convex optimization is resulted in a variational inequality:
w*eQ, Ou)—0u")+ (w—-w) Fw)>0, YVweQ @11

The analysis can be fund in [17] (Sections 4 and 5 therin). In order to illustrate the unified
framework, let us restudy the augmented Lagrangian method.

1.1 Extended Augmented Lagrangian Method

For the convex optimization
min{f(z) | Ax =0b, x € X'}. (1.2)
lts augmented Lagrangian function is
Ls(xz,\) =0(z) — X\ (Az —b) + gHAx —b||?,

where the quadratic term is the penalty for the linear constraints Ax = b. The k-th
iteration of the Augmented Lagrangian Method [28, 32] begins with a given )\k, obtain
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wk—l—l — (.Cl?k+1, )\k+1> via

ALM " = arg min{ Ls(z, A") ‘ z e X}, (1.3a)
AT =X\ — (A" —b). (1.3b)

In (1.3), AT only a computational result of (1.3a) from given )\k, it is called the
intermediate variable. If we denote the output of (1.3) by " = (Z*, \¥), then the optimal
condition can be written as w"* € € and

{Q(x) —0(z") + (x—3")T{-ATN 4 BAT (AZ" — b))} >0, Vz € X,
(A= XO)T{(AZ" —b) + S(A* = A} >0, VAeR™

The above relation can be written as

T
_ ~k _ATS\k ~
0x)— 0+ | 7T > (A — A9
A — \F Az — b

rl 1

6()\"“ — "), (1.4a)

for all w € 2. In the classical augmented Lagrangian method, AL = \F 1n practice,
we can use relaxation techniques and offer the new iterate by

~

AL =X —a(\ =X, ae€(0,2). (1.4b)
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Setting w = w™ in (1.4a), we get (A\* — A*)T L (A\* — X\*¥) > 0 and thus

1
B
A" = XTOF = X5 > IAF = X)), (1.5)
By using (1.4b) and (1.5), we get
IR = AT <IN = AP = a2 = o) ]2 = AT

In order to describe the algorithm prototype, we give the following definition.

Definition (Intermediate variables and Essential Variables) '

For an iterative algorithm solving VI(£2, F', 6), if some coordinates of w are not involved in

the beginning of each iteration, then these coordinates are called intermediate variables

and those required by the iteration are called essential variables (denoted by v).
e The sub-vector w\v is called intermediate variables.
e In some Algorithms, v is a proper sub-vector of w; however, v = w is also possible.

According to the above mentioned definition, in the the augmented Lagrangian method, x

is an intermediate variable and \ is the essential variable.
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1.2 Algorithms in a unified framework
A Prototype Algorithm for (1.1)
[Prediction Step.] With given V¥, find a vector W* € Q which satisfying

0(u) —0(i") + (w—0") F(@") > (v—3")" Q" =), Yw € Q, (1.6a)

where the matrix () has the property: QT + (Q is positive definite.

[Correction Step.] Determine a nonsingular matrix M and a scalar o > 0, let

P =0F —aM (" — ). (1.6b)

k k

e Usually, we do not take the output of (1.6a), 0", as the new iterate. Thus, v" is called

k

the predictor. The new iterate v T given by (1.6b) is called the corrector. The

prototype algorithm is a Prediction-Correction Method.

e We use the extended ALM in Section 1.1 as an example. In (1.4a) we have v = A,

Q = %I, while in the correction step (1.4b), M = [ and o € (0, 2).
e When v”® = o, it follows from (1.6a) directly that " is a solution of (1.1). Thus, one

can use Hvk — " | < € as the stopping criterion in (1.6).
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Convergence Conditions

For the matrices () and M, and the step size v determined in (1.6), the matrices
H=QM* (1.7a)

and
G=Q" +Q —aM"HM. (1.7b)
are positive definite (or H = 0 and G > 0).

e We use the extended ALM in Section 1.1 as an example. Since () = %I in the
prediction step, and M = I and a € (0, 2) in the correction step, it follows that
H=QM'=4I ad G=Q'+Q-aM"HM =231

Therefore, the convergence conditions are satisfied.

e For G > 0, it has the O(1/t) convergence rate in a ergodic sense. If G > 0, the

sequence {v"} is F&jer monotone and converges to a v* € V* in H-norm.

e Using the unified framework, the convergence proof is very simple. In addition, it will

help us to construct more efficient splitting contraction method for convex optimization
with different structures.
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Given a positive definite matrix () in (1.6a) (QT + @ > 0), for satisfying the convergence
conditions (1.7), how to choose the matrix M and o > 0 in the correction step (1.6b) ?

There are many possibilities, the principle is simplicity and efficiency. See an example:

e In order to ensure the symmetry and positivity of H = QM ~*, we take
H=QD™'Q",
where D is a symmetric investable block diagonal matrix. Because
H=QD 'Q" and H=QM ',
we only need to set M ~1 = D~1Q? and thus
M = Q 1D satisfies the condition (1.7a).
Inthis case, M"HM = Q"M =Q*Q~"D = D.
e After choosing the matrix M, let
max = argmax{a | Q' +Q —aM" HM = 0},

the condition (1.7b) is satisfied for any & € (0, Atmax ).
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1.3 Customized PPA satisfies the Convergence Condition

Recall the convex optimization problem discussed in Lecture 6, namely,
min{f(z) | Ax =b, x € X'}.
The related variational inequality of the saddle point of the Lagrangian function is

w* €, Oz)—0z")+ (w—w) Fw*) >0, YweQ.

where
x — AT\
w = , F(w)= and =X xR,
A Ax — b
For given P = wh = (xk, )\k), let the output of the Customized PPA as a predictor and

denote it as W* = (&%, \¥). Then, we have

7* = argmin{0(z) — (\*)" (Az — b) + L|lz — 2"|° |z € X},
(1.8)

~

A= 2\F — LrA2z% — 2%) — b).

S
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Similar as (1.4), the output W* € Q of the iteration (1.8) satisfies

0(z) — 0(z") + (w — ") F(@") > (w — &™) Hw" — a"), Yw € Q.

o rI AT
Q_H_<A SI>.

This matrix is positive definite when rs > || A” A||. We take M = I in the correction

It is a form of (1.6a) where

(1.6b) and the new iterate is updated by
w* ! = w* — a(w® — "), a<c(0,2).
Then, we have and
H=QM '=Q>0 and G=Q"' +Q—aM" " HM = (2—a)H > 0.
The convergence conditions (1.7) are satisfied. More about customized PPA, please see

& G.Y. Gu, B.S. He and X.M. Yuan, Customized Proximal point algorithms for linearly
constrained convex minimization and saddle-point problem: a unified Approach, Comput.
Optim. Appl., 59(2014), 135-161.
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1.4 Primal-Dual relaxed PPA-based Contraction Methods

For solving (1.2), with given v% = w* = (2, A*), let w* = (¥, A*) be produced by

7" = argmin{f(z) — (\")" (Az —b) + L[|z —2"||* |z € X}  (1.92)
and (according to equality constraints Ax = b or inequality constranits Ax > b)

N=)\F

The predictor " € ) generated by (1.9) satisfies
0(z) — 0(2") + (w — ") F(@®) > (v = )T Q" — o), Yw € Q, (1.10)

where the matrix

rl, AT
Q= : (1.11)
0 siln

is not symmetric. However, (1.10) can be viewed as (1.6a). In this subsection, all the

mentioned matrix () is (1.11). There is example to show that the method is not necessary

k+1 ~k

convergent if we directly take w = w".
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Corrector—the new iterate ' For given v” and the predictor ¥~ by (1.9), we use

T = ¥ —M(fuk —’Dk), (1.12)
to produce the new iterate, where

I, LAT
0o I,

M =

is a upper triangular block matrix whose diagonal part is unit matrix. Note that

rl, A" I, —1A" rl, 0

H=QM '= = = 0.
0 slm 0 I 0 sl
In addition,
G = Q+Q-MHM=Q +Q-Q'M
ri, 0

0 sl,, — %AAT
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G is positive definite when s > || A A||. The convergence conditions (1.7) are satisfied.

Convergence behaviors for LP '

A Toy Example: min{z|x =1, z > 0}, (z*,y*) = (1,1).

w'g (0.0) w° Tw® W' (0.0)
Original PDHG PDHG + Correction

This example shows, sometimes the correction has surprising effectiveness.



In the correction step (1.12), the matrix M is a upper-triangular matrix. We can also use

the lower-triangular matrix
1, 0

M =

According to (1.7a), H = QM ~*, by a simple computation, we have

[ rl, A" I, O _ rl, + éATA AT
0 sln %A I, A sl
H is positive definite for any r, s > 0. In addition,
G = Q+Q-MHM=Q" +Q-Q'M
B orl, AL rl, 0 B rl, A%
B A 2slp, - 0 sim A sl

G is positive definite when rs > || A” A||. The convergence conditions (1.7) are satisfied.

For a given prediction, there are different corrections which satisfy the convergence
conditions (1.7). For example, we can take a convex combination of the above mentioned
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matrices. Namely, for 7 € [0, 1]

I, AT I, 0
M = (1-7) S Y
0 In —1A I,
In 1—7‘AT
B _TA T,

For this matrix M, we denote

Moo 7077 gy,
TSs

Clearly, 11 is positive definite. Let
rl, + = AT A AT
TII 1A sIT—*

It is easy to verify that H is positive definite for any r, s > 0 and

HM = Q.



Now, we turn to observe the matrix GG, it leads that

G = Q+Q-M"HM=Q"+Q-Q'M
B orl, Al rl, 0 L, 1;TAT
A 2sly, A sl —A I,
B rl, T AT
TA  s(Im — ZZAAT)
B rl, TAT N 0 0
TA 775l 0 s(1-—7)[(147)Im— ZAA"]

For 7 € [0, 1], G is positive definite when rs > || A*" A||. The convergence conditions
(1.7) are satisfied. Especially, in the case T = 1/2, when s > 3 || A" A]|,

rl, %AT
%A s(Ipm — 2%SAAT)

G = ~ 0.

We do not need to calculate /4 and (G, only verifying their positivity is necessary.
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2 Convergence proof in the unified framework

In this section, assuming the conditions (1.7) in the unified framework are satisfied, we

prove some convergence properties.

Theorem 2.1 Let {vk} be the sequence generated by a method for the problem (1.1) and

k+1

W" is obtained in the k-th iteration. If v" , U and " satisfy the conditions in the

unified framework, then we have

a(f(u) — 0(@*) + (w — @*)" F(a"))

1
—(Hv — v

k+12
> . ||

« ~
= llv—v®||H) + Euv’f — "5, Yw e Q. @1)

Proof. Using () = H M (see (1.7a)) and the relation (1.6b), the right hand side of (1.7a)

— v*"1) and hence

can be written as (v — 9*)" L H (v"
o{0(vw)—0(i")+(w—a") " F(@")} > (v—0")" H@W" —o* ), vw € Q. (2.2
Applying the identity

1 1
(a—b)" H(c—d) = —{lla—dllz — lla —cllzr} + 5 {lle = bllz — lld — bllz},
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to the right hand side of (2.2) with

~k k k41
a=v, b=09", ¢=0", and d=0""",

we thus obtain

(’U . ?7k)TH(?}k . vk—i—l)

1 1

k412 k2 ko ~kp2 k+1  ~Kk2
= S (Ilv = v a—llo = ") + 5 (" = 8" [a—llv™™ = 57[|7).23)
For the last term of (2.3), we have
[ = "7 — [[o" " — "%
ko ~kp2 k ~k k k+1\)2
= " =g = |(v" =07) = (0" =" )|k
(1.6b) ko ~kp2 k ~k ko ~ky(2
= |v" =0 [y = [[(v" =07) —aM (" = 07)[/H

= 220" —")"THM®OW" — ") — (0" = ") MTHM(v* — o)
= a0 —="TQT +Q — aMTHM)W" — ")
=l — 572, (2.4)

Substituting (2.3), (2.4) in (2.2), the assertion of this theorem is proved. [
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2.1 Convergence in a strictly contraction sense

For the convergence in a strictly contraction sense, the matrix (G should be positive definite.

Theorem 2.2 Let {vk} be the sequence generated by a method for the problem (1.1) and

~k k+1

W" is obtained in the k-th iteration. If v" , U and " satisfy the conditions in the

unified framework, then we have

o =" < ot — o = allot -3, Vet eV s

Proof. Setting w = w™ in (2.1), we get

| [ [ [

> allv® =35 + 20{0(@") — 0(u*) + (@F — w*) F(@")}. (2.8)
By using the optimality of w™ and the monotonicity of F'(w), we have

0(a") — 0(u*) + (0" —w*)" F(@®) > 0(@") — 0(u*) + (@" —w*) F(w*) >0

and thus

k+1

e e O i =2 (2.7)
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The assertion (2.5) follows directly. [

2.2 Convergence rate in an ergodic sense

Equivalent Characterization of the Solution Set of VI '

For the convergence rate analysis, we need another characterization of the solution set of

VI (1.1). It can be described the following theorem and the proof can be found in [9]
(Theorem 2.3.5) or [25] (Theorem 2.1).

Theorem 2.3 The solution set of VI($2, F, 0) is convex and it can be characterized as

O = ({weQ: (6(u) —0(@) + (w—d)" F(w) >0}.  (28)

wES

Proof. Indeed, if w € ™, we have

O(u) — 0(d) + (w— )" F(w) >0, Yw e Q.
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By using the monotonicity of F' on €2, this implies that
O(u) —0(a) + (w—w)" F(w) >0, Yw e Q.

Thus, W belongs to the right-hand set in (2.8). Conversely, suppose 1w belongs to the latter
set of (2.8). Let w € () be arbitrary. The vector

w=aw + (1 — a)w
belongs to € for all € (0, 1). Thus we have
0(w) — 0(@1) + (w — w)" F(w) > 0. (2.9)

Because 6(-) is convex, we have
0(u) < ab(u) + (1 —-a)f(u) = (1—-a)@(u)—0(a)=>0(u)—0(a)
Substituting it in (2.9) and using @ — W = (1 — a)(w — W), we get
(0(u) = 0(a)) + (w — @) Flaw + (1 — a)w) > 0
forall € (0, 1). Letting o — 1, it yields

(O(w) — 0(@) + (w — )" F(w) > 0.
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Thus w € ™. Now, we turn to prove the convexity of £2*. For each fixed but arbitrary
w € (), the set

{weQ: 0@)+w Flw) <0u)+w' Flw)}
and its equivalent expression

{weQ: (0(u) —0(@)) + (w—w)" F(w) >0}

is convex. Since the intersection of any number of convex sets is convex, it follows that the
solution set of VI(€2, F’, 0) is convex. O

In Theorem 2.3, we have proved the equivalence of
weQ, Ou)—0(a)+ (w—w) F(w) >0, Ywe Q,

and
weQ, 0u)—0(@)+ (w—w) Fw) >0, Ywe Q.

We use the late one to define the approximate solution of VI (1.1). Namely, for given
e > 0, w € (is called an e-approximate solution of VI(2, F|, 0), if it satisfies

WEQ, Ou)—0(i) + (w—w) Fw) > —e, ¥w € D),
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where
Dy ={w € Q| |lw — o] < 1}.

We need to show that for given € > 0, after ¢ iterations, it can offer a w € VV, such that

weW and sup {6(a)—0(u)+ (W — w)TF(w)} <. (2.10)
wED(@)

Theorem 2.1 is also the base for the convergence rate proof. Using the monotonicity of F’,

we have
(w— )T F(w) > (w— ") F(a").

Substituting it in (2.1), we obtain

1

0(u)—0(i")+(w — @) " F(w) +

1
o —0"||% > o Gl "%, Yw € Q.
(2.11)
Note that the above assertion is hold for G > 0.

Theorem 2.4 Let {vk} be the sequence generated by a method for the problem (1.1) and

k41

W" is obtained in the k-th iteration. Assume that v" , U and " satisfy the conditions
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in the unified framework and let W be defined by

t
- 1 ke
w".

- 2.12
Wy 1 (2.12)

k=0

Then, for any integer numbert > 0, w; € €) and

0(iie) — O(u) + (1 — w) T F(w) < ——

012
— Q. 2.1
< 2a(t—|—1)“v v ||a, Yweée (2.13)

Proof. First, it holds that " € Q for all k > 0. Together with the convexity of X’ and ),
(2.12) implies that w: € 2. Summing the inequality (2.11) over k = 0,1, ...,¢, we

obtain
t

t T 1

~k ~k 02

(t+1)9(u)—z 0(u )+((t—|—1)w—2w ) F(w)—F%H’U—U |7 >0, Ywe Q.
k=0 k=0

Use the notation of wy, it can be written as

t

1

t+1k::0

0(i*) — 0(u) + (B — )T F(w) < ——— v — "%, Vw e Q.

~ 2a(t+1)
(2.14)



Since 6(u) is convex and

we have that

O(u) < ——
t+ k=0

Substituting it in (2.14), the assertion of this theorem follows directly. [l

—_
—_
]~
(A
N
=gl
>
N—"

Recall (2.10). The conclusion (2.13) thus indicates obviously that the method is able to

generate an approximate solution (i.e., W) with the accuracy O(1/t) after t iterations.

That is, in the case G > 0, the convergence rate O(1/t) of the method is established.

e For the unified framework and the convergence proof, the reader can consult:

B.S. He, H. Liu, Z.R. Wang and X.M. Yuan, A strictly contractive Peaceman-
Rachford splitting method for convex programming, SIAM Journal on
Optimization 24(2014), 1011-1040.

e B. S. He and X. M. Yuan, On the O(1/n) convergence rate of the alternating
direction method, SIAM J. Numerical Analysis 50(2012), 700-709.
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2.3 Convergence rate in pointwise iteration-complexity

In this subsection, we show that if the matrix G defined in (1.7b) is positive definite, a
worst-case O(1/t) convergence rate in a nonergodic sense can also be established for
the prototype algorithm (1.6). Note in general a nonergodic convergence rate is stronger

than the ergodic convergence rate.

We first need to prove the following lemma.

Lemma 2.1 For the sequence generated by the prototype algorithm (1.6) where the

Convergence Condition is satisfied, we have
(Uk o 6k)TMTHM{<Uk . ?7k) o (Uk—l—l o 6k+1)}

1 Kk ~k k1 ~kt1y (2
> %H(U ") = (" =" )ier+q)- (2.15)

Proof. First, set w = T lin (1.6a), we have

0(w" ) — 0(a") + (@ =T F@") > (3" = M) T Q" — &%), (2.16)
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Note that (1.6a) is also true for £ := k + 1 and thus we have
0(uw)—0(@" T Hw—a"THTF@ ) > (v=3"THTQ " =t ), vw € Q.
Set w = " in the above inequality, we obtain

e(ﬂlk) . e(ﬂlk—l—l) + (wk o ’J}k+1) F(wk—l—l) 2 (@k . @vk'—l—l)TQ(vk'—l—l . @vk'—l—l).
(2.17)
Combining (2.16) and (2.17) and using the monotonicity of F', we get

(0" — " THTQ{(v" — ") — (" =" 1 > 0. (2.18)
Adding the term
ko o~k k+l  ~k4+1\qT ko ~k k1l ~k41
{0 =37) = (" =" Q{(v" —7") — (" =7}
to the both sides of (2.18), and using v* Qv = 2v" (Q" + Q)v, we obtain
ko k4l k1 skt ~k k1 skl
(0" =" )T Q{(v" =")— (v )} = —H(’U —0)=(v Migr+q)-

Substituting (v* — v* ™) = aM (v — ©¥) in the left-hand side of the last inequality
and using Q = H M, we obtain (2.15) and the lemma is proved. O



Now, we are ready to prove (2.19), the key inequality in this section.

Theorem 2.5 For the sequence generated by the prototype algorithm (1.6) where the

Convergence Condition is satisfied, we have

M@ =" g < [IM@" = 5")|u, VE>O0. (2.19)

Proof. Setting a = M (v — %) and b = M (v**! — 5"1) in the identity
lallzr — [1bll7 = 2a" H(a = b) — |la — bz,
we obtain

1M (0" —a")E — 1M (™ = 5" )|k
= 20" =T MTHM[(W" — ") — Tt — "]

—[IM[(0" = 5") = (" = )]l
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Inserting (2.15) into the first term of the right-hand side of the last equality, we obtain
1M (" = ")|[E — M =355

L v .k Rl _ skt
> Lk - o) - o -

’l~)k) . (vk—|—1 . 6k—|—1)

ltar+q) — IM[(v* iz

1
= I =) - @ R 2 0

where the last inequality is because of the positive definiteness of the matrix
(Q1 + Q) — aMT HM > 0. The assertion (2.19) follows immediately. O

Note that it follows from G = 0 and Theorem 2.2 there is a constant ¢cg > 0 such that
05T — o™ |3 < ||[v" — o™ || — col| M (0" — 3")||F, Wo* e V. (2.20)

Now, with (2.20) and (2.19), we can establish the worst-case O(1/t) convergence rate in

a nonergodic sense for the prototype algorithm (1.6).

Theorem 2.6 Let {vk} and {'J)k} be the sequences generated by the prototype
algorithm (1.6) under the Convergence Condition. For any integert > 0, we have

[0° —v*||3. (2.21)

1M =N < e



Proof. First, it follows from (2.20) that

o

D ol M@ —")IFH < W =t |F, Vot e V™. (2.22)
k=0

According to Theorem 2.5, the sequence {||M (v" — ©%)||7;} is monotonically

non-increasing. Therefore, we have

(t+ DM =" HH<ZHM iz (2.23)

The assertion (2.21) follows from (2.22) and (2.23) immediately. [

Letd := inf{|[v” — v*||g | v* € V*}. Then, for any given € > 0, Theorem 2.6 shows
that the it needs at most | d? /coe | iterations to ensure that || M (v* — %) |3, < .
Recall that v" is a solution of VI($2, F, 0) if || M (v® — ©%)||%; = 0 (see (1.6a) and due
to Q = H M). A worst-case O(1/t) convergence rate in pointwise iteration-complexity is
thus established for the prototype algorithm (1.6).

Notice that, for a differentiable unconstrained convex optimization min f (), it holds that

f(@) = f(2") = V") (@ —2") + Oz — 2"||*) = O(l|lz — «"||").
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3 Conclusions and Remarks

3.1 ADMM vs AMA

We consider the following convex optimization problem

min {f(u) | Au =b, u € U} (3.1)

Solving (3.1) by using the penalty function method

W+ = Argmin{0(u) + %HAU, )P |u e U)

Solving (3.1) by using the augmented Lagrangian method

Begin with a given A~

u T =aArgmin{0(u) — (A*)" (Au — b) + 2| Au — b|*|z € X'}

ARHL = Ak _ g(Auk+! — b).
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AN AEEKER 2

min {01 (x) + 02(y) |Ax+ By =b, € X, y € Y} (3.2)

KIRIORR (3.2) B3 R B 5 5k

(", yk+1):Argmin{91(:c) + 02 (y) + %HAw + By — b||2|a: cX,yel}

Ko (3.2) BEET Lagrange ﬁ?iﬁ' METER N\ FFE

k+1  k+1y . 01(z) + 02(y) — ()\k)T(AJU + By —b)|lr e X
(", y" ") =Argmin ,
+5[|Az + By — b|| yecy

)\k—|—1 _ )\k . 5(A$k+1 i Byk—l—l . b)
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MEREFE, Fio)¥EgEETEE—E.
T Lagrange e F AT RE G A,

J. Nocedal, S. J. Wright: Numerical Optimization

AR R BRI B fE)E (3.2) BT[] RER & -
KB My WA BER | KBETNEF.

o MNAI I BE TR R MG At EmE X E R IMLEE
AMA.

o MANFI Y BEFOIFHIIEI Lagrange e F At g 2T T2 &
75 15]5% ADMM.



XX -33

KARIE)RR (3.2) IS RIS R B 7 7E — X BEWR/IMETTE(AMA)

METER o* A
gt =Argmin{ 01 (z) + 5| Az + By* — bHQ‘x c X},
y* T =Argmin{62(y) + || Az" + By — b||*|y € V}.

ko (3.2) BIHASEYIET Lagrange 3
MEER (v*, \°) F A
2t = Argmin{01 () — (A\*)" Az + 8| Az + By" — b||* |z € X},

e — ADMM

y* 1 = Argmin{02(y) — (\*)" By + £||Az" " + By — b|*|y € Y},
)\k—l—l — )\k . B(Aajk+1 i Byk—l-l . b)

&G, 132 E A 7 (ADMM) iz KT 32 B /ME 5% (AMA)




3.2 FNEFEIE ADMM /53589 () &gt

1. ADMM in sense of PPA 3z ¥ 3 IhE | N (v5, \F) H%&.

2k = Argmin{Ls(z, y*, \F) |z € X7},

§ ML = NF— B(AxFTL + Byf —b), (3.3a)
Uy = Agmin{La(a™F y, A [y € V3,

(

k+1l o ok Aok okt
! = vl =y, (FASBIEFR)  (3.3b)
)\k—i—l — )\k . 7()\lc . )\k—l—l).
.\
XEB e (0,2). MES = 3R @3b)HHEM LN Z2HE

SERYRTFERST (3.3a) FEAERY. X 5 Bia)E, X AFEE RS AN RS SR .

e X.J. Cai, G.Y. Gu, B.S. He and X.M. Yuan, A proximal point
algorithms revisit on the alternating direction method of
multipliers, Science China Math., 56 (2013), 2179-2186.
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2. Symmetric ADMM X FREV3ZE 75 [B15k I

JRIGZE o« My AR LERTFWN. TULEBCRAXIRIRZ B [EE.

Symmetric Alternating Direction Method of Multipliers is described as

(

Rt = Argmin{Ls(z, y*, \¥) |z € X},
Atz — Wk uB(Az 1 + By* — b),

y* 1t = Argmin{ L (z* 1y, \et3) |y € V],

A+l — \ets IUI/B(A:C]{—Fl 4+ Byk+1 —b).

\

wehre 1 € (0, 1) (usually x = 0.9).

e B.S. He, H. Liu, Z.R. Wang and X.M. Yuan, A strictly contractive
Peaceman- Rachford splitting method for convex programming,
SIAM Journal on Optimization 24(2014), 1011-1040.
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33 FANATEETHOMLEE
BATU 3 M EETFHIEE A

min{0i(x) +02(y) +03(2)|Ax+ By+Cz=b, x e X,y € Y,z € Z}. (3.5)

XN elRRRYIE T Lagrange B2

L3 (2, y, 2, ) = 6, (:1:)+82(y)+93(z)—AT(A:E+By+Cz—b)+§ | A+ By+C2—b|J?.

(k1 argmin { L3 (z,y", 2", A") | z € X},

X y = argmin {L3(z",y, 2, AY) [y eV}, (3.6)
M = argmin {£3(@H, gL 2, M) | 2 € 2),

AT = N = B(AZPT 4 Byt 4 O —p).

Xt m > 3, B3R RIS 3 [BE BEPRIEWTAL.

e C. H. Chen, B. S. He, Y. Y. Ye and X. M. Yuan, The direct extension of ADMM
for multi-block convex minimization problems is not necessarily convergent,
Mathematical Programming, 155 (2016) 57-79.
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HIEKEr ADMM: {14 %K% 2016 Math.Progr. BI=/NE F(o)gh

min{6, () +02(y) +03(2)|Ax+ By+Cz=0b, x € X,y € Y,z € Z}
HE—TEIFH, 01(2) =02(y) =05(2) =0, X =Y =Z =%
A=1[A,B,Cle R BNMNEFREEME, b=0c R

A —EARIIE MR GF, IERR T EREHET B9 ADMM F AT
XEMFEZHEAELHTHIENX.

EE®ERRAEIE: = PFEFRISEPREIRE S, 2t 2)RAEM

A=[AB,C] FEZLE—NBENENRE B, A=[A B,I.

ERHET /Y ADMM A0 385X 74 58 T SEFRAY =N E - RY[a] &,
B BUERA S, tgBELRA, Z5HRMNTOAHE ! !
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ZEA™ 18 B2 B 5 R -
o T FRXEF AL (ADMM) &b3E (0]
min{f; (z) + 02(y)|Ax + By =b, x € X,y € Y} =Y.
o EFERLARIEMAZFRLIR, BT A
min{6 (z) + 02(y)|Ax + By < b, v € X,y € V}.
o BUM=1"EFHWERLR)@
min{6;(x) + 02(y) + 0| Ax+ By+z=0b, z € X,y € Y,z > 0}

o EHiZHE #Y ADMM A2 FE X o), A0 A=, BERE
AL BIERRUA S, g B ) !

EF B AH, BN =ABEFREEREYE T —E£2EFEE 5.
BAT T AEX BB A EREE ! X 5 ANIERE, R A ENFA!




A pE—: TEE{ R ADMM 777X

KL (3.6) R HEAY (v~ L, 280 AT, Bl o € (0,1), RIEEARA

yk:-l—l - yk ., I _(BTB)—lBTO yk: . yk:—|—1 37)
P B WP 0 I PAILE o

HTAT—ZERRABER (By T, O N, BN RZEM

By**'\ _(By"\_ (I —I\[B —y"")
oraant AR WerL 0 I C(zF — 2+ )

e B. S. He, M. Tao and X.M. Yuan, Alternating direction method
with Gaussian back substitution for separable convex
programming, SIAM Journal on Optimization 22(2012), 313-340.

7, A A A, HE.
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AbIR ;A : ADMM + Prox-Parallel Splitting ALM

y, z FEJFAT, RN EMF IR, 7L e MR T ST ER N> IE 0I5

y

\

zF+! = arg min {ﬁ%(w,yk,zk,)\k) ‘ x e X},

y* ! = argmin { L3 (z* T, y, 27, NF) + 36| By — v*)[?|y € V],
= argmin { L3 (" yF, 2, XF) + ZB(|C (2 — 27)[?|z € 2},
AL = Ak — B(AZF T + Byt tl + 2R —p).

e B. He, M. Tao and X. Yuan, A splitting method for separable

convex programming. IMA

394-426.

J. Numerical Analysis, 31(2015),

AHH, XK1

ENI5, A5 B S RERRIAKIS.

E, BA N1
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RIBEM AR, & R HETE (ALM) LTSRS
&, ARt EMERA AN EIE.

SN BEE TR O eIER, & hi&EA Hfk &
(ALM) 050 R #7734, #5523 Bk T e F 32 & 5 a5 (ADMM) #0
BN ZE (AMA),

ANTE L BEB X ADMM 1858 K1ty

ADMM A2 ENIREEKR. B7 10 FHR WA E ZN MR E
il 1533 ADMM K5 EZ NS, T F £ ITADMM 5%
H—eHMEMNBOEFMER—E EEZNIELER, FBINERE.
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FiEE, XKMTEBETE y AMETE ARF, #MEIIREFEES
7 PPA & X THJ ADMM (Science in China, Mathematics, 2013);

FENFRIBTE x My, FAAREMNBTE A, SREEIXTRE
i) ADMM (SIAM Optimization, 2014).

XLEFR, B LREER, HERIEARE.

2t b, FANERT ADMM FEieHEX T (SIAM Numerical
Analysis, 2012) #1=%1E X T (Numer. Mathematik, 2015) &9
O(1/t) WU SURZ. JERRER N & 2.

ADMM Tz, ANTBARIBEIE=ANFEFRIEIREHE .
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BATEAREIERR “EHixHE AR WEmEH, el 7 —£018
ZNEF@HADMM £ 75 7E
(Computational Optimization and Applications, 2009).
(SIAM Optimization, 2012; IMA Numerical Analysis, 2015).

XEFERNEEY RN EEZX O @ MER FH! 3T 8 IS IRF,
RAXTHENFEAR!

ERFMNEE “EEHET BADMM F3E0IE = NE F a8 S RIE
W B9+ (Math. Progr., 2016),35R:
L BT H B —LETREE, FEREZMMEY, HFH EthEEIEH.
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The analysis is guided by variational inequality.

The most methods mentioned fall in a unified prediction-correction framework,

in which the convergence analysis is quite simple.
All the discussed methods are closed related to Proximal Point Algorithms.

All the discussed ADMM-like splitting methods are rooted from Augmented
Lagrangian Method.

A through reading will acquaint you with the ADMM, while a more carefully
reading may make you familiar with the tricks on constructing splitting
methods according to the problem you met.

The discussed first order splitting contraction methods are only appropriate

for some structured convex optimization in some practical applications.
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