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Abstract. Alternating direction method of multipliers (ADMM) is effectively ap-
plied to solving the optimization problems arising from image processing, machine
learning and other applied computation areas. In this paper, by using the approach
of the variational inequality and some simple identities, we give a short and brief
proof of the convergence properties of ADMM, which includes the strong contractili-
ty, O(1/t) ergotic, and strong pointwise iteration-complexity. The only mathematical
background required of this paper is the basic concepts of optimality of the convex
optimization.
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1 ÚÚÚ óóó

�©?Ø�ü��©l�f��5�åà`z¯K´

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}, (1.1)

Ù¥ A ∈ <m×n1 , B ∈ <m×n2 , b ∈ <m; X ⊂ <n1 ,Y ⊂ <n2 ´4à8; θ1(x) : <n1 → < Ú
θ2(y) : <n2 → < ´ (Ø�½1w�) à¼ê. ùa¯K�þÑy3ã�?n, ÅìÆS�
DÕ`z+� [2]. ¦f�O��{(Alternating Directions Method of Multipliers), {¡
ADMM, Ï~¡���O��{, �Ðd Glowinski �� �©�§ê�¦)3 [6, 7] ¥
JÑ, Cc�ú@�¦)äk�©l(�à¯K (1.1) �k��{ [2], É�2�À.

ADMM �{� k-gS�l�½� (yk, λk) m©, ÏL
xk+1 = arg min{θ1(x)− (λk)TAx+ β

2 ‖Ax+Byk − b‖2 |x ∈ X},
yk+1 = arg min{θ2(y)− (λk)TBy + β

2 ‖Ax
k+1 +By − b‖2 | y ∈ Y},

λk+1 = λk − β(Axk+1 +Byk+1 − b),
(1.2)

�¤. ·� 1997 cÒm©é�O��{ïÄ [15]. 20 c¥��
�
?Ð: 3�{U?�
¡, Ì�k�� y Ú λ gS, 2\ò��/�C:.0�O��{ [3], Úüg��¦f�
/é¡.0�O��{ [11] Ú*ÐÚ���{ [12], é�{�Ø°(¢y��L�A�ï
Ä [8, 10]. én�Ún�±þ�f�¯K, ��í2��O��{´ØU�yÂñ� [5].
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·��
�
nØþkÂñ�y�¦)õ��©l�f�©��{, �pd£���O�
�{ [13] ÚÜ©²1��Kz�{ [14].
é¦) (1.1) � ADMM �{ (1.2), �©¿Ø?Ø (1.2) ¥f¯KXÛäN¦), �?

Ø�{�rÂ 5 [9, 15], H{¿ÂeÚ:�¿Âe� O(1/t) S�E,5 [16, 17] �`{
�Âñ5�. �
Úd ADMM Úu��
©��{3��Ú�µeS?Ø, ·�3'u
S�E,5�ïÄ [16, 17] ¥Ú?
9ÏCþ. XJ=é ADMM ��, Ú?9ÏCþÒ
vk7�. �©?Ø� ADMM 5�, Ù¦©z¥�Ué�y², �ÑN\�
�	�^�
[18, 22], k��Ì � [18], ÐÆöJ±ÉÃ.

�©Ø\?ÛN\^�, Ø^9ÏCþ, �|^`z��Ä��VgÚ�
Ð�ð�
ª, Ú�y²�O��{ (1.2) �rÂ 5!H{¿ÂeÚ:�¿Âe� O(1/t) S�E,
5��5�. �Öö@£Ún)�O��{Jø��{$�å».

2 ýýý������£££

·�rà`z��`5^�ÚO2 Lagrange ¦f{�Ì�5���ý��£0�.

2.1 {{{üüü���ååå`̀̀zzz������`̀̀555^̂̂���

�O��{�S�L§ (1.2) ¥, �¦)� x Ú y f¯K,   ´��{ü�à`z. f¯
K�8I¼ê´ü�à¼ê�Ú, Ù¥�� (~X, θ1(x) Ú θ2(y)) Ø�½1w. Ï�, 3
©Û�{Âñ5�, ~~^�±e�Ún. (Ø´w,�, �
��5, ·���Ñy².

Lemma 2.1. � X ⊂ <n ´4à8, ϕ(x) Ú f(x) Ñ´ <n1 → < �à¼ê, Ù¥ f(x) 3
�¹ X ���«���. � à`z¯K min{ϕ(x) + f(x) |x ∈ X} �)8��. @o,

x∗ = arg min{ϕ(x) + f(x) |x ∈ X} (2.3a)

�¿©7�^�´

x∗ ∈ X , ϕ(x)− ϕ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (2.3b)

yyy²²²µÄk, XJ(2.3a) �(, @oé?¿� x ∈ X , ·�k

ϕ(xα)− ϕ(x∗)

α
+
f(xα)− f(x∗)

α
≥ 0, (2.4)

Ù¥
xα = (1− α)x∗ + αx, ∀α ∈ (0, 1].

Ï� ϕ(x) ´ x �à¼ê, �â xα �½Âk

ϕ(xα) ≤ (1− α)ϕ(x∗) + αϕ(x),

¿�Ïd

ϕ(x)− ϕ(x∗) ≥ ϕ(xα)− ϕ(x∗)

α
, ∀α ∈ (0, 1].

òd�\ (2.4) ��>, ·�Òk

ϕ(x)− ϕ(x∗) +
f(xα)− f(x∗)

α
≥ 0, ∀α ∈ (0, 1].
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5¿�þª¥ f(xα) = f(x∗ + α(x− x∗)), du f(x) ��, - α→ 0+, ��

ϕ(x)− ϕ(x∗) +∇f(x∗)T (x− x∗) ≥ 0, ∀x ∈ X .

ù�Òl (2.3a) ��
 (2.3b). �L5, Ï� f ´à¼ê, k

f(xα) ≤ (1− α)f(x∗) + αf(x),

ù�±�¤
f(xα)− f(x∗) ≤ α(f(x)− f(x∗)).

Ïd, é¤k� α ∈ (0, 1], ·�k

f(x)− f(x∗) ≥ f(xα)− f(x∗)

α
=
f(x∗ + α(x− x∗))− f(x∗)

α
,

� α→ 0+, k
f(x)− f(x∗) ≥ ∇f(x∗)T (x− x∗).

òd�\ (2.3b) ��>, �

x∗ ∈ X , ϕ(x)− ϕ(x∗) + f(x)− f(x∗) ≥ 0, ∀x ∈ X ,

Ïd (2.3a) �ý. Ún�y. �

2.2 ���555���åååààà`̀̀zzz������`̀̀555^̂̂���

XJØ�Ä�©l(�, P u = (x, y), θ(u) = θ1(x) + θ2(y), M = (A,B) Ú U = X × Y,
¯K (1.1) Ò�±�¤

min{θ(u) |Mu = b, u ∈ U}. (2.5)

à`z¯K (2.5) � Lagrange ¼ê´½Â3 U × <m þ�

L(u, λ) = θ(u)− λT (Mu− b). (2.6)

XJ�é (u∗, λ∗) ∈ U × <m ÷v

L(u∗, λ) ≤ L(u∗, λ∗) ≤ L(u, λ∗), ∀(u, λ) ∈ U × <m, (2.7)

K¡ (u∗, λ∗) � Lagrange ¼ê (2.6) 3 U ×<m þ�Q:. Q: (u∗, λ∗) ¥� u∗ ´ (2.5)
�), λ∗ ´�A��` Lagrange ¦f. Ïd, ¦) (2.5) �du¦ (2.6) �Q:. Ø�ª'
X (2.7) �±�¤ {

u∗ = arg min{L(u, λ∗)|u ∈ U},

λ∗ = arg max{L(u∗, λ)|λ ∈ <m}.

|^ (2.6) ÚÚn 2.1, þã`z¯K��`5^�´{
u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−MTλ∗) ≥ 0, ∀u ∈ U ,

λ∗ ∈ <m, (λ− λ∗)T (Mu∗ − b) ≥ 0, ∀ λ ∈ <m.

�¤�;n�/ª, Q: (u∗, λ∗) Ò´C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (2.8a)
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�), Ù¥

w =

(
u

λ

)
, F (w) =

(
−MTλ

Mu− b

)
Ú Ω = U × <m. (2.8b)

·�òC©Ø�ª (2.8) �)8P� Ω∗. 5¿�, ���f F ¥�Ý
´�é¡ (skew-
symmetric) �, ok

(w − w̄)T (F (w)− F (w̄)) = 0, ∀w, w̄. (2.9)

é�5�å�à`z¯K, ·���ÌÜ3C©Ø�ªµee�Ä¯K, ù©Û¬�54
���B, ��
Æö��È4�A [20], ¡��`ä��º (elegant interpretation) [4].

2.3 ¦¦¦)))¯̄̄KKK (2.5) ���OOO222 Lagrange ¦¦¦fff{{{

òà`z¯K (2.5) ��ª�å�²�� β
2 ‖Mu − b‖2 ��v¼ê, \� Lagrange ¼ê

L(u, λ) (� (2.6)), Ò���A�O2 Lagrange ¼ê

Lβ(u, λ) = θ(u)− λT (Mu− b) +
β

2
‖Mu− b‖2, (β > 0 ´�ª�å�vëê).

O2 Lagrange ¦f{(Augmented Lagrangian Method–{¡ALM) � k-gS�l���
½� λk m©, ÏL {

uk+1 = arg min
{
Lβ(u, λk)

∣∣ u ∈ U},
λk+1 = λk − β(Muk+1 − b),

(2.10)

�¤, �e�gS�Jø
��#� λk+1. 3C©Ø�ª (2.8) ¥, u ´�©Cþ, λ ´é
óCþ. 3�{ (2.10) ¥, uk+1 ´�â λk O��5�(J. Ïd, ·�¡ u ��{�¥m
Cþ (intermidiate variable), λ �Ø%Cþ (essential variable).

�âÚn 2.1, �{ (2.10) Jø� wk+1 = (uk+1, λk+1) ∈ Ω ÷v{
θ(u)− θ(uk+1) + (u− uk+1)T {−MTλk + βMT (Muk+1 − b)} ≥ 0, ∀u ∈ U ,

(λ− λk+1)T {(Muk+1 − b) + 1
β (λk+1 − λk)} ≥ 0, ∀λ ∈ <m.

|^'Xª λk+1 = λk − β(Muk+1 − b) Ú (2.8) �PÒ, �±rþª�¤;n�ªfµ

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (λ− λk+1)T
1

β
(λk − λk+1), ∀w ∈ Ω. (2.11)

þ¡�C©Ø�ª¥, XJ λk = λk+1, wk+1 Ò´C©Ø�ª (2.8) �). ò (2.11) ¥�
w ∈ Ω �¤��?¿� w∗ ∈ Ω∗, ·���

(λk+1− λ∗)T 1

β
(λk − λk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1−w∗)TF (wk+1), ∀w∗ ∈ Ω∗. (2.12)

|^ (2.9), (wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗). 2d w∗ ��`5,

θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0,

í� (2.12) �mà�K. �ª��

(λk+1 − λ∗)T (λk − λk+1) ≥ 0. (2.13)
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3ð�ª
‖b‖2 = ‖a‖2 − ‖a− b‖2 − 2bT (a− b)

¥� a = λk − λ∗ Ú b = λk+1 − λ∗, ¿|^ (2.13) (= bT (a− b) ≥ 0), Òk

‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − ‖λk − λk+1‖2. (2.14)

ù`²O2 Lagrange ¦f{�)�S�S� {λk} krÂ 5�— XJ�c: λk 6= λ∗,
#�S�: λk+1 l�` Lagrange ¦f λ∗ Ò�C. ù`²O2 Lagrange ¦f{´éó
Cþ��C:�{ (PPA) [19, 21].

3 ¦¦¦)))ààà`̀̀zzz¯̄̄KKK������OOO������{{{ (ADMM)

c¡�©Ûw�·�, é�©l(��à`z¯K (1.1), Lagrange ¼êÚO2 Lagrange
¼ê©O´

L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b), (3.1)

Ú

Lβ(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) +
β

2
‖Ax+By − b‖2. (3.2)

�A�C©Ø�ª´

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (3.3a)

Ù¥

u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), Ω = X × Y × <m,

w =

 x
y
λ

 Ú F (w) =

 −ATλ
−BTλ

Ax+By − b

 .

(3.3b)

·�^ Ω∗ L« (3.3) �)8. Ó�, ùp����f F k�é¡5� (2.9).

^O2 Lagrange ¦f{ (2.10) ¦) (1.1), S��ª´{
(xk+1, yk+1) = arg min

{
Lβ(x, y, λk)

∣∣ x ∈ X , y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b).

(3.4)

Ù¥Ø%Cþ�´ λ, S�S� {λk} äk (2.14) ù�Ð�5�, ":´¯K (1.1) ��©
l5�vk��|^.

Q,O2 Lagrange ¦f{kéÐ�Âñ5�. ^�O��{ (Alternating Directions
Method of Multipliers) [6, 7] ¦)¯K (1.1), k-gS�l�½� (yk, λk) m©, ÏL

xk+1 = arg min{Lβ(x, yk, λk) |x ∈ X},
yk+1 = arg min{Lβ(xk+1, y, λk) | y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b)

(3.5)

�¤, �e�gS�Jø
��#� (yk+1, λk+1). 5¿�
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• 3 (3.5) ¥, x-f¯KÚ y-f¯K´|^
¯K (1.1) ��©l5�©O¦)�,

• l (3.4) � (3.5), ADMM �±w�´tµ
�O2 Lagrange ¦f{(ALM).

ADMM �{ (3.5) ¥, xk+1 ´d�½� (yk, λk) ÏLO����, ´¥mCþ. Ø%Cþ
K´ v = (y, λ). y Ú λ ©O´Ø%Cþ¥��©Ü©ÚéóÜ©.

|^Ún 2.1, d (3.5) �)�S� {wk} kXe�5�.

Lemma 3.1. � {wk} ´^(3.5) ¦) (1.1) ¤�)�S�, @ok

θ(u)− θ(uk+1) + (w − wk+1)TF (w)

≥ β(Axk+1 −Ax)T (Byk −Byk+1) +
1

β
(λ− λk+1)T (λk − λk+1), ∀w ∈ Ω. (3.6)

yyy²²²µé ADMM �{ (3.5) ¥� x-f¯KÚ y-f¯K^Ún 2.1, ©Ok

xk+1 ∈ X , θ1(x)−θ1(xk+1)+(x−xk+1)T {−ATλk+βAT (Axk+1+Byk−b)} ≥ 0, ∀x ∈ X ,

Ú

yk+1 ∈ Y, θ2(y)−θ2(yk+1)+(y−yk+1)T {−BTλk+βBT (Axk+1+Byk+1−b)} ≥ 0, ∀ y ∈ Y.

|^ (3.5) ¥�¦f��úª λk+1 = λk − β(Axk+1 +Byk+1 − b), þª�±�¤

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T {−ATλk+1 + βATB(yk − yk+1)} ≥ 0, ∀x ∈ X ,
(3.7a)

Ú
yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T {−BTλk+1} ≥ 0, ∀ y ∈ Y. (3.7b)

5¿�¦f��úª λk+1 = λk − β(Axk+1 +Byk+1 − b) ���±�¤

λk+1 ∈ <m, (λ− λk+1)T {(Axk+1 +Byk+1 − b) +
1

β
(λk+1 − λk)} ≥ 0, ∀λ ∈ <m. (3.8)

ò (3.7) Ú (3.8) \3�å, ¿|^ (3.3) ¥�PÒ, ·���

θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ β(Axk+1 −Ax)T (Byk −Byk+1) +
1

β
(λ− λk+1)T (λk − λk+1), ∀w ∈ Ω. (3.9)

éþª�à¥� (w − wk+1)TF (wk+1) |^ (2.9), k

(w − wk+1)TF (wk+1) = (w − wk+1)TF (w).

ùÒy²
TÚn�(Ø (3.6). �

éÚn 3.1 �mà, |^�
{ü�ð�ª, Ò�±��e¡�Ún.

Lemma 3.2. � {wk} ´^ (3.5) ¦) (1.1) ¤�)�S�, Kk

β(Axk+1 −Ax)T (Byk −Byk+1) +
1

β
(λ− λk+1)T (λk − λk+1)

=
1

2

(
β‖Ax+Byk+1 − b‖2 +

1

β
‖λ− λk+1‖2

)
− 1

2

(
β‖Ax+Byk − b‖2 +

1

β
‖λ− λk‖2

)
+
β

2
‖Axk+1 +Byk − b‖2, ∀w ∈ Ω. (3.10)
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yyy²²²µé (3.10) �à�1�Ü©, β(Axk+1 −Ax)T (Byk −Byk+1), |^ð�ª

(a− b)T (c− d) =
1

2

(
(‖a+ c‖2 − ‖a+ d‖2) + (‖b+ d‖2 − ‖b+ c‖2)

)
�±��

β(Axk+1 −Ax)T (Byk −Byk+1)

= β{(Axk+1 − b)− (Ax− b)}T (Byk −Byk+1)

=
β

2

{
‖Axk+1 +Byk − b‖2 − ‖Axk+1 +Byk+1 − b‖2

}
+
β

2

{
‖Ax+Byk+1 − b‖2 − ‖Ax+Byk − b‖2

}
. (3.11)

é (3.10) �à�1�Ü©, 1
β (λ− λk+1)T (λk − λk+1), 3ð�ª

bT (b− a) =
1

2

(
‖b‖2 − ‖a‖2 + ‖b− a‖2

)
¥� a = λ− λk Ú b = λ− λk+1, ·�k

1

β
(λ− λk+1)T (λk − λk+1) =

1

2β

{
‖λ− λk+1‖2 − ‖λ− λk‖2 + ‖λk − λk+1‖2

}
. (3.12)

ò (3.11) Ú (3.12) �\, ¿|^ β‖Axk+1 +Byk+1 − b‖2 = 1
β‖λ

k − λk+1‖2, Ò��TÚn
�(Ø. �

þ¡ü�Ún�y²�~{ü, �^�
Ún 2.1 Úü�Ð��ð�ª. ù
y²�±
©O3�ö�X�ùÂ [9, 23] �1 11 ùÚ©z [22] �N¹¥é�. �d, ·�®²�Ð

y² ADMM Ì�5���ÜO�.

4 ���OOO������{{{���ÂÂÂñññ555���

�O��{��
�5�, ÃXrÂ 5� [1], H{¿ÂeÚr:�¿Âe� O(1/t)
S�E,5 [16, 17], éN´lÚn 3.1 ÚÚn 3.2 í�. d (3.6) Ú (3.10), ·�k

θ(u)− θ(uk+1) + (w − wk+1)TF (w)

≥ 1

2

(
β‖Ax+Byk+1 − b‖2 +

1

β
‖λ− λk+1‖2

)
−1

2

(
β‖Ax+Byk − b‖2 +

1

β
‖λ− λk‖2

)
+

1

2
β‖Axk+1 +Byk − b‖2, ∀w ∈ Ω. (4.1)

4.1 rrrÂÂÂ   555���

� ALM (2.10) �rÂ 5� (2.14) aq, ADMM (3.5) ��A5�Lã�±e�½n:

Theorem 4.1. � {wk} ´^�O��{ (3.5) ¦) (1.1) ¤�)�S�, Kk

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀ v∗ ∈ V∗, (4.2)
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Ù¥

v =

(
y
λ

)
, H =

(
βBTB 0

0 1
β I

)
Ú V∗ = {(y∗, λ∗) | (x∗, y∗, λ∗) ∈ Ω∗}. (4.3)

bX B ´�÷�Ý
, {vk} Âñu)8 V∗ ¥��: v∞.

yyy²²². 3 (4.1) ¥- w = w∗ ¿|^ Ax∗ − b = −By∗, ·�k(
β‖Byk −By∗‖2 +

1

β
‖λk − λ∗‖2

)
−
(
β‖Byk+1 −By∗‖2 +

1

β
‖λk+1 − λ∗‖2

)
≥ β‖Axk+1 +Byk − b‖2 + 2

{
θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗)

}
.

du θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0, Òk(
β‖Byk+1 −By∗‖2 +

1

β
‖λk+1 − λ∗‖2

)
≤

(
β‖Byk −By∗‖2 +

1

β
‖λk − λ∗‖2

)
− β‖Axk+1 +Byk − b‖2. (4.4)

XJ·�é (4.4) �mà� β‖Axk+1 +Byk − b‖2 y²


β‖Axk+1 +Byk − b‖2 ≥ β‖B(yk − yk+1)‖2 +
1

β
‖λk − λk+1‖2, (4.5)

2|^ (4.3) ¥�PÒ, Ò�¤
é (4.2) �y². e¡, ·�y² (4.5) ¤á. Äk, (3.7b)
ªL«

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T {−BTλk+1} ≥ 0, ∀ y ∈ Y. (4.6)

± k − 1 �� (4.6) ¥� k, Òk

yk ∈ Y, θ2(y)− θ2(yk) + (y − yk)T {−BTλk} ≥ 0, ∀ y ∈ Y. (4.7)

ò (4.6) Ú (4.7) ¥�?¿� y ∈ Y ©O�¤ yk Ú yk+1, ,�òüª�\, k

(λk − λk+1)TB(yk − yk+1) ≥ 0.

|^ Axk+1 +Byk+1 − b = 1
β (λk − λk+1) Úþª, Òk

β‖Axk+1 +Byk − b‖2 = β‖(Axk+1 +Byk+1 − b) +B(yk − yk+1)‖2

= β‖ 1

β
(λk − λk+1) +B(yk − yk+1)‖2

≥ β‖B(yk − yk+1)‖2 +
1

β
‖λk − λk+1‖2,

Ø�ª (4.5) ¤á, (Ø (4.2) �y.
bX B �÷�, KÝ
 H �½. Ø�ª (4.2) L«S� {vk} ´k.S�§Ïd§k

Âñf� {vkj}, �ÙÂñu v∞. q�â (4.2), k
∑∞

k=0 ‖vk − vk+1‖2H ≤ ‖v0 − v∗‖2H Ú
limk→∞ ‖vk − vk+1‖2H = 0, Ïd limj→∞ ‖vkj − vkj+1‖2H = 0 �¤á. - j →∞, (3.9) ª
`² v∞ Ò´ (3.3) �). ùÓ�`² {vk} �?Û��à:Ñ´ (3.3) �). 2�â (4.2),
{vk} Ø�Ukõu���à:, ùÒy²
 {vk} Âñu v∞ ∈ V∗. �

vkÝ
 B �÷��b�, Ò¬k limk→∞(Byk, λk) = (By∗, λ∗), Ù¥ (y∗, z∗) ∈ V∗.
k
c�!�Ún, y²½n 4.1 �'�Ø�ª´ (4.5). Ø�ª (4.5) �y²��±3�
ö�X�ùÂ¥=©� [9, 23] �1 11 ù�Ún 3.2 ¥é�.
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4.2 HHH{{{¿¿¿ÂÂÂeee��� O(1/t) SSS���EEE,,,555

�â (3.3), XJ w̃ ÷v

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w̃) ≥ 0, ∀w ∈ Ω,

w̃ Ò´C©Ø�ª (3.3) �). |^ (w − w̃)TF (w̃) = (w − w̃)TF (w) (�(2.9)), w̃ Ò´C
©Ø�ª (3.3) �)��±Lã¤

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ 0, ∀w ∈ Ω.

Ïd, �±|^þª5�xC©Ø�ª (3.3) �Cq). äN`5, é?�� ε > 0, XJ

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ −ε, ∀ w ∈ D(w̃),

Ù¥
D(w̃) = {w ∈ Ω | ‖w − w̃‖ ≤ 1},

@o w̃ ∈ Ω Ò¡�C©Ø�ª (3.3) � ε-Cq). ±e·�y² ADMM (3.5) ²L t g
S�, Ò�±é��� w̃ ∈ Ω, ¦�

w̃ ∈ Ω and sup
w∈D(w̃)

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ ε = O(

1

t
). (4.8)

�'�½n3 [16] ÏLÚ?9ÏCþ®²��y². ùp·�Ø^?Û9ÏCþ, ��^
dÚn 3.1 ÚÚn 3.2 ��� (4.1) ª\±y².

Theorem 4.2. � {wk} ´d ADMM (3.5) ¦) (3.3) ¤�)�S�. é?¿���ê
t > 0, ·�k

θ(ut)−θ(u)+(wt−w)TF (w) ≤ 1

2(t+ 1)

(
β‖Ax+By0−b‖2 +

1

β
‖λ−λ0‖2

)
, ∀w ∈ Ω (4.9)

Ù¥

wt =
1

t+ 1

( t∑
k=0

wk+1
)
. (4.10)

yyy²²². Äk, d (4.1), é?¿� k > 0,

θ(u)− θ(uk+1) + (w − wk+1)TF (w)

≥ 1

2

(
β‖Ax+Byk+1 − b‖2 +

1

β
‖λ− λk+1‖2

)
− 1

2

(
β‖Ax+Byk − b‖2 +

1

β
‖λ− λk‖2

)
.

þª�±U�¤

θ(uk+1)− θ(u) + (wk+1 − w)TF (w) +
1

2

(
β‖Ax+Byk+1 − b‖2 +

1

β
‖λ− λk+1‖2

)
≤ 1

2

(
β‖Ax+Byk − b‖2 +

1

β
‖λ− λk‖2

)
. (4.11)

þ¡�Ø�ªé k = 0, 1, 2, . . . , t ë\, ·���

t∑
k=0

θ(uk+1)− (t+ 1)θ(u) + (

t∑
k=0

wk+1 − (t+ 1)w)TF (w)

≤ 1

2

(
β‖Ax+By0 − b‖2 +

1

β
‖λ− λ0‖2

)
, ∀ w ∈ Ω.
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ÏdÒk

1

t+ 1

( t∑
k=0

θ(uk+1)
)
− θ(u) + (w̃t − w)TF (w)

≤ 1

2(t+ 1)

(
β‖Ax+By0 − b‖2 +

1

β
‖λ− λ0‖2

)
. (4.12)

du θ(u) ´à¼ê¿� ut = 1
t+1

(∑t
k=0 u

k+1
)
, ·�k

θ(ut) ≤
1

t+ 1

( t∑
k=0

θ(uk+1)
)
.

�\ (4.12) ��à, Ò�¤
½n�y². �

ADMM (3.5) ²L t gS�, d (4.10) ½Â� w̃t ÷v

w̃ ∈ Ω and sup
w∈D(w̃)

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ d

2t
= O(

1

t
),

Ù¥

d := sup{β‖Ax+By0 − b‖2 +
1

β
‖λ− λ0‖2 |w ∈ D(w̃)},

v0 = (y0, λ0) ´Ð©S�:. ùÒ¿�X w̃t ´ (3.3) � O(1/t) Cq). ·�rù��Â
ñ�Ç¡�H{¿Âe� O(1/t) S�E,5.

4.3 :::���¿¿¿ÂÂÂeee��� O(1/t) SSS���EEE,,,555

3½n 4.1 ¥, ·�y²
�O��{ (3.5) ¤�)�S�÷v

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀ v∗ ∈ V∗.

Ï, k
∞∑
k=0

‖vk − vk+1‖2H ≤ ‖v0 − v∗‖2H , ∀ v∗ ∈ V∗. (4.13)

:�¿Âe� O(1/t) Âñ�Ç´�é?¿���ê t > 0, Ñk

‖vt − vt+1‖2H ≤
1

t
‖v0 − v∗‖2H , ∀ v∗ ∈ V∗. (4.14)

þª�à^�g� ‖vt − vt+1‖2H , ´Ï�a'��Ã�å`z¯K minx f(x) ¥, XJ f
�gëY��, 3�`:NCk f(x)− f(x∗) = O(‖x−x∗‖2). y² (4.14), |^ (4.13), �
�� [17] ¥@�y²S� {‖vk − vk+1‖2H} ´üNØO�. e¡·���^Ún 3.1 y²
{‖vk − vk+1‖2H} ´üNØO.

Theorem 4.3. � {wk} ´^�O��{ (3.5) ¦) (3.3) ¤�)�S�, Kk

‖vk − vk+1‖2H ≤ ‖vk−1 − vk‖2H , ∀ k ≥ 1. (4.15)
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yyy²²². ò (3.6) �màU�, ��I��/ª:

β(Axk+1 −Ax)T (Byk −Byk+1) +
1

β
(λ− λk+1)T (λk − λk+1)

= β{(Axk+1 −Ax) + (Byk+1 −By)}T (Byk −Byk+1)

+β(By −Byk+1)T (Byk −Byk+1) +
1

β
(λ− λk+1)T (λk+1 − λk), ∀w ∈ Ω.(4.16)

|^ (4.3) ¥�PÒ, (3.6) Òk

θ(u)− θ(uk+1) + (w − wk+1)TF (w)

≥ β{(Axk+1 −Ax) + (Byk+1 −By)}TB(yk − yk+1)

+(v − vk+1)TH(vk − vk+1), ∀w ∈ Ω. (4.17)

3þª¥� w = wk, |^ β(Axk+1 + Byk+1 − b) = (λk − λk+1) Ú β(Axk + Byk − b) =
(λk−1 − λk), Òk

θ(uk)− θ(uk+1) + (wk − wk+1)TF (wk)

≥ {(λk − λk+1)− (λk−1 − λk)}TB(yk − yk+1)

+(vk − vk+1)TH(vk − vk+1), ∀w ∈ Ω. (4.18)

ò (4.17) ¥� k ��¤ k − 1, k

θ(u)− θ(uk) + (w − wk)TF (w)

≥ β{(Axk −Ax) + (Byk −By)}TB(yk−1 − yk)
+(v − vk)TH(vk−1 − vk), ∀w ∈ Ω. (4.19)

3þª¥� w = wk+1,Ó�|^ β(Axk+1+Byk+1−b) = (λk−λk+1), β(Axk+Byk−b) =
(λk−1 − λk) Ú (4.3) ¥�PÒk

θ(uk+1)− θ(uk) + (wk+1 − wk)TF (wk+1)

≥ {(λk−1 − λk)− (λk − λk+1)}TB(yk−1 − yk)
+(vk+1 − vk)TH(vk−1 − vk), ∀w ∈ Ω. (4.20)

ò (4.18) Ú (4.20) �\, ¿|^ (wk − wk+1)T {F (wk)− F (wk+1)} ≡ 0 (� (2.9)) ��

(vk − vk+1)TH{(vk−1 − vk)− (vk − vk+1)}
≥ {(λk−1 − λk)− (λk − λk+1)}TB{(yk−1 − yk)− (yk − yk+1)}. (4.21)

3ð�ª ‖a‖2H − ‖b‖2H = ‖a− b‖2H + 2bTH(a− b) ¥� a = (vk−1 − vk), b = (vk − vk+1),
k

‖vk−1 − vk‖2H − ‖vk − vk+1‖2H
= ‖(vk−1 − vk)− (vk − vk+1)‖2H

+2(vk − vk+1)TH{(vk−1 − vk)− (vk − vk+1)}. (4.22)

ò (4.21) �\ (4.22) ����, ·���

‖vk−1 − vk‖2H − ‖vk − vk+1‖2H
≥ ‖(vk−1 − vk)− (vk − vk+1)‖2H

+2{(λk−1 − λk)− (λk − λk+1)}TB{(yk−1 − yk)− (yk − yk+1)}. (4.23)

11



5¿�, �â H �(� (�(4.3)), (4.23) ª�mà�u∥∥√βB[(yk−1 − yk)− (yk − yk+1)] +
1√
β

[(λk−1 − λk)− (λk − λk+1)]
∥∥2,

�K, Ïd½n�(Ø�y. �

5 (((ØØØ

�O��{ (ADMM) �A^���5�2, <�é ADMM �Ì�5���a,�. ù
�á©y²
 ADMM �Ì�Âñ5�, ¤^�óä�~Ð�, y²�AO{ü. �,�O
��{kNõ?Ð, C©Ø�ªo´©Û�kåóä [4], Âñ5y²Ä�þ�±æ^�©
Ð«�@´, N´Ýº.
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