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1 üüü������©©©lll888III¼¼¼êêê���ààà`̀̀zzz¯̄̄KKK

min θ1(x) + θ2(y)

s.t Ax+By = b

x ∈ X , y ∈ Y

(1.1)
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Image decomposition

Separate the sketch (cartoon) and oscillating component (texture) of image

f = u + v, u — cartoon part, v — texture part

Model min {‖∇u‖1 + τ‖v‖−1,∞ | u + v = f}

original image cartoon part texture part
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Background extraction of surveillance video (I)

Considering the foreground object detection in complex environments and extract

the background in surveillance video

D = X + Y , D — original video, X — background, Y — foreground

Model min {‖X‖∗ + τ‖Y ‖1 | X + Y = D}

original video foreground background
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Image denoising

Pixels are perturbed by a whole range of external and unwanted disturbances

g = f + noise

Model

min
{
‖∇f‖1 + 1

2‖f − g‖22
}
⇔ min

{
‖y‖1 + 1

2‖f − g‖22 | ∇f − y = 0
}

,

original image noised image restored image
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2 Mathematical Background

ü�Ä�VgµC©Ø�ª Ú �C: (PPA)�{

Lemma 1 LetX ⊂ <n be a closed convex set, θ(x) and f(x) be convex func-

tions and f(x) is differentiable. Assume that the solution set of the minimization

problem min{θ(x) + f(x) |x ∈ X} is nonempty. Then,

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (2.1a)

if and only if

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (2.1b)
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2.1 Linearly constrained convex optimization and VI

The Lagrangian function of the problem (1.1) is

L2(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b).

The saddle point (x∗, y∗, λ∗) ∈ X × Y × <m of L2(x, y, λ) satisfies

L2
λ∈<m

(
x∗, y∗, λ

)
≤ L2

(
x∗, y∗, λ∗

)
≤ L2

x∈X ,y∈Y
(
x, y, λ∗

)
.
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In other words, for any saddle point (x∗, y∗, λ∗), we have
x∗ ∈ argmin{L2(x, y∗, λ∗)|x ∈ X},
y∗ ∈ argmin{L2(x∗, y, λ∗)|y ∈ Y},
λ∗ ∈ argmax{L2(x∗, y∗, λ)|λ ∈ <m}.

According to Lemma 1, the saddle point is a solution of the following variational

inequality:
x∗ ∈ X , θ1(x)− θ1(x∗) + (x− x∗)T (−ATλ∗) ≥ 0, ∀x ∈ X ,
y∗ ∈ X , θ2(y)− θ2(y∗) + (y − y∗)T (−BTλ∗) ≥ 0, ∀x ∈ X ,
λ∗ ∈ <m, (λ− λ∗)T (Ax∗ +By∗ − b) ≥ 0, ∀ λ ∈ <m.

Its compact form is the following variational inequality:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (2.2)

where
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w =

 x
y

λ

 , u =

 x

y

 , F (w) =

 −ATλ
−BTλ

Ax+By − b

 ,

and

θ(u) = θ1(x) + θ2(y), Ω = X × Y × <m.

Note that the operator F is monotone, because

(w− w̃)T(F (w)−F (w̃)) ≥ 0, Here (w − w̃)T(F (w)−F (w̃)) = 0. (2.3)

2.2 Preliminaries of PPA for Variational Inequalities

The optimal condition of the problem (1.1) is characterized as a mixed monotone

variational inequality:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (2.4)

PPA for monotone mixed VI in H-norm
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For given wk, find the proximal point wk+1 in H-norm which satisfies

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)T

{F (wk+1) +H(wk+1 − wk)} ≥ 0, ∀ w ∈ Ω,
(2.5)

where H is a symmetric positive definite matrix.

z Again, wk is the solution of (2.4) if and only if wk = wk+1 z

Convergence Property of Proximal Point Algorithm in H-norm

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H . (2.6)

The sequence {wk} is Fejér monotone in H-norm. In customized PPA, via

choosing a proper positive definite matrix H , the solution of the subproblem (2.5)

has a closed form. An iterative algorithm is called the contraction method, if its

generated sequence {wk} satisfies ‖wk+1 − w∗‖2H < ‖wk − w∗‖2H .
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3 ADMM¦¦¦)))üüü������©©©lll888III¼¼¼êêêààà`̀̀zzz¯̄̄KKK

¯̄̄KKK min{θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y}. (1.1)

vvv¼¼¼êêê–Penalty Function

P (x, y, βk) = θ1(x) + θ2(y) +
βk
2
‖Ax+By − b‖2.

Lagrange¼¼¼êêê

L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b).

OOO222 Lagrange¼¼¼êêê

Lβ(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) +
β

2
‖Ax+By − b‖2.
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¦¦¦)))¯̄̄KKK (1.1)���vvv¼¼¼êêê���{{{ nØþI�ê� {βk} ↗ªuÃ¡

(xk+1, yk+1)=Argmin
{
θ1(x) + θ2(y) + βk

2
‖Ax+By − b‖2

∣∣x ∈ X , y ∈ Y}

¦¦¦)))¯̄̄KKK (1.1)���OOO222 Lagrange¦¦¦fff{{{ l�½� λkm©

(xk+1, yk+1)=Argmin

θ1(x) + θ2(y)− (λk)T (Ax+By − b)

+β
2
‖Ax+By − b‖2

∣∣∣∣∣x ∈ Xy ∈ Y


λk+1 = λk − β(Axk+1 +Byk+1 − b). �Kþ β�±�½.

f¯KJUÝ��,O2 Lagrange¦f{(ALM)`uv¼ê�{ [18]

�ÏµS�gXÆ�V�?d�d, (ALM)Ó��Ä
é��aÉ"

���ÓÓÓ���"""::: vk|^ xÚ y��©l(��¦)¬ÃlXÃ"
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¦¦¦)))¯̄̄KKK (1.1)���tttµµµ���vvv¼¼¼êêê���{{{— ���OOO444���zzz���{{{(AMA)

l�½� ykm©

xk+1 =Argmin
{
θ1(x) + β

2
‖Ax+Byk − b‖2

∣∣x ∈ X},
yk+1 =Argmin

{
θ2(y) + β

2
‖Axk+1 +By − b‖2

∣∣y ∈ Y}.
¦¦¦)))¯̄̄KKK (1.1)���tttµµµ���OOO222 Lagrange¦¦¦fff{{{ — ADMM

l�½� (yk, λk)m©

xk+1 = Argmin
{
θ1(x)− (λk)TAx+ β

2
‖Ax+Byk − b‖2

∣∣x ∈ X},
yk+1 = Argmin

{
θ2(y)− (λk)TBy + β

2
‖Axk+1 +By − b‖2

∣∣y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b).

ÑÑÑtttµµµ,¦¦¦fff���OOO������{{{ (ADMM)AAATTT`̀̀uuu���OOO444���zzz���{{{ (AMA)
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3.1 üüü������fff¯̄̄KKK��� ADMM���{{{

Applied ADMM to the structured COP: (yk, λk)⇒ (yk+1, λk+1)

First, for given (yk, λk), xk+1 is the solution of the following problem

xk+1 = Argmin

{
θ1(x)− (λk)T (Ax+Byk − b)

+β
2 ‖Ax+Byk − b‖2

∣∣∣∣∣x ∈ X
}

(3.1a)

Use λk and the obtained xk+1, yk+1 is the solution of the following problem

yk+1 = Argmin

{
θ2(y)− (λk)T (Axk+1 +By − b)

+β
2 ‖Ax

k+1 +By − b‖2

∣∣∣∣∣y ∈ Y
}

(3.1b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (3.1c)

Advantages The x and y sub-problems are separately solved one by one.
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Remark Ignoring the constant term in the objective function, the sub-problems (3.22a)

and (3.22b) is equivalent to

xk+1 = Argmin
{
θ1(x) + β

2
‖(Ax+Byk − b)− 1

β
λk‖2

∣∣x ∈ X} (3.2a)

and

yk+1 =Argmin
{
θ2(y) + β

2
‖(Axk+1 +By − b)− 1

β
λk‖2

∣∣y ∈ Y} (3.2b)

respectively. Note that the equation (3.22c) can be written as

(λ− λk+1){(Axk+1 +Byk+1 − b) + 1
β

(λk+1 − λk)} ≥ 0, ∀λ ∈ <m. (3.2c)

Notice that the sub-problems (3.2a) and (3.2b) are the type of

xk+1 = Argmin
{
θ1(x) + β

2
‖Ax− pk‖2

∣∣x ∈ X}
and

yk+1 = Argmin
{
θ2(y) + β

2
‖By − qk‖2

∣∣y ∈ Y},
respectively.
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Analysis According to Lemma 1, the solution of (3.22a) and (3.22b) satisfies

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T{
−ATλk + βAT

(
Axk+1 +Byk − b

)}
≥ 0, ∀x ∈ X

(3.3a)

and

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T{
−BTλk+βBT

(
Axk+1+Byk+1−b

)}
≥ 0, ∀ y ∈ Y,

(3.3b)

respectively. Substituting λk+1 (see (3.22c)) in (3.3) (eliminating λk in (3.3)), we get

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T{
−ATλk+1 + βATB(yk − yk+1)

}
≥ 0, ∀x ∈ X ,

(3.4a)

and

yk+1 ∈ Y, θ2(y)−θ2(yk+1)+(y−yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y. (3.4b)
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The compact form of (3.4) is uk+1 = (xk+1, yk+1) ∈ X × Y and

θ(u)−θ(uk+1)+

x− xk+1

y − yk+1

T
−ATλk+1

−BTλk+1

+β

ATB
0

(yk − yk+1)

 ≥ 0,

(3.5)

for all (x, y) ∈ X × Y .

By adding and subtracting the term βBTB(yk − yk+1), we rewrite the about variational

inequality in our desirable form

θ(u)− θ(uk+1) +

x− xk+1

y − yk+1

T
−ATλk+1

−BTλk+1

+β

ATB
BTB

(yk − yk+1)

+

0 0

0 βBTB

 xk+1 − xk

yk+1 − yk

 ≥ 0, ∀ (x, y) ∈ X × Y.
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Combining the last inequality with (3.2c), we have wk+1 ∈ Ω and

θ(u)−θ(uk+1)+

x− xk+1

y − yk+1

λ− λk+1


T
 −ATλk+1

−BTλk+1

Axk+1+Byk+1− b

+β

ATBT
0

B(yk−yk+1)

+

 0 0

βBTB 0

0 1
β
Im


 yk+1 − yk

λk+1 − λk


 ≥ 0, ∀w ∈ Ω. (3.6)

For convenience we use the notations

v =

 y

λ

 and V∗ = {(y∗, λ∗) | (x∗, y∗, λ∗) ∈ Ω∗}.

Then, we get the following lemma:

Lemma 2 Let the sequence {wk+1 = (xk+1, yk+1, λk+1)} ∈ Ω be generated by
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(3.22). Then, we have

(vk+1 − v∗)TH(vk − vk+1) ≥ (wk+1 − w∗)T η(yk, yk+1), ∀w∗ ∈ Ω∗, (3.7)

where

H =

(
βBTB 0

0 1
β
Im

)
(3.8)

and

η(yk, yk+1) = β

 AT

BT

0

B(yk − yk+1). (3.9)

Proof. Setting w = w∗ in (3.6), and using H and η(yk, yk+1), we get

(vk+1 − v∗)TH(vk − vk+1)

≥ (wk+1 − w∗)T η(yk, yk+1)

+θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1), ∀w∗ ∈ Ω∗. (3.10)
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Since F is monotone and w∗ is the optimal solution, it follows that

θ(uk+1)−θ(u∗) + (wk+1 − w∗)TF (wk+1) ≥ 0.

Using the above inequality, the assertion (3.7) follows from (3.10) immediately. �

Lemma 3 Let the sequence {wk+1 = (xk+1, yk+1, λk+1)} ∈ Ω be generated by

(3.22). Then, we have

(wk+1 − w∗)T η(yk, yk+1) ≥ 0, ∀w∗ ∈ Ω∗, (3.11)

where η(yk, yk+1) is defined in (3.9).

Proof. By using η(yk, yk+1) (see (3.9)), Ax∗ +By∗ = b and (3.22c), we have

(wk+1 − w∗)T η(yk, yk+1)

= β{(Axk+1 +Byk+1)− (Ax∗ +By∗)}TB(yk − yk+1)

= (λk − λk+1)TB(yk − yk+1), ∀w∗ ∈ Ω∗. (3.12)

Because (3.4b) is true for the k-th iteration and the previous iteration, we have

θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y, (3.13)
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and

θ2(y)− θ2(yk) + (y − yk)T
{
−BTλk} ≥ 0, ∀ y ∈ Y, (3.14)

Setting y = yk in (3.13) and y = yk+1 in (3.14), respectively, and then adding the two

resulting inequalities, we get

(λk − λk+1)TB(yk − yk+1) ≥ 0. (3.15)

Substituting (3.15) in (3.12), the assertion (3.11) follows immediately. �

Substituting (3.11) in (3.7), we get

(vk+1 − v∗)TH(vk − vk+1) ≥ 0, ∀ v∗ ∈ V∗. (3.16)

Using the above inequality, as in the last lecture, we have the following theorem, which is

the key for the proof of the convergence of ADMM.

Theorem 1 Let the sequence {wk+1 = (xk+1, yk+1, λk+1)} ∈ Ω be generated by

(3.22). Then, we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀ v∗ ∈ V∗. (3.17)
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How to choose the parameter β. The efficiency of ADMM is heavily dependent on the

parameter β in (3.22). We discuss how to choose a suitable β in the practical computation.

Note that if βATB(yk − yk+1) = 0, then it follows from (3.5)

θ(u)−θ(uk+1)+

x− xk+1

y − yk+1

T−ATλk+1

−BTλk+1

 ≥ 0, ∀(x, y) ∈ X ×Y. (3.18)

In this case, if additionally Axk+1 +Byk+1 − b = 0, then we have
θ1(x)− θ1(xk+1) + (x− xk+1)T (−ATλk+1) ≥ 0, ∀x ∈ X

θ2(y)− θ2(yk+1) + (y − yk+1)T (−BTλk+1) ≥ 0, ∀y ∈ Y

(λ− λk+1)T (Axk+1 +Byk+1 − b) ≥ 0, ∀λ ∈ <m

and consequently (xk+1, yk+1, λk+1) is a solution of the variational inequality (2.2).

In other words, (xk+1, yk+1, λk+1) is not a solution of (2.2) because

βATB(yk − yk+1) 6= 0 and/or Axk+1 +Byk+1 − b 6= 0.



23

We call

‖βATB(yk − yk+1)‖ and ‖Axk+1 +Byk+1 − b‖

the primal-residual and the dual-residual, respectively. It seems that we should balance the

primal and the dual residuals dynamically. If

µ‖βATB(yk − yk+1)‖ < ‖Axk+1 +Byk+1 − b‖ with a µ > 1,

it means that the dual residual is too large and thus we should enlarge the parameter β in

the augmented Lagrangian function. Otherwise, we should reduce the parameter β. A

simple scheme that often works well is (see, e.g., [12]):

βk+1 =


βk ∗ τ, if µ‖βATB(yk − yk+1)‖ < ‖Axk+1 +Byk+1 − b‖;

βk/τ, if ‖βATB(yk − yk+1)‖ > µ‖Axk+1 +Byk+1 − b‖;

βk, otherwise.

where µ > 1, τ > 1 are parameters. Typical choices might be µ = 10 and τ = 2. The

idea behind this penalty parameter update is to try to keep the primal and dual residual

norms within a factor of µ of one another as they both converge to zero. This self adaptive

adjusting rule has been used by S. Boyd’s group [1] and in their Optimization Solver [8].
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3.2 üüü������fff¯̄̄KKK��� ADMM���{{{��� (ÌÌÌ���)UUU???

1. ADMM in sense of PPA������^̂̂SSS¿¿¿			òòò l (yk, λk)Ñu.


xk+1 = Argmin{Lβ(x, yk, λk) |x ∈ X},
λk+1 = λk − β(Axk+1 +Byk − b),
yk+1 = Argmin{Lβ(xk+1, y, λk+1) | y ∈ Y},

(3.19a)

 yk+1 := yk − γ(yk − yk+1),

λk+1 := λk − γ(λk − λk+1).
£tµòÿ¤ (3.19b)

ùp γ ∈ (0, 2).D�Ò := L« (3.19b)mà� (yk+1, λk+1)´d�

{�c�Ü© (3.19a)�)�.éõê¯K,ù�  U\¯Âñ�Ý.

• X.J. Cai, G.Y. Gu, B.S. He and X.M. Yuan, A proximal point

algorithms revisit on the alternating direction method of

multipliers, Science China Math., 56 (2013), 2179-2186.
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2. Symmetric ADMM ééé¡¡¡������OOO������{{{

�©Cþ xÚ y��þ´²��.¤±ïÆæ^é¡��O��{.

Symmetric Alternating Direction Method of Multipliers is described as

xk+1 = Argmin{Lβ(x, yk, λk) |x ∈ X},

λk+ 1
2 = λk − µβ(Axk+1 +Byk − b),

yk+1 = Argmin{Lβ(xk+1, y, λk+ 1
2 ) | y ∈ Y},

λk+1 = λk+ 1
2 − µβ(Axk+1 +Byk+1 − b).

(3.20)

wehre µ ∈ (0, 1) (usually µ = 0.9).

• B.S. He, H. Liu, Z.R. Wang and X.M. Yuan, A strictly contractive

Peaceman- Rachford splitting method for convex programming,

SIAM Journal on Optimization 24(2014), 1011-1040.
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3.3 Linearized ADMM

The augmented Lagrangian Function of the problem (1.1) is

Lβ(x, y, λ) = θ1(x) + θ2(y)−λT (Ax+By− b) +
β

2
‖Ax+By− b‖2. (3.21)

Solving the problem (1.1) by using ADMM, the k-th iteration begins with given (yk, λk), it

offers the new iterate (yk+1, λk+1) via

(ADMM)


xk+1 = arg min

{
Lβ(x, yk, λk)

∣∣ x ∈ X}, (3.22a)

yk+1 = arg min
{
Lβ(xk+1, y, λk)

∣∣ y ∈ Y}, (3.22b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (3.22c)

In optimization problem, the solution is invariant by changing the constant term in the

objective function. Thus, by using the augmented Lagrangian function,

yk+1 = arg min
{
Lβ(xk+1, y, λk)

∣∣ y ∈ Y}
= arg min

{
θ2(y)− yTBTλk +

β

2
‖Axk+1 +By − b‖2

∣∣ y ∈ Y}.
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Thus, by denoting qk = b−Axk+1 + 1
β
λk , the solution of (3.22b) is given by

min{θ2(y) +
β

2
‖By − qk‖2 | y ∈ Y}. (3.23)

In some practical applications, because of the structure of the matrix B, the subproblem

(3.23) are not so easy to be solved. In this case, it is necessary to use the linearized

version of the ADMM.

Notice that the Taylor expansion of the quadratic term of (3.22b), namely,

β

2
‖Axk+1 +By − b‖2

=
β

2
‖(Axk+1 +Byk − b) +B(y − yk)‖2

= β(y − yk)TBT (Axk+1 +Byk − b) +
β

2
‖B(y − yk)‖2

+
β

2
‖Axk+1 +Byk − b‖2

= βyTBT (Axk+1 +Byk − b) +
β

2
‖B(y − yk)‖2 + constant.
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Changing the constant term in the objective function of (3.22b) accordingly, we have

yk+1 = arg min
{
Lβ(xk+1, y, λk)

∣∣ y ∈ Y}
= arg min

{
θ2(y)− yTBTλk +

β

2
‖Axk+1 +By − b‖2

∣∣ y ∈ Y}
= arg min

 θ2(y)− yTBT
[
λk − β(Axk+1 +Byk − b)

]
+β

2
‖B(y − yk)‖2

∣∣∣∣ y ∈ Y
 .

So-called linearized version of ADMM, we remove the unfavorable term β
2
‖B(y − yk)‖2

in the objective function, and add the term s
2
‖y − yk‖2.

Strictly speaking, it should be a ”linearization” plus ”regularization” method. It can also be

interpreted as:

The term
β

2
‖B(y − yk)‖2 is approximated by

s

2
‖y − yk‖2.

In other words, it is equivalent to adding the term

1

2
‖y − yk‖2D (with D = sIn2 − βB

TB) (3.24)
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to the objective function of (3.22b), we get

yk+1 = arg min
{
Lβ(xk+1, y, λk) +

1

2
‖y − yk‖2D

∣∣ y ∈ Y}
= arg min

 θ2(y)− yTBT
[
λk − β(Axk+1 +Byk − b)

]
+
s
2 ‖y − y

k‖2

∣∣∣∣ y ∈ Y


= arg min
{
θ2(y) +

s

2

∥∥y − dk∥∥2 ∣∣ y ∈ Y}, (3.25)

where

dk = yk +
1

s
BT
[
λk − β(Axk+1 +Byk − b)

]
.

By using such strategy, the sub-problems of ADMM is simplified. The linearized version of

ADMM are applied successfully in scientific computing. The following analysis is based on

the fact that the sub-problem

min{θ2(y) +
s

2
‖y − dk‖2 | y ∈ Y}

are easy to be solved.

Linearized ADMM. For solving the problem (1.1), the k-th iteration of the linearized

ADMM begins with given wk = (xk, yk, λk), produces the
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wk+1 = (xk+1, yk+1, λk+1) via the following procedure:
xk+1 = arg min

{
Lβ(x, yk, λk)

∣∣ x ∈ X}, (3.26a)

yk+1 = arg min
{
Lβ(xk+1, y, λk) +

1

2
‖y − yk‖2D

∣∣ y ∈ Y}, (3.26b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (3.26c)

where D is defined by (3.24).

First, using the optimality of the sub-problems of (3.26), we prove the following lemma as

the base of convergence.

Lemma 4 Let {wk} be the sequence generated by Linearized ADMM (3.26) for the

problem (1.1). Then, we have

wk+1 ∈ Ω, θ(u)−θ(uk+1) + (w − wk+1)TF (w)

+ β(x− xk+1)TAT (Byk −Byk+1)

≥ (y − yk+1)TD(yk − yk+1)

+
1

β
(λ− λk+1)T (λk − λk+1), ∀w ∈ Ω. (3.27)
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Proof. For the x-subproblem in (3.26a), by using Lemma 1, we have

xk+1 ∈ X , θ1(x)− θ1(xk+1)

+ (x− xk+1)T {−ATλk + βAT (Axk+1 +Byk − b)}

≥ 0, ∀x ∈ X .

By using the multipliers update form in (3.26), λk+1 = λk − β(Axk+1 +Byk+1 − b),

the above inequality can be written as

xk+1 ∈ X , θ1(x)− θ1(xk+1)

+ (x− xk+1)T {−ATλk+1 + βATB(yk − yk+1)}

≥ 0, ∀x ∈ X . (3.28)

For the y-subproblem in (3.26b), by using Lemma 1, we have

yk+1 ∈ Y, θ2(y)− θ2(yk+1)

+ (y − yk+1)T {−BTλk + βBT (Axk+1 +Byk+1 − b)}

+ (y − yk+1)TD(yk+1 − yk) ≥ 0, ∀ y ∈ Y.
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Again, by using the update form λk+1 = λk − β(Axk+1 +Byk+1 − b), the above

inequality can be written as

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T {−BTλk+1}

≥ (y − yk+1)TD(yk − yk+1), ∀ y ∈ Y. (3.29)

Notice that the update form for the multipliers, λk+1 = λk − β(Axk+1 +Byk+1 − b),

can be written as λk+1 ∈ <m and

(λ−λk+1)T {(Axk+1 +Byk+1− b) +
1

β
(λk+1−λk)} ≥ 0, ∀λ ∈ <m. (3.30)

Adding (3.28), (3.29) and (3.30), and using the notation in (2.2), we get

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

+ β(x− xk+1)TAT (Byk −Byk+1)

≥ (y − yk+1)TD(yk − yk+1)

+
1

β
(λ− λk+1)T (λk − λk+1), ∀w ∈ Ω. (3.31)
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For the term (w − wk+1)TF (wk+1) in the left side of (3.31), by using (2.3), we have

(w − wk+1)TF (wk+1) = (w − wk+1)TF (w).

The assertion (3.27) is proved. �

This lemma is the base for the convergence analysis of the linearized ADMM.

The contractive property of the sequence {wk} by Linearized ADMM (3.26)

In the following we will prove, for any w∗ ∈ Ω∗, the sequence

{‖vk+1 − v∗‖G + ‖yk − yk+1‖2D}

is monotonically decreasing. For this purpose§we prove some lemmas.

Lemma 5 Let {wk} be the sequence generated by Linearized ADMM (3.26) for the
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problem (1.1). Then, we have

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (w)

+ β

 x− xk+1

y − yk+1

T  AT

BT

B(yk − yk+1)

≥ (v − vk+1)TG(vk − vk+1), ∀w ∈ Ω, (3.32)

where G is given by

G =

 D + βBTB 0

0 1
β
I

 . (3.33)

Proof. Adding (y − yk+1)TβBTB(yk − yk+1) to the both sides of (3.27) in Lemma4,

and using the notation of the matrix G, we obtain (3.32) immediately and the lemma is

proved. �

Lemma 6 Let {wk} be the sequence generated by Linearized ADMM (3.26) for the
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problem (1.1). Then, we have

(vk+1−v∗)TG(vk−vk+1) ≥ (λk−λk+1)TB(yk−yk+1), ∀w∗ ∈ Ω∗. (3.34)

Proof. Setting the w ∈ Ω in (3.32) by any w∗ ∈ Ω∗, we obtain

(vk+1 − v∗)TG(vk − vk+1)

≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗)

+ β

 xk+1 − x∗

yk+1 − y∗

T  AT

BT

B(yk − yk+1). (3.35)

According to the optimality, a part of the terms in the right hand side of the above inequality,

θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0.

Using Ax∗ +By∗ = b and λk − λk+1 = β(Axk+1 +Byk+1 − b) (see (3.26c)) to
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deal the last term in the right hand side of (3.35) , it follows that

β

 xk+1 − x∗

yk+1 − y∗

T  AT

BT

B(yk − yk+1)

= β[(Axk+1 −Ax∗) + (Byk+1 −By∗)]TB(yk − yk+1)

= (λk − λk+1)TB(yk − yk+1).

The lemma is proved. �

Lemma 7 Let {wk} be the sequence generated by Linearized ADMM (3.26) for the

problem (1.1). Then, we have

(λk − λk+1)TB(yk − yk+1) ≥ 1

2
‖yk − yk+1‖2D −

1

2
‖yk−1 − yk‖2D. (3.36)

Proof. First, (3.29) represents

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T

{−BTλk+1 +D(yk+1 − yk)} ≥ 0, ∀ y ∈ Y. (3.37)
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Setting k in (3.37) by k − 1, we have

yk ∈ Y, θ2(y)− θ2(yk) + (y − yk)T

{−BTλk +D(yk − yk−1)} ≥ 0, ∀ y ∈ Y. (3.38)

Setting the y in (3.37) and (3.38) by yk and yk+1, respectively, and adding them, we get

(yk − yk+1)T
{
BT (λk − λk+1) +D[(yk+1 − yk)− (yk − yk−1)]

}
≥ 0.

From the above inequality we get

(yk − yk+1)TBT (λk − λk+1) ≥ (yk − yk+1)TD[(yk − yk+1)− (yk−1 − yk)].

Using the Cauchy-Schwarz inequality for the right hand side term of the above inequality,

we get (3.36) and the lemma is proved. �

By using Lemma 6 and Lemma 7, we can prove the following convergence theorem.
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Theorem 2 Let {wk} be the sequence generated by Linearized ADMM (3.26) for the

problem (1.1). Then, we have(
‖vk+1 − v∗‖2G + ‖yk − yk+1‖2D

)
≤
(
‖vk − v∗‖2G+‖yk−1 − yk‖2D

)
−‖vk − vk+1‖2G, ∀w∗∈Ω∗, (3.39)

where G is given by (3.33).

Proof. From Lemma 6 and Lemma 7, it follows that

(vk+1−v∗)TG(vk−vk+1) ≥ 1

2
‖yk−yk+1‖2D−

1

2
‖yk−1−yk‖2D, ∀w∗ ∈ Ω∗.

Using the above inequality, for any w∗ ∈ Ω∗, we get

‖vk − v∗‖2G = ‖(vk+1 − v∗) + (vk − vk+1)‖2G

≥ ‖vk+1 − v∗‖2G + ‖vk − vk+1‖2G + 2(vk+1 − v∗)TG(vk − vk+1)

≥ ‖vk+1 − v∗‖2G + ‖vk − vk+1‖2G

+ ‖yk − yk+1‖2D − ‖yk−1 − yk‖2D.

The assertion of the Theorem 2 is proved. �
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4 Splitting Methods in a Unified Framework

We study the algorithms using the guidance of variational inequality. The optimal condition

of the linearly constrained convex optimization is resulted in a variational inequality:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (4.1)

4.1 Algorithms in a unified framework

A Prototype Algorithm for (4.1)

[Prediction Step.] With given vk , find a vector w̃k ∈ Ω which satisfying

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (4.2a)

where the matrix Q has the property: QT +Q is positive definite.

[Correction Step.] Determine a nonsingular matrix M and a scalar α > 0, let

vk+1 = vk − αM(vk − ṽk). (4.2b)
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Convergence Conditions

For the matrices Q and M , there is a positive definite matrix H such that

HM = Q. (4.3a)

For the givenH ,M andQ satisfied the condition (4.3a), and the step size α determined in

(4.2), the matrix

G = QT +Q− αMTHM. (4.3b)

is positive definite (at least G � 0).

Given a positive definite matrix Q in (4.2a) (QT +Q � 0), for satisfying the convergence

conditions (4.3), how to choose the matrix M and α > 0 in the correction step (4.2b) ?

There are many possibilities, the principle is simplicity and efficiency. See an example:

• The simplest case is H = I and M = Q.

• In order to ensure the symmetry and positivity of H = QM−1, we take

H = QD−1QT ,
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where D is a symmetric investable block diagonal matrix. Because

H = QD−1QT and H = QM−1,

we only need to set

M−1 = D−1QT .

Thus M = Q−TD satisfies the condition (4.3a).

• After choosing the matrix M , let

αmax = arg max{α |QT +Q− αMTHM � 0},

the condition (4.3b) is satisfied for any α ∈ (0, αmax).



42

4.2 Methods for Linearly Constrained Problems

We consider the convex optimization, namely

min{θ(u) |Au = b, u ∈ U}. (4.1)

Augmented Lagrangian Method

Its augmented Lagrangian function is

Lβ(u, λ) = θ(u)− λT (Au− b) +
β

2
‖Au− b‖2,

The k-th iteration of the Augmented Lagrangian Method [15, 19] begins with a

given λk, obtain wk+1 = (xk+1, λk+1) via

(ALM)

{
ũk = arg min

{
Lβ(u, λk)

∣∣ u ∈ U}, (4.2a)

λ̃k = λk − β(Aũk − b). (4.2b)
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In (4.2), ũk is only a computational result of (4.2a) from given λk, it is called the

intermediate variable. In order to start the k-th iteration of ALM, we need only to

have λk and thus we call it as the essential variable.

The subproblem (4.2a) is a problem of mathematical form

min{θ(u) +
β

2
‖Au− pk‖2 |u ∈ U} (4.3)

where β > 0 is a given scalar and pk = b+ 1
βλ

k.

Assumption:

The solution of problem (4.3) has closed-form solution or can be efficiently com-

puted with a high precision.

The optimal condition can be written as w̃k ∈ Ω andθ(u)− θ(ũk) + (u− ũk)T {−ATλk + βAT (Aũk − b)} ≥ 0, ∀u ∈ U ,

(λ− λ̃k)T {(Aũk − b) + 1
β

(λ̃k − λk)} ≥ 0, ∀λ ∈ <m.
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The above relations can be written as

θ(u)− θ(ũk) +

u− ũk

λ− λ̃k

T−AT λ̃k
Aũk − b

 ≥ (λ− λ̃k)T
1

β
(λk − λ̃k), ∀w ∈ Ω. (4.4)

Setting v = λ in (4.4), it can be written as (4.2a),

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω,

with

Q =
1

β
I.

Correction λk+1 = λk − α(λk − λ̃k), α ∈ (0, 2).

Indeed,

M = I, H = QM−1 = Q � 0,

G = QT +Q− αMTHM =
2− α
β

I � 0.
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Customized PPA

Recall the convex optimization problem (4.1), namely,

min{θ(u) | Au = b, u ∈ U}.

The related variational inequality of the saddle point of the Lagrangian function is

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

where

w =

 u

λ

 , F (w) =

 −ATλ
Au− b

 and Ω = U × <m.

For given vk = wk = (uk, λk), the predictor is given by

(CPPA)


ũk = arg min

{
L(u, λk) +

r

2
‖u− uk‖2

∣∣ u ∈ U}, (4.5a)

λ̃k = arg max
{
L
(
[2ũk − uk], λ

)
− s

2
‖λ− λk‖2

}
(4.5b)
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The output w̃k ∈ Ω of the iteration (4.5) satisfies

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω.

It is a form of (4.2a) where

Q =

(
rI AT

A sI

)
is symmetric

The subproblem (4.5a) is a problem of mathematical form

min{θ(u) +
r

2
‖u− ak‖2 |u ∈ U} (4.6)

where r > 0 is a given scalar and ak = xk +
1

r
ATλk

Assumption:

• The solution of problem (4.6) has has closed-form solution.

• To ensure the positiveness of the matrix Q, we have to set rs > ‖ATA‖.
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We take M = I in the correction (4.2b) and the new iterate is updated by

wk+1 = wk − α(wk − w̃k), α ∈ (0, 2).

Then, we have and

H = QM−1 = Q � 0 and G = QT +Q− αMTHM = (2− α)H � 0.

The convergence conditions (4.3) are satisfied. More about customized PPA,

please see

♣ G.Y. Gu, B.S. He and X.M. Yuan, Customized Proximal point algorithms for

linearly constrained convex minimization and saddle-point problem: a unified

Approach, Comput. Optim. Appl., 59(2014), 135-161.
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5 Convergence proof in the unified framework

In this section, assuming the conditions (4.3) in the unified framework are satisfied, we

prove some convergence properties.

Theorem 1 Let {vk} be the sequence generated by a method for the problem (4.1) and

w̃k is obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the

unified framework, then we have

α
(
θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

)
≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+
α

2
‖vk − ṽk‖2G, ∀w ∈ Ω. (5.1)

Proof. Using Q = HM (see (4.3a)) and the relation (4.2b), the right hand side of (4.3a)

can be written as (v − ṽk)T 1
α
H(vk − vk+1) and hence

α{θ(u)−θ(ũk)+(w−w̃k)TF (w̃k)} ≥ (v−ṽk)TH(vk−vk+1), ∀w ∈ Ω. (5.2)

Applying the identity

(a− b)TH(c− d) =
1

2
{‖a− d‖2H − ‖a− c‖2H}+

1

2
{‖c− b‖2H − ‖d− b‖2H},
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to the right hand side of (5.2) with

a = v, b = ṽk, c = vk, and d = vk+1,

we thus obtain

(v − ṽk)TH(vk − vk+1)

=
1

2

(
‖v − vk+1‖2H−‖v − vk‖2H

)
+

1

2
(‖vk − ṽk‖2H−‖vk+1 − ṽk‖2H).(5.3)

For the last term of (5.3), we have

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− (vk − vk+1)‖2H

(4.3a)
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− αM(vk − ṽk)‖2H
= 2α(vk − ṽk)THM(vk − ṽk)− α2(vk − ṽk)TMTHM(vk − ṽk)

= α(vk − ṽk)T (QT +Q− αMTHM)(vk − ṽk)
(4.3b)
= α‖vk − ṽk‖2G. (5.4)

Substituting (5.3), (5.4) in (5.2), the assertion of this theorem is proved. �
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5.1 Convergence in a strictly contraction sense

Theorem 2 Let {vk} be the sequence generated by a method for the problem (4.1) and

w̃k is obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the

unified framework (G � 0), then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (5.5)

Proof. Setting w = w∗ in (5.1), we get

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ α‖vk − ṽk‖2G + 2α{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)}. (5.6)

By using the optimality of w∗ and the monotonicity of F (w), we have

θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗) ≥ 0

and thus

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ α‖vk − ṽk‖2G. (5.7)

The assertion (5.5) follows directly. �
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5.2 Convergence rate in an ergodic sense

Equivalent Characterization of the Solution Set of VI

For the convergence rate analysis, we need another characterization of the solution set of

VI (4.1). It can be described the following theorem.

Theorem 3 The solution set of VI(Ω, F, θ) is convex and it can be characterized as

Ω∗ = {w̃ ∈ Ω | θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ 0, ∀w ∈ Ω.} (5.8)

Proof. According to the definition of the solution of VI, for any w̃ ∈ Ω∗, we have

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w̃) ≥ 0, ∀w ∈ Ω.

Since (w − w̃)TF (w̃) = (w − w̃)TF (w),

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ 0, ∀w ∈ Ω.

The theorem is proved. �
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We use (5.8) to define the approximate solution of VI (4.1). Namely, for given ε > 0,

w̃ ∈ Ω is called an ε-approximate solution of VI(Ω, F, θ), if it satisfies

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ −ε, ∀ w ∈ D(w̃),

where

D(w̃) = {w ∈ Ω | ‖w − w̃‖ ≤ 1}.

We need to show that for given ε > 0, after t iterations, it can offer a w̃ ∈ W , such that

w̃ ∈ W and sup
w∈D(w̃)

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ ε. (5.9)

Theorem 1 is also the base for the convergence rate proof. Substituting

(w − w̃k)TF (w) = (w − w̃k)TF (w̃k)

in (5.1), we obtain

θ(u)−θ(ũk)+(w− w̃k)TF (w) +
1

2α
‖v− vk‖2H ≥

1

2α
‖v− vk+1‖2H , ∀w ∈ Ω.

(5.10)

Note that the above assertion is hold for G � 0.
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Theorem 4 Let {vk} be the sequence generated by a method for the problem (4.1) and

w̃k is obtained in the k-th iteration. Assume that vk , vk+1 and w̃k satisfy the conditions

in the unified framework and let w̃t be defined by

w̃t =
1

t+ 1

t∑
k=0

w̃k. (5.11)

Then, for any integer number t > 0, w̃t ∈ Ω and

θ(ũt)− θ(u) + (w̃t − w)TF (w) ≤ 1

2α(t+ 1)
‖v − v0‖2H , ∀w ∈ Ω. (5.12)

Proof. First, it holds that w̃k ∈ Ω for all k ≥ 0. Together with the convexity of X and Y ,

(5.11) implies that w̃t ∈ Ω. Summing the inequality (5.10) over k = 0, 1, . . . , t, we

obtain

(t+1)θ(u)−
t∑

k=0

θ(ũk)+
(

(t+1)w−
t∑

k=0

w̃k
)T
F (w)+

1

2α
‖v−v0‖2H ≥ 0, ∀w ∈ Ω.



54

Use the notation of w̃t, it can be written as

1

t+ 1

t∑
k=0

θ(ũk)− θ(u) + (w̃t −w)TF (w) ≤ 1

2α(t+ 1)
‖v− v0‖2H , ∀w ∈ Ω.

(5.13)

Since θ(u) is convex and

ũt =
1

t+ 1

t∑
k=0

ũk,

we have that

θ(ũt) ≤
1

t+ 1

t∑
k=0

θ(ũk).

Substituting it in (5.13), the assertion of this theorem follows directly. �

Recall (5.9). The conclusion (5.12) thus indicates obviously that the method is able to

generate an approximate solution (i.e., w̃t) with the accuracy O(1/t) after t iterations.

That is, in the case G � 0, the convergence rate O(1/t) of the method is established.

• B. S. He and X. M. Yuan, On the O(1/n) convergence rate of the alternating

direction method, SIAM J. Numerical Analysis 50(2012), 700-709.
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5.3 Convergence rate in a pointwise iteration-complexity

In this subsection, we show that if the matrix G defined in (4.3b) is positive definite, a

worst-case O(1/t) convergence rate in a pointwise iteration-complexity can also be

established for the prototype algorithm (4.2). Note in general a pointwise convergence rate

is stronger than the ergodic convergence rate.

We have proved

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α‖vk − ṽk‖2G, ∀v∗ ∈ V∗.

In fact, ‖vk − ṽk‖ can be used to measure how much wk fails to be a solution point.

In the following, we will prove that

‖vk+1 − ṽk+1‖MTHM ≤ ‖v
k − ṽk‖MTHM

We first need to prove the following lemma.

Lemma 8 For the sequence generated by the prototype algorithm (4.2) where the
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Convergence Condition is satisfied, we have

(vk − ṽk)TMTHM{(vk − ṽk)− (vk+1 − ṽk+1)}

≥ 1

2α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT+Q). (5.14)

Proof. First, set w = w̃k+1 in (4.2a), we have

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk). (5.15)

Note that (4.2a) is also true for k := k + 1 and thus we have

θ(u)−θ(ũk+1)+(w−w̃k+1)TF (w̃k+1) ≥ (v−ṽk+1)TQ(vk+1−ṽk+1), ∀w ∈ Ω.

Set w = w̃k in the above inequality, we obtain

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1).

(5.16)

Combining (5.15) and (5.16) and using the monotonicity of F , we get

(ṽk − ṽk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 0. (5.17)
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Adding the term

{(vk − ṽk)− (vk+1 − ṽk+1)}TQ{(vk − ṽk)− (vk+1 − ṽk+1)}

to the both sides of (5.17), and using vTQv = 1
2
vT (QT +Q)v, we obtain

(vk−vk+1)TQ{(vk−ṽk)−(vk+1−ṽk+1)} ≥ 1

2
‖(vk−ṽk)−(vk+1−ṽk+1)‖2(QT+Q).

Substituting (vk − vk+1) = αM(vk − ṽk) in the left-hand side of the last inequality

and using Q = HM , we obtain (5.14) and the lemma is proved. �

Now, we are ready to prove (5.18), the key inequality in this section.

Theorem 5 For the sequence generated by the prototype algorithm (4.2) where the

Convergence Condition is satisfied, we have

‖M(vk+1 − ṽk+1)‖H ≤ ‖M(vk − ṽk)‖H , ∀ k > 0. (5.18)

Proof. Setting a = M(vk − ṽk) and b = M(vk+1 − ṽk+1) in the identity

‖a‖2H − ‖b‖2H = 2aTH(a− b)− ‖a− b‖2H ,
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we obtain

‖M(vk − ṽk)‖2H − ‖M(vk+1 − ṽk+1)‖2H
= 2(vk − ṽk)TMTHM [(vk − ṽk)− (vk+1 − ṽk+1)]

−‖M [(vk − ṽk)− (vk+1 − ṽk+1)]‖2H .

Inserting (5.14) into the first term of the right-hand side of the last equality, we obtain

‖M(vk − ṽk)‖2H − ‖M(vk+1 − ṽk+1)‖2H

≥ 1

α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT+Q) − ‖M [(vk − ṽk)− (vk+1 − ṽk+1)]‖2H

=
1

α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G ≥ 0,

where the last inequality is because of the positive definiteness of the matrix

(QT +Q)− αMTHM � 0. The assertion (5.18) follows immediately. �

Note that it follows from G � 0 and Theorem 2 there is a constant c0 > 0 such that

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − c0‖M(vk − ṽk)‖2H , ∀v∗ ∈ V∗. (5.19)

Now, with (5.19) and (5.18), we can establish the worst-case O(1/t) convergence rate in
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a nonergodic sense for the prototype algorithm (4.2).

Theorem 6 Let {vk} and {w̃k} be the sequences generated by the prototype algorithm

(4.2) under the Convergence Condition. For any integer t > 0, we have

‖M(vt − ṽt)‖2H ≤
1

(t+ 1)c0
‖v0 − v∗‖2H . (5.20)

Proof. First, it follows from (5.19) that

∞∑
k=0

c0‖M(vk − ṽk)‖2H ≤ ‖v0 − v∗‖2H , ∀ v∗ ∈ V∗. (5.21)

According to Theorem 5, the sequence {‖M(vk − ṽk)‖2H} is monotonically

non-increasing. Therefore, we have

(t+ 1)‖M(vt − ṽt)‖2H ≤
t∑

k=0

‖M(vk − ṽk)‖2H . (5.22)

The assertion (5.20) follows from (5.21) and (5.22) immediately. �
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Thank you very much for your attention !
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Thank you very much for reading !


