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min 0(x) + 02(y) + 03(=2)
st Ax + By+Cz =0»b (1.1)

reX,ye Y, z€ Z




Background extraction of surveillance video (ll) I

The original surveillance video has missing information and additive noise
Po(D) = Po(X + Y )+noise

Pq — indicating missing data, Z — noise/outliers

observed video foreground background



Image decomposition with degradations IThe target image for

decomposition contains degradations, e.g., blur, missing pixels, - - -

f = K(u-+divv)+ 2z, K — degradation operator, z— noise/outlier

Model '

mln{HVqu + 7| V]|oo + HZH2 | K(u-+divv)

target image cartoon texture




2 Mathematical Background

MAEARES: THAFN 1 2FiEs (PPA) &X

Lemma 1 Let X' C R" be a closed convex set, 0(x) and f () be convex func-

tions and f(x) is differentiable. Assume that the solution set of the minimization

problem min{f(x) + f(x) |x € X'} is nonempty. Then,
r* € argmin{f(z) + f(x) |z € X} (2.1a)

if and only if

v e X, 0(x) —0(z*) + (x —2*)'Vf(z*) >0, Vx e X. (2.1b)




2.1 Linearly constrained convex optimization and Vi

The Lagrangian function of the problem (1.1) is

L3(x,y,2,\) = 01(x) + 02(y) + 035(2) — N (Ax + By + Cz — b).

Saddle point

The saddle point (z*, y*, 2*, A\*) € X x Y x Z x R™ of L*(x,y, z, \)



satisfies

L>\E§Rm( *7y*72*7)\) S Lg( 7y Z )‘*) < LxeX YEY, zEZ('r Y, <, )‘*)

In other words, for any saddle point (x*, A*), we have

/

x* € argmin{ L>(x, y*, 2*, \*)
(2%,

(z*,y, 2%, \*
2( *
(

y* € argmin{ L )
5y, 2, )
)

z* € argmin{ L

| A" € argmax{L

r e X},

y €V},
y € 2},

Yyt 25 )| e R

According to Lemma 1, the saddle point is a solution of the following VI:

(2 e X, 61(z)—61(z*) + (x — )T (—ATA*) >0, VzeX,
) Ve, Oa2(y) — O2(y*) + (y —y*) " (=B"A*) >0, Vye),

2t e Z, 05(2) — 03(2%) + (z — 25)1(=CTX*) >0, Vze2Z,
A EeR™ (A= XA)T(A2* + Byt +Cz* —b) >0, VAeR™



lts compact form is the following variational inequality:

w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, Ywe, (22

where
(x\ T ( _AiA \
\)\) o \Aa:+By+Cz—b)
and
O(u) = 61(x) + 02(y) + 03(2), Q=X xYxZxR™

Note that the operator F' is monotone, because

(w— ) (F(w)—F(w)) > 0, Here (w — ) (F(w)—F(w)) = 0. (2.3)



2.2 Preliminaries of PPA for Variational Inequalities

The optimal condition of the problem (1.1) is characterized as a mixed monotone
variational inequality:

w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, Ywe. (24

PPA for monotone mixed VI in H-norm '

For given w”, find the proximal point w®*T1in H-norm which satisfies

wktt e Q. O(u) — O(uFth) + (w — whthH)T

(2.5)
{F(wT) + H(w* ™ —w*)} >0, Vw e Q,
where H is a symmetric positive definite matrix.
Convergence Property of Proximal Point Algorithm in /{-norm I
W —w*[F < lw* — w7 — lw* —w . (2.6)



2.3 Splitting Methods in a Unified Framework

We study the algorithms using the guidance of variational inequality.

w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, Ywe. (2.7)

Algorithms in a unified framework '

[Prediction Step.] With given v¥, find a vector W* € ) such that
O(w)—0(a")+(w—a®)TF(a®) > (v—0)TQ(*—o%), Yw € Q, (2.8a)

where the matrix () is not necessary symmetric, but QT + () is positive definite.
[Correction Step.] The new iterate v* 11 by

P = ok — aM (v — ). (2.8b)

10



Convergence Conditions

For the matrices () and M, there is a positive definite matrix A such that
HM = Q. (2.9a)

Moreover, the matrix

G=Q"+Q—-—aM"HM (2.9b)

is positive semi-definite.

Convergence using the unified framework

Theorem 1 Let {v"*} be the sequence generated by a method for the problem
(3.1) and W is obtained in the k-th iteration. If v*, v*T1 and W* satisfy the

conditions in the unified framework, then we have

Hvkﬂ — U*H%{ < Hvk — U*H%{ — ozH’Uk — NkHé, Yo* e V', (2.10)

11



EE 1 NEELEL

L L e A P R

IR PPA BN HEAF, FTARX K F7A=2 PPA Like I57£.

KT —ERTE AR EBSMH WA IS E THHXE:
e B.S. He, and X. M. Yuan, A class of ADMM-based algorithms for three-block
separable convex programming. Comput. Optim. Appl. 70 (2018), 791 — 826.

o R4, AR FIRBEHELE 20 F, (EEFFR) 22 EF1HA, pp. 1-31,
2018.

PPARBZX L HE RILIRT]; Re2BBART ZEESHE.

12



3 Two special prediction-correction methods

We study the optimization algorithms using the guidance of variational inequality.

w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, YweN (3.1)

3.1 Algorithms | (Q = H, H is positive definite

[Prediction Step.] With given v*, find a vector w* € ) such that
0(uw)—0(a")+(w—a™T F(wF) > (v—0")T H(v*—3%), Yw € Q, (3.2a)

where the matrix H is symmetric and positive definite.
[Correction Step.] The new iterate v* 11 by

P = oF —a(v® — %), a€(0,2) (3.2b)

H is a symmetric positive definite matrix. FU{FEXSHBEEKR

13



The sequence {Uk} generated by the prediction-correction method (3.2) satisfies

VP 12 < o — v ||1% — a(2 — a)||[vF — oF||%,. Yot € V*.
| H H H

The above inequality is the Key for convergence analysis !

ENEIR (22) RIMHIAFI, 77758 H PPA Like WS .

Set a = 1 in (3.2b), the prediction (3.2a) becomes: wrtl € Q such that
0(uw)—0(u™ ™)+ (w—w™ T F(w*) > (v—0™)T H (vF—0*), v € Q.

The generated sequence {v"*} satisfies

[ — o[ < fo* — ot = o =" Yt e V.

ENZIR (22) RIMHAFN, @ X T#%LETE v B PPA 574
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3.2 Algorithms | ( is the sum of two matrices

[Prediction Step.] With given v*, find a vector w* € ) such that

O(u)—0(a")+(w—a™TF(w®) > (v—9*)TQ(v*—o%), Yw € Q, (3.3a)

Q=D+K, (3.3b)

D is a block diagonal positive definite matrix
K is skew-symmetric (RX#R) Q' + Q = 2D

[Correction Step.] For the positive matrix [, the new iterate vF s given by
Pt = ok — yal M (0P — 58, (3.4a)

where M =D7'Q, ~¢€ (0, 2), and the optimal step size is given by

Jof =3,
M =)

ay = (3.4b)

15
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Since M DM = M7 (), we have

- 11T -
IM (0" —3)||p = [M (0" —3%)]" [Q(" —5%)]
and thus
* ||Uk 6k|‘% T VR I - = I ——
af = TRITEREZH KN

The sequence {Uk} generated by the prediction-correction Algorithm Il satisfies

[ =t |F < " =0 [h = (2 = Pagfot = 0. veT e V™.

EXREIR (22) RIMBAFI, UM IEF ZERERS PPA Like YU

Frd, X RER R 7R, B2 B3 (PPA Like) BIA.
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Convergence of the prediction-correction method Il

Lemma 2 For given ka, let the predictor W be generated by (3.3a), then we
have

~ kE ~k
(0" =) T Q" — %) > [lv* — o"|13, (3.5)
where () is given in the right hand side of (3.3a) and D is given in (3.3b).

Proof. Set w = w™ in (3.3a), we get
(% — )T Q" — %) > 0(aF) — o(u*) + (W° — w*)T F(a®). (3.6)
Because
and
0(a¥) — 0(u*) + (* — w*) T F(w*) >0,
the right hand side of (3.6) is non-negative. Thus, we have

{0 =v") = (" = ")} QMW" ") = 0



and
(vF —v)TQ* — &%) > (vF — #F)TQ(v* — o"). (3.7)

For the right hand side of the above inequality, by using () = D + K and the
skew-symmetry of K, we obtain

(W =T TQUE — ) = (o — 3T (D + K)(* — )

= o — |3,
The lemma is proved. []

Theorem 2 For given vk, let the predictor " be generated by (3.3a). If the new
iterate v* 11 is given by

P a) = o — aM (v* — o), v €(0,2), (3.8)
then we have

[ — ot |[B < o* =D — g (@), Yor eV, (3.9)

18
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where
g (a) = 20fw” — || — || M (w” — )| (3.10)

Proof. First, we define the profit function by

I (@) = [[v" — o[} = " () — "D (3.11)

Thus, it follows from (3.8) that

9 (a) = [lv" v D = l(v" =) —aM " ="

= 2a(v® — v )TDMW* — %) — || M (" — 3%)||%.
By using DM = () and (3.5), we get

If (@) = 2afv =0 —® MW" — D = ¢f(a). O

gy (o) reaches its maximum at o; which is given by (3.4b).



2(Q)

q(a)

By € [1,2) IRER

20



Since we take o = ya, it follows from (3.10) that
g () = 2yag|[v"® — 0% — v (eg)? [ M (v* = 3%)||D. (3.12)
By using (3.4b), we get

(ap)*IM (" = 7")D

ok Hvk o erH2D HM(’Uk . @k)HZ
M (o — k)%, o

= ago* "I

Substituting it in (3.12) we get  ¢i (o) > (2 — v)ai||v* — F||%.

[ =t < loF = 0" = (2 = agllot = 38D YT e VT

21



4 Applications for separable problems
This section presents various applications of the proposed algorithms for the
separable convex optimization problem

min{f;(x) +02(y) | Ar+ By =b, x € X,y € V}. (4.1)
lts VI-form is

w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, YweN (4.2

where
x — AT\
x
w=| vy |, u= , F(w) = —BT ) , (4.3a)
A J Az + By — b
and

O(u) = 01(x) + 02(y), Q=X x)Y xR (4.3b)

22



The augmented Lagrangian Function of the problem (4.1) is
Ls(w,y,A) = 91($)+92(y)—AT(AerBy—b)JrgIIA:U+By—b||2- (4.4)

Solving the problem (4.1) by using ADMM, the k-th iteration begins with given
(y*, \F), it offers the new iterate (y* 11, A\*T1) via

(28 = arg min{ﬁg(:c,yk,)\k) ’ x € X}, (4.5a)
(ADMM) < o**! = arg min{ﬁg(xk+1,y,)\k) ’ y eV}, (4.5b)
(AT = AP — B(Ax* T 4+ Byt —b). (4.5¢)
T
w= |y |, v= Y and V* = {(y", \") | (", y", \*) € Q*}.
\ A
ktl %2 ko2 k. k+1(2 BB"B 0
[o" T =™y < [ =0ty — vt =" [, H = )
0 B[m

23
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4.1 ADMM in PPA-sense

In order to solve the separable convex optimization problem (4.1), we construct a

method whose prediction-step is

0(u) — 0(7*) + (w — G*)TF @) > (v — ) TH@* — %), Yw € Q,
(4.6a)

H = , (asmalld > 0, say 0 = 0.05).

(4.6b)
Since H is positive definite, we can use the update form of Algorithm | to produce
the new iterate v 1 = (y*T1, A¥+1) (In the algorithm [2], we took § = 0).

24



The concrete form of (4.6) is The underline partis F'(w"):

( T
0 —0 ~k _ ~kN\T —At A
1 () 1($T)~:(:B T") F(w) — BT
{=A" N} >0, Ax + By — b

\\

O2(y) — 02(5") + (y — g°)"
{=BTXN* + (1 + 6)BB" B(§" — y*)—BT (\* — \")} > 0,
| (42" +Bj*F —-b) —B@E" -y + (1/8) A=A =o0.

In fact, the prediction can be arranged by

( &% = Argmin{Ls(z,y", \*) |z € X}, (4.7a)
A =\ — B(AZF + ByF — 1), (4.7b)
\
02(y) — yT BT[22F — AF
e Argmin{ g(y)1+5y | 1 ] ‘y € y}. (4.7¢)
\ +5°B8I1By — v

XN 5 2 B 32 5 [a15% (6.10) F8E, S (3.2b) FKIE, SHIRRIEE.

25



4.2 Linearized ADMM-Like Method

L FalRl (4.7¢) KEBBEMRT, B 5|y — v*||2 RE 126||B(y — v*)||%

By using the linearized version of (4.7), the prediction step becomes
0(u)—0(a") +(w—a")T F(wF) > (v—0"T H (0" —5%), Yw € Q, 4.8)

where
(1+0sB'B —-B*

[ sI —BT
1
-B =l

_ 1 ] KA (4.6 Il [
—B BIm

] . (4.9)

The concrete formula of (4.8) is The underline part is F(u?k):

61(:13)—91(5:k)+(x—:73k)T _ AT

p

{=AT)\*} >0, — BT
02(y) — 02(5") + (y — §)7 Aer By b
{(=B" X + s(7* —y")—BT(\* —=\")} >0,
| (AZ" + Bj* —b)—B(" — ) + (1/8) (A" = A\F) = 0.

7\

(4.10)




27

Then, we use the form

P = oF — (v =), a€(0,2)

to update the new iterate v* 1.

How to implement the prediction? ' To get " which satisfies (4.10),

we need only use the following procedure:

(

7% = Argmin{Ls(z,y", \*) |z € X},

&A= \F — B(AZ* + ByF —b),

~ ) ~ S
zﬁ:=AQWWWﬂy)—yTBTDAk-Aﬂ+-§Mw—yﬂP\y€34-

\

A sy — y* |12 B 28 By — o2, AIREKS, BE s > 8| BT B
. KKH s ST SUEE

MEER 8 >0, EX s> 3|B'B




4.3 Method without s > 3||B? B)|

H%60E BT B lFGEAEF, X D&M, SRBUA TR A

For solving the same problem, we give the following prediction:

O(u) — O(a") + (w — )T F("®) > (v — )T Q" — o%), Yw € Q,
(4.11a)

sI BT
Q= y =D+ K. (4.11b)

sl 0 0 BT
D = and K = :
0 %Im —-B 0

RBIXFERTON, ATAREE | IREANX G4) FEFIER S

Because

28



How to implement the prediction? ' The concrete formula of (4.11) is

The underline part is F'(0"):

[ 01(z) — 0,(FF) + (x — 75)T
- —AT )
{=AT)\*} >0, F(w) = ( _BT) )
y Oa(y) — 02(5°) + (y — §")" Az + By — b
{=BTX + s(g* —y*) +BT (\F -2} >0,
| (AZF + B — b)—B(j" — yF)+(1/8) (A — \F) = 0.

This can be implemented by

2

7% = Argmin{Ls(z,y", \*) |z € X},

&A= \F — B(AZ* + ByF —b),

~ ) S
g* = Argmin{62(y) — y' BT A" + 5y - v |* 1y € V}.

\

The y-subproblem is easy. JT45ERY 5 > 0, AJ LA BEERY s > 0.




X1 A 73 B E AR R BRI AL IB1RE, TR A 14E §4 iR =MFUN-KIE 750K

o WNRFOJR A KEETIZH, TR 1 SRAE AR [E ¥ AU AR, 32 IR A
§4.1 FEVTTIE.
o WNRTF OISR, X —ANF el B ORI 14, H B 36 %
FHIFHIRHER, EICRA §4.2 REYSIE.
o WNRAIMERMEIL, FEPE R X A IFRIRHE, IS RIRA §22.3 F1 §4.3
HE A,
o BB IX LEHEZR RE AT X SEPRIa) R T E AR AS B
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5 XBE=1195 BRI GHiLo)E
XN O]ERY Lagrange R E
L(z,y,2z,A\) = 01(x) + 02(y) + 03(2) — A (Az + By + Cz — b).

1#1~ Lagrange R ¥ =

ez = Lwy.z )+ 5|z + By +Cz — b,
B NRXB R A
[ gkt = arg min {E%(:c,yk,zk, ) | we X},
; y**1 = argmin {E%(karl,y,Zk, A\F) | Yy € y}, 5.12)
L = argmin { L3 (2P R 2 0F) | 2 € 21,
\ ML — AR B(AxF T+ ByFtt 4 C2F L —b).

Xfm > 3, —RR N IB) R B RN RYZE 77 [RA A BEPRUEU SN [4]
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« Convergent with two group of variables

* Not convergent with 3 or more.
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HIEHEr ADMM: (143K 2016 Math.Progr. BI=/NE F(o)8a

min{6, (x) +02(y) +03(2)|Ax+ By+Cz=b, x € X,y € Y,z € Z}
HE—TEIFH, 01(2) =02(y) =05(2) =0, X =Y =Z =%
A=1[A,B,Cle R BNMNEFRHEME, b=0c R

LB —EARIIE MR GF, IERR T EREHET B9 ADMM F AT
XEMFEZHEAELHTHIENX.

EE®ERRAEIE: = PFEFRISEPREIRE P, Lt 2)REM

A=[AB,C] FEZLE—NE2ENENR B, A=[A B,I.

ERHET /Y ADMM &0 385X 741 58 T SEFRAY =N E RV [a] &,
B BUERA S, tgBELRA, Z5HRMNTOAHE ! !
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ZEA™ 18 B2 B 5 R -
o T FXEFEE (ADMM) &b3E (0]
min{f; (z) + 02(y)|Az + By =b, x € X,y € Y} =UEH.
o EFERLARIEMAZFRLIR, BT A
min{6 (z) + 02(y)|Ax + By < b, v € X,y € V}.
o BUR="EFHNERLRD)@
min{6;(x) + 02(y) + 0| Ax+ By+z=0b, c € X,y € Y,z > 0}

o HiZHE B ADMM A2 FE X Fo)En, A0 A=, BERE
AL BIERRUA S, g BEas ] !

ETF B AH, BN =AFEFHEEREE T —E£2EFEZE 5.
BAT T AEX BB A EREE ! X 5 ANIERE, R A ENFA!
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5.1 wr=arElXE ADMM 5%

LL(5.12) 32 ERY (5L, 2F 1) AT, B o € (0,1), IIEAR A

yk—|—1 - yl-c B I —(BTB)_lBTC yk_yk—l—l 5 13
k1 T Lk @ 0 7 b k4 . (5.13)

MTAT—LIARREER (By !, C2 1N, BRINTREM

Byk—l—l - Byk . T -7 B<yk_yk—i—1)
oraant AR WerL 0 I C(zF — 2+ )

e B. S. He, M. Tao and X.M. Yuan, Alternating direction method
with Gaussian back substitution for separable convex

programming, SIAM Journal on Optimization 22(2012), 313-340.

5y F - BRE AT HEGEA B
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5.2 ADMM + Prox-Parallel Splitting ALM

i 5 28 4 1 2+ = arg min {ﬁ%(w,yk,zk,)\k) |z e X},
g%%:lizy_’j—?u ; yl:rl — argmin {E%(ajk“, y, 28, AF) | y € y},
NEE(RITE 21 = argmin {E%(xk“,yk,z, Y|z e 2},
TR | | ML = AR — B(Axkt + ByFtl 4+ L —b).

y, z FIEJREAT, SRR A IE MU AT, 74 Ef1R T STER N 1 N5

y

r**t1 = arg min {E%(m,yk,zk,)\k) |z e X}, (r>1)

y* T = argmin { L3 (2, y, 2% NF) + TBIB(y — v*)|?|y € V],
P = argmin { L3 (" 47, 2, M) + ZB(|C (2 — 27)[?|z € 2},
AL = Ak — B(AZF T + Byt tl + C2FH — ).

\
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LR HBEERS T

y

2"+ = Argmin{01 (z) + 5| Az + By + C2" —b— $0*|? |z € &},
AT = AF — B(Az*T! + By + C2F — b)
1
§ Y =Argmin{fa(y) — (N 2)TBy + 2| By — v*)I1* |y € V3,

2P = Argmin{63(2) — (¥ 2)TCz + L2 C(z — 2M)||? | 2 € 2},

ML = \F — B(AzF Tt + Byt 4 O —b),

\
(5.14)

Heh oy > 2. 45080, AT RAER 4 = 2.01.

e B. He, M. Tao and X. Yuan, A splitting method for separable
convex programming. IMA J. Numerical Analysis, 31(2015),
394-426.

XBEH, XKL

ENI5, N B 2 RERBAIE.

- FLAN L
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This method is accepted by Osher’s research group'

e E. Esser, M. Mdller, S. Osher, G. Sapiro and J. Xin, A convex model for
non-negative matrix factorization and dimensionality reduction on physical
space, IEEE Trans. Imag. Process., 21(7), 3239-3252, 2012.

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 21, NO. 7, JULY 2012 3239

A Convex Model for Nonnegative Matrix
Factorization and Dimensionality
Reduction on Physical Space

Ernie Esser, Michael Méller, Stanley Osher, Guillermo Sapiro, Senior Member, IEEE, and Jack Xin

TEO,VIjnelgj,eeE C Z m]aX(TZaJ> + <RwO'C,w, T>

suchthat YT — X, =V — X.diag(e). (15)
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Since the convex functional for the extended model (15) is
slightly more complicated, it 1s convenient to use a variant of
ADMM that allows the functional to be split into more than
two parts. The method proposed by He ef al. in [34] is appro-
priate for this application. Again, introduce a new variable 72

Using the ADMM-like method in [34], a saddle point of the
augmented Lagrangian can be found by iteratively solving the
subproblems with parameters &6 > 0 and ¢ > 2, shown in the




tion refinement step. Due to the different algorithm used to solve
the extended model, there is an additional numerical parameter
{1+, which for this application must be greater than two according
to [34]. We set i1 equal to 2.01. There are also model parame-

[33] E. Candes, X. Li, Y. Ma, and J. Wright, “Robust principal component
analysis,” 2009 [Online]. Available: http://arxiv.org/PS cache/arxiv/
pdf/0912/0912.3599v1.pdf

[34] B. He, M. Tao, and X. Yuan, “A splitting method for separate
convex programming with linking linear constraints,” Tech.
Rep., 2011 [Online]. Available: http://www.optimization-on-
line.org/DB_FILE/2010/06/ 2665.pdf

40




6 MBS

Some linearly constrained convex optimization problems '

1. Linearly constrained convex optimization min{f(x)|Az =b, z € X}

2. Convex optimization problem with separable objective function
min{6(z) + 02(y)|Ax + By =b, x € X,y € Y}
3. Convex optimization problem with 3 separable objective functions

min{f(x)+02(y)+603(2)|Axc+By+Cz=bx e X,y Y,z € Z}

There are some crucial parameters:
e Crucial parameter in the so called linearized ALM for the first problem,

e Crucial parameter in the so called linearized ADMM for the second problem,

e Crucial proximal parameter in the Proximal Parallel ADMM-like Method for
the convex optimization problem with 3 separable objective functions.

41
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6.1 Linearized Augmented Lagrangian Method
Consider the following convex optimization problem:

min{f(x) | Ax =b, x € X}. (6.1)
The augmented Lagrangian function of the problem (6.1) is

Ls(x,\) = 0(z) — AT (Az — b) + 5| Az — 0|2

Starting with a given A*, the k-th iteration of the Augmented Lagrangian Method
[15, 19] produces the new iterate w*+! = (zF1, \F¥+1) via
F Tl = arg min{ Lz(x, AR) |z e X}, (6.2a)
AL = \F v B(AxPTE —b), v €(0,2) (6.2b)

In the classical ALM, the optimization subproblem (6.2a) is

(ALM) {

min{6(z) + 5[|Az — (b+ $A")[*x € X}

Sometimes, because of the structure of the matrix A, we should simplify the
subproblem (6.2a). Notice that



e Ignore the constant term in the objective function of £ (x, A\¥), we have
arg min{ L (z, A®) ‘ x € X}

= argmin{f(z) — (\*)" (Az —b) + £||Azx — b||*| z € &}

. O(x) — (A\")" (Az —b) +
= arg min reX
5 { gH(Aa:k —b)+ A(x —w"“)||2 - }
_ O(x) — xT AT[NF — B(Az" — b)]
= arg min reX . .
s Y2 G — o) <X} 63

e Inthe so called Linearized ALM, the term gHA(a: — x%)]|? is replaced
with % ||z — 2*||%. In this way, the 2-subproblem becomes

2" = arg min{@(a:)—:cTAT[)\k—B(Axk—b)]—l—g||x — 2"’z € X}. (6.4)

In fact, the linearized ALM simplifies the quadratic term gHA(x — k)%
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In comparison with (6.3), the simplified x-subproblem (6.4) is equivalent to
2" = argmin{Ls(z, \*) + ||z — 2"}, |z € X}, (65

where
Da =rI — BAT A. (6.6)

In order to ensure the convergence, it was required that = > 3||AT A||.

Thus, the mathematical form of the Linearized ALM can be written as

2" = argmin{Ls(z, \*) + L]z — 2*||3, |z € X}, (6.7a)
ML = Ak ~B(AzF Tt —b), 4 €(0,2). (6.7b)

where D, is defined by (6.6).

Large parameter 7 in (6.6) will lead a slow convergence !
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Recent Advance. Bingsheng He, Feng Ma, Xiaoming Yuan:
Optimal proximal augmented Lagrangian method and its application to full Jaco-

bian splitting for multi-block separable convex minimization problems, IMA Jour-

nal of Numerical Analysis. 39(2019).

Our new result in the above paper:

For the matrix D4 in (6.7a) with the form (6.6)
o ifr > Qj“T'yﬁﬂATAH is used in the method (6.7), it is still convergent;

o ifr < 2j“TVBHATAH is used in the method (6.7), there is divergent example.
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Especially, when v = 1,

pFl = arg miny Lg(x, MY+ Ll — 2P % r e Xy, (6.8a)
B 2 A
AL = \F — g(AgR T — ). (6.8b)

According to our new result: For the matrix D4 inin (6.7a) with the form (6.6),

o ifr > %6||ATAH is taken in the method (6.8), it is still convergent;

o ifr < %ﬁ”ATAH is taken in the method (6.8), there is divergent example.

r = 0.75 is the threshold factor in the matrix [)4 for linearized ALM (6.8) !
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6.2 Linearized ADMM

Consider the convex optimization problem with separable objective function:
min{6;(x) +02(y) | Ar+ By =0, v € X,y € V}. (6.9)

The augmented Lagrangian function of the problem (6.9) is

L5(z,y, ) = b1 (z) + 02(y) — N (Az + By — b) + gHAaz + By — b||*.

Starting with a given (%, A\¥), the k-th iteration of the classical ADMM [?, 7]
generates the new iterate w**1 = (F1, yFT1 A\F+L) vig

(2R = arg min{ﬁg(aﬁ,yk,)\k) ’ x € X}, (6.10a)
(ADMM) ¢ ¢**' = argmin{Ls(z" ", y,X*) |y € Y},  (6.100)
LA = NP — B4z 4+ Byt —b). (6.10¢)

In (6.10a) and (6.10a), the optimization subproblems are

min{61 () + § || Az —p"|*|]z € X} and min{f2(y) + 5[ By —q"[I’ly € V},



respectively. We assume that one of the minimization subproblems (without loss
of the generality, say, (6.10b)) should be simplified. Notice that

e Using the notation L5 (z* %1, 3y, A*) and ignoring the constant term in the
objective function, we have

arg min{LB(azkH,y,)\k) ‘ Yy E y}

| { 02(y) — (\")" (A" + By — b) ‘ }
= argmin yey
+5lAz" "t + By — b|?

_ - 02(y) — (\")" By + Y
— argmin 5 b1 - INT (TS
SI1(Az"" + By® —b) + B(y — y")|
02(y)—y* BTN —B(Az" T+ By* —b
— argmin{ 2(y) =Y 5[ Bl xk 2+ Y ) ‘yéy}(&ﬁ)
+51B(y — ")

e In the so called Linearized ADMM, the term gHB(y — y*)||? is replaced
with 3 ||y — y*||2. Thus, the y-subproblem becomes
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k41

02(y) — y" BY[A* — B(Az*"! + By* —b)]
Y :argmin{ 'yéy}.

s k|2
+olly =7l
(6.12)
In fact, the linearized ADMM simplifies the quadratic term gHB(y —y®)|I?.

In comparison with (6.11), the simplified y-subproblem (6.12) is equivalent to
k+1 - k+1 k k2
y" T =argmin{ Ls(2" ", y, AY) + 3 lly = y7llp, [y €V}, (6.13)
where
Dg = sI — BB B. (6.14)
In order to ensure the convergence, it was required that s > (3|| BT B]|.
Thus, the mathematical form of the Linearized ADMM can be written as
(Rt = argmin{ﬁg(w,yk, )\k) ‘ T € X}, (6.15a)
k+1 - k+1 k k|2
Sy =argmin{ L2y, A7) + 3lly — "D, | v € V), (6:15b)

LA = NP — B(AxP T 4+ Byt —p), (6.15¢C)
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where Dpg is defined by (6.14).

A large parameter s will lead a slow convergence of the linearized ADMM. '

BRHTHRE: RIU&MLETFRERE- 006228 U412

Recent Advance. Bingsheng He, Feng Ma, Xiaoming Yuan:

Optimal Linearized Alternating Direction Method of Multipliers for Convex Pro-
gramming. http://www.optimization-online.org/DB_HTML/2017/09/6228.html

Our new result in the above paper: For the matrix Dpg in (6.15b) with the form
(6.14)

o ifs > %5||BTB|| is taken in the method (6.15), it is still convergent;

o if s < %BHBTBH is taken in the method (6.15), there is divergent example.

s = 0.75 is the threshold factor in the matrix Dp for linearized ADMM (6.15) !

Notice that the matrix Dp defined in (6.14) is indefinite for s € (0.75,1) !
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6.3 Parameters improvements in the method for
problem with 3 separable objective functions

For the problem with three separable objective functions
min{0:(x)+02(y)+0s(2)|Ac+By+Cz=b, x € X,y € Y,z € Z}, (6.16)

the augmented Lagrangian function is
Ls(x,y,2,0) = 0i(x) +02(y) +05(2) — X' (Az + By + Cz — b)
+8||Ax + By + Cz — b||°.

Using the direct extension of ADMM to solve the problem (6.16), the formula is

/

2Pt = Argmin{ L3 (z, y*, 2", \F) |z € X'},

Yot = Argmin{ L3 (z" 1, y, 2%, A7) |y € Y},
Rt = Argmin{ﬁ%(xkﬂ, Yyl 2 AR |z € 21,
Nl = \F _ B(Agh ! 4 ByRtl 4 2R _p),

\
Unfortunately, the direct extension (6.17) is not necessarily convergent [4] !

(6.17)




ADMM + Parallel Splitting ALM

(

o zFtl = argmin {E%(x,yk,zk,)\k) ‘ x e X},
y*”z ; yFrt = argmin { L3 (2", y, 28, AF) |y € VY,
S,|Z A = argmin { L3 (25T, YR, 2, AF) |z € 2},

L& ]| AT = AR = B(AgMT 4 ByFt 4 C2R T — ).

FATRIR y, = FIVE, 45 B B, T EEARIE A SRS !

ADMM + Parallel-Prox Splitting ALM

ZBEAY, 7 B8A. LENmD, | l___—LIE,J.I—.E}nIJIJ\(T > 1), FAERBERIEWEL.
(T = argmm{ﬁ z,y" 2 ,)\ |:13 c X}, (6.18a)

{yk+1 = argmin{L(z" ", y, 2", \*) + Z||B(y — y")| ’2‘y€y}618b)

T = argmin{L(z*, y*, 2, \¥) + Z||C(2 — =) N |z € 2},

LT = N (AT By 02T ). (6.18c)
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Notice that (6.18b) can be written as
2

k+1 1 —y”
. k41 k S
(gk_i_l):argmln{ﬁ(iﬂ—l_ 7y,Z,)\ )+§‘ :Z_gk D gEZ }’
BC
where
BB _BTC
D (7 . (6.19)
~Cc*'B rC*fC

D, . is positive semidefinite when 7 > 1.
However, the matrix )., is indefinite for 7 € (0, 1).

In other words, the scheme (6.18) can be rewritten as

(Rt = argmin{ﬁ(m,yk,zk,)\k) ‘ x € X},
k+1 k
Y _ . Bl By 1| VY ycy }
< — argmin< L(x" ", y, 2, \¥) + = :
(zk—|—1> g { ( Y )+ 3 o, Sk b, o
\ )\k—l—l — Ak . (Aa:k+1 i Byk—l—l i Czkz—i—l . b),




The algorithm (6.18) can be rewritten in an equivalent form:  (u =7+ 1 > 2).

(

2"t = argmin{0: (z) + £||Az + By* + Cz" — b — %AkHQ |z € X},
AFTE = \F — B(Az* ! + ByF 4+ C2F — b)

| v =argmin{fa(y)~ (A2 By + | By — )| [y € V),

ZF Tl :argmin{Qg(z)—(AkJr%)TCz + 22||C(2 — 2M)|1? | 2 € 2},

AT — AR B(AZM ! 4 Byt 4 OoF L —p),

\

(6.20)

The related publication:
e B. He, M. Tao and X. Yuan, A splitting method for separable convex program-
ming. [IMA J. Numerical Analysis, 31(2015), 394-426.
In the above paper, in order to ensure the convergence, it was required

T >1 (in(6.18)) which is equivalent to W > 2 (in (6.20)).
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This method is accepted by Osher’s research group I

e E. Esser, M. Mdller, S. Osher, G. Sapiro and J. Xin, A convex model for
non-negative matrix factorization and dimensionality reduction on physical
space, IEEE Trans. Imag. Process., 21(7), 3239-3252, 2012.

tion refinement step. Due to the different algorithm used to solve
the extended model, there is an additional numerical parameter
1+, which for this application must be greater than two according
to [34]. We set i1 equal to 2.01. There are also model parame-

Thus, Osher’s research group utilize the iterative formula (6.20), according to our

previous paper, they set

u = 2.01, it is only a pity larger than 2.

Large parameter . (or 7) will lead a slow convergence. I




mETER: sOUIEMNLEFRYIEE- 006235 41

Recent Advance in: Bingsheng He, Xiaoming Yuan: On the Optimal Proximal

Parameter of an ADMM-like Splitting Method for Separable Convex Programming
http://www.optimization-online.org/DB_HTML/2017/ 10/6235.htm|

Our new assertion: In (6.18)

e if 7 > (.5, the method is still convergent;

e if 7 < 0.9, there is divergent example.
Equivalently in (6.20) :

e if u > 1.5, the method is still convergent;

e if 1 < 1.9, there is divergent example.

For convex optimization prob-
lem (6.16) with three separable
objective functions, the param-
eters in the equivalent methods
(6.18) and (6.20) :

e 0.5 is the threshold factor of
the parameter 7 in (6.18) !

e 1.5isthe threshold factor of
the parameter 1 in (6.20) !
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Thank you very much for your attention




Thank you very much for reading !
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