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o] PDHG — Customized PPA

min 6(x)

st Ax = b

min{f(x) | Az =0, x € X} (1.1)



Image deblurring I Blurry can be produced by

defocus the camera’s lens, the moving object, turbulence in the air, - - -
Notations: g — observation, f — ideal image;
U — restriction on pixels, e.g., U = {u | 0 < u < 255}
g = Hf, H — blur matrix .

original image blurred image restored image



Image inpainting I

Some pixels are missing in image. Partial information of image is available

g=_5f, S — mask (missing pixels)

Model
L—' min {|Vf|; | St=g, fel}

Sadﬂle-yumt pu:ﬂblem

original image missing pixel image restored image



Image zooming and super-resolution I

Produce a high-resolution (HR) image by its low-resolution (LR) image(s)

g =Df, f—HRimage, g— LRimage, D — down-sampling

MOde" min {||Vf|y | Df =g, felU}




Magnetic resonance imaging (MRI) I

Reconstruct a medical image by sampling its Fourier coefficients partially

Fg = PFf, P — sampling mask, F — Fourier transform

Model' min {||Vf||; | PFf = Fg}

medical image sampling mask reconstruction



The Lagrange function of (1.1) is

L(z,\) =0(x) = M (Az = b),  (z,)) € X x R™.

Saddle point

A pair of (x*, \*) is called a saddle point of the Lagrange function, if

Lyepm (™, \) < L(x™,\*) < Lgex(xz, ™).



1.1 Original primal-dual hybrid gradient algorithm

For given (x*, A\*), produce a pare of (z*T1, \*T1)_ First,

2R+ = Argmin{L(z, \F) + gnx 22|z e XYy, (1.2a)
and then we obtain \**1 via
AL — Argmax{L (2"t \) — %H)\ — M2 A e MY, (1.2b)
However, this method is not necessarily convergent.
1.2 Proximal Point Algorithm-Classical Version
gl :argmin{L(x,)\k)—|—g”:c—a:kH2 |z e X} (1.3a)
A = argmax{ L([22"°T! — 2], \) — gH)\ — )\kHQ} (1.3b)




By ignoring the constant term in the objective function, getting k1 from (1.3a)

is equivalent to obtaining z**1 from
2" = argmin{6(z) + gHa; — 2" + %AT)\IC} H2 |z e X}

The solution of (1.3b) is given by

%[A(Qx’““ ]

)\k—i—l _ )\k .

Assumption: min {0(z) + ||z —a|* |z € X} is simple

Indeed, under the assumption, the sub-problem (1.3a) is simple.

Convergence Condition s > ||AT A|l. I
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Produce (2" \**1) by using the dual-primal order:

Aol — argmax{L(:ck, )\) — %H)\ — )\kHZ} (1.4a)

it = argmin{ L(z, (AR —AF)) + gHCL’ — :L'kHz lze X} (1.4b)

1.3 Customized Proximal Point Algorithm-Extended Version

Extended PPA ~+ = 1.5 € (0,2).

P+l ok v(x

)\k—l—l — )\k . ,y()\k . )\k—l—l).

T k —ZL’k—H)

Y
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1.4 Simplicity recognition

Frame of VI is recognized by some Researcher in Image Science I

Diagonal preconditioning for first order primal-dual algorithms
in convex optimization*

Thomas Pock Antonin Chambolle
Institute for Computer Graphics and Vision CMAP & CNRS
Graz University of Technology Ecole Polytechnique
pock@icg.tugraz.at antonin.chambolle@cmap.polytechnique.fr

e T. Pock and A. Chambolle, IEEE ICCV, 1762-1769, 2011

e A. Chambolle, T. Pock, A first-order primal-dual algorithms for convex problem
with applications to imaging, J. Math. Imaging Vison, 40, 120-145, 2011.



preconditioned algorithm. 'In very recent work [10], it has
been shown that the iterates (2) can be written in form of a
proximal point algorithm [14], which greatly simplifies the
convergence analysis.

From the optimality conditions of the iterates (4) and the
convexity of G and F'™* it follows that for any (z,y) € X X

Y the iterates 2¥*! and y**! satisfy
x_xk+1> (xk—|—1> (xk+1_xlc>>
F +M >0,
< ( y — yktl it YR gk
&)
where
xk—i—l 3G($k+1) _|_KTyk:—|—1
F( ykz—l—l ) — ( aF*(yk+1)_ka+1 ) 3
and ) .
T —K
M= [ 0K n! ] (©)

It is easy to check, that the variational inequality (5) now
takes the form of a proximal point algorithm [10, 14, 16].

12



[9] L. Ford and D. Fulkerson. Flows in Networks. Princeton
University Press, Princeton, New Jersey, 1962.

[10] ‘B. He and X. Yuan. Convergence analysis of primal-dual
algorithms for total variation image restoration. Technical
report, Nanjing University, China, 2010.

Math. Program., Ser. A @ CrossMark
DOI 10.1007/s10107-015-0957-3
FULL LENGTH PAPER
The paper
published by

On the ergodic convergence rates of a first-order

. . Chambolle and
primal-dual algorithm

Pock in Math.

Antonin Chambolle!® - Thomas Pock?3 Progr. uses the
VI framework
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In this work we revisit a first-order primal—dual algorithm which was introduced in [ 135,
26] and its accelerated variants which were studied in [5]. We derive new estimates
for the rate of convergence. In particular, exploiting a proximal-point interpretation
due to [16], we are able to give a very elementary proof of an ergodic O(1/N) rate
of convergence (where N 1is the number of iterations), which also generalizes to non-

Algorithm 1: O(1/N) Non-linear primal—-dual algorithm

e Input: Operator norm L := || K ||, Lipschitz constant L ¢ of V f', and Bregman
distance functions D, and D.

e Initialization: Choose (xO, yo) eXx)V, 1,0 >0

e Iterations: For each n > 0 let

"Ly = PDL (", Y™, 24— Xy (11)

The elegant interpretation in [ 16] shows that by writing the algorithm in this form

& 1ZITHISCHR [16] B F A1 A FRTE SIAM J. Imaging Science FRINE. .
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Proximal point form

0e + 7 i '),

20177 H,BH
B XKFZHFER
— 8 FEERE
100). FEfEEME—
MRS E, 5L
& ANHE, A He
and Yuan &4 B946
LB (PPF), &b
IE [E] & o)/

WEI—IEZIKT R
MAFATEITAE,
HEIEIE T —3k
BAR%%3.

X Wi, R B E
BREEFBSE
L HE, AR
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BT ETIaEANZE 7 RA

min {0;(x) + 0s(y) |Ax+ By=5b, z € X, y € Y} (2.1)

16
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Image decomposition I

Separate the sketch (cartoon) and oscillating component (texture) of image

f =u+ v, u— cartoon part, v — texture part

o | ut+v=r~}

original image cartoon part texture part



Background extraction of surveillance video (I) I

Considering the foreground object detection in complex environments and extract
the background in surveillance video

D=X+Y, D —original video, X — background, Y — foreground

Model | min {||X|. +r|Y[: | X +Y =D}

original video foreground background

18
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Image denoising

Pixels are perturbed by a whole range of external and unwanted disturbances

Model '

min {||V]y + 3[f — g]3} < min {[yli + £ - g3 | VE—y =0},
f -~ = — : Hadls I P

g =1f + noise

original image noised image restored image



e 2009 £ &, B LTEMREMN Rice IRAIEFEIE, NETHAX
BIRNMCE R (AMA) Sk EI R AL IR T

o MNAI D EE TN RMFENERERRER/NMLEE,
o ] Lagrange FeF A M T30 R # 7574 (Nocedal & Wright [18]).

o MNAIYBEFO)IMHIIET Lagrange - F At 5 2 ADMM,

Lagrange bR % I

L(z,y,A) = 01(z) + 02(y) — A" (Az 4+ By — b)

&1~ Lagrange ER 3 I

L5, N) = 01 (x) + 0a(y) — AT (Az+ By —b) + 5 || Az + By — b|]>

20



KIRIO)RR (2.1) BT et B 7 5%

(", y" ) =Argmin{01 (z) + 02(y) + 5 || Az + By — b||*|z € X, y € Y}

RRO)ER (2.1) BYIET ™ Lagrange &F& I MEER N g

01(x) + 02(y) — M\ (Az + By —b) |z € X
yey

+5|Az + By — b|?
F o)A MERE S —#E, 18 Lagrange e FiA(ALMYIL TS B8 75 5%
[RE: X RILAMEIENG NN, (ALM) BBTEE T X HFH RS .
SENRR] BRI - Fy WTHELN | KBSTAET.

(a:kH, ka) = Argmin {

)\k—|—1 — )\k _ 5(A£Ck+1 T Byk—l—l _ b)

21



KARIE)RR (2.1) VRS RITT R B 7 7 — XBER/IMETGE(AMA)

METER) o* A
gt =Argmin{ 01 (z) + 5| Az + By* — bH2‘x e X},

Yt =Argmin{02(y) + || Az + By — b|?|y € V1.

Ko (2.1) BOHASREYIET Lagrange 3
MEER (v*, \*) F A
2t = Argmin{01 () — (A\*)" Az + 8| Az + By" — b||? |z € X},

e — ADMM

y* T = Argmin{02(y) — (\*)" By + £2||Az*"" + By — b|*|y € ¥},
)\k—l—l — )\k . B(A$k+1 i Byk—|—1 . b)

&G, 132 E A 7 (ADMM) iz KT 32 B /ME 5% (AMA)
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21 FANEFOIERY ADMM /5358 () Kt

1. ADMM in sense of PPA 3z ¥ 3 IhE | N (v5, \F) H%&.

2k = Argmin{Ls(z, y*, \F) |z € X7},

§ ML = NF— B(AxFTL + Byf —b), (2.2a)
UM = argmin{La (2 y, AN [y € V),

(

Y O S S |
J U W Y ) ez
)\k—i—l — )\k _ 7()\lc _ )\k—l—l).
N
XE e (0,2). MES = Fx@2o)Aimfd (y*r ) Z2HE

SERYRTFER ST (2.2a) FERY. X 25 BE)R, X AFEE RS AN RS SR .

e X.J. Cai, G.Y. Gu, B.S. He and X.M. Yuan, A proximal point
algorithms revisit on the alternating direction method of
multipliers, Science China Math., 56 (2013), 2179-2186.
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2. Symmetric ADMM X FREV3ZE 75 [B15k I

JRIGZE o« My AR LERTFWN. TULEBCRAXIRIRZ B [EE.

Symmetric Alternating Direction Method of Multipliers is described as

(

Rt = Argmin{Ls(z, y*, \¥) |z € X},
Atz — Wk uB(Az 1 + By* — b),

y* 1t = Argmin{ L (z* 1y, \et3) |y € V],

A+l — \ets IUI/B(A:C]{—Fl 4+ Byk+1 —b).

\

wehre 1 € (0, 1) (usually x = 0.9).

e B.S. He, H. Liu, Z.R. Wang and X.M. Yuan, A strictly contractive
Peaceman- Rachford splitting method for convex programming,
SIAM Journal on Optimization 24(2014), 1011-1040.
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3 ZANA 9 BEE RO

st.t Acr + By+Cz =0>b
reX,yclyY, ze€Z

min{f(x) + 02(y) + 03(2)|Ar+ By+Cz=b, z € X,y Y,z € Z}.
(3.1)

28
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Background extraction of surveillance video (ll) I

The original surveillance video has missing information and additive noise
Po(D) = Po(X + Y )+noise

Pq — indicating missing data, Z — noise/outliers

observed video foreground background
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Image decomposition with degradations IThe target image for

decomposition contains degradations, e.g., blur, missing pixels, - - -

f = K(u-+divv)+ 2z, K — degradation operator, z— noise/outlier

Model '

mln{HVqu + 7| V]|oo + HZH2 | K(u-+divv)

target image cartoon texture




Face recognition I Remove shadows and specularities from face images

caused by varying illuminations.

observation ideal shadow

31



XA E)ERY Lagrange BRI 2
L(z,y,2,\) = 01(z) + 02(y) + 03(2) — A (Az + By + Cz — b).
181 Lagrange R =
L3(z,y,2,N) = 61(x) + 02(y) +63(2) — X (Az + By + Cz — b)

gHAaz + By +Cz —b|*.

BRI MR BREDE

) .
L J— arg min {ﬁ%(xyykvzk7)‘k> ‘ T e X}’
\ y*t1 = argmin {C%(ﬂfk+layazka \F) ‘ y e Yy, (3.2)
A1~ aremin {E%(xk—l—ljyk“‘l,z,)\k) | Z € Z}, |
AL = N = B(AxR T 4 Byt 4 C2F T — ).

Xfm > 3, BRI B FH EDEP ERIEINE



3.1 weHrE{XH ADMM 753

LA (3.2) 2R (yh+E, 2R L) AT, B o € (0,1), RIEARA

yk—|—1 - yk B I _(BTB)—lBTO yk . yk—l—l -
k1 T Lk « 0 7 b k4 . (3.3)

AT AT—LIARREER (By T, C2 1 N, BINTREM

Byk—l—l - Byk . T -7 B<yk_yk—i—1)
oraant AR WerL 0 I C(zF — 2+ )

e B. S. He, M. Tao and X.M. Yuan, Alternating direction method
with Gaussian back substitution for separable convex

programming, SIAM Journal on Optimization 22(2012), 313-340.

5y F - BRE AT HEGEA B

33



3.2 ADMM + Prox-Parallel Splitting ALM

i 5 28 4 1 ([ zFt1 = arg min {ﬁ%(w,yk,zk,)\k) ’ x € X},
ZES%FIJ’—“;E—% ; yi*l = argmin {C%(ajk“,y, AR [y e Vi,
NEE(RITE 21 = argmin {E%(xk“,yk,z, Y|z e 2},
F3 BB \ AL — AR B(AxFTL + ByF Tt 4 C2F L - b).

y, z FIEJREAT, SRR A IE MU AT, 74 Ef1R T STER N 1 N5

y

r**t1 = arg min {E%(m,yk,zk,)\k) |z e X}, (r>1)

y* T = argmin { L3 (2, y, 2% NF) + TBIB(y — v*)|?|y € V],
P = argmin { L3 (" 47, 2, M) + ZB(|C (2 — 27)[?|z € 2},
AL = Ak — B(AZF T + Byt tl + C2FH — ).

\
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LR HBEERS T

y

2"+ = Argmin{01 (z) + 5| Az + By + C2" —b— $0*|? |z € &},
AT = AF — B(Az*T! + By + C2F — b)
1
§ Y =Argmin{fa(y) — (N 2)TBy + 2| By — v*)I1* |y € V3,

2P = Argmin{63(2) — (¥ 2)TCz + L2 C(z — 2M)||? | 2 € 2},

ML = \F — B(AzF Tt + Byt 4 O —b),

\

Heh oy > 2. 45080, AT RAER 4 = 2.01.

e B. He, M. Tao and X. Yuan, A splitting method for separable
convex programming. IMA J. Numerical Analysis, 31(2015),
394-426.

XBEH, XKL

ENI5, N B 2 RERBAIE.

- FLAN L
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This method is accepted by Osher’s research group'

e E. Esser, M. Mdller, S. Osher, G. Sapiro and J. Xin, A convex model for
non-negative matrix factorization and dimensionality reduction on physical
space, IEEE Trans. Imag. Process., 21(7), 3239-3252, 2012.

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 21, NO. 7, JULY 2012 3239

A Convex Model for Nonnegative Matrix
Factorization and Dimensionality
Reduction on Physical Space

Ernie Esser, Michael Méller, Stanley Osher, Guillermo Sapiro, Senior Member, IEEE, and Jack Xin

TEO,VIjnelgj,eeE C Z m]aX(TZaJ> + <RwO'C,w, T>

suchthat YT — X, =V — X.diag(e). (15)
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Since the convex functional for the extended model (15) is
slightly more complicated, it 1s convenient to use a variant of
ADMM that allows the functional to be split into more than
two parts. The method proposed by He ef al. in [34] is appro-
priate for this application. Again, introduce a new variable Z

Using the ADMM-like method in [34], a saddle point of the
augmented Lagrangian can be found by iteratively solving the
subproblems with parameters 6 > 0 and ¢ > 2, shown in the

tion refinement step. Due to the different algorithm used to solve
the extended model, there 1s an additional numerical parameter
1+, which for this application must be greater than two according
to [34]. We set i1 equal to 2.01. There are also model parame-




[33] E. Candes, X. L1, Y. Ma, and J. Wright, “Robust principal component
analysis,” 2009 [Online]. Available: http://arxiv.org/PS cache/arxiv/
pdf/0912/0912.3599v1.pdf

[34] B. He, M. Tao, and X. Yuan, “A splitting method for separate
convex programming with linking linear constraints,” Tech.
Rep., 2011 [Online]. Available: http://www.optimization-on-
line.org/DB_FILE/2010/06/ 2665.pdf

i AR
o FHIREINAZEERSSIESE L (PPA) BX.
o FTEH] (ADMM) K33 H X ERRETIEI Lagrange 3R T%.

e ADMM E7 AR % N A I — £ SCPR[e] @ B BT RV T E

R iREK RE—MBEE
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