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Abstract In order to solve the linearly constrained convex optimization prob-

lems, by using the concepts of variational inequality (VI) and proximal point algo-

rithm (PPA), we have gradually summed up and developed a simple and powerful

algorithmic unified framework. By verifying the conditions in this framework, the

convergence proofs of many existing algorithms becomes very simple. Based on

this framework, we can construct the appropriate algorithms for different problem-

s. Under the guidance of the framework, this paper presents some algorithms which

widely expand the classical algorithms of the ALM and/or ADMM-like classes.
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1. �5�å�ü¬à`z¯K

min{θ(x)|Ax = b (or ≥ b), x ∈ X}. (1.1)

2. �5�ª�å��©l¤ü¬�à`z¯K

min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y}. (1.2)

3. �5�ª�å��©l¤n¬�à`z¯K

min{θ1(x) + θ2(y) + θ3(z)|Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z}. (1.3)

±þ� θ1(x), θ2(y), θ3(z)Ñ´à¼ê, A,B,CÑ´Ý
, b´�A��þ, X ,Y,Z Ñ
´{ü4à8. Ï�,·�Ñb�?Ø�¯Kk). ·�ïÄ�5�åà`z¯K��{,

Xúu¦§��.�KF¼ê�Q:. ïá
�åà`z¯K�.�KF¼êQ:ÚC

©Ø�ª)8�m��d'X,,�à�uÏéC©Ø�ª):�Â �{ (S�:3�

½�ê¿Âe�)8ål�5�C��{). ù
ó��±J�� 1991c�öÚÛRÐ

k)Ü��©Ù [17]. �U�ïÄ¥, ·�ÅÚo(Ñ
��Ú���{µe [14–16]. ù

��{µe�Âñ5y²��{ü, �N´^Ù¥�Âñ5^���y�
�{UÄ(

�Âñ, �­��´U^5���Oà`z¯K�¦)�{.

O2.�KF¦f{ (Augmented Lagrangian Method, {¡ALM) [32, 35]Ú¦f�

O��{(Alternating Directions Method of Multipliers, {¡ADMM) [10–12] ©O´¦

)¯K (1.1)Ú (1.2)��2�@���{. ��í2�ADMM^5¦)n¬��©l¯

K (1.3)%ØU�yÂñ [7]. é;.à`z¯K, �©0�XÛ|^·���{µe��

E�\´LqBuö��ALM, ADMMa©�Â �{, ¿`²ù
�{�m�59�

óÚS3'X. S. Becker3��á©[2]��©1�é{`:/Recent works such as [HY12]

have proposed a very simple yet powerful technique for analysing optimization methods.0

ùp�[HY12]Ò´·��Ø© [28], �©ò'�XÚ/0�ùa{ü
k��Eâ, F"

U4¥©ÖöÝº�E¦)à`z���{�Ä�Eâ.

SNSüþ,·�31�!0�ý��£,�)�5�åà`z¯K�éA�üNC

©Ø�ª, ±9�C:�{9ÙÌ�5�. 1n!¥0��{�Ú�µe, �
©Ù��

�5, ENþ
{á�Âñ5y². 1o!, 1Ê!Ú18!©O0�XÛ3Ú�µe�

�e�E¦)1�!1�Ú1na¯K��{. ��, ïÄù
�{�N¬Úo(31Ô

!¥�
�ã. 3��ÛRÐk)�)zc�S, >±d©z�lm·�30c�Ûk).

2 ý��£

à`z�©�Â �{¤I��êÆÄ:�£Øõ. k`��à`z¯K

min{f(x) | x ∈ X}, (2.1)
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Ù¥ f(x)´��à¼ê, X´Rn¥�4à8. ·�P¯K�)8�X ∗. ^'�Ï��{

`,XJx∗´¯K(2.1)�):,Ø
§7LáuX	,Ó�lù�:Ñu�?Û�1��

ÑØ2´8I¼ê�eü��. ·�^

Sf (x∗) = {s ∈ Rn | s = x− x∗, x ∈ X} Ú Sd(x
∗) = {s ∈ Rn | sT∇f(x∗) < 0}

©O�Lx∗?��1��8Úeü��8, @ox∗ ∈ X ∗�¿©7�^�´

x∗ ∈ X ¿� Sf (x∗) ∩ Sd(x∗) = ∅.

�d�/ªÒ´

x∗ ∈ X , (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X .

XJ^�fF (x)�O∇f(x), Ò��C©Ø�ª���/ª. Äuþ¡�©Û, ^C©Ø

�ª�½´Äé� (2.1)�):, �±`¤´_<÷ì�½´Ä®²��ìº�êÆL�

/ª(�´r¦�pC¤¦��). e¡�~£5Ún´�©�{Âñ5©Û�Ä:.

Ún2.1 �X ⊂ Rn´{ü4à8, θ(x)Ú f(x)Ñ´Rn → R�à¼ê. XJ f(x)3

�¹X�,�m8þ��¿� min{θ(x) + f(x) |x ∈ X} k), @o

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (2.2a)

�¿©7�^�´

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (2.2b)

Ún2.1¥é θ(x)´Ä��Ø��¦. a,��Öö�±3�öÌ� [38]1n��w

�1�Ü©é����y².

2.1 �5�åà`z¯KÚ�d�C©Ø�ª

�U ⊂ Rn´{ü4à8, θ : Rn → R ´(¿��½1w�)à¼ê, A ∈ Rm×n, b ∈
Rm. ·��Ä�5�å�à`z¯K

min{θ(u) | Au = b (or ≥ b), u ∈ U}, (2.3)

¿b�§k). ¯K(2.3)�.�KF (Lagrange)¼ê

L(u, λ) = θ(u)− λT (Au− b) (2.4)

½Â3 U × Λ þ, Ù¥

Λ =

 Rm, if Au = b,

Rm
+ , if Au ≥ b.
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ùp�Rm
+L«Rm¥��K%�. XJ�é (u∗, λ∗)÷v

(u∗, λ∗) ∈ U × Λ, L(u∗, λ) ≤ L(u∗, λ∗) ≤ L(u, λ∗), ∀(u, λ) ∈ U × Λ, (2.5)

Ò¡§�Lagrange¼ê(2.4)�Q:,Q:¥�u∗Ò´(2.3)�). ½ÂQ:�Ø�ª(2.5)�

üÜ©�m5Ò´  u∗ ∈ U , L(u, λ∗)− L(u∗, λ∗) ≥ 0, ∀u ∈ U ,

λ∗ ∈ Λ, L(u∗, λ∗)− L(u∗, λ) ≥ 0, ∀ λ ∈ Λ.

|^.�KF¼ê(2.4)�L�ª, lþª��e¡�C©Ø�ª| u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U ,

λ∗ ∈ Λ, (λ− λ∗)T (Au∗ − b) ≥ 0, ∀ λ ∈ Λ.
(2.6)

òþªüÜ©\3�å�¤;n�/ªÒ´C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (2.7a)

Ù¥

w =

 u

λ

 , F (w) =

 −ATλ

Au− b

 , Ω = U × Λ. (2.7b)

é(2.7)¥?¿�w ∈ Ω©O�w = (u, λ∗)Úw = (u∗, λ), ÒU�L5��(2.6). ù�, ·

�rQ:�8ÜÚC©Ø�ª�)8ïá
�d'X. Ï�, ·�Ñ^Ω∗L«C©Ø�

ª(2.7)�)8 (Ïd�Ò´.�KF¼ê(2.4)Q:�8Ü). 5¿�(2.7b)¥, ���f

F (w) =

 −ATλ

Au− b

 =

 0 −AT

A 0


 u

λ

−
 0

b


¥�Ý
��é¡Ý
, Ïdk(w − w̃)T (F (w)− F (w̃)) ≡ 0. dd
��ð�ª

(w̃ − w∗)TF (w̃) ≡ (w̃ − w∗)TF (w∗). (2.8)

ù�ð�ª3�¡�{µe�Âñ5y²¥~~�^�.

2.2 à`zÚC©Ø�ª��C:�{

�C:�{ (Proximal Point Algorithm){¡PPA�{,´¦)(2.2a)¥�à`z¯K

min{θ(x) + f(x) | x ∈ X} (2.9)
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��aÄ��{ [33, 36]. ^PPA¦)(2.9), 1 k-ÚS�´l�½�xkm©, ÏL¦)

min{θ(x) + f(x) +
r

2
‖x− xk‖2 | x ∈ X}, (r > 0) (2.10)

��xk+1. PPA�{�1 k-ÚS��f¯K�8I¼ê, ´3`z¯K�8I¼ê�¡

\þ�K�
r

2
‖x−xk‖2,¦�#�S�:l�5�S�:Ø���,gX&xL§¥ÚÚ

�E!­S­�. PPA ¤�)�S� {xk}÷v

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − ‖xk − xk+1‖2, (2.11)

Ù¥x∗L«¯K(2.9)�?Û��):,{ü�y²��±3[38]�1�Ü©��. (2.11)ª

´y²à`zPPA�{Âñ�'�Ø�ª. �
0�¦)C©Ø�ª(2.7)�PPA�{,

·�k`��{ü�(Ø.

Ún2.2 � a, b ∈ Rn, H ∈ Rn×n ´é¡�½Ý
. XJ bTH(a− b) ≥ 0, Kk

‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H . (2.12)

y² é?Û�½��½Ý
H, k

‖a‖2H = ‖b+ (a− b)‖2H = ‖b‖2H + 2bTH(a− b) + ‖a− b‖2H .

Ún�(Ø�±lþ¡�ð�ªÚÚn�b�^�����.

½Â2.1 (¦)C©Ø�ª(2.7)H-�e�PPA�{) é�½��½Ý
H � 0 Ú�

þwk, XJ���{�1 k-Ú¦��#S�:wk+1 ∈ Ω÷v

θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1) ≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω, (2.13)

K¡T�{´¦)C©Ø�ª(2.7)�H-�e�PPA�{.

w,, XJ3(2.13)¥kwk = wk+1, @owk+1Ò´¯K(2.7)�). PPA�{�C©

Ø�ª(2.13)��±�¤

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w−wk+1)T {F (wk+1) +H(wk+1−wk)} ≥ 0, ∀w ∈ Ω, (2.14)

Ù¥� H(wk+1 − wk)´�g¼ê 1
2‖w − w

k‖2H3wk+1 ?�FÝ, ù�´r(2.13)¡�¦

)C©Ø�ª(2.7)�H-�e�C:�{��Ï.

Ún2.3 é�½��½Ý
H � 0Ú�þwk, XJwk+1´d(2.13)Jø�, @ok

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H , ∀w∗ ∈ Ω∗. (2.15)

y² ò(2.13)¥?¿�w ∈ Ω��w∗, Òk

(wk+1 − w∗)TH(wk − wk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1). (2.16)
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|^(wk+1 −w∗)TF (wk+1) = (wk+1 −w∗)TF (w∗) (�(2.8)), ò(2.16)�màU���§�

Ó�

θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗).

dwk+1 ∈ ΩÚw∗´(2.7)�), þª�K. Ïdl(2.16)��

(wk+1 − w∗)TH(wk − wk+1) ≥ 0.

3Ún2.2¥- a = wk − w∗Ú b = wk+1 − w∗, lþªÒ��Ún�(Ø.

Ún2.3`²S�:l)8p�z�:Ñ�5�C. äk5�(2.15)�S� {wk}�¡
�3H-�eFejérüN�,§´y²S�S� {wk}Âñ�'�Ø�ª. éC©Ø�ª(2.7),

·�3 [28]¥Äg²(JÑ
H-�e�PPA�{.

3 à`z©�Â �{�Ú�µe

1�!®²é�5�å�à`z¯K(2.3)Ú/X(2.7)�üNC©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (3.1)

ïá
éA'X. à`z©�Â �{�Ú�µeà�u¦)þãC©Ø�ª. ïáù

�µe,´É·�¦)²;�üNC©Ø�ª�ÝKÂ �{µe [14,18,19]�K��é

u. �ö�)�ïÄå»´lüNC©Ø�ª�ÝKÂ �{�à`z�©�Â �{.

3.1 C©Ø�ª/ªe�Ú�µe

S��{¥r v¡�Ø%Cþ(essential variables), ´� k-gS��±l�½� vkm

©. v�±´w��, ��±´w�Ü©©þ. ·�rw¥Ø
 v±	�©þ(XJk)¡

�¥mCþ(intermediate variables). �
�BÂñ5y², ·�r�{�zÚS�n)

¤(k�´�¿©
¤)ýÿÚ��üÜ©, �£ã1 k-ÚS�XÛýÿ���.

[ýÿ] Ú�µe�{�1 k-ÚS�l�½�Ø%Cþ vkm©, ÏL¦)�
f¯K,

�)ýÿ: w̃k, ¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (3.2)

¤á. Ù¥Q��ýÿÝ
, QT +Q´�Kþ(in principal)�½�.

ùpI�)º�e�o��Kþ�½. 3�¦)à`z¯K(2.3)�O�©��{¥,

Ý
A~~I��©¬¤A = (A,B)½öA = (A,B,C). �ù
©¬Ý
Ñ�÷�, Ý
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QT + QÒ�½, ù�·�Ò`QT + Q´�Kþ�½�. �@
�÷�^�Ø÷v�,

�Kþ�½�QT + Q7L´��½. 3 ��Qã¥, �
�B, ·�  ¬r�Kþ

�½`¤�½. �¯K(3.1)éì�eÒ��, XJýÿ(3.2)¥k vk = ṽk, @o w̃kÒ´

C©Ø�ª(3.1)�). ÄK, ·�©Oæ^�½Ú�ÚO�Ú�����)#�Ø%C

þ vk+1.

3.1.1 �½Ú����úª

[�½Ú����úª]. �âýÿ��� ṽk, Ø%Cþ v�#�S�: vk+1d

vk+1 = vk − αM(vk − ṽk) (3.3)

�Ñ, Ù¥�α > 0Ú��Ý
M�÷v±eÂñ5^�.

Âñ5^� é (3.2)¥�ýÿÝ
QÚ (3.3)¥���Ý
M , k�½Ý


H � 0 ¦� HM = Q. (3.4a)

d	, ��úª(3.3)¥¤�Ú� α > 0 U
�y

G = QT +Q− αMTHM � 0. (3.4b)

þ¡�G�½, Ï~�¹e��±��¦�Kþ�½.

½Â3.1 �(3.2)¥�ýÿÝ
Q��Ò´��é¡�½Ý
�, ·���r§P

�H. 3(3.3)¥���Ý
M = I, α ∈ (0, 2).

vk+1 = vk − α(vk − ṽk), α ∈ (0, 2). (3.5)

ù����·�¡��²��tµ��. úª(3.3)¥��Ý
M 6= I���, Ñ¡��

�²��7���.

3²��tµ��¥, H = QÚG = (2− α)HÑ´�½Ý
. ù�, XJ3(3.5)ª¥

�α = 1, Ò´H-�e��C: (PPA)�{. ,
, O�¢�uy, æ^α ∈ [1.2, 1.8]��

tµ��, �{��Ç��Ñk 30-50% �Jp. Ï~, ·�rýÿÝ
Q�O¤é¡�

½Ý
��{¡�UI½���C:�{ (Customized PPA) [13].

3.1.2 O�Ú����úª

O�Ú����Ñ3(3.2)¥�ýÿÝ
QØé¡�æ^, Ïd�Ñ´�²��7�

��. ò(3.2)¥?¿�w��,�?¿(½�w∗ ∈ Ω∗, ·���

(ṽk − v∗)TQ(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k). (3.6)

XÓÚn2.3¥y²�@�, þªmà�K. ?
l(3.6)��

(vk − v∗)TQ(vk − ṽk) ≥ (vk − ṽk)TQ(vk − ṽk), ∀v∗ ∈ V∗. (3.7)
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5¿�þªmà�u
1

2
‖vk − ṽk‖2(QT +Q). Ïd, é?¿�½��½Ý
H, (3.7)ªL«〈

∇(
1

2
‖v − v∗‖2H)

∣∣
v=vk

, H−1Q(vk − ṽk)
〉
≥ 1

2
‖vk − ṽk‖2(QT +Q).

�é{`, é?Û(½%��� v∗, PM = H−1Q, M(vk − ṽk) Ò´H�eål¼

ê
1

2
‖v − v∗‖2H3 vk?�þ,��. âd·���e¡�O�Ú����úª.

[O�Ú����úª] �âýÿ��� ṽk, Ø%Cþ v#�S�: vk+1d

vk+1 = vk − αkM(vk − ṽk), αk = γα∗
k, γ ∈ (0, 2) (3.8)

�Ñ, Ù¥α∗
k Ú��Ý
 M �÷ve¡�Âñ5^�.

Âñ5^� é(3.2)¥�ýÿÝ
QÚ(3.8)¥���Ý
M , k�½Ý


H � 0 ¦� HM = Q. (3.9a)

d	, ��úª(3.8)¥,

α∗
k =

(vk − ṽk)TQ(vk − ṽk)

[M(vk − ṽk)]TQ(vk − ṽk)
. (3.9b)

3O�Ú���{¥, �^�½Ú�����{��, Ì�ó��´éýÿÝ
Q,

éÑ�éÝ
HÚM , Ù¥H�Kþ�½, ¿kHM = Q. k
ù
, O� α∗
k �ó�þ

´ék��. é(½�Q, HÚM , �

αmax = argmax{α |QT +Q− αMTHM � 0}. (3.10a)

ù��u"�αmax ´ek.�. ,��¡, d(3.9b)ÚQTM = MTHM , ·�k

α∗
k(vk − ṽk)T (MTHM)(vk − ṽk) =

1

2
(vk − ṽk)T (QT +Q)(vk − ṽk),

²�n�,

(vk − ṽk)T (QT +Q− 2α∗
kM

THM)(vk − ṽk) = 0.

Ïd, d(3.10a)í�,

α∗
k ≥

1

2
αmax, ∀k > 0. (3.10b)

duQ,HÚM®²�½, O�Ú����úª¥, é¤k� k, Ú�α∗
k´ek.�.

3.2 Ú�µe¥��{Âñ5�

Ú�µeæ^�Ó�ýÿ(3.2),©Oæ^�½Ú�ÚO�Ú�����)#�Ø%

Cþ vk+1,·�éæ^ØÓ����{?ØÙÂñ5�. y²�'�Eâ,3 [15,16,26]Ú

[38]¥®²õgJ�. du�ÌØ�, �
©Ù���5, ·�E,�Ñ{��y².
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3.2.1 æ^�½Ú�����{Âñ5

Äkéýÿ-���{(3.2)-(3.3)3^�(3.4)¤á��¹ey²k'Âñ5�.

½n3.1 � {w̃k}, {vk}´¦)C©Ø�ª(3.1)�ýÿ-���{(3.2)-(3.3))¤�S

�. XJ^�(3.4)¤á, @ok

w̃k ∈ Ω, α
{
θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

}
≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+
α

2
‖vk − ṽk‖2G, ∀w ∈ Ω.

(3.11)

y² |^Q = HM Ú��úª(3.3)¥�M(vk − ṽk) =
1

α
(vk − vk+1), ·�k

Q(vk − ṽk) = HM(vk − ṽk) =
1

α
H(vk − vk+1).

�\ýÿúª(3.2)�màÒ��

α{θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)} ≥ (v − ṽk)TH(vk − vk+1), ∀w ∈ Ω. (3.12)

éþª�mà|^ð�ª

(a− b)TH(c− d) =
1

2

(
‖a− d‖2H − ‖a− c‖2H

)
+

1

2

(
‖b− c‖2H − ‖b− d‖2H

)
, (3.13)

¿-Ù¥� a = v, b = ṽk, c = vk Ú d = vk+1, Òk

(v − ṽk)TH(vk − vk+1)

=
1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+

1

2

(
‖ṽk − vk‖2H − ‖ṽk − vk+1‖2H

)
.

(3.14)

é(3.14)ªmà����)Ò¥�Ü©|^��úª(3.3), ��

‖ṽk − vk‖2H − ‖ṽk − vk+1‖2H
(3.3)
= ‖ṽk − vk‖2H − ‖(ṽk − vk) + αM(vk − ṽk)‖2H
= 2α(vk − ṽk)THM(vk − ṽk)− α2‖M(vk − ṽk)‖2H

(3.4a)
= α(vk − ṽk)T (QT +Q− αMTHM)(vk − ṽk)

(3.4b)
= α‖vk − ṽk‖2G.

(3.15)

ò(3.14)Ú(3.15)�\(3.12), Ò��½n�(Ø.

½n3.1�y²¥^��/ÈzÚ�0ð�ª(3.13)�,éÐ�, %�~'�. ù�

ð�ª��A. Beck 3¦�;Í [1]¥æ^(�TÖpp.428-429)¿�±AOI5. du v∗

L«w∗�Ø%CþÜ©, ·�P V∗ = {v∗|w∗ ∈ Ω∗}. |^½n3.1, �±êþ��S

� {‖vk − v∗‖2H}�Â 5�.
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½n3.2 � {w̃k}, {vk}´¦)C©Ø�ª(2.7)�ýÿ-���{(3.2)-(3.3))¤�S

�. XJ^�(3.4)¤á, @ok

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (3.16)

y² ò(3.11)¥?¿� w ∈ Ω ±?¿�½�): w∗ �\, ·���

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ α‖vk − ṽk‖2G + 2α{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)}.

(3.17)

|^(w̃k − w∗)TF (w̃k) = (w̃k − w∗)TF (w∗) (�(2.8)) Úw∗´�`:�5�, Òk

θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k) = θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗) ≥ 0.

�\(3.17)ª��

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ α‖vk − ṽk‖2G.

½n�y.

½n3.2�(Ø´Ú�µe�{Âñ�'�. Â Ø�ª(3.16)ÚPPA�{�Â Ø

�ª(2.15)kaq�/ª,Ïdù�Ú�µeJø��{��±w�PPA�{�ò��u

Ð. |^½n3.1 ��±���{Âñ�Ç�¡�5� [26, 27], k,��Öö�±3�ö

Ì�� [38] ¥���'�Øã.

3.2.2 æ^O�Ú�����{Âñ5

æ^O�Ú�����{, �â(3.8), vk+1 �6Ú� αk. ·�½Â

ϑ(αk) = ‖vk − v∗‖2H − ‖vk+1 − v∗‖2H , (3.18)

|^(3.7)ÚHM = Q, Òk

ϑ(αk) = ‖vk − v∗‖2H − ‖(vk − v∗)− αkM(vk − ṽk)‖2H
= 2αk(vk − v∗)TQ(vk − ṽk)− α2

k‖M(vk − ṽk)‖2H
(3.7)

≥ 2αk(vk − ṽk)TQ(vk − ṽk)− α2
k‖M(vk − ṽk)‖2H

=: q(αk).

(3.19)

5¿� q(αk)´αk��g¼ê¿3

α∗
k =

(vk − ṽk)TQ(vk − ṽk)

‖M(vk − ṽk)‖2H
=

(vk − ṽk)TQ(vk − ṽk)

(vk − ṽk)TMTQ(vk − ṽk)

�����, ùp�α∗
kfÐÒ´(3.9b)¥½Â�. �Ú� αk = γα∗

k ��ÿ, |^

α∗
k(vk − ṽk)TMTQ(vk − ṽk) = (vk − ṽk)TQ(vk − ṽk)
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í�

ϑ(αk) ≥ q(αk) = q(γα∗
k) = γ(2− γ)α∗

k(vk − ṽk)TQ(vk − ṽk).

�âþ¡�©Û, Òke¡�Â 5��½n.

½n3.3 � {w̃k}, {vk} ´¦)C©Ø�ª(2.7)d(3.2)ýÿÚ(3.8)���)�S�,

XJ^�(3.9)¤á, @ok

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H −
γ(2− γ)

2
α∗
k‖vk − ṽk‖2(QT +Q), ∀ v∗ ∈ V∗. (3.20)

du w̃k ´C©Ø�ª(3.1))�¿©7�^�´ vk = ṽk,½n3.2(½ö½n3.3)�(

ØÒ�y
Ú�µe��{Âñ. 5¿�ü«�{æ^Ó��ýÿ(kÓ��Q), ��¥

�^Ó��M(Ï
kÓ��H), ØÓ��´��½Ú�ÚO�Ú�. �¡, ·�zJÑ

Ú0����{,���y�½Ú��{�Âñ^�(3.4). d(3.10)��, α∗
k ek.,XJ

æ^�½Ú�����{´Âñ�, éA�O�Ú�����{Ó�´Âñ�.

4 ü¬��5�åà`z¯K

ü¬��5�åà`z¯K��u(2.3)¥u = x, U = XÚA = A. ù�!0�XÛ

^1n!¥�Ú�µe5©ÛÚ�E¦)ùa¯K��{. éuà`z¯K

min{θ(x) |Ax = b (or ≥ b), x ∈ X}. (4.1)

�â12.1!�©Û, §éA�.�KF¼ê´½Â3X × Λþ�

L(x, λ) = θ(x)− λT (Ax− b). (4.2)

�A�C©Ø�ª´

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (4.3a)

Ù¥

w =

 x

λ

 , F (w) =

 −ATλ

Ax− b

 , Ω = X × Λ. (4.3b)

5¿�, é�ª�åAx = bÚØ�ª�åAx ≥ b, Λ©O�RmÚRm
+ . ·�^PΛ[·]L«

�þ�Λþ�ÝK. m-��þ�Rmþ�ÝK´§g�¶�Rm
+þ�ÝK, ��r�u"

�©þ�", �K©þØC.

4.1 �5�ª�å¯K�O2.�KF¦f{9Ù²�tµ
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¦)�ª�å�¯K(4.1), ���2��É�k��{´O2.�KF¦f{

(Augmented Lagrangian Method) [32, 35]. �d, I�½Â�ª�å¯K�O2.�KF

¼ê

Lβ(x, λ) = θ(x)− λT (Ax− b) +
β

2
‖Ax− b‖2, (4.4)

Ù¥β > 0´nØþ�±?¿À�, ¢Sþé�{�ÇK����~ê. ù�©ÙéXÛ

ÜnÀ�~êβ Ø�;�?Ø. O2.�KF¦f{� k-ÚS�l�½�λkm©, ÏL

(ALM)

 xk+1 ∈ arg min
{
Lβ(x, λk)

∣∣ x ∈ X}, (4.5a)

λk+1 = λk − β(Axk+1 − b), (4.5b)

¦�wk+1 = (xk+1, λk+1). �âÚn2.1ÚLβ(x, λ)�L�ª, ·�kwk+1 ∈ ΩÚ
θ(x)− θ(xk+1) + (x− xk+1)T {−ATλk + βAT (Axk+1 − b)} ≥ 0, ∀x ∈ X ,

(λ− λk+1)T {(Axk+1 − b) + (1/β)(λk+1 − λk)} ≥ 0, ∀λ ∈ Rm.

|^(4.5b)Ú(4.3), þã'Xª�±�¤

wk+1 ∈ Ω, θ(x)− θ(xk+1) + (w − wk+1)TF (wk+1) ≥ (λ− λk+1)T
1

β
(λk − λk+1), ∀w ∈ Ω.

(4.6)

dù��(2.13)aq�Ø�ª, æ^�Ún2.3¥Ó��{üí�, ·���

‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − ‖λk − λk+1‖2. (4.7)

ù´O2.�KF¦f{Âñ�'�Ø�ª. (4.7)`²O2.�KF¦f{´éóC

þλ�PPA�{. �éuv¼ê�{, O2.�KF¦f{k²w�`³(� [34] �117

Ù).lÆ���Ýw, v¼ê�{�l�©�|Ã�Ä,O2.�KF¦f{Ó�o�


éó��|Ã.

rO2.�KF¦f{(4.5)�ÑÑ(JP� w̃k, Ø�ª(4.6)ÒC�

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (λ− λ̃k)T (1/β)(λk − λ̃k), ∀w ∈ Ω. (4.8)

ùÒ¤
Ú�µe¥/X(3.2)�ýÿ, Ù¥u = x, v = λ, Q = (1/β)Im. du (1/β)Im´

é¡�½Ý
, æ^²��tµ����{��¬'²;�O2.�KF¦f{Âñ�

¯. tµ�{äk½n3.2y²�Âñ5�. 5¿�f¯K(4.5a)�8I¼ê¥��g�

´ ‖Ax− b‖2, k�¬Ï�Ý
A�(�, �¦)�5�
(J.

4.2 ü¬�5�å�¯K

ü¬�5 (�ª½Ø�ª)�å�à`z¯K(4.1)éA�C©Ø�ª(4.3)¥,

Ω = X × Λ, Λ = Rm or Rm
+ .
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�Λ = Rm
+�, ØU��^14.1!��{¦). ·�314.2!�0���{¥, x-f¯K

¥��g�¥k ‖A(x−xk)‖2,¦)�d�14.1!¥�O2.�KF¦f{��. �{¥

I��ëêβ > 0Ú δ > 0nØþÑ´?¿�. m©�gS��l�½�wk = (xk, λk)m

©, Ïdw��´Ø%Cþ.

4.2.1 ü¬�5�å¯K²�tµ�PPA�{

¦)(�Ø�ª�åà`z¯K(4.1) éA�) C©Ø�ª(4.3), ·��O��ýÿÝ


´�½Ý
�PPA�{. S�l�½�wk = (xk, λk)m©, ¦��ýÿ: w̃k÷v

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)T
{
F (w̃k) +H(w̃k − wk)

}
≥ 0, ∀w ∈ Ω, (4.9a)

Ù¥ýÿÝ


H =

 (1 + δ)βATA AT

A (1/β)Im

 , δ > 0. (4.9b)

�A�÷��þ¡�Ý
H´�½�. éAuÚ�µe¥�ýÿ, v = w. 2^tµ�

�(3.5)���)#S�:wk+1��{´U�yÂñ�. ¯K8(�¦÷v(4.9)�ýÿ

: w̃k. òýÿ(4.9) UFÚH�(�©
m5, �±�¤ w̃k = (x̃k, λ̃k) ∈ Ω,
θ(x)−θ(x̃k)+ (x− x̃k)T {−AT λ̃k

+(1 + δ)βATA(x̃k − xk) +AT (λ̃k − λk)} ≥ 0, ∀x ∈ X ,

(λ− λ̃k)T {(Ax̃k − b) +A(x̃k − xk) + (1/β)(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.

8¿{z��/ª´ w̃k = (x̃k, λ̃k) ∈ Ω,
θ(x)−θ(x̃k) + (x− x̃k)T {−ATλk + (1 + δ)βATA(x̃k − xk)} ≥ 0, ∀x ∈ X ,

(λ− λ̃k)T {(A(2x̃k − xk)− b) + (1/β)(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.
(4.10)

�âÚn2.1, þª¥� x̃k�±ÏL¦)f¯K

min{θ(x)− xTATλk +
1 + δ

2
β‖A(x− xk)‖2|x ∈ X}

��. Ó��âÚn2.1, (4.10)¥� λ̃k´¯K

min
{ 1

2β
‖λ− [λk − β(A(2x̃k − xk)− b)]‖2

∣∣∣λ ∈ Λ
}

�), �±ÏL

PΛ[λk − β(A(2x̃k − xk)− b)]

���Ñ. ¤±, ýÿ:�±d x̃k = arg min{θ(x)− xTATλk +
1 + δ

2
β‖A(x− xk)‖2|x ∈ X}, (4.11a)

λ̃k = PΛ[λk − β(A(2x̃k − xk)− b)] (4.11b)
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Jø, Uìk x̃k, � λ̃k�^S^|¢y.

XJr(4.9b)¥�ýÿÝ
H�¤

H =

 (1 + δ)βATA −AT

−A (1/β)Im

 , δ > 0 (4.12)

d�Ý
H�,�½. �A�ýÿ: w̃k = (x̃k, λ̃k)�±ÏLXe λ̃k = PΛ[λk − β(Axk − b)], (4.13a)

x̃k = arg min{θ(x)− xTAT (2λ̃k − λk) +
1 + δ

2
β‖A(x− xk)‖2|x ∈ X}, (4.13b)

k λ̃k, 2 x̃k�^S�). æ^²��tµ��, Ó��Ñ
��¦)(�Ø�ªà`z¯

K(4.1) �éA�) C©Ø�ª(4.3) �Âñ�{.

5P XJò(4.9b)Ú(4.12)�ýÿÝ
 H ¥� (1 + δ)βATA Ü©U¤βATA + δI,

Ø+A´Ä�÷�,Ý
HÑ´�½�. éuù�U
±��H,��ò�A�x-f¯K

8I¼ê¥� 1+δ
2 β‖A(x− xk)‖2U¤

(
1
2β‖A(x− xk)‖2 + 1

2δ‖x− x
k‖2
)
Ò�±.

4.2.2 ü¬�5�å¯K��²�����{

l�½�wk = (xk, λk)Ñu, �Ä�14.2.1!¥(4.13)ÑkØÓ�ýÿ λ̃k = PΛ[λk − β(Axk − b)], (4.14a)

x̃k = arg min{θ(x)− xTAT λ̃k +
1 + δ

2
β‖A(x− xk)‖2|x ∈ X} (4.14b)

Uìk λ̃k, � x̃k�^SJø. �ýÿ(4.13)', f¯K(4.14b)q�'(4.13b)g,�
. �

âÚn2.1, d(4.14))¤�w̃k = (x̃k, λ̃k) ∈ Ω ÷v
θ(x)−θ(x̃k) + (x− x̃k)T {−AT λ̃k + (1 + δ)βATA(x̃k − xk)} ≥ 0, ∀x ∈ X ,

(λ− λ̃k)T {(Ax̃k − b)−A(x̃k − xk) + (1/β)(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.

|^(4.3)�C©Ø�ª/ª, þª�±�¤Ú�µe¥�ýÿ/ª

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)T
{
F (w̃k) +Q(w̃k − wk)

}
≥ 0, ∀w ∈ Ω, (4.15a)

Ù¥ýÿÝ


Q =

 (1 + δ)βATA 0

−A (1/β)Im

 , δ > 0. (4.15b)

é(4.14))¤�ýÿ:, ·�æ^Ú� α = 1 ��²���

wk+1 = wk −M(wk − w̃k), (4.16a)
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)¤#�S�:, Ù¥��Ý


M =

 In 0

−βA Im

 . (4.16b)

^(3.4) �yÂñ5^�, |^H = QM−1��

H =

 (1 + δ)βATA 0

−A (1/β)Im

 In 0

βA Im

 =

 (1 + δ)βATA 0

0 (1/β)Im

 � 0

Ú

G = QT +Q−MTHM = QT +Q−QTM

=

 2(1 + δ)βATA −AT

−A (2/β)Im

−
 (1 + δ)βATA −AT

0 (1/β)Im

 In 0

−βA Im


=

 δβATA 0

0 (1/β)Im

 .

Ý
HÚG (�A�÷��)Ñ�½. ©O^ (4.14)�ýÿÚ (4.16)���, ·�Ò���

�¦)(�Ø�ªà`z¯K(4.1)éA�) C©Ø�ª(4.3) �Âñ�{.

5P XJòx-f¯K(4.14b)8I¼ê¥��g� 1+δ
2 β‖A(x−xk)‖2 U¤

(
1
2β‖A(x−

xk)‖2 + 1
2δ‖x−x

k‖2
)
, (4.15b)¥ýÿÝ
Q��þ� (1+δ)βATAÜ©U¤βATA+δI. �

±��Ý
MØC,ù�,Ø+A´Ä�÷�,dH = QM−1ÚG = QT +Q−MTHM�

��HÚGÑ´�½�.

4.3 ü¬�5�å¯K{zf¯K��{

14.1!0��¦)�5�ª�åà`z¯KÚ14.2!¥0�¦)�5�åà`z¯

K(4.1)��{, §��x-f¯K�8I¼ê¥©O�¹�g� ‖Ax− b‖2Ú ‖A(x− xk)‖2.

ù�!0���{, �A��g�Ñ^ ‖x− xk‖2�O, �Ñ�¦)à`z¯K(4.1), é�

ªÚØ�ª�å´Ï^�.

4.3.1 Q = H �PPA�{

�¦)C©Ø�ª(4.3), ·��O��ýÿ-���{, S�l�½�wk = (xk, λk)

m©, ¦�ýÿ:÷v

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)T
{
F (w̃k) +H(w̃k − wk)

}
≥ 0, ∀w ∈ Ω, (4.17a)

Ù¥ýÿÝ


H =

 rIn AT

A sIm

 , rs > ‖ATA‖. (4.17b)
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ùÒ¤
/X(3.2)�ýÿ, Ù¥u = x, v = w = (x, λ). duQ = H´é¡�½Ý
, Ò

�313.1!¥?Ø�,#�S�:wk+1d²��tµ��(3.5)Jø. ¯KÒ8(�XÛ

�E÷v(4.17) �ýÿ�{. �âC©Ø�ª(4.3)�L�ª, ýÿ(4.17)´¦ w̃k ∈ Ω¦�{
θ(x)− θ(x̃k) + (x− x̃k)T {−AT λ̃k + r(x̃k − xk) +AT (λ̃k − λk)} ≥ 0, ∀x ∈ X ,

(λ− λ̃k)T {(Ax̃k − b) +A(x̃k − xk) + s(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.

?�Úz{8¿Ò´{
x̃k ∈ X , θ(x)− θ(x̃k) + (x− x̃k)T {−ATλk + r(x̃k − xk)} ≥ 0, ∀x ∈ X ,

λ̃k ∈ Λ, (λ− λ̃k)T {[A(2x̃k − xk)− b] + s(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.

�âÚn2.1, ù�� w̃k = (x̃k, λ̃k) �±U^Sd x̃k = arg min
{
θ(x)− xTATλk +

r

2
‖x− xk‖2

∣∣ x ∈ X}, (4.18a)

λ̃k = arg min
{
λT [A(2x̃k − xk)− b] +

s

2
‖λ− λk‖2 |λ ∈ Λ

}
(4.18b)

Jø. Ïd, ÏL(4.18)ýÿ, 2d²��tµ��, ÒJø
¦)C©Ø�ª(4.3)��

�Âñ��{. ýÿÚ�x-f¯K(4.18a)¥, �g� ‖x − xk‖2'O2.�KF¦f{¥
� ‖Ax− b‖2{ü. ���y(4.17b)¥�Ý
H�½, ÒI� rs > ‖ATA‖, ù  ¬K�
Âñ�Ý.

�é(4.1)¥�ª�åAx = bÚØ�ª�åAx ≥ bü«�/, ù�!f¯K(4.18b)�

� λ̃k��O=3

λ̃k = λk − 1

s
[A(2x̃k − xk)− b] Ú λ̃k =

{
λk − 1

s
[A(2x̃k − xk)− b]

}
+
.

��ò(4.18)�)�ýÿ:�#�S�:����©-éó�{, ChambolleÚPock3 [5]

¥®²J9, ��
H{¿Âe�Âñ5y². ·�3PPA¿Âe�Ñ{ü�Â ¿Â

e�Âñ5y² [28], ¿�Ñ#S�:�±ÏL?�Ú²�tµòÿ��. ù�y²g´

��
ChambolleÚPock�pÝ@�¿�ÏÚr?
¦���UïÄ [6].

4.3.2 Q �þn�
�ýÿ���{

�©éó·ÜFÝ{ (PDHG) [37], �´ [5]¥���©-éó�{���A~. §

� k-ÚS�, l�½�wk = (xk, λk)m©, |^(4.2)¥½Â�.�KF¼ê, ÏL
xk+1 = arg min

{
L(x, λk) +

r

2
‖x− xk‖2

∣∣ x ∈ X},
λk+1 = arg max

{
L(xk+1, λ)− s

2
‖λ− λk‖2

∣∣ λ ∈ Λ
} (4.19)

�� wk+1 = (xk+1, λk+1) ∈ Ω. k~f`², PDHG ¦)�55yØU�yÂñ [38]. Ø

L,òPDHG�ÑÑ��ýÿ:,2?1·���,´�±UE¤��Âñ�{�. 5¿�
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UC8I¼ê¥�~ê�¿ØK�¯K�)ù�¯¢,|^L(x, λ)�L�ª¿òPDHG�

ÑÑP� w̃k = (x̃k, λ̃k), Òk x̃k = arg min
{
θ(x)− xTATλk +

r

2
‖x− xk‖2

∣∣ x ∈ X}, (4.20a)

λ̃k = arg min
{
λT (Ax̃k − b) +

s

2
‖λ− λk‖2

∣∣ λ ∈ Λ
}
. (4.20b)

�âÚn2.1, ù�� w̃k = (x̃k, λ̃k) ∈ Ω ÷v
x̃k ∈ X , θ(x)− θ(x̃k) + (x− x̃k)T {−ATλk + r(x̃k − xk)} ≥ 0, ∀x ∈ X ,

λ̃k ∈ Λ, (λ− λ̃k)T {(Ax̃k − b) + s(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.

|^(4.3)¥F (w̃k)�L�ª, Ò�±rþª�¤Ú�µe¥�ýÿ/ª

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)T
{
F (w̃k) +Q(w̃k − wk)

}
≥ 0, ∀w ∈ Ω, (4.21a)

Ù¥ýÿÝ


Q =

 rI AT

0 sI

 (4.21b)

�þn�Ý
. duQ�é¡, ·�æ^Ú�α = 1��²����

wk+1 = wk −M(wk − w̃k), (4.22a)

�)¤#�S�:, Ù¥��Ý


M =

 In
1

r
AT

0 Im

 . (4.22b)

�{�Âñ5��^^�(3.4)��y. du

H = QM−1 =

 rIn AT

0 sIm

 In −1

r
AT

0 Im

 =

 rIn 0

0 sIm

 � 0

Ú

G = QT +Q−MTHM = QT +Q−QTM =

rIn 0

0 sIm −
1

r
AAT

 .

� rs > ‖ATA‖�, G Ò´�½�. Ïd, ©O^(4.20)�ýÿÚ(4.22)���, ·����

�¦) (�à`z¯K(4.1)éA�)C©Ø�ª(4.3)�Âñ�{.

·���±ò��úª(4.22)¥���Ý
MU¤

M =

 In 0

−1

s
A Im

 .
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ù�, é(4.21b)¥�ýÿÝ
Q, ·�k

H = QM−1 =

 rIn AT

0 sIm

 In 0
1

s
A Im

 =

 rIn +
1

s
ATA AT

A sIm

 � 0

Ú

G = QT +Q−MTHM = QT +Q−QTM =

rIn AT

A sIm

 .

Ó��ýÿ, ØÓ���, �{Ñ´Âñ�.

Ó�, �é(4.1)¥�ª�åAx = bÚØ�ª�åAx ≥ bü«�/, f¯K(4.20b)

¥�Ñ λ̃k��O=3

λ̃k = λk − 1

s
(Ax̃k − b) Ú λ̃k =

[
λk − 1

s
(Ax̃k − b)

]
+
.

4.3.3 Q ´é��½Ý
Ú�é¡Ý
�Ú��/

14.3.1!Ú14.3.2!¥0���{, Ñ�¦ rs > ‖ATA‖, �Ý
ATA���A��

Ú²þA���'��
��ÿ,   ¬��Âñéú. XJýÿ��ª÷v

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)T
{
F (w̃k) +Q(w̃k − wk)

}
≥ 0, ∀w ∈ Ω, (4.23a)

Ù¥ýÿÝ


Q =

 rIn AT

−A sIm

 (4.23b)

´¬é�êþÝ
Ú�é¡Ý
�Ú.é?¿� r, s > 0, QT+QÑ´�½�. |^F (w̃k)�

L�ª, ò(4.23)�m5Ò´
x̃k ∈ X , θ(x)− θ(x̃k) + (x− x̃k)T {−ATλk + r(x̃k − xk)} ≥ 0, ∀x ∈ X ,

λ̃k ∈ Λ, (λ− λ̃k)T {(Axk − b) + s(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.

�âÚn2.1, ÏL x̃k = arg min
{
θ(x)− xTATλk +

r

2
‖x− xk‖2

∣∣ x ∈ X}, (4.24a)

λ̃k = arg min
{
λT (Axk − b) +

s

2
‖λ− λk‖2

∣∣ λ ∈ Λ
}
, (4.24b)

ÒU��ù��ýÿ:. (4.23)¥ýÿÝ
Q�äN/ª��E÷vÚ�µe^��Ý


HÚ�A���Ý
MJø
Nõ�U5. ~X, �

H =

 rIn 0

0 sIm

 Ú M =

 In
1

r
AT

−1

s
A Im


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ÒkHM = Q, �e�¯Ò�±UÚ�µe13.2.2!¥�Ñ�^O�Ú���{���.

Ó�, �é(4.1)¥�ª�åAx = bÚØ�ª�åAx ≥ bü«�/, f¯K(4.24b)¥�

Ñ λ̃k��O=3

λ̃k = λk − 1

s
(Axk − b) Ú λ̃k =

[
λk − 1

s
(Axk − b)

]
+
.

5P 314!��{¥, ýÿ©Od(4.18),(4.20)Ú(4.24)¢y. 5¿�§��x-f

¯K���Ó. λ-f¯K��5�Ü©Kd

λT [A(2x̃k − xk)− b], � λT [Ax̃k − b], 2� λT [Axk − b].

§��±©O�w¤

λT [(Axk − b) + lA(x̃k − xk)], l = 2, 1, 0,

L²
ùA��{3Ú�µeeS3�éX. XJé(4.17b)¥�Ý
H, ±9(4.21b) Ú

(4.23b)¥�ýÿÝ
Q, U¤

H =

 rIn −AT

−A sIm

 , Q =

 rIn 0

−A sIm

 Ú Q =

 rIn −AT

A sIm

 ,

Öö�±�â14.3!�©ÛÚüÌ, �O�A�Âñ�{.

5 ¦)�©lü¬à`z¯K�¦f�O��{

ù�!?Ø�©l¤ü¬�5�å�à`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y} (5.1)

�¦)�{. ¯K��u3(2.3)¥, � n = n1 + n2, X ⊂ Rn1 , Y ⊂ Rn2 , U = X × Y.

θ(u) = θ1(x) + θ2(y), θ1(x) : Rn1 → R, θ2(y) : Rn2 → R. Ý
 A = (A,B), Ù¥A ∈
Rm×n1 , B ∈ Rm×n2 . éù�¯K, C©Ø�ª��/ª(2.7)ÒäNz�

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (5.2a)

Ù¥

w =


x

y

λ

 , w =

 x

y

 , F (w) =


−ATλ

−BTλ

Ax+By − b

 , Ω = X × Y ×Rm. (5.2b)
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|^¯K(5.1)�O2.�KF¼ê

L[2]
β (x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) +

β

2
‖Ax+By − b‖2, (5.3)

²;�¦f�O��{ [10–12] �±{ü/L«¤

(ADMM)


xk+1 = arg min

{
L[2]
β (x, yk, λk)

∣∣ x ∈ X}, (5.4a)

yk+1 = arg min
{
L[2]
β (xk+1, y, λk)

∣∣ y ∈ Y}, (5.4b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (5.4c)

Ï� k-gS�l�½� (yk, λk)Ò�±m©, v = (y, λ)�`¤´Ø%Cþ, 
x�´S�

L§¥�¥mCþ.

duUC8I¼ê¥�~ê�ØK�¯K�),|^L[2]
β (x, y, λ)�L�ª,�±rS

�úª(5.4)�¤�d�
xk+1 = argmin

{
θ1(x)− xTATλk +

β

2
‖Ax+Byk − b‖2

∣∣x ∈ X}, (5.5a)

yk+1 = argmin
{
θ2(y)− yTBTλk +

β

2
‖Axk+1 +By − b‖2

∣∣y ∈ Y}, (5.5b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (5.5c)

f¯K(5.5a)Ú(5.5b)©O�¹CþxÚ y. ²;�ADMM�{kXe�Âñ5'�(Ø.

½n5.1 �{wk+1 = (xk+1, yk+1, λk+1)} ∈ Ω ´^�{(5.4)¦)C©Ø�ª(5.2) )

¤�S�S�, @ok

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀ v∗ ∈ V∗. (5.6)

Ù¥

v =

 y

λ

 , H =

 βBTB 0

0
1

β
Im

 , V∗ = {v∗ = (y∗, λ∗)|(x∗, y∗, λ∗) ∈ Ω∗}.

½n5.1¥�Ý
HÒ´�Kþ�½�, '�{ü�y²�±3 [38]¥é�. Boyd�

3¦��nã©Ù [3]¥éADMM�{�
�[�0�. 3�{(5.4)�Ä:þ, ·�3

[4, 20,21]¥uL
�
?�ÚJpO��Ç�ADMMa�{.

ù�!�â13!¥�Ú�µe, 0�XÛ�OØÓ�ADMMa�{. 3�{(�

.)�O¥,·�Ú�r(5.4)¥N´¦)�@�f¯KSü¤x-f¯K¿b�(5.5a)�¦)

vk�o(J.ÑrØ%Cþ½¤ v = (y, λ), k-gS�l�½� vk = (yk, λk)m©,�¤�

ÚS��� vk+1 = (yk+1, λk+1). �¡n�!¥JÑ��{, x-f¯KÑ�²;ADMM¥

�(5.5a)��. 5¿�ADMM¥ y-f¯K(5.5b)��d/ª��±�¤

yk+1 = argmin
{
θ2(y)− yTBT [λk − β(Axk+1+Byk−b)] +

1

2
β‖B(y − yk)‖2

∣∣y ∈ Y}. (5.7)
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8I¼ê¥��g�´ ‖B(y − yk)‖2.

5.1 |^Ú�µe�O�PPAa�{

¦)C©Ø�ª(5.2)�PPA.�{�¦(3.2)¥�ýÿÝ
Q��Ò´��é¡�½

Ý
. ù�, ·�r�A�Ý
QP�H. ùa�{¥, ·�^²�tµ���(3.5) �

Ñ vk+1. ¢S$�¥, ���α ∈ [1.2, 1.8].

5.1.1 ýÿ¥ y-f¯K¥�g�´ ‖B(y− yk)‖2��{

XJ·��¦)(5.2)�E�ýÿúª¥ w̃k ÷v

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω, (5.8a)

Ù¥ýÿÝ


H =

 (1 + δ)βBTB −BT

−B (1/β)Im

 , (δ > 0) (5.8b)

@o�B�÷��Ý
H�½. ·�^²�tµ���(3.3)��#�S�: vk+1. �â

Ú�µe,�{Ò´Âñ�. Ïd,¯K8(�XÛ¢y÷v(5.8)�ýÿ. ^(5.2)¥F (w)�

L�ª, r(5.8)�äN/ª�Ñ5Ò´ w̃k = (x̃k, ỹk, λ̃k) ∈ Ω, ¦�

θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀x ∈ X , (5.9a)

θ2(y)− θ2(ỹk) + (y − ỹk)T {−BT λ̃k

+(1 + δ)βBTB(ỹk − yk)−BT (λ̃k − λk)} ≥ 0, ∀ y ∈ Y, (5.9b)

(Ax̃k +Bỹk − b) −B(ỹk − yk) + (1/β) (λ̃k − λk) = 0. (5.9c)

þª¥, key��n3�å, Ò´(5.8a)¥�F (w̃k). Uìe¡x, λ, y�gSO�:
x̃k = argmin{θ1(x)− xTATλk +

1

2
β‖Ax+Byk − b‖2 |x ∈ X}, (5.10a)

λ̃k = λk − β(Ax̃k +Byk − b), (5.10b)

ỹk = argmin
{
θ2(y)− yTBT [2λ̃k − λk] +

1 + δ

2
β‖B(y − yk)‖2

∣∣ y ∈ Y}, (5.10c)

Ò��÷v^�(5.9)�ýÿ:. þª¥ y-f¯K(5.10c)Ú²;ADMM¥(5.7)JÝ��.

�âÚn2.1, x-f¯K(5.10a)��`5^�´

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T {−ATλk + βAT (Ax̃k +Byk − b)} ≥ 0, ∀x ∈ X .

|^ λ̃k�ýÿª(5.10b), þªÒ�±U�¤(5.9a). 5¿�(5.10b)��Ò´(5.9c). �e

�(5.9b), �âÚn2.1, �±ÏL¦) y-f¯K(5.10c)�¢y. ¤±, Uì(5.10)¥± x̃k,

λ̃k, ỹk ^S)¤�ýÿ: w̃k = (x̃k, ỹk, λ̃k)÷výÿ^�(5.8). du�±æ^tµ��,

3Ù¦^��Ó��¹e, �{�Ç'²;�ADMM (5.5)k�²w�Jp.
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5.1.2 ýÿ¥ y-f¯K{z��{

�¢y15.1.1!¥�ýÿ(5.8), y-f¯K�8I¼ê¥¹k�g�‖B(y − yk)‖2. X

JÏd
�¦)�5Ø�(J, Òòýÿúª(5.8)U¤

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω, (5.11a)

Ù¥ýÿÝ


H =

 rIn2
−BT

−B (1/β)Im

 . (5.11b)

� r > β‖BTB‖, þ¡�Ý
H´�½�. Ó�´^��úª(3.5)�Ñ#�S�: vk+1.

�âÚ�µe, �{Ò´Âñ�. Ïd, ¯K8(�XÛ¢y÷v(5.11)�ýÿ. XÓ

15.1.1!¥�©Û, Uìe¡x, λ, y �gSO�:
x̃k = argmin{θ1(x)− xTATλk +

1

2
β‖Ax+Byk − b‖2 |x ∈ X}, (5.12a)

λ̃k = λk − β(Ax̃k +Byk − b), (5.11b)

ỹk = argmin
{
θ2(y)− yTBT [2λ̃k − λk] +

r

2
‖y − yk‖2

∣∣ y ∈ Y}, (5.12c)

Ò�±��÷v(5.11)�ýÿ:. ù��, y-f¯K(5.12c)'(5.10c) {ü
�
.

I��Ñ�´, XJ15.1.1!¥ y-f¯K(5.10c)¦)¿Ø(J�{, ·�E,ÌÜ^

15.1.1!¥��{. Ï�(5.12c)¥�¦ r > β‖BTB‖,   ¬K�Âñ�Ý.

5.2 �²�����{

¦)C©Ø�ª(5.2)��²�����{#Nýÿ(3.2)¥�ýÿÝ
Q�é¡, ¿

���´©¬en�Ý
. ù�!Ñæ^Ú�α = 1���úª(3.3), Ù¥��Ý


M =

 In2
0

−βB Im

 . (5.13)

éù��ü en�Ý
M , _Ý
M−1 =

(
In2

0

βB Im

)
.

5.2.1 ýÿ¥ y-f¯K¥�g�´ ‖B(y− yk)‖2��{

ýÿ¥ y-f¯KJÝÚ²;ADMM¥(5.7)��, ´�f¯K8I¼ê¥¹k�g

� ‖B(y − yk)‖2. �·��E�ýÿúª�)�ýÿ: w̃k÷v

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (5.14a)

Ù¥ýÿÝ


Q =

 (1 + δ)βBTB 0

−B (1/β)Im

 , (δ > 0). (5.14b)
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�B�÷��,Ý
QT +Q�½. ,�^α = 1�úª(3.3)?1��,Ù¥��Ý
Md

(5.13) �Ñ. ^Ú�µe¥�^�(3.4) ��yÂñ5. Ý
HÚG©O´

H = QM−1 =

 (1 + δ)βBTB 0

−B (1/β)Im

 In2
0

βB Im

 =

 (1 + δ)βBTB 0

0 (1/β)Im


Ú

G = QT +Q−MTHM = QT +Q−QTM =

 δβBTB 0

0 (1/β)Im

 .

3B�÷��, Ý
HÚGÒ´�½�. �âÚ�µe, �{Ò´Âñ�. Ïd, ¯K8

(�XÛ¢y÷v(5.14)�ýÿ. ¦^(5.2)¥F (w)�L�ª, r(5.14)�äN/ª�Ñ5

Ò´ w̃k = (x̃k, ỹk, λ̃k) ∈ Ω, ¦�
θ1(x)−θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀x ∈ X , (5.15a)

θ2(y)−θ2(ỹk) + (y − ỹk)T {−BT λ̃k +(1+δ)βBTB(ỹk−yk)} ≥ 0, ∀y ∈ Y, (5.15b)

(Ax̃k +Bỹk − b)−B(ỹk − yk) + (1/β) (λ̃k − λk) = 0. (5.15c)

þª¥, key��n3�å, Ò´(5.14a) ¥�F (w̃k). Ò�15.1.1!¥)º�, Uìe

¡x, λ, y�gSO�:
x̃k = argmin{θ1(x)− xTATλk +

1

2
β‖Ax+Byk − b‖2 |x ∈ X}, (5.16a)

λ̃k = λk − β(Ax̃k +Byk − b), (5.16b)

ỹk = argmin
{
θ2(y)− yTBT λ̃k +

1 + δ

2
β‖B(y − yk)‖2

∣∣ y ∈ Y}, (5.16c)

Ò��÷v^�(5.15)�ýÿ:. þª¥ y-f¯K(5.16c)Ú²;ADMM¥(5.7)JÝ��.

rýÿ(5.14)ÚÚ�α = 1, Md(5.13) �Ñ���(3.3)�3�å, Ñ�ýÿ:PÒ, ù�

!�S��ª��±���¤

xk+1 = argmin{θ1(x)− xTATλk +
1

2
β‖Ax+Byk − b‖2 |x ∈ X},

λk+ 1
2 = λk − β(Axk+1 +Byk − b),

yk+1 = argmin
{
θ2(y)− yTBTλk+ 1

2 +
(1 + δ)

2
β‖B(y − yk)‖2

∣∣ y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b).

5.2.2 ýÿ¥ y-f¯K{z��{

�¢y15.2.1!¥�ýÿ(5.14a), y-f¯K�8I¼ê¥¹k�g� ‖B(y − yk)‖2.

XJÏd
�¦)�5Ø�(J, Òòýÿúª(5.14)U¤

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (5.17a)
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Ù¥ýÿÝ


Q =

 rIn2
0

−B (1/β)Im

 , (5.17b)

� r > β‖BTB‖�Ý
QT + Q�½. Ó�^α = 1�úª(3.3)?1��, Ù¥��Ý


Md(5.13)�Ñ. ·�^Ú�µe¥�^�(3.4)��yÂñ5. Ý
HÚG©O´

H = QM−1 =

 rIn2 0

−B (1/β)Im

 In 0

βB Im

 =

 rIn2 0

0 (1/β)Im

 ,

Ú

G = QT +Q−MTHM = QT +Q−QTM =

 rIn2
− βBTB 0

0 (1/β)Im

 .

�r > β‖BTB‖ �Ý
H ÚG Ñ´�½�. �âÚ�µe, �{Ò´Âñ�. Ïd, ¯K

8(�XÛ¢y÷v(5.17) �ýÿ. XÓ15.2.1!¥�©Û, Uìe¡x, λ, y�gSO�:


x̃k = argmin{θ1(x)− xTATλk +

1

2
β‖Ax+Byk − b‖2 |x ∈ X}, (5.18a)

λ̃k = λk − β(Ax̃k +Byk − b), (5.18b)

ỹk = argmin
{
θ2(y)− yTBT λ̃k +

r

2
‖y − yk‖2

∣∣ y ∈ Y}, (5.18c)

Ò��÷v^�(5.17)�ýÿ:. rýÿ(5.17)ÚÚ�α = 1, Md(5.13)�Ñ���(3.3)

�3�å, Ñ�ýÿ:PÒ, ù�!�S��ª��±���¤

xk+1 = argmin{θ1(x)− xTATλk +
β

2
‖Ax+Byk − b‖2 |x ∈ X},

λk+ 1
2 = λk − β(Axk+1 +Byk − b),

yk+1 = argmin
{
θ2(y)− yTBTλk+ 1

2 +
1

2
r‖y − yk‖2

∣∣ y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b).

(5.19)

XJ y-f¯K�¦)Ø¬Ï�8I¼ê��g�¥k ‖B(y − yk)‖2
é¦)�5Ø��
(J, ·�EÌÜ^15.2.1!¥��{. Ï� r > β‖BTB‖ù���¦,   ¬K�Âñ

�Ý.

5P �{(5.19)�U?�Ú�U?. ¤¢�`�5zADMM [20], ¢Sþy²


é(5.19)� y-f¯K�g� ‖y−yk‖2�Xê r,c¡�U¦þ��«m (0.75, 1)¥�Ïf τ .
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�{C¤

xk+1 = argmin{θ1(x)− xTATλk +
β

2
‖Ax+Byk − b‖2 |x ∈ X},

λk+ 1
2 = λk − β(Axk+1 +Byk − b),

yk+1 = argmin
{
θ2(y)− yTBTλk+ 1

2 +
1

2
τr‖y − yk‖2

∣∣ y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b).

(5.20)

©Ù¥·�^~f�Ñ, �þª¥ τr < 0.75β‖BTB‖��ÿ, �{(5.20)�UØÂñ. Ø

© [20]¥�y²�313!Ú�µe�Ä:þ�?�Ú�ò�©Û, �u�ÌùpØ�0

�.

,	·�5¿�, 15.1!�(5.8b)Ú(5.11b)¥�Ý
H©O´ (1 + δ)βBTB −BT

−B 1

β
Im

 Ú

 rIn2
−BT

−B 1

β
Im

 .

15.2!�(5.14b)Ú(5.17b) ¥�ýÿÝ
Q©O´ (1 + δ)βBTB 0

−B 1

β
Im

 Ú

 rIn2 0

−B 1

β
Im

 .

ùo�©¬Ý
�1�1���Ó.�þ�©O´ (1 + δ)βBTBÚ rIn2
ü«ÀJ,mþ�

©O´ −BT Ú 0ü«ÀJ, dd
��o«�{.

6 �©ln¬�à`z¯K�©�Â �{

�©ln¬��5�ª�å�åà`z¯K, ÙêÆ/ª�

min{θ1(x) + θ2(y) + θ3(z)|Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z}. (6.1)

ù��u3(2.3)¥, �n = n1 + n2 + n3, X ⊂ Rn1 , Y ⊂ Rn2 , Z ⊂ Rn3 , U = X × Y × Z.

θ(u) = θ1(x) + θ2(y) + θ3(z), θ1(x): Rn1 → R, θ2(y): Rn2 → R, θ3(z): Rn3 → R. Ý


A = (A,B,C), Ù¥A ∈ Rm×n1 , B ∈ Rm×n2 , C ∈ Rm×n3 . ù�¯K�.�KF¼ê´

L[3](x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b).

¯K(6.1)�C©Ø�ªäN/ªÒ¤�

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (6.2a)
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Ù¥

w =


x

y

z

λ

 , u =

 x

y

z

 , F (w) =


−ATλ
−BTλ
−CTλ

Ax+By + Cz − b

 , (6.2b)

Ú

θ(u) = θ1(x) + θ2(y) + θ3(z), Ω = X × Y × Z ×Rm. (6.2c)

�A�O2.�KF¼êP�(kO��©lü¬�`z¯K¥�L[2]
β (x, y, λ))P�

L[3]
β (x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b) +

β

2
‖Ax+By + Cz − b‖2.

é�©ln¬�à`z¯K, æ^��í2�¦f�O��{, Ø%Cþ´ v = (y, z, λ).

1 k-ÚS�´l�½� vk = (yk, zk, λk)Ñu, ÏL

xk+1 = arg min
{
L[3]
β (x, yk, zk, λk)

∣∣ x ∈ X}, (6.3a)

yk+1 = arg min
{
L[3]
β (xk+1, y, zk, λk)

∣∣ y ∈ Y}, (6.3b)

zk+1 = arg min
{
L[3]
β (xk+1, yk+1, z, λk)

∣∣ z ∈ Z}, (6.3c)

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b) (6.3d)

¦�Ø%Cþ�#�S�: vk+1 = (yk+1, zk+1, λk+1). ��í2�ADMM (6.3)én¬�

�©l¯K(6.1)�Ý
A,B,C ¥kü����m����ÿâ�yÂñ, ù�n¬��

©l¯K¢Sþ��uü¬�¯K.3���/e, �{(6.3)én¬�¯K(6.1)´ØU�

yÂñ� [7]. 3²( [7]¥�(Øc�,·�uL
�
?��ADMMa�{ [22,23,29]¦

)n�Ún�±þ�©l¬�à`z¯K.

�¡·�0�XÛ|^13!¥�Ú�µe���E¦)C©Ø�ª(6.2)�Âñ�

{. ·�ob�f¯K(6.3a)´ØJ¦)�. 3f¯K(6.3b)Ú(6.3c)�8I¼ê¥, �g

�©O´ ‖B(y − yk)‖2Ú ‖C(z − zk)‖2.

6.1 |^Ú�µe�O�PPAa�{

¦)C©Ø�ª(6.2)�PPA.�{�¦(3.2)¥�ýÿÝ
Q��Ò´��é¡�

½Ý
. ù�, ·�Òrýÿ¥�A�QÝ
P�H. ùa�{¥, ·�^²�tµ��

�(3.3)�� vk+1. ¢S$�¥, ���α ∈ [1.2, 1.8].

6.1.1 ýÿ¥f¯KJÝÚ��í2�ADMM¥����{

ù��!0��|^Ú�µe�E¦)C©Ø�ª(6.2)��{, yÚ z-f¯K�8I

¼ê¥©O¹k�g� ‖B(y− yk)‖2Ú ‖C(z − zk)‖2. XJ·��¦)(6.2)�E�ýÿú

ªJø� w̃k÷v

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω, (6.4a)
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Ù¥ýÿÝ


H =


2(1 + δ)βBTB 0 −BT

0 2(1 + δ)βCTC −CT

−B −C (1/β)Im

 , (δ > 0). (6.4b)

�BÚC�÷��Ý
H�½. ^²�tµ���(3.5)�Ñ#�S�: vk+1. �âÚ�

µe, �{Ò´Âñ�. Ïd, ¯K8(�XÛ¢y÷v(6.4)�ýÿ. |^(6.2)¥F (w)�

L�ªr(6.4)�äN/ª�Ñ5Ò´ w̃k = (x̃k, ỹk, z̃k, λ̃k) ∈ Ω, ÷v

θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀x ∈ X , (6.5a)

θ2(y)− θ2(ỹk) + (y − ỹk)T {−BT λ̃k

+2(1 + δ)βBTB(ỹk − yk)−BT (λ̃k − λk)} ≥ 0, ∀y ∈ Y, (6.5b)

θ3(z)− θ3(z̃k) + (z − z̃k)T {−CT λ̃k

+2(1 + δ)βCTC(z̃k − zk)− CT (λ̃k − λk)} ≥ 0, ∀z ∈ Z, (6.5c)

(Ax̃k +Bỹk + Cz̃k− b)−B(ỹk − yk)−C(z̃k − zk) + (1/β)(λ̃k − λk) = 0. (6.5d)

þª¥, key��n3�å, Ò´(6.4a)¥�F (w̃k). Uìe¡x, λ, y, z �gSO�:

x̃k = argmin{θ1(x)− xTATλk +
1

2
β‖Ax+Byk + Czk − b‖2 |x ∈ X}, (6.6a)

λ̃k = λk − β(Ax̃k +Byk + Czk − b), (6.6b)

ỹk = argmin
{
θ2(y)− yTBT [2λ̃k − λk] + (1 + δ)β‖B(y − yk)‖2

∣∣ y ∈ Y}, (6.6c)

z̃k = argmin
{
θ3(z)− zTCT [2λ̃k − λk] + (1 + δ)β‖C(z − zk)‖2

∣∣ z ∈ Z}, (6.6d)

Ò��÷v^�(6.5)�ýÿ:. ¯¢þ, �âÚn2.1, x-f¯K(6.6a)��`5^�´

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T {−ATλk + βAT(Ax̃k +Byk + Czk − b)} ≥ 0, ∀x ∈ X .

|^ λ̃k�ýÿª(6.6b),þªÒ�±�¤(6.5a). 5¿�(6.6b)��Ò´(6.5d). �e�(6.5b)

Ú(6.5c),�âÚn2.1,�±©OÏL¦)y-f¯K(6.6c)Úz-f¯K(6.6d)�¢y. ¤±,U

ì(6.6)¥±x, λ, y, z�^S)¤�ýÿ: w̃k = (x̃k, ỹk, z̃k, λ̃k)÷výÿ^�(6.4).

6.1.2 ýÿ¥f¯K{z��{

{zýÿ¥�f¯K, Ò´�UÄ(6.4)¥�ýÿÝ
, ¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω, (6.7a)

Ù¥ýÿÝ


H =


2rIn2 0 −BT

0 2sIn3 −CT

−B −C (1β)Im

 . (6.7b)
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� r > β‖BTB‖Ú s > β‖CTC‖�,þ¡�Ý
H´�½�. Ó�^²�tµ���(3.5)�

Ñ#�S�: vk+1. �âÚ�µe, �{Ò´Âñ�. Ïd, ¯K8(�XÛ¢y÷

v(6.7)�ýÿ. XÓ15.1.1!¥�©Û, Uìe¡x, λ, y, z�gSO�:



x̃k = argmin{θ1(x)− xTATλk +
1

2
β‖Ax+Byk + Czk − b‖2 |x ∈ X}, (6.8a)

λ̃k = λk − β(Ax̃k +Byk + Czk − b), (6.8b)

ỹk = argmin
{
θ2(y)− yTBT [2λ̃k − λk] + r‖y − yk‖2

∣∣ y ∈ Y}, (6.8c)

z̃k = argmin
{
θ3(z)− zTBT [2λ̃k − λk] + s‖z − zk‖2

∣∣ z ∈ Z}, (6.8d)

Ò�±��÷v(6.7)�ýÿ:. l(6.4)�(6.7),Ó�{z
(6.6)¥� y-f¯KÚ z-f¯K.

bX�I�{zÙ¥��f¯K��ÿ, ÖöAT²x�A�ýÿTXÛ?n.

6.2 |^Ú�µe�O�²�����{

ù�!0���{,Ñ3ýÿ�Ä:þæ^Ú�α = 1��²����(3.3)�)¤#

�S�: vk+1, Ù¥��Ý


M =


In2

0 0

0 In3
0

−βB −βC Im

 . (6.9)

6.2.1 ýÿ¥f¯KJÝÚ��í2�ADMM ����{

·��¦)(6.2)�E�ýÿúªJø� w̃k÷v

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (6.10a)

Ù¥ýÿÝ


Q =


2(1 + δ)βBTB 0 0

0 2(1 + δ)βCTC 0

−B −C (1/β)Im

 , (δ > 0) (6.10b)

�BÚC�÷��Ý
QT + Q�½. ,�^α = 1���úª(3.3)?1��, Ù¥��

Ý
Md(6.9)�Ñ. ^Ú�µe¥�^�(3.4)��yÂñ5. du��Ý
Md(6.9)�
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Ñ, HÚG©O´

H = QM−1 =


2(1 + δ)βBTB 0 0

0 2(1 + δ)βCTC 0

−B −C (1/β)Im




In2
0 0

0 In3
0

βB βC Im



=


2(1 + δ)βBTB 0 0

0 2(1 + δ)βCTC 0

0 0 (1/β)Im

 ,

Ú

G = QT +Q−QTM =


(1 + 2δ)βBTB −βBTC 0

−βCTB (1 + 2δ)βCTC 0

0 0 (1/β)Im



=


2δβBTB 0 0

0 2δβCTC 0

0 0 (1/β)Im

+ β


BTB −BTC 0

−CTB CTC 0

0 0 0

 .

�BÚC�÷��,Ý
HÚGÒ´�½�. �âÚ�µe,�{Ò´Âñ�. Ïd,¯K

8(�XÛ¢y÷v(6.10)�ýÿ. r(6.10)�äN/ª�Ñ5Ò´ w̃k = (x̃k, ỹk, z̃k, λ̃k) ∈
Ω, ¦�

θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀x ∈ X , (6.11a)

θ2(y)− θ2(ỹk) + (y − ỹk)T {−BT λ̃k + 2(1+δ)βBTB(ỹk−yk)} ≥ 0, ∀y ∈ Y, (6.11b)

θ3(z)− θ3(z̃k) + (z − z̃k)T {−CT λ̃k + 2(1+δ)βCTC(z̃k−zk)} ≥ 0, ∀z ∈ Z, (6.11c)

(Ax̃k +Bỹk + Cz̃k − b)−B(ỹk − yk)−C(z̃k − zk) + (1/β)(λ̃k − λk) = 0. (6.11d)

þª¥, key��n3�å, Ò´F (w̃k). Ò�15.1.1!¥)º�, Uìe¡x, λ, y, z�

gSO�:

x̃k = argmin{θ1(x)− xTATλk +
1

2
β‖Ax+Byk + Czk − b‖2 |x ∈ X}, (6.12a)

λ̃k = λk − β(Ax̃k +Byk + Czk − b), (6.12b)

ỹk = argmin
{
θ2(y)− yTBT λ̃k + (1 + δ)β‖B(y − yk)‖2

∣∣ y ∈ Y}, (6.12c)

z̃k = argmin
{
θ3(z)− zTCT λ̃k + (1 + δ)β‖C(z − zk)‖2

∣∣ z ∈ Z}, (6.12d)

Ò��÷v^�(6.11)�ýÿ:. rýÿ(6.10)ÚÚ�α = 1,��Ý
M d(6.9)�Ñ��
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�(3.3)�3�å, Ñ�ýÿ:PÒ, ù�!�S��ª��±���¤

xk+1 = argmin{θ1(x)− xTATλk +
1

2
β‖Ax+Byk + Czk − b‖2 |x ∈ X},

λk+ 1
2 = λk − β(Axk+1 +Byk + Czk − b),

yk+1 = argmin
{
θ2(y)− yTBTλk+ 1

2 + (1 + δ)β‖B(y − yk)‖2
∣∣ y ∈ Y},

zk+1 = argmin
{
θ3(z)− zTCTλk+ 1

2 + (1 + δ)β‖C(z − zk)‖2
∣∣ z ∈ Z}

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b).

(6.13)

ù���Óu [23] ¥�Ñ��{. |^Ú�µe, Âñ5©ÛÚy²Ò�~{ü. T�{

� S. Osher �K|æ^, sé��Ì�ãN�^5)û¦��¯K, �
Ø��µd [9].

6.2.2 ýÿ¥{zf¯K��{

XJ·��¦)(6.2)�E�ýÿúª÷v

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (6.14a)

Ù¥ýÿÝ


Q =


2rIn2

0 0

0 2sIn3
0

−B −C (1/β)Im

 . (6.14b)

·��´� r > β‖BTB‖Ú s > β‖CTC‖, ù�QT +Q�½. ,�^α = 1�úª(3.3)?

1��,Ù¥��Ý
Md(6.9)�Ñ.^Ú�µe¥�^�(3.4)��yÂñ5. Ý
HÚ

G©O´

H = QM−1 =


2rIn2 0 0

0 2sIn3 0

−B −C (1/β)Im



In2 0 0

0 In3 0

βB βC Im

 =


2rIn2 0 0

0 2sIn3 0

0 0 (1/β)Im

 ,

Ú

G = QT +Q−MTHM = QT +Q−QTM

=


4rIn2 0 −BT

0 4sIn3 −CT

−B −C (2/β)Im

−


2rIn2 + βBTB βBTC −BT

βCTB 2sIn3 + βCTC −CT

−B −C (1/β)Im



=


2(rIn2

− βBTB) 0 0

2(sIn3
− βCTC) 0

0 0 (1/β)Im

+ β


BTB −BTC 0

−CTB CTC 0

0 0 0

 .
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� r > β‖BTB‖Ú s > β‖CTC‖�, Ý
HÚ GÒ´�½�. �âÚ�µe, �{Ò´

Âñ�. Ïd, ¯K8(�XÛ¢y÷v(6.14)�ýÿ. XÓ15.2.1!¥�©Û, Uìe

¡x, λ, y, z�gSO�:

x̃k = argmin{θ1(x)− xTATλk +
1

2
β‖Ax+Byk + Czk − b‖2 |x ∈ X}, (6.15a)

λ̃k = λk − β(Ax̃k +Byk + Czk − b), (6.15b)

ỹk = argmin
{
θ2(y)− yTBT λ̃k + r‖B(y − yk)‖2

∣∣ y ∈ Y}, (6.15c)

z̃k = argmin
{
θ3(z)− zTCT λ̃k + s‖C(z − zk)‖2

∣∣ z ∈ Z}, (6.15d)

Ò��÷v^�(6.14)�ýÿ:. rýÿ(6.14)ÚÚ�α = 1, ��Ý
Md(6.9)�Ñ��

�(3.3)�3�å, Ñ�ýÿ:PÒ, ù�!�S��ª��±���¤

xk+1 = argmin{θ1(x)− xTATλk +
1

2
β‖Ax+Byk + Czk − b‖2 |x ∈ X},

λk+ 1
2 = λk − β(Axk+1 +Byk + Czk − b),

yk+1 = argmin
{
θ2(y)− yTBTλk+ 1

2 + r‖y − yk‖2
∣∣ y ∈ Y},

zk+1 = argmin
{
θ3(z)− zTCTλk+ 1

2 + s‖z − zk‖2
∣∣ z ∈ Z},

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b).

(6.16)

ù¢Sþ´�{(6.13) �Ó�{z
 y-f¯KÚ z-f¯K��/. bX�I�{zÙ¥

��f¯K��ÿ, �A��{ATXÛ?n, ÖöATgCU
í�.

�{(6.16)�U?�Ú�U?. 'uADMM a�{�`�KzÏf [30], ¢Sþy²


é(6.16)� y-f¯K�g� ‖y− yk‖2�Xê r, z-f¯K�g� ‖z− zk‖2�Xê s,c¡

�U¦þ�� (0.5, 1)�Ïf τ . �{C¤

xk+1 = argmin{θ1(x)− xTATλk +
1

2
β‖Ax+Byk + Czk − b‖2 |x ∈ X},

λk+ 1
2 = λk − β(Axk+1 +Byk + Czk − b),

yk+1 = argmin
{
θ2(y)− yTBTλk+ 1

2 + τr‖y − yk‖2
∣∣ y ∈ Y},

zk+1 = argmin
{
θ3(z)− zTCTλk+ 1

2 + τs‖z − zk‖2
∣∣ z ∈ Z},

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b).

(6.17)

©Ù¥·�^~f�Ñ,�þª¥ τr < 0.5β‖BTB‖Ú τs < 0.5β‖CTC‖��ÿ, �{¬Ø

Âñ. Ø© [30] ¥�y²�313!Ú�µe�Ä:þ�'�°[�ò�©Û, �u�Ì

ùp�Ø�0�.
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7 (ØÚg�

3�5�å�à`z¯Kk)�b�e, é¯K�Lagrange¼ê(2.5) �Q:ÚC©

Ø�ª(2.7)�):ïá
�d'X. éu?¿� (u, λ) ∈ ΩÚ (u∗, λ∗) ∈ Ω∗, �â(2.5), k

L(u, λ∗)− L(u∗, λ) ≥ 0.

ù�þ¡�: (u, λ) ∈ Ω�éómY. |^12.1!¥�í�, é?¿�½� (u, λ) ∈ Ω,

L(u, λ∗)− L(u∗, λ) = [L(u, λ∗)− L(u∗, λ∗)] + [L(u∗, λ∗)− L(u∗, λ)]

= [θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗)] + [(λ− λ∗)T (Au∗ − b)]

= θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w∗ ∈ Ω∗.

þªïá
éómYÚC©Ø�ª�m��d'X. éu�½� ε > 0, XJ�é (u, λ) ∈
Ω÷v

θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≤ ε, ∀w∗ ∈ Ω∗,

duþª�à�K, ùé (u, λ) ∈ ΩÒ´éómYØ�u ε�Cq). Ïd, C©Ø�ª�

´y²Âñ�Ç�óä. Ò� [26]¥y²ADMMH{¿Âe�O(1/t)Âñ�Ç��, �

©J���{Ñäkù�5�, y²�§ª��� [15, 38].

à`z©�Â �{�Ú�µe´±üNC©Ø�ªÚ�C:�{�Ä:. Ú�µ

e�{�Âñ5y²^���£�~{ü, �Ì�éá. �©|^Ú�µe, é;.��

5�åà`z¯K�Ñ
·Ü�«I��äN�{. �ÌÚ�µe�5K,Ä��±��

�-I.
-½.�O�{. �5�ê¥�©¬Ý
Eâ, 3�{�O¥å
�~­��

�^. Ï�ó§.'�U�^{ü�
��{, �©Ì�ùãæ^�½Ú����. ·�

�O�¢�L², XJæ^O�Ú����, �{¬'��½Ú��Âñ�¯�
.

é©¬�õ��
¯K, ·�ïÆæ^�«£�.�ADMMa�{ [22], ù��{

�?���3 [38]¥�±��. XJ�?nØ�ª�å¯K, ·�ïÆæ^ [25]¥A^�

��2ÚBuí2��{. ��I��Ñ�´,�â/�C:üÑ0�O��{,k/ÚÚ

�E0�­è(Âñ5�±���y), k��¬kÂñ�Ý�¡�(6. Ïd, ù
�{

3?§¢y�, ëê�ÜnÀJc�­�.·�3 [24]¥JÑ
±²ïíþ��K�ëê

N'{K, S. Boyd3¦��ADMMnã©Ù [3]¥�0�
·��ù�{K.

N�?�ÚJpÚ�µee©�Â �{��Ç, �ö@�AT©O3ýÿÚ��

�¡�ãå. 3ýÿ�¡, [31]¥æ^�þ(²ï�g��±/�.(½
ýÿ,3��ú

ª (3.3)(��)(3.8))¥XÛÀ�÷vÂñ5^����Ý
M . ýÿ(3.2)�´Jø
�

�eü��,´Ø´I��CºÝ[Úî�{ [8]��,S�L§¥Øä?�Ý
HÚM ,

�´·�k,�?�Ú�Ä�¯K.
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