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E RERMETAE: I W 4e 55 1 ADMM K 7574

2 IHWEHESEATHERESS—
21 BREBIN=NEAFTER

W QCR Z—PMEEALE FER" —» R —PERS. BERAFRAEK

(V1) v eQ, (u—u) Fu') >0, Yuecl (2.1)

HNH—NTESAERBP BIEHPWNEFFHEE
(w — )" (F(u) — F(v)) > 0.

ERBTHAEFR )W / \
WHEEZED THEENHE = u
u" FIEH B > 0, FMNFI B u — Pq(v)

" = Polu® — BF(W®)] (2 0 Pa(v) v

»-
' ou

v — Pq(v)
H AR — N A @ \ /
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B aF =uf, F METHTER 2.1) R |[u° — || BAXRESIRE
e, & ER L E WA EEFRRHEZESR: MMEEMv e R, B

(u — Pa(v))" (v — Pa(v)) <0, YucQ. (2.3)
ETESAFRNE X (2.1) FEHERMER (2.3), #INBEZTEARFFK:

BmFa" € QRBESTER )HIEN, FHEER S > 0, £8E
(FI-1) (@" —u*)"BF(u*) >0, Yu*e Q" (2.4)

FEy)HhSv =u" — B FW”), BAB @2 BE " = Po(v), HFEBNE
F QR u Bk v, M E

(FI-2) (@" —u*)" (u* - BF(") —@") >0, vu* € Q" (2.5)
RIBRAM, 118
(FI-3) (@" —u*)' B(F(@") — F(u*)) >0, Yu*€Q". (2.6)

FAREN IR REEEZPRN=1ERLFR.

12



2.2 H(FI-1)+(FI-2) £ ik M T AFANTESE
SMTHAERP,EFFw)=Mu+q BEFMBFEM + M =~ 0HA
f&, ¢ AHERBIEIE. (FI-1) 1 (FI-2) SO RIR T

(@ —u)TB(Mu* +q) >0, Vu*eQ* (2.7)

31

% (@° —u*) {(u® —@") - B(Mu* +q)} >0, Vu* € Q. (2.8)

X ARG LI (0F — u*) IREERK {(v* — ™) — (u* — 3"}, ;B
{(u* —u*) — W —@" NV H{ W — ") - MW" —u)} >0, Vu* e Q.

FABATSTIERETFHEIAM, (u° — o) " M@® —u*) >0, AERXBR

(W =) T+ M) (u* —a")} > [lu” =@, vuT e Q. (29

Tk (2.9) FEAM (FI-1) + (FI-2) BHEBOEE (1 + SMT)(u* — o) RIEER
B [ — w*||? FE uF RoB EF ST BATATURIRE LM o > 0, 1852
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ERERIR T o ERIAREN, BT HK o FFAER S

2.3 1 (FI-)+(F-2)+(FI-3) £ R BIEEM TN T ZRNTEHE

SHHEL& M RIAT T FR, EERTUN S 0" B9 (2.2) B, RS 5, BB
7 \E

BillF(u") — F(@")|| < vllu® —a"||, ve(0,1). (2.11)
XIEER B > 0, F (FI-1)+(F1-2)+(FI-3), I {1152
{(u* —u") = (" —a")} " {(u* = @") = Br(F(u*) - F(@"))} > 0, Vu" € Q".
FIFHIES
d(u®, ") = (u" — ") — Bp(F(u*) — F(a")), (2.12)

A e
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RIES B 6, B BVEE (2.11) F1 Cauchy-Schwarz N ZE R, (2.13) HimHY

(u* —a")"dW®, a") > (1 —v)|lu* —a"|,

FRIR (2.13) FREAA (FI-1) + (FI-2) + (FI-3) £ R Y d(v”, @") BEREKIE TESH
# |Ju — u*|)? o B EF S E.

RATTERIE S o > 0, 85

uk:-|—1(a) _ uk . ozd(uk, ﬂk) (2.14)

IR EAS T o B SEiE RN, T 5K o MOBREDIE R S u .
2.4 HEELTBRMEN
AR B AN AR S MY A= M AT ZR O TRES.

e B.S. He, A class of projection and contraction methods for monotone variational
inequalities, Applied Mathematics and Optimization (1997), 35: 69-76.
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3 Mathematical Preliminaries of Convex OP

3.1 Differential convex optimization in Form of VI
Let 2 C R™ be a closed convex set, we consider the convex minimization
problem

min{ f(x) | z € Q}. (3.1)

What is the first-order optimal condition ? I

x* € Q* & z* € ()and any feasible direction is not a descent one.

Optimal condition in variational inequality form I

o Sy(z*) ={seR" | s Vf(z*) <0} = Setof the descent directions.

o S¢(x*) ={seN" | s=x—2a" z €1} = Setoffeasible directions.

e & ¥e) and Sp(z*)NSg(z*) = 0.

HET IZ AR RORE FIELL, s 4e IR A AT A EE T B R LA A R



The optimal condition can be presented in a variational inequality (VI) form:

e Q, (x—2)'Vf(x*)>0, Vre. (3.2)

/ x € Q) \

A
8

\

®

Fig. 1.1 Differential Convex Optimization and VI

The general form of variational inequality:

e Q, (r—a)'F(z*)>0, Vreq. (3.3)

When (z — y)? (F(x) — F(y)) > 0, we say (3.3) is a monotone VI.

19



RINFEZAZNS BT

N7 FERETWRDFHN—IEHE

min{f(z)|lr € X}, z*e X, O(x) —0(x*) >0, Ve X;

min{ f(z)|lx € X}, a2*e X, (z—z*)IVf(z*) >0, Vxel.

FEMORERAEEZGRRELRR, SE—EMNS TET|IE:
Theorem 1 Let X C R" be a closed convex set, 8(x) and f(x) be convex

functions and f(x) is differentiable. Assume that the solution set of the mini-
mization problem min{0(x) + f(x) |x € X'} is nonempty. Then,

r* € argmin{f(z) + f(x) |z € X} (3.4a)

if and only if H AR BRI EFE

v e X, O(x) —0(x*) + (x — ") Vf(x*) >0, Vx e X. (3.4b)

XA, AR LAEE (3.42), 351K T BIFE T AFN (3.40).

20
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3.2 Convex optimization and its related VI
BAEZERRN—RBOMAREE: REERH R R E R

We consider the linearly constrained convex

optimization problem
min{f(u) | Au=5b, u e U}. (3.5
The Lagrangian function of the problem (3.5) is

L(u,\) = 0(u) — X' (Au —b), (3.6)

which is defined on U/ x R™.

A pair of (u*, \*) € U x R™ is called a saddle point of the Lagrange function
(3.6), if
Lyegm (u*, ) < L(u*, \*) < Lycy(u, A").

The above inequalities can be written as
u €U, L(u,\*)—Lu*,\")>0, Yuel, (3.7a)
A eR™ L(u™,\") — L(u*,\) >0, VXeR™. (3.7b)



Using the notation of L(u, \), we get the following variational inequality:

w* eU, Ou)—0u*)+ (u—u)'(—AN\) >0, Yuel, (3.8a)
{ AT e R™, A=A (Au* —b) >0, Ve R™. (3.8b)
Thus, the saddle-point can be characterized as the solution of the following VI:

w* € Q, 0u)—0u*)+ (w—w*)Fw*) >0, Ywe, (3.9a)

where

T
w:<u>, F(w):< A'A ) and Q=UXxR™. (3.9b)
A Au —b

Because F' is a affine operator and

ro= (1) ()

The matrix is skew-symmetric, thus we have (w — )" (F(w) — F(w)) = 0.

ML ikiElda (3.5), #F AT S AFN 3.9) IRE T AFR (2.1) ZEARRHIX A
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Two block separable convex optimization

We consider the following structured separable convex optimization
min{6,(z) + 02(y) | Ar+ By =b,x € X,y € V}. (3.10)

This is a special problem of (3.5) with

u:(x ) U=XxY, A= (A B).
J

The Lagrangian function of the problem (3.10) is
L(Q)(xv Y, )‘) — 91(1') + 92(:9) o )\T(Ax + By o b)
The same analysis tells us that the saddle point is a solution of the following VI:

w* € Q, O(u) —0(u*) + (w—w*) Flw*) >0, VweQ. (3.11a)



24

X
u:(“') O(u) =01(z) +02(y), w=| v |,  (311b)
J A
—ATA
F(w) = —B"\ , and Q=X x)Y xR™. (3.11¢)
Ax + By —b

The affine operator F'(w) has the form

0 0 —A' X 0
Flw)=|(0 0 -BT y | —1 0
A B 0 A b

Again, due to the skew-symmetry, we have (w — @) (F(w) — F(w)) = 0.

ADMM £ ITRYB] 3 B2k M AR (L B)RR (3.10), §2# K T T3 ANF = (3.11)
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Convex optimization problem with three separable functions

min{6,(x) +02(y) +03(z) | Ax+ By+ Cz=b,x € X,y € Y,z € Z},
is a special problem of (3.5) with three blocks. The Lagrangian function is
LB (z,y,2,\) = 01(x) + 02(y) + 03(2) — N (Az + By + Cz — b).
The same analysis tells us that the saddle point is a solution of the following VI:
w* € Q, O(u) —0u)+ (w—w) F(w*) >0, Vwcl

where 0(u) = 01 (x) + 02(y) + 03(2),

x T ( — A"\ \
Yy —B"\
w = P ) U = y ) F(w)_ —CT)\ )
A < \Aaz—i—By—I—C’z—b)
and Q=X XxYxZxR™.

ML RBIC UL E]RE, ER G —EE A — 1™ V1. [BIREYIZE J95K VIBI R .
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4 PPA for monotone Variational Inequalities

The optimal condition of the linearly constrained convex optimization is

characterized as a mixed monotone variational inequality:
w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, YweN (4.1)

4.1 PPA for the mixed Variational Inequality (4.1)

PPA for monotone mixed VI in Euclidean-norm I

For given w” and r > 0, find w*T1, which satisfies

wh T e Q) O(u) — () + (w — whTHT F (Wt
> (w—w T r(wh —w™), Vwe Q. @42

k41

w is called the proximal point of the k-th iteration for the problem (4.1).

% w” is the solution of (4.1) if and only if w" = w1 Pk



Setting w = w™ in (4.2), we obtain
(wk+1_w*)TT(wk_wk+1) > H(xk+1)_9(x*)_|_(wk—|—l_w*)TF(wk—H)
Note that (see the structure of F'(w) in (3.9b))
(wk+1 B w*)TF(wkz—i—l) _ (wk+1 B w*)TF(w*)’
and consequently (by using (4.1)) we obtain

(w* T —w") r(w® — W) > 0"t —0(2") + (W — W) F(w*) > 0.

Thus, we have
(wh Tt — w7 (w® — wFt) > 0. (4.3)

k k+1

By setting a = w” —w* and b= w — w?™, the inequality (4.3) means

that bl (a —b) > 0. ltleads ||b||* < ||al|* — ||a — b||*. Thus, we have

lw" ™ — w|* < flw® —w||* = lw* — w2 @4

This is a nice convergence property of Proximal Point Algorithm.

27



PPA for monotone mixed VI in H-norm I

For given w”, find the proximal point w** ! which satisfies
1 c Q, (9(513) . 9($k+1) + (w . ,wk—l—l)TF(,wk—l—l)
> (w— wHTH (WP —wF ), Vw e Q, (4.5)

where H is a symmetric positive definite matrix.

Y4 Again, w” is the solution of (4.1) if and only if w* = w1 Y4

Convergence Property of Proximal Point Algorithm in /4 -norm I

Hwk—|—1

—w'lf < w® —w|E - ot -t (4.6)

By using the block-matrix technique, we can get a proper positive definite matrix

H . And the solutions of the subproblems (4.5) have the closed forms.

XEN SFEFIEFEZR BRI, BIEMEHEEZSESE XTI
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4.2 Customized PPA [12]

RIETRIEEIEE WIEPPARE. FHIARTAE[19] &

Customized PPA for the variational inequality (3.9) :
O(u) — O(u"tH) + (w — W F (@) > (w— ") H(w"* —a"), 4.7a)

for all w € €2, where

ATA+61 AT
H = ( pAAT 1 ) (4.70)
A EI
The concrete formula of (4.7) is The underline partis F'(@"):
. Fw)= [ —A
O(u) — O(uFT) + (u — w1 Au —b

[ ATNHL 4 (BATA + 8I)(ub ! — uk) + ATOFL — 3)Y > 0,
(Ad b))+ AWET by (1B - AR

\

(4.8

0.
)
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Q(U) _ e(uk—l—l) 4 (u _ uk+1)T{_AT)\k i (@ATA i 5])(uk+1 _ uk)} > 0,
(A2uf Tt —uF] —b) +  (1/8)(AFFL = XF) =0.

How to implement the prediction? I To get " which satisfies (4.8),

we need only use the following procedure: (Primal-Dual) | 1R “Hcx]” EAXREIE.

| w1 = Argmin O(u) = ulATAT + uel, (4.9a)
— 9 1 TR AT k '

\ s(u—uF)'(BA"A+6I)(u — u")

AT = A — B(A[2u T — uF] —b). (4.9b)

Then, we use the form

L= wF — a(w® —w ), a € (0,2)

k41

w

to update the new iterate w

Besides #(u ), the objective function of the u-subproblem (4.9a) contains a non-

trivial quadratic function, and thus it usually does not has closed form solution.
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4.3 Balanced ALM [14]

Balanced PPA for the variational inequality (3.9) :  Find WP € (), such that
O(u) — O(a") + (w — ") F(@*) > (w — &%) Hw" — %), (4.10a)
for all w € €2, where

rl, AT
H = is positive definite. (4.10b)
A LAAT 461,

The underline part is F'(10"):

wh T = wh — a(w® — %), a € (0,2) F(w) = —ATX
Au — b

to update the new iterate w®*T1. The concrete form of (4.10) is

0(uw)—0(@*)+(u—a®) {=A N +rI (@ —u®)+ AT =1} > 0,
(AT” —b)+ A(T" —u")+ (EAATHST) (V= 2F) = 0.



It can written as
a" e, 0(u)—0(a")+(u—a"){—AN +r(@® —u*)} >0, VzeX,

A[(2" — uF) — b] + (LAAT +61,,)(\F — \F) = 0.
(4.11)
n (4.10) is implemented by | 11 “Ecxt” EAXREIE.

k+1

Thus, the predictor w

)
W =arg min{f(u) — TATNE 4 el — )P { uweUl, (4.12a)

(4.12b)

\ S\k:argmin{)\T(A[Qﬂk —u*] = b) + 3||A - )\kH(%AA—H-(SIm)}'

Remark. \* in (4.12Db) is the solution of the following system of linear equations:
Ho(A — \*) + (A[2a" — u*] — b) =0, (4.13)

where
Hy=1AA"+ 61, (4.14)

The u-subproblem (4.12a) is simpler than (4.9a). H is positive definite, there
are efficient algorithms in literature for solving such a systems of linear equations.

The different positive definite matrix H in (4.7) and (4.10) leads the different PPA.
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4.4 Simplicity recognition

Frame of VI is recognized by some Researcher in Image Science I

Diagonal preconditioning for first order primal-dual algorithms
in convex optimization*

Thomas Pock Antonin Chambolle
Institute for Computer Graphics and Vision CMAP & CNRS
Graz University of Technology Ecole Polytechnique
pock@icg.tugraz.at antonin.chambolle@cmap.polytechnique. fr

e A. Chambolle, T. Pock, A first-order primal-dual algorithms for convex problem

with applications to imaging, J. Math. Imaging Vison, 40, 120-145, 2011.

preconditioned algorithm. In very recent work [10], it has
been shown that the iterates (2) can be written in form of a
proximal point algorithm [14], which greatly simplifies the
convergence analysis.
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[9] L. Ford and D. Fulkerson. Flows in Networks. Princeton
University Press, Princeton, New Jersey, 1962.
[10] B. He and X. Yuan. Convergence analysis of primal-dual
algorithms for total variation image restoration. Technical
report, Nanjing University, China, 2010.

Later, the Reference
[10] is published in
SIAM J. Imaging Sci-

ence [12].
JLEE S, Chambolle and Pock 7 Math. Program. E& %R THEXE
Math. Program., Ser. A a0 X .
DO 10.1007/510107-015-0957-3 @C Mark
FULL LENGTH PAPER
The paper
On the ergodic convergence rates of a first-order | Published by

primal—dual algorithm

Antonin Chambolle!® - Thomas Pock??

Chambolle and
Pock in Math.

Progr. uses the

VI framework

34



1 Introduction

In this work we revisit a first-order primal—dual algorithm which was introduced in [ 15,
26] and its accelerated variants which were studied in [5]. We derive new estimates
for the rate of convergence. In particular, exploiting a proximal-point interpretation
due to [16], we are able to give a very elementary proof of an ergodic O(1/N) rate
of convergence (where N is the number of iterations), which also generalizes to non-

Algorithm 1: O(1/N) Non-linear primal—dual algorithm

e Input: Operator norm L := || K|, Lipschitz constant L ; of V f, and Bregman
distance functions Dy and D).

e Initialization: Choose (xo, yO) eXx)V, 1,0>0

e lterations: For each n > 0 let

" Y Y = PDL (7, ¥, 26— Xy (11)

The elegant interpretation in [ 16] shows that by writing the algorithm in this form

& IZSTHISTEK [16] 23 {14 F7E SIAM J. Imaging Science L HISTE.
B.S. He and X.M. Yuan, Convergence analysis of primal-dual algorithms for a saddle -point

problem: From contraction perspective, SIAM J. Imag. Science 5(2012), 119-149.
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Abstract

Werevisit thelRecent works such as [HY12] have proposed a very simple yet

on the step-size 7

powerful technique for analyzing optimization methods.

1 Background

Recent works such as [HY12] have proposed a very simple yet powerful technique for analyzing optimization
methods. The idea consists simply of working with a different norm in the product Hilbert space. We fix an
inner product {z,y) on H x H*. Instead of defining the norm to be the induced norm, we define the primal
norm as follows (and this induces the dual norm)

lzllvy = v (Vz,2) = iz z)v, |yl = lyllv-1 = V. V1Y) = V{y, y)y-1

for any Hermitian positive definite V € B(H,H): we write this condition as V > 0. For finite dimensional
spaces H, this means that V' is a positive definite matrix.

S. Becker i E. Candes ZEIMIE T HISF4, 51/ \FEAEH X FHEE L.
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5 Algorithmic unified framework for monotone VI

We focus on how to solve the variational inequality (3.9).

[Prediction Step]. Start from a given V¥, find a predictor w, which satisfies
w* € Q, 0(u) —0(T") + (w — @) F(@F)
> (v —TNTQMW" — %), Yw e Q, (5.1a)

where the prediction matrix () is not necessarily symmetric, but the kernel of
Q" + Q is positive definite. FAER Q MR TINAE R 2 5 L.

v is called the essential variable in the iteration which can be equal to w, or

a part of the whole vector of w.

[Correction Step]. Find the correction matrix M/ which satisfied (5.2). The new

k+1

iteration v is given by

(5.1b)
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[Convergence Conditions]. For the prediction matrix () in (5.1a) and the cor-
rection matrix M in (5.1b), there is a positive definite matrix /{, such that

HM=Q and G=Q ' +Q—- MYHM = 0. (5.2)

5.1 Convergence Analysis

Theorem 2 For solving the VI (3.9), let {v*}, {10*} be the sequences gener-
ated by (5.1). If the conditions (5.2) are satisfied, then we have wk e (),

O(u) — (") + (w — ") F(a®)
> (v —o" 3 = [lv =" ||1F) + 0 = 88|E, Yw € Q, (5.3)

and

[ — ot < of = ot — o = MIE, Wt eVt (54
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Proof. Treating the term Q (v — ©%) in the RHS of (5.1a) by using Q = HM
(see (5.2)) and the correction formula (5.1b), we obtain

Q(v* — %) = HM(v* — %) = H(v" — ™).

Thus, from (5.1) we get

Wk e, 0u) — 0@ + (w — ") F (")
), Yw € . (5.5)

Applying the identity HiZARXRENEFASETHEINEIEEM

(a=b)"H(c—d) = 5(lla—d[[f — la—clF) + 5 (Ib—cllzr — b —dll%)

to the RHS of (5.5) with a = v, b = 9%, ¢ = v* and d = v**!, we obtain

(v — ") H(v* —oF 1) FEHRRENIESRE T REZNIER
= 5 ([lv = "5 =1l = 0" |15) + 5 (II* = o*)1F = W™ = 3%%).5.6)

To the second part of the RHS of (5.6), by using




HM = Q and; 207 Qv = v (Q* + Q)v, it follows that

v = 0% 7 — " = o8I

(5.1b) oF — 5EI2, — 1(0F — %) — M (vF — 55|12
H H
= (" =T(QT +Q - MTHM)(w" — o)

(5.2)

= |lof —5F||2. XERME—LHBEKEEEE. | (5.7)

Substituting (5.7) in (5.6), and then in (5.5), we get the assertion (5.3) directly.

To prove (5.4), setting the w € (2 in (5.3) by any fixed w™, and then using

0(a") — 0(u”) + (0° — w*)" F(a")
= 0(a") — 0(u”) + (0" — w*)' F(w”) > 0.

Thus, from (5.3) we get FEFRHYIERR £l 2 P L 147 8 A IR

k+1

v = o[ = 0" = o[

We obtain (5.4) and the theorem is completely proved. [

> [of = 0F|JE + 2(0(@") —0(u”) + (@7 —w*) ' F(w")) > [[v* - 8"|[5.
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15.3. Convergence Analysis of AD-PMM 429
We will use the foll

F = k1

gk — gkt

7' =y + p(Ax* T + B2k —¢).

Using (15.15), (15.16), the subgradient inequality, and the above notation, we obtain
that for any x € dom(h1) and z € dom(hs),

Ry (x) — hy (X%) + <pAT (AJ"("“ +BzF —c+ lyk) + G(xF —xF), x ik> >0,
p
ho(z) — hal(zF) + <,c:BT (Ajik +Bz" —c+ %yk) +Q(zF 2",z - ik> > 0.

Using the definition of §*, the above two inequalities can be rewritten as
hy(x) = hy(%%) + (AT + G(x* — x*),x —x*) > 0,
ho(z) — ha(Z") + (BT3* + (BB + Q) (2" — "),z — ") > 0.

Adding the above two inequalities and using the identity
P~y = plAxF + BEP ),

v & R’"
x - & ATy Gk - x5
H(x,z) - H& &)+ { | z—7* |, B3¢ -| c=*-2 20,
y—7] \—Ax*-B#* +¢ Liy* -y )

(15 17)

where C = pBTB+Q. We will use the following identity that holds for any positive
semi i trix P-

1
(a—b)"P(c—d) =5 (la—dlp —[la—c|p + [b—clp — [b—dp) .

Usmg e above 1dentity, we can conclude that
- = 1 = =
(= TG = &) = 3 (I = %41 = e = I + 6 = x¥113)
1 - 1
2 gllx = %4 = sl — %[, (15.18)

as well as
1 1 1

(s — 270" — #%) = glls— 2%~ glla—H[E 4+ Ik~ 22 (15.19)
and

2y — ) ")

=ly = y** 17 = ly —¥*1” + I7* — "I = lI7* —y*'II?

= ly —y* 2 = lly — ¥*I? + Al A%* + B2* — c|®

—|ly* + p(AZ* + B2* — ¢) — y* — p(A%* + BzF — ¢)|?

= |ly = y**1? = [ly — ¥*[I? + P*|| AX* + B2F — ¢ — p?| B(z* — 25)||°.
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This theorem is proved under weak conditions:
Q"+ Q=0 H=0, HM=Q, G=Q" +Q - M"HM =0

Assertion (5.3) is useful for the convergence rate proof of ADMM, see H and
Yuan, SIAM Numer. Anal. 2012, 50:700-709; Numer. Math. 2015, 130: 567-577

6 The equivalent convergence conditions and the
generalized PPA

Under the condition that the prediction matrix () is nonsingular, it is easy to
construct the correction matrix M which satisfies the convergence conditions
(5.2). In fact, because Q1 + @Q > 0, we can take

D=0, G+=0 ad D+G=0Q"+Q. (6.1)
Afterwards, we let

HM =Q and MY'HM =D. (6.2)



Because

HM=Q), - QIM=D, - M=Q 1D,
MTHM=D HM=0Q H=QD QT

we get the matrices M, H and (G, which satisfy the conditions (5.2).

Infinite combinations of D and G which satisfy conditions (6.1).

FFEEH 6.1)NEMARMN D BEXS, R LIAE—EE L

Choosing matrix D that satisfies condition (6.1), we get

Because M = Q' D, the correction v* 1 = v* — M (v¥ — oF)
can be achieved by solving the equation

QY (vF T — ) = D(oF — o¥).
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Generalized PPA by choosing a special D.
We can take a special pair of D and GG in (6.1) by

D=G=1Q"+Q). (6.3)

In this case, M = 1Q~7(QT + Q). Because D = G, the contractive
inequality (5.4) becomes

[ — ot < fo* ot — o =MD, Vot e V'L (64

Moreover, since D = MT HM (see (6.2)) and M (v* — %) = vF — pF+l
(see (5.1b)), it follows that

ot —w|fF < o ot = ot -0, Yt e VL (6.5)

The inequality (6.5) is just the main convergence result of the classical PPA.
Because the each iteration consists of a prediction and a correction, we call the
related method as a generalized PPA.

In practice, we suggest to take D = a(Q*? + Q) and o € [0.5,0.8).




Applications to multi-blocks problem (J:]

We consider the multi-blocks convex optimization problems

45

)

p p
=1 1=1

The saddle point of the Lagrange function of the convex optimization problem
(6.6) is equivalent to the solution of the following variational inequality:

w* e, 0(x)—0(z")+(w—w")Fw*) >0 YweQ, (6.7a)
where
(o) (o
. ZUl .
w = , T = |, F(w) = ' ,
Lp — AL\
K A ) N \Zle Aiwi = b )

and

O(z)=> 0i(z:), Q= f[xz- x A.

=1 =1



Prediction for the multi-block problem (6.6)

46

From (A z%, Aok, - - ,Apa:’;,)\k) to wh = (%, 75, - - ,5:’;,)\’“):
Prediction Step. With given (Ala:’f, Asxh .. ,Ap:c’;, )\k), find W* € Q:

(#F € argmin{6y(z1) — 2] AN + 2|| Ay (z1 — 2F)|? | 21 € A1 )
ik € argmin{0s(x2) — AN + 8 SNAL(EY — 2) + As(we — 2b)||? | 22 € Ao };

{ #F € argming, cx, {0i(xi) — o] AINE + S| U7 Ay (@R — 2F) + Ai(zs — 28))12 )
55]5 € arg minacpeXp{gp(mp)_ ;A;Ak + §|| Z?Q%Ag‘ (573? - m?)+AP(mP - m’;)HQ};

| M= Py[AE - B( D Ak —b)].

(6.8)

Solve the separable sub-problems one by one in sequence

UM B EARIE RS OK R M F I2LERYE T, 58— FUNAERE Q.




According to Theorem 1, the matrix () in (5.1a) by the prediction (6.8) is

[ BATA,
BATA,

0

BA3A,

BATA, BATA,

\ 0

0

The kernel matrix of Q and Q71 is

(1 0

I 1

I
\0 0

0 T)
1
0 :
I 1

0 I

and Q_T =

0 AT
A}
BALA, A,
1
0 Blm)

(1 -1 0 0
[
. 7 0>
0 -~ 0 I 0
\-I 0 - 0 1)

respectively. Notice that O has a special structure.



It is very easy to calculate its inverse. By using ) and Q) ~ 7, the correction

formula for producing (Alxlf+1, e ,Apx’;Jrl, A1) of the generalized PPA is
(At (k) (T -1 0 - 0\ [Awh— A
A2$k+1 AQQZ‘S 0 Agxlj — AQ@IS

S
= ; 5o 0 O I —-I 0 ;
I|| Apxl — Apzs

Apxptt Ap) r - I 2 4 .
RS A WP U A ) N RSP (N 4 AP LSS U
Having (A2}t -+, A,k AF+1) we can start the prediction (6.8) of a

new iteration.

In the above correction formula of the generalized PPA, the parameter of the step-

length o« = 1, in practical computation, & € [0.6,0.8] C (0, 2) is suggested.

RIERVIZINHL R Gauss IHE AR R M A IEEIB T RGHIEI.
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xf B 2 B SR E AR Y — R IA IR

o WNBEHMNEEZG—IELR, N UKE T LRL =5 X (PPA),
EARFFE (ALM) F1ZZE AL (ADMM) X LB R EEIERIE
HMESL MRS A S EOMLRImE B K ERIE M T —5R 5L, i
FAREREENZESHEFHPIERM LM TN EBERIE. FHAIFRIX
K EARTM-FIER ADMM 5 ZINHEE LR, —2BRAERE
¥ ADMM Byt e i, — 2 X AT B2 BHY ADMM 57 E
TR EIRFBEAFTUNARZELZEST. XHEM, DiLFN#E—2
%3 ADMMB)—Le = SIERRRES MR

o FUM-KRIE, BitEHFFHEREESE EMKEERSIT, Rt
BREARIERE. XK, BTSRRI b A dyHARI AV AR

REREH BEMNEFPA R TKEBHEZT, SBLEEDk, FxE,
BERG ML Ei6E, XHERE, BT TR, ~F. BEEEE 1~
FeiE!? FiEiFiEh), BEAEE O, FEMRTHE, 28EWd
SBEARE LK.
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o HMNNIREMRXXFZENELIAN, B FUNAKIERERRT . HE
IR SRV M AROMNILIER, AR ESHNEREKREERIE S
P2eH. U, HHE TEENEEES B LM NEVRFIEIT MLE,
NEFRSHHEEZEPB MELERER.

o MBI EFfR#HIXG. StrangBAZ A (Linear Algebra and its
Applications) HIZMEREE R B, Bl & XAEM, i E iR
M. 1215 Strang N EBERIENAKER: SHNEEE
XLEE BEHTEH XN FERBRE T 153 $haTE.

o BANEMU T EZPHEX—EREKRR LIRSHELEZEHKAN
T4 BIBIRRAEBET 10FE. BEACEZEHRFITLR (M
FIER) PR Gauss BIEK, TEFEHE T EENELENERE,
BIR LR !

2010 AR E 2855 ADMM ARFRHGMRALE 2@ E A
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M &: FEBYIFIEER KEBIEM Glowinski B9 _£=Z| ADMM

RN 1997 F4 B FIRET
DAFANREZWHEFE LR
il _ FF & ADMM B9RF 53

Glowinski \E 1BV TS 4 5
%1 ADMM 7] L AR >k 3K i L 1¢
B)RE, IEE =L 1BARET A
%5 EFAADMM R A] Y & 15,

BHF 20098, W T —K
HtADMM B S Fh L B, 1B IS
—BEFEHXIEEF ST
THEITEFARIZELSE
KEEH RERSHKRSEF
L “EEEARFP RO
LR R EEKRERE” Ak
IF15F 52 AN FEE ADMM,

2010 4F #]], Boyd ¥ % & %
F ADMM B4R 30 E
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EEMA,
A 180 B
RI{Et F=m
Ha1EE SEXEIBES ATSERFAS
BIIA ],

X = dt
RAFHK
B REHY
MRS -
IS M
S 38
TIR%EHK
HIER A

20215F7HA98-11H VI e A ER




B A Brief History of ADMM

| Bingsheng He Stanley Osher Wotao Yin Stephen Boyd

Split Bregman

S. Boyd, N. Parikh, E. Chu, B. Peleato, and ]. Eckstein. Distributed optimization and statistical learning via the
alternating direction method of multipliers. Foundations and Trends® in Machine learning, 3(1):1-122, 2011.

o X EfHistory, AR MADMMLL EE =M ¥ B TiFLL4E. X
BHRBREZERER BN —ES1EENEEES5ADMM LLE R .

o AEERLAESIARNLENIFHRES L 7 SEREREEIE.
o MESIREE, RIE THRREMRILEZMIFLEARE.
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Conclusions

o WHAFEN(VI) FnsfiL L kEE(PPA) ROMUEZHAKIEE.

o AT AFIVESRE IR, RIRHEERE— “EIRNGE”
WS BRI EN AT & S EREE thE MR T

o FATRMIEAIESR, WHIMHIERRAEIRFNRIEE B 2, IEPARIR
WIRME. XPMER, AT EZ M AT HERESHE A

o NFABGEM—NFEBHNEBIE—FETE, XL
REEHEEKH (19, 20).

o IRIE “PIERRE WHINEX B "SLAHE" iRE a5 —
B EEUSIS R EI L.

HERMUURFENSEFARNN S, MRFAEE, SXaEHTELE.

Thank you very much for your attention !
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