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1 EHAREAPPAEEHNEEMK
RIFES FEREE

w*eQ, Ou)—0u")+ (w—-—w) Fw)>0, YVweQ, @11

Weald

EX T PPARIE, & H AXIRIEEREM, HAR TR PPARIENSE L SAEH
Hw” H &, KEMFTER S E15

w e Q, 0(uw)—0wW ) + (w — W THT F(w

> (w—w" T HW" — v, Ywe Q. (1.2)

W BESARERCIRE (1.1) BN RSV EESEHR (1.2) R w® = o
XPNRFIEY €L NEBIE B ERBBE I ALM FIADMMA L) RERIUERR T

EIE 1 HPPARE (1.2) FEMIEKFT {w"} HE

[w* T —w*||F < |Jw* —w* |7 — ||w* —w* T, Yo e Q. (1.3)



IR 2 B PPA 3L (1.2) FERIERFT {w”) #E

Jw" T — w35 < Jw® — " T E. (1.4)

HERR. 8 (1.2) FEEM wik R w2, B5E

9(uk+2)—9(uk+1)—|—(wk+2—wk+1)TF(wk+1) > (wk+2—wk+1)TH(wk—wk+1).
(1.5)
(1.2 PEV LAk + 1 BB

w*? e Q, O(u)—0W ) + (w — w* ) F(w*?)
> (w—w" T HW"™ —w*?), Vweq.
¥ ERPEEN IR O, A

9(uk+1)_9(uk+2)+<wk+1_wk+2)TF(wk+2) > (wk—|—1_wk—|—2)TH(wk—|—1_wk—|—2).
(1.6)
1% (1.5) F0 (1.6) InfE—i2, FIF

(wk—|—1 L wk—l—Q)T(F(wk—l—l) . F(wk—l—Q)) 0



=3

(wk—|—1 . wk+2>T
H{(wk . wk—l—l . k+1
) — (W —w" )} > 0.

1w a= (warl — wk+2) b= ( kt1 k HF
b= (w —
. w +2), | A
"Ha—-b)>0 = — |la —
; HbH%I < HGH%{ |a bH%{

MAER (1.7) HIES ‘
VEFESE(1.4). EBELEIE. O

(1.7)

ESlA Sl =n =W 1
PR BB NMNMBIFRIMERR, (1.3) F1(1.4)

k+1
lw™™ — w7 < [w” — w7 *
HH_ w® — k+1,2
w | "

A0

k+1
w k22
I w | < = w"




2 ADMMEZRFEEMR

B Al 73 B L im) R
min{6;(x) + 02(y)|Axr + By =b,x € X,y € Y} (2.1)
R P AFN (1.1), HAF

Y
A
— A"
F(w) = — BT\ , M Q=X xYxR".
Ax+ By — b

[B]&k (2.1) RV AR B H R =

La(2,9.3) = 02(2) + 02(y) — AT (Az + By — b) + £ || Az + By — b]|*



Roland Glowinski
(1937-2022)

28 70 & 14X & BH, Glowinski
MR FEERL THXEZE5],
£ [3] B f4 Algorithm 2. FA 3l K i
THXEM 7 HFIZ0R

min{ f(z) + g(M=z)}.
{138 EEE LRk o] L

{min f(z) +g(y),
st Mx—y=0.

X2 (2.1) B— 1456, BT
HARZ B HF AKX




I’F A F7 855 ADMM B kRGERMBERI 0 = (v, \F) TR, @id
(P ¢ argmin{01(z) — 2" A" \* + 18| Az + By"* — b||* ’ z e X},

)\k:—|—1 — )\k: . ’Yﬁ(ACEkH_l i Byk—l—l . b)

\
(2.2)

KB wh T = (P PN 81,y € (0, 5. FEATHE S, &
11BNy = 1. B TF ADMM /53509 k %48, o5 BIRIBATEM (v°, \F) B
KB, HAFRz ARETE, o = (v, \) ARILEE

EH 3 ILEERT (v, A7), B = (" "N e QRAREEE
% (2.2) £ . ®A1E

||Uk—|—1

V"N, Yot e V. (23)

Rl R At R

BRItk Z 91, FA1#E[16] HIERE T ADMM HOIE R F 5 {v*} B4R



EE 4 JATER (vF,\F), Bwh ! = (8 N e QRARE HE
% 2) . EA1B

0" =" <ot = " (2.4)

AZFEL (2.3) M1 (2.4) BR7= 7 ADMM IREFRYM R, 7E—LERIE ADMM FIAfF 532
h6], BE|7T (2.4) X M. I, FNTTE &3 T — LU & & [R—LE R ADMM.

ﬂ?ﬁﬁﬁﬁfﬁ%iklﬂm_ 2.1) 32k y, M iIXXIGFF B ADMM B 5%
Bk HIERMNGER (v°, \°) IR, BT

‘ (2Tt ¢ argmin{ﬁ[;] (, y", ) |z € X'}, (2.5a)
X y-M AR k1 k k1 k
§ A = \" — B(Ax + By" —b), (2.5b)
/X #J ADMM k+1 2] k1 k]
| ¥y €argmin{L; (z"",y,A\"" )|y € V}. (25¢)

{[_%ilj wk—{-l — <$k+1, yk—l—l’ )\k‘—|—1), %EFH

k41 k k k—l—l)

VT =" —a(v” —w , a€(0,2), (2.6)

FEFNERR. EPRTEREER e =15, | ZAFETSERX(, 8]




AMIIRTRE RS FRREFHEDE (2.2) KAFERE (2.1). MiB)E 2.1) KXHFE,
BT Ex My 2FEFH.

EER I EEEFXNF o My FOlf, hEHK BRI REE. B NRA
XTFRAY (Symmetric) 325 73 [8)5% [10]. [E14E, Glowinski 7E [4] R HIRE] 71X N5
iE.

KRR E] 4y B IRB) 8 (2.1) B X FREY ADMM B 3%
BEBIERMNBER (v°, \F) TR, @i

(" e argmin{ﬁ[;] (z,y", \*) |z € XY, (2.7a)
AtE = A uB(AR T + ByF — b) (2.7b)
Fa )
(XFREYADMM) ¢ Bl ket egd
y € argmin{ L5 (z7,y, A" 2) |y € V}, (2.7¢)
LT A2 (AR T 4 By ). (2.7d)

BRFAER S w T = (2P, yF T AT,
Heh, e (0,1)BER L =0.9). ZF AR 2RI [10, 8].
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WE+B 4, ADMM 753488 7% SZHEM!

FA1XTF ADMM B TAE, EEA L B2 1S 2 # K HIIA .

£=n

LEAXHESATEERFRS

o 202147A9B-118 @)l « A L
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2021 f£7 A, FZEEEXBFES AL RBFRSERE B I
ERAFERFERMERBRERSBIFGREFIRE T HATIE,
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B A Brief History of ADMM

A e
!

Bingsheng He Stanley Osher Wotao Yin Stephen Boyd

Split Bregman

S. Boyd, N. Parikh, E. Chu, B. Peleato, and ]. Eckstein. Distributed optimization and statistical learning via the
alternating direction method of multipliers. Foundations and Trends® in Machine learning, 3(1):1-122, 2011.

FARHRAF 2015 R —UHRBEWFE, IS LERRZBEKXF L
T BERA LA GREBT —KBRELT K.

ADMM A LUK R FRIRAN[E] R . FRATEZIUERA: EIEHET FUADMM A kK g = 3R [ o]
Rl REPRIEWSRY [2] ! K= SR FG AR W [11, 12] FIP X XLE[7, 8]




3 i HWAEE LG —HESR
ENBERATASAER (V) IBSEEALT, IBEMARMOMARIRIFE A
THRHTETF:

w* e, 0u) —0u")+ (w—w)" Fw*)>0, YweQ.  3.1)

Algorithms in a unified framework

IN-13

A unified Algorithmic Framework for (3.1) R —HEZR R TIUN - KL IE A SR o3 4B X

[Prediction Step.] M ERI v° &, KBTS ©° € Q FEHFHE
0(u) — 0(7") + (w — ") F(@") > (v — )T QMW" — &%), Yw € Q, (3.2a)

Hp QA—EMN#HR BERE QT + Q EE.
[Correction Step.] Za— N EEHIEFT FFEME M, H TN EFIER =

" = oF — MW" — ). (3.2b)

Q 70 M 43 5\ I {8 5500 %E B A 1E ZB
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Convergence Conditions

S EIEMESR (3.2) FRYTUMKEFE Q FIFIEFERE M, FEIEEFIE H, (£15

HM = Q, (3.3a)
HA
G=Q"+Q—-M"HM » 0. (3.3b)
31 WMEL—IERMEE
We consider the min — max problem BI— B 18 X 0] %, FH A PDHG K fi#
min, max,{®(z,y) = 61(x) —y Az — 02(y) |z € X,y € V}. (3.4)

Let (™, y™) be the solution of (3.4), then we have RIFBERBIEX

(2", y") e X xY, ®(z,y) <P(z",y") < P(x,y"), V(r,y) € X x ).

EFEAANNFRATAE B FNY
{ rreX, P(x,y")—P(x",y") >0, Ve e X, (3.5a)
y ey, oz ,y")—d(z",y) >0, Vye . (3.5b)



Using the notation of ®(z, y), it can be written as | REE & (z, y) I NIBH £

{ T EX, 01(z) — 01 (z) + (z — )T (—ATy") >0, Vo X, ()
y e, Oa(y) —02y") + (y—y*)T(Az") >0, Vye. (o)

Furthermore, it can be written as a variational inequality in the compact form:

uwe, Ou)—0u")+ (u—u)"Fu") >0, Yueq, (3.6)

where | Xt ERFEERI v € Q3B u = (z,y*) FMu = (z*,y), MIFE] (x) # (o).

u=($> 0(u) = 01 (z) + Oa(y), F(u):(_ﬁ;y), Q=Xx.

The output of Original PDHG algorithm [19] as predictor
For given (a:k, yk), PDHG [19] produces a pair of (ik, g]k) First,

7" = argmin{®(z, y*) + ng — 2" |z € XY, (3.7a)

IN-15



and then we obtain @k via

§" = argmax{®(#",y) — Zlly "I |y € V). (3.70)

Ignoring the constant term in the objective function, the subproblems (3.7) are reduced to
" = argmin{6; (z) — z” A" y" + g”:c — "7 |z € &), (3.8a)
§" = argmin{6a(y) +y" AZ" + Sy - v"[° |y € V). (3.8)

According to the basic lemma, the optimality condition of (3.8a) is #* € X and
01(x) — 01 (") + (x — &) {—ATy " +r@" -2} >0, Ve e xX. (3.9
Similarly, from (3.8b) we get §* € ) and

O2(y) — 02(5"°) + (y — §°)"{AZ" + s(" —y")} >0, Vye Y. (310

IN-16



Combining (3.9) and (3.10), we have

T
~k T ~k
Kk _k r— X —A"y
e, 0(u)—10 +
e (yy) {< A)

n <r(5§k — ")+ AT (§" — yk)>} >0, Y(z,vy) € Q.

s(7" —y")

The compact form is @" € Q,
O(u) — 0(i") + (u — ") {F(@") + Q@" —u*)} >0, Vu e Q, (3.11a)

where

rl, AT
= . 3.11b
Q ( 0 sl ) ( )

XTI AR TN, Fdl17E IR EL AL ] AV IE
W =W - MWt —a") (3.12)

RIE. B M ARG E=fAiEMs BN T = A%ER. ISt H (3.3)

n-17



RIEFERE M AR = AEERNEN X

SHESZM r,s > 0, %60 H RIFEER, HBH
(71n 0 I, AT rl, AT
it = ) )= ( )=4
0 slm 0 Im 0 slm
T X 2% A4 (i),
G = QM+Q-M'"HM=Q"+Q-Q"M

orl, AT\ _(rI, 0 \(I, AT
A 28[m A S_Im O [m

. 2rl, AT\ (rI, AT
A 281, A slm

_ (rfn 0 ) BGIERE DG rs > |AT A

0  shy—1AAT
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Hsg, REFN (3.2a) PRIFUMFERE Q e

QT +Q =0,
A28l LAEY
0<G=<Q"+0Q.
RiEie
D=(Q"+Q) -G,
nm D> 0.%
MYHM = D.
FHZEPE S IZH MRS
HM=0Q, HM=0Q, H=QD 'Q",
<~ <~
MTHM=D. QM =D. M=Q 'D.

PRE R RS IR IESERE M. SERRITE D, 1R ERIELEME M.
H G R 2RI S AaY



wanEiR, RE
Q' +Q = 0.

AT LA NEEREME D - 0F G = 0, 15 XEAIEL

oI 57

H=z

HYIE

D+G=Q" +Q.
¥% (3.2b) FRUKIEFEFE M BXAK

M=Q 'D

& (3.3) BRI E.

RIEAE (3.2b) B2
V" = oF — Q7T D — ).
A LA
QT (v — ¥y = D" —o*)  ksHL.
B QT —mEAREM=ARENm TaNHER S KE.
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3.2 Convergence proof in the unified framework

In this section, assuming the conditions (3.3) in the unified framework are satisfied, we
prove some convergence properties.

EH 1 Let {vk} be the sequence generated by a method for the problem (3.1) and W s

k41

obtained in the k-th iteration. If ’Uk, v and " satisfy the conditions in the unified

framework, then we have

0(u) — 0(a") + (w — w*)" F(a")
1

5(“’0 —

1 N
CIE = Nl =0 E) + 510" = 00 lE, Yw € Q. (343)

Proof. Using () = H M (see (3.3a)) and the relation (3.2b), the right hand side of (3.3a)
can be written as (v — %)% H(v* — v*T1) and hence

0(u) —0(@") + (w— &) F(@") > (v—0")TH@" =), vw € Q. (3.14)

Applying the identity Q(vF — %) = HM(v® — o) = H(w® — oFTh).

1 1
(a =) H(c—d) = {lla—dlf — la—cllir} + 5 {lle = bllF = ld — bll3},

- 21



to the right hand side of (3.14) with

~k k k+1
a=v, b=0", ¢=v", and d=0v""",

we thus obtain
2(v — ") H(v" —o*Th

k k ko ~k
THE =Nl =" 1E) + (" = 2% [F = llv

k+1

= (H’U—’U —@k“%{).(3.15)

For the last term of (3.15), using HM = Q and 2v' Qv = v* (Q" + Q)v, we have

Jo* = 51 = 0"+ — 7
k ~k 12 k ~k k k
S Gl e [CaR ) B AT
St = I 0" - 5 - MeE - )

= 20* — ) THMOW" — %) — (v* — )T MTHM (" — )
= (" =NTQT +Q - MTHM)" — ")

= |10 = 58|12 (3.16)

Substituting (3.15), (3.16) in (3.14), the assertion of this theorem is proved. L]

Il-22
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15.3. Convergence Analysis of AD-PMM 429

We will use the foll

I
-

= xFH

— g,

[]]
-

7* = y* + p(AxFH + BZF —c).

Using (15.15), (15.16), the subgradient inequality, and the above notation, we obtain
that for any x € dom(h;) and z € dom(hz).

hy(x) — hy (XF) + <pAT (Af(k +BzF —c+ %yk) + G(xF —xF),x — i:k> >0,
ha(z) — ho(2*) + <pBT (Aik +BzF —c+ %y"‘) +Q(zF —2*),z - ik> > 0.
Using the definition of ¥, the above two inequalities can be rewritten as
hy(x) — (%) + (ATF* + G(E* - x"),x - %*) =0,
ha(z) — ha(2") + (BT§* + (pB"B + Q)(z" — 2¥),2 — 7*) > 0.

Adding the above two inequalities and using the identity
v —y* = p(A%F + BZ* - ),

H(x,2) —HE 7+ ( | z-3" |, BTy* - | ¢ -3 >0,

(15 17)

where C = pBTB+Q. We will use the following identity that holds for any positive
semi i trix P-

L
(@=b)"Plc—d) =5 (la—dlp —lla—clp+[b—clp —[b-d|p).

Using the above 1dentity, we can conclude that
. = 1 < <
(x =) TG(x" — %) = 5 (Ix — %I — Ix = x*[i& + 1% - x"||g)
1 N 1
> Sl = %% - gl - |, (15.18)

as well as
1 1 1

(2 = 2)7C(a* — ) = Sla— 23— glle— I3 + Sk~ #|E  (1519)
and

20y — 79T (y* —y*)

=y =" P =y = y* I + 175 = ¥*IF = 1I9* = y* )

=y =" = lly — ¥*I* + P*| A% + B2* —¢?

—[ly* + p(AZ* + Bz* —c) —y* — p(AZKF + BZ" — )|

=y —y*'IF =y — ¥*I* + P A%F + B2* —c||* — || B(z* — 29)|%.




3.3 Convergence in a strictly contraction sense

FEXE 2 Let {v"} be the sequence generated by a method for the problem (3.1) and W" is

k41

obtained in the k-th iteration. If vk, v and " satisfy the conditions in the unified

framework, then we have

L [ e 7 | A v PR LS A (3.17)

Proof. Setting w = w™ in (3.13), we get
k+1 * 12
v |

> 0" =" +2{0(a") — 0(u") + (0" —w") F(@")}.  (@3.18)

k * 12
o™ = o™ |7 — |lv

By using the optimality of w™ and the monotonicity of F'(w), we have

0(a") —0(u*) + (0" —w*)" F(@") > 0(a") —0(u*) + (" —w*) F(w*) >0

and thus

L [ e 1 Ll [ (3.19)

The assertion (3.17) follows directly. []

Il-24



FEIR 3 For solving the variational inequality (3.1), let {w"}, {w"} be the sequence
generated by (3.2). If the conditions (3.3) are satisfied, then we have

0" T — 2|5 <[]0 — "%, (3.20)

Proof Note that we have
0(u) — 0(a") + (w — ") F(@") > (v — )T Q" — &%), Yw € Q

and

0(uw)—0(@"TH+(w—a"THTF(@" ") > (v="THT QT =", vw € Q.

F+1 and w", respectively, we get

e(ﬂk’—{—l) . Q(ﬂk) + (’lI}k+1 o wk:)TF(wk:) 2 (’5k+1 . ?7k)TQ(’Uk o ?,}k)

Set the vector w in the above two inequalities by w

and
H(ﬂk) o e(ﬂlk—l—l) + (’J}k o 'lbk+1)TF(’lI]k+1) 2 (@k o ,ﬁk'—l—l)TQ(vk'—l—l . ,ﬁk'—l—l).
Adding the above two inequalities, it follows that

(& — FHTQL(F — %) — (" — 5" 1)) > 0.

IN-25



Il-26

Adding {(v*F —o%) — (VP — GFFINTQ{(vF — oF) — (vF+1 — TFF1)) to the both
sides of the last inequality, we get

k  k+I\T k ~k k41 ~k+1 ~k kel okt
(0" =" T Q{0 ~") — (" T ="} > (" ")~ (v Mior+a):

and thus

(V=R T T H{(vF —oR T —(vF T —pFT2)) > %H(Uk_@k) Chan ~k+1)H(QT+Q)
(3.21)

Finally, by using ||al|%, — [|b]|%; = 2a” H(a — b) — |ja — b||%, and (3.21), we get

lo® — 0" — [l =2 7
H H
_ 2(’Uk . vk—{—l) H{(U . Uk:—l—l) . (Uk—|—1 . vk—|—2)}
—[|(W" =) = " ="
k ~k k+1 ~k+1\12 k k+1 k+1 k+2\12
> (0" =) = (0" =" (o7 1oy — I(07 —0"T) = (0T =" )|

kK ~k k41  ~k+1y(2
= (v v") — (v -0 (QT+Q—MT HM)

_ (’Uk . @rk) o (Uk—l—l o 6k+1) 2G

This is the equivalent form of (3.20) and the proof is complete. [



Eitt, e —1EZRE A B R FRYME R, (3.17) 1 (3.20)
0" — vt F < 0F = vt ||EB = 0 = 8F|E, Yt e VT

A0

o' — o2 < ot — o

2
(2

H—HEZRP W E AR HTUNER Q FIEFEN D < Q" + Q HEM.

3.4 | XPPATZE — Gi—EZRSI— 4551
KRIBLZ N AFLN (3.1) KA RN SR IERBHE, anRFm 2z

" € Q, 0(w)—0@")+(w—u") F(@") > (v—0")" Q" —o"), YweQ,

(3.22)
FHFUNERE QHEE Q" +Q - 0, B Q" + Q kA

D=0, G=0 #®M D+G=0Q"+qQ, (3.23)

I-27



BS
M=Q "D ® H=0QD 'Q".
N BB KR IE

Pt = oF — M(W* — ")

FEERFRNE R FT {v*} # R

[0" " =" < 0" =" [EH — 0" =G, Yt e V.
WRIBANKAH—XHF5%KE D F1 G, E15

D=G=3@Q +Q),

B4, (3.26) BT

[0" T — o7 < " = o"(IH — 0" = 3"(D, Yot e V™.
XiEER D, BT

HM=Q, - HM=qQ, o I‘I:C?l)—lch7
MTHM=D. QTM=D. M=Q TD.

(3.24)

(3.25)

(3.26)

(3.27)

Il-28



Itk, (3.27) FhAK T

0" — 0 E < ° = 0" B = |M©O" =) EH, YT e V.
BHA M" — %) =oF =" (I (3.25)), ERXFLT
[0 T — o™ |3 < 0" — o™ ||FH — [|0F = o "5, Vot e V. (3.28)

Fitk, Z—iEZREZ B R IFRIM R, (3.28) 1 (3.20)

" — 0|5 < " = 0" | = 0 =", Yt e VR
F0
[0 — "2 < o — o3
Hrp

H=2Q[Q" +Q]'Q", @ £ (3.2a) hAIFuN%ERE.

Bangin, I X PPAEAZHB TN (3.2a) ME—HEHR.

II-29



4 NMH: p-RAGEBOMALEIBESAFN

We consider the p-block separable convex optimization problem

p p
1=1 1=1

The Lagrangian function is

p p

L(z1,...,2p,A) = > Oi(x;) — AT(Z Ajz; —b),

1=1
which is definedon Q = [[}_,; X; x A, where
éRm, if Zle AZZEZ = b,

A =
%T, if Zle AZSCZ Z b.

Il-30
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Let (27,...,x,,\") € € be a saddle point of the Lagrangian function, then
Lyea(xys- o xp, A) S L(x], .., 20, A") < Lyex; (1, -+, Tp, A7),
The optimality condition of (4.1) can be written as the following VI:

w* € Q, 0(x)—0(x*) + (w—w)'Fw*) >0, YVwe, (4.2a)

where

(@) o) [ 4

w=| - , x=1 |, Flw)= :T . (4.2b)
Tp —A, A

Y, \7»/ \ 37, A — b

and . .
O(z) =) 0i(z;), Q=]]axA
i=1 i=1

Again, we denote by {2* the solution set of the VI (4.2).
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%3R85 (4.2) B PRIMAL-DUAL il Prediction I

WEBTER (Arah, Agah, -, Apxh NF) BIFTM S oF = (85,75, , 38, \F):

Prediction Step. With given (A 2}, Asxh, - - - ,pr];, A5, find @ €
( 7k € argmin{6; (1) — 2T ATNF + §||A1(x1 — a2 |21 € a1 )

ik € argmin{fs(z2) — 22 ATNF + gHAl(cE’f — k) + Ag(zo — xb)||? | 22 € X}
4 :if € arg minwiexi{&;(xi) — x,LTA’f)\k B 5 Z'L LA ( ) + A;( |2}

~ . —1 ~
7 € argming, e x, {0p(wp) — T AT + 8[| STPZLA (36 — k) Ay (ap — 25)[2);

| M= Py[AE - B( i Aj;::;? —b)].
(4.3)

TN Fe R In B XIS, X 7] 7 RV R In T = (0] R — 12 [T KA.




3 F Primal-Dual 75 ;) 54 75 ) XB B%

Analysis for the P-D Prediction | F{{15c& (4.3) = T |o)fi

1—1

iy e argmin{@i(xi)—a:’;rAiT)\k—l—gﬂ D A(E )+ Ai(xi—a7) | P|ei € X}
j=1

RIB=AMESIE REMEHR if c M

0: () —0s (F7)+(2i—27) {—ATN+BAT (D A (& —25))} >0, Va, € X

=1

TCRIKERK 27 ¢ X; FaMRBE = € X #E

0; () —0:(&7)+(wi—27) {=A] N +A] ( ZA 75— +A (A=A} > 0.

=1

MBS 35 = Py [\ — B(X7, A, _b)}, 2R

~

3 = argmin{ A - M - B(2_, 4,8 ~b)]| [ > € A},

(4.4a)
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Moe A, (A— X’“)T{(ZgzlAj.%;f

—b)+%(5\’“—)\’“)} >0, VA€ A. (4.4b)

Summating (4.4a) and (4.4b), for the predictor Nk generated by (4.3), we have w* e Q,

0(z)—0(Z")+ (w—a")"F@") > (w—u")'Qw" —a"), YVw e Q, 4.5a)
where
[ BATAL 0 0 AT
BA3 A1 BA3 A AT
Q = . 0 (4.5b)
BA, A1 BAJ A BALA, A}
\ 0 0 0 il.)
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The optimization problem (4.1) has been translated to VI (4.2), namely,

w* € Q, O(x)—0(z*) + (w—w)'Fw*) >0, Ywe .

For the easy analysis, we need to denote the following notations:

(\/BAl 0 0 \ /\/BAMH\
0 VBAx . VBA2x2
P= , z2=Pw=
. \/BAP 0 \/BAprp
Lo o 0 (WP \ VB
(4.6)

Accordingly, we define
Z={z]|z=Puw},

and
Z* = {z* | 2* = Pw*, w* € Q*}.
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Using the notation P in (4.6), for the matrix () in (4.5b), we have

( I, 0 -+ 0 Ip)
Im Im o In
Q=P'OP, where Q= 0 : (4.7)
Iy I, -+ In, In
\ 0 0 - 0 In)
Thus, for the right hand side of (4.5a), we have
(w— ") Q(w" —&") = (w—a")"P"QPw" — ")
= (z—2"T9(z" — 7).
Then, it follows from (4.5) that we have the following VI for the P-D prediction:
w* e Q, 0(z)—0(z") + (w— ") F(ao")
> (z— 2970z — %), vwe Q. (4.8)

where Q is given in (4.9).
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Using the notation P in (4.6), for the matrix () in (4.5b), we have

( I, 0 -+ 0 Ip)
Ly I, - o In
Q=P"'oP, where Q= 0 ' (4.9)
Iy I, -+ I, Iy
\ 0 0 - 0 In)
Thus, for the right hand side of (4.5a), we have
(w— ") Q" —a") = (w-a")"PTOPW" — @)
= (6-€)'QE" -
Then, it follows from (4.5) that we have the following VI for the P-D prediction:
w* e Q, 0(z)—0(z") + (w— ") F(ao")
> (z— 2970z — %), vwe Q. (4.10)

where Q is given in (4.9).
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Prediction-Correction Framework for VI (4.2).

1. (Prediction Step) With given w” and 2F = Pw"”, find % € Q such that

a* € Q, 9(x) — 0(z"

where the matrix QT + Q@ is positive definite.

2. (Correction Step) With the predictor w* by (5.1) and ¥ = Pw*, the new

iterate z* 11 is updated by

k+1 k

L= P M(2F — 2R, (5.2)

where M is a non-singular matrix.
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IREH2MEE3IMEM, HMAFENE THRAN EHE.

£ 4 For the matrices Q (5.1) and M in (5.2), if there is a positive definite matrix H
such that

HM = Q (5.3a)
and
G:=0"+9—- M"HM =0, (5.3b)
then we have
|24 =215y < lleF =23y — 1" = 2, vaezT 54

EHE 5 MRFMFM (5.1) FHHE, FER[/BRIE (5.2) 7%, ABAF
FY{||z" — 2 ||} RERIFIGEY, B

1257 = 2215 <120 - 2 A (5.5)
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Eitt, TETH TG —IEZENEZB MR (5.4) 1 (5.5), Bl

1257 = 2"y < 2% = 2"l — 1° = 270G, Ve ez

A0

k+1 Zk—|—2||g_t S ||Zk k—l—l

|2

G—HERPIEERHTUNER QMIEFMD < O + QFAER.
MRFAVKA -SRI DG, 1=

D=G=_(Q"+9) 5.
ABAGB.4)MER T
1257 = 275 < Nl =275 — 2" = 28D, V2T e 2T
XA D, RIED = MTHM, 3FIM (5.2), LRBA T
12570 =215 < 12" = 27|15 — 2" = 2" 5, V2t e 27

TFEAZFRFM G.5) RAEEME—NT XA PPA.
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il (4.10) BB

W TN Z A Primal-Dual Tl ¢e B B9, IS 2280 (4.10) IS AF,

L. I
Ko 0

e o o

0

0
I,
0

Y B4R SCie

A

Im

Im
I )

H o

In order to simplify the notations to be used, we define the following p X p block matrices:

[ I, ©
f_ | In Im
\ I In

?\

0

In )

We also define the 1 X p block matrix

ST:(Im I

[ I

0

?\
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The matrix Q in (6.1) has the form

L € I+EET &
Q = andthus Q' + Q =

0 I, et 21,,

According to the prediction (4.3), the matrix Q in (4.9), we have

- £ 0 . £ 0
Q= , Q= : (6.4)
e I =&Yt Iy

and in detail, |IHEE £7L°T = (I,n,0,...,0)

(Ln —Inm O 0 \
0 In
o7 _ £ 0\
7L I, —Im 0
0 0 L. O




The calculaton M = Q1D is essentially very easy for different D !

Since

T+EET €

Q' +9=
o 21

Y

it can be decomposed as

T (v 0 (1—v)I+EET 5)
£2+Q_(o m>+( " Im )

The both matrices in the right hand side are positive definite. If we chose

D:<VZ 0) 2nd thus g:<(1—u)z+55T 5’).

0o I, gt I,

Conversely, we can also choose

D:<(1—u)z+55T 5) " g:<uz 0)

gr I,

and thus get the another correction method.
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There are many positive definite decompositions of @7 + Q. For example,

1 —v)Z 0 v 4+ EET E
o oo [0¥) N |
0 (1—v)1, er (1+ )L,
we can set
1—v)T 0 T+ EET £
D— ( V) and G — vl +
0 (1—v)ly, et (1+v)ly,

or vice versa.

Another example,
Q"+ 90=a(Q"+Q)+(1-a)(Q" +9), ac(01).

Especially, we can choose D = %(QT + Q) (Generalized PPA). Thus

0
7 1/ 27 L7 T¢ -
D = — . E_Tg — .
I,

HERAT 7T ={In,0,...,0), M ETLTE =1,




IR ER G-PPASE—E: RIBEHM (A28, Agahy, -,

\

A TR R TR TR (A o+ Agakt! .

(Al
A2x§+1

k41
Apxy

A = Py [NF — B(

(Ayzh)

k
Asxs

Apzh

p
j=1

! iF carg ming, ¢ x, {GZ(SUZ) — a:,LTA,LT)\k + gH >

Ak —b)].

[ Inm —Im O

ey

Lp
k

\ A

0

0 0 In

Im Im
\~BLm 0O

[ #F c argmin{6; (x1) — 2T AT Xk 4 §||A1(x1 — a2 |21 € A1)

Apal, AF) BT TR

Il-45

Tk € argmin{6z(z2) — 2T ATNF + gHAl(ﬁ:’f — k) + Ax(zo — z)||? | 22 € X}

i—1 AJ({E;{: — ZC?) + Az(azz — CB,?)HQ},

J=1

9\

(

\

Alx’f

k
Asxs

Apa:’]j
)\k

L Apri Tl AR T TRRIE

~k

~k

. —1 ~
€ argming, e x, {0p(zp) — o ATNF + 5[ 32821 A (@ — 2b) + Ap(zp — o) |17}
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7 Conclusions

o FfTHBLM LRI ILBRAFL IR — N F MG BT AF
N, ARRAGTARESAFRARPPARIE, 1L T PPA BIERYUCET
.

o TNAFANPPARZIANNE—L, SR A E 0 EEH, D —L
BREANETAEFN, KEXENIZ T AFIN, XA LB KRB
fRAtiEl R SEER.

o ERFATNETET VIRNFUN-KIEF EZRSE—HESR, BL AT LA ERIIE
BRI, XATLARE “BFRiH” KR B LR R EE,
XIS XA ERIZIE.

o FMNXNIZRIFFEEER LN, BIfEZE ADMM, EH 25 THALM, X T
e A BYPPARE. BT AT LASEIE, SREFE M LR OMALIBIEE, ALM 21
BRFNINERE
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