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1 Úó

�Ù�ÄQ:¯K�¦)�{. Q:¯K�±Lã�Xe�min−max¯Kµ

minx maxy{Φ(x, y) = θ1(x)− yTAx− θ2(y) |x ∈ X , y ∈ Y}. (1.1)

Ù¥ θ1(x) : <n → <, θ2(y) : <m → < ´à¼ê, X ⊂ <n, Y ⊂ <m´�½�à8,

A ∈ <m×n��½�Ý
. � (x∗, y∗)´¯K (1.1)�), Kk

(x∗, y∗) ∈ X × Y, Φ(x∗, y) ≤ Φ(x∗, y∗) ≤ Φ(x, y∗), ∀(x, y) ∈ X × Y.

�Ò´` {
x∗ ∈ X , Φ(x, y∗)− Φ(x∗, y∗) ≥ 0, ∀x ∈ X ,

y∗ ∈ Y, Φ(x∗, y∗)− Φ(x∗, y) ≥ 0, ∀ y ∈ Y.

|^Φ(x, y)�L�ª, þªÒ´{
x∗ ∈ X , θ1(x)− θ1(x∗) + (x− x∗)T (−AT y∗) ≥ 0, ∀x ∈ X ,

y∗ ∈ Y, θ2(y)− θ2(y∗) + (y − y∗)T ( Ax∗) ≥ 0, ∀ y ∈ Y.

ù�±Lã¤;n�C©Ø�ª/ª:

u ∈ Ω, θ(u)− θ(u∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω, (1.2a)

Ù¥

u =

(
x

y

)
, θ(u) = θ1(x) + θ2(y), F (u) =

(
−AT y

Ax

)
, Ω = X × Y. (1.2b)

Ï�

F (u) =

(
0 −AT

A 0

)(
x

y

)
, ·�k (u− v)T (F (u)− F (v)) ≡ 0.
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�5�å�à`z¯K

min{θ(x) |Ax = b (or ≥ b), x ∈ X} (1.3)

éA�.�KF¼ê´½Â3 X × Y þ�

L(x, y) = θ(x)− yT (Ax− b). (1.4)

Ù¥

Y =

{
<m, if Ax = b,

<m
+ , if Ax ≥ b,

ùp�<m
+ L«<m¥��K%�. XJ�é (x∗, y∗)÷v

(x∗, y∗) ∈ X × Y, L(x∗, y) ≤ L(x∗, y∗) ≤ L(x, y∗), ∀(x, y) ∈ X × Y (1.5)

.�KF¼ê (1.4)Q:Q:¥u∗ = (x∗, y∗)¥�x∗Ò´à`z¯K (1.3)�). ¦.�

KF¼ê (1.4)�Q:Ò´Q:¯K (1.1)���A~, Ù¥

θ1(x) = θ(x), θ2(y) = −bT y.

2 �©-éó·ÜFÝ{

¦)Q:¯K (1.1)��©-éó·ÜFÝ{ [15], PDHG´��'�g,��{, ,

§¿ØU�y�½Âñ.

¦)Q:¯K (1.1)��©-éó·ÜFÝ{ � r, s > 0´�½�~ê

é�½� (xk, yk), PDHG�1 k-Úkd

xk+1 = argmin{Φ(x, yk) +
r

2
‖x− xk‖2 |x ∈ X}, (2.1a)

�Ñxk+1, ,�2d

yk+1 = argmax{Φ(xk+1, y)− s

2
‖y − yk‖2 | y ∈ Y}. (2.1b)

�) yk+1. �¤�gS�.

|^Φ(x, y)�L�ª, ¿5¿�`z¯K�)¿ØÏ�CÄ8I¼ê¥�~ê�

UC, PDHG¥�f¯K (2.2)�±{z¤ xk+1 = argmin{θ1(x)− xTAT yk +
r

2
‖x− xk‖2 |x ∈ X}, (2.2a)

yk+1 = argmin{θ2(y) + yTAxk+1 +
s

2
‖y − yk‖2 | y ∈ Y}. (2.2b)

�âÚn ??, f¯K (2.2a)��`5^�´

xk+1 ∈ X , θ1(x)− θ1(xk+1)

+ (x− xk+1)T{−AT yk + r(xk+1 − xk)} ≥ 0, ∀x ∈ X . (2.3a)
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aq/, f¯K (2.2b)��`5^�´

yk+1 ∈ Y, θ2(y)− θ2(yk+1)

+ (y − yk+1)T{Axk+1 + s(yk+1 − yk)} ≥ 0, ∀ y ∈ Y. (2.3b)

ò (2.2a)Ú (2.3b)\3�å, ·�k

uk+1 ∈ Ω, θ(u)− θ(uk+1) +

(
x− xk+1

y − yk+1

)T {(
−AT yk+1

Axk+1

)
+

(
r(xk+1 − xk) +AT (yk+1 − yk)

s(yk+1 − yk)

)}
≥ 0, ∀u ∈ Ω.

|^ (1.2), Ù;n�/ª´

uk+1 ∈ Ω, θ(u)− θ(uk+1)

+ (u− uk+1)T{F (uk+1) +Q(uk+1 − uk)} ≥ 0, ∀u ∈ Ω, (2.4a)

Ù¥

Q =

(
rIn AT

0 sIm

)
(2.4b)

´�é¡�. §�PPA/ª¿Ø��, ·�¿ØU�y�{Âñ.

e¡��55y�~f��(`²PDHG (2.2)´ØU�yÂñ�. é�©-éó�

55y

(Primal)

min cTx

s. t. Ax = b,

x ≥ 0.

(Dual)
max bT y

s. t. AT y ≤ c. (2.5)

·��Xe��é~f

(P)

min x1 + 2x2
s. t. x1 + x2 = 1

x1, x2 ≥ 0.

(D)

max y

s. t.

[
1

1

]
y ≤

[
1

2

]
.

(2.6)

��uA = [1, 1], b = 1, c =

[
1
2

]
, x =

[
x1
x2

]
. ùé¯K.�KF¼ê

L(x, y) = cTx− yT (Ax− b) (2.7)

½Â3<2
+ × <þ. ¯K����`)(�Ò´.�KF¼ê�Q:) ´ x∗ =

[
1
0

]
Ú y∗ = 1.

^PDHG (2.2)¦�55y (2.6)éA�.�KF¼ê (2.7)�Q:, äN�S�úª

´ {
xk+1 = max{(xk + 1

r
(AT yk − c)), 0},

yk+1 = yk − 1
s
(Axk+1 − b).



2 �©-éó·ÜFÝ{ 4

·�^ (x01, x
0
2; y

0) = (0, 0; 0)��Ð©:, S�:�¿ØÂñ.
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Fig. 3.1 � r = s = 1�PDHGS�S�

u0 = (0, 0; 0)

u1 = (0, 0; 1)

u2 = (0, 0; 2)

u3 = (1, 0; 2)

u4 = (2, 0; 1)

u5 = (2, 0; 0)

u6 = (1, 0; 0)

u7 = (0, 0; 1)

uk+6 = uk

´Ø´O� r, sÒ¬ÂñQ, ¢�(J�Ø´.
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Fig. 3.2 � r = s = 1, 2, 5, 10�PDHGS�S�ÑØÂñ
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3 ¦)Q:¯K��C:�{ (PPA)

XJ·�F"rC©Ø�ª (2.4)�/ªUE¤

uk+1 ∈ Ω, θ(u)− θ(uk+1)

+ (u− uk+1)T{F (uk+1) +H(uk+1 − uk)} ≥ 0, ∀u ∈ Ω, (3.1a)

Ù¥

H =

(
rIn AT

A sIm

)
, (3.1b)

� rs > ‖ATA�, Ý
H�½, ·���1�Ù¥�PPA/ª�{Ò´Âñ�. �d,

�r (2.4b)¥��é¡�Ý
QUE¤ (3.1b)¥�é¡Ý
H:

Q =

(
rIn AT

0 sIm

)
⇒ H =

(
rIn AT

A sIm

)
.

�
¢yù�8�, ·���ò (2.3b)¥�

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T{Axk+1 + s(yk+1 − yk)} ≥ 0, ∀ y ∈ Y

UE¤

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T
[
Axk+1 +A(xk+1 − xk)

+s(yk+1 − yk)

]
≥ 0, ∀ y ∈ Y.

�Ò´`,

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T{A[2xk+1 − xk] + s(yk+1 − yk)} ≥ 0, ∀ y ∈ Y.

�âÚn ??, þ¡�/ª`²

yk+1 = argmin
{
θ2(y) + yT [A(2xk+1 − xk)] +

s

2

∥∥y − yk‖2 ∣∣ y ∈ Y}.
ù��ur (2.2b)8I¼ê¥

Ñy� Axk+1 U¤ A(2xk+1 − xk).

�é{`,

¦)Q:¯K (1.1)�PPA�{ � r, s > 0´�½�÷v rs > ‖ATA‖�~ê
é�½� (xk, yk), PDHG�1 k-Úkd

xk+1 = argmin{Φ(x, yk) +
r

2
‖x− xk‖2 |x ∈ X}, (3.2a)

�Ñxk+1, ,�2d

yk+1 = argmax
{

Φ
(
[2xk+1 − xk], y

)
− s

2

∥∥y − yk∥∥2 | y ∈ Y} (3.2b)

�) yk+1. �� (xk+1, yk+1)�¤�gS�.
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�âþ¡�©Û, ·�kXe�½n:

½½½nnn 3.1 � rs > ‖ATA, ^PPA (3.2)¦)Q:¯K (1.1)�)�S� {uk = (xk, yk)}÷
v

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H − ‖uk − uk+1‖2H , ∀u∗ ∈ Ω∗, (3.3)

Ù¥H´d (3.1b)�Ñ��½Ý
.

é�5�å��`z¯K (1.3), ^PPA�{ (3.2)¦)�äN�ª´
xk+1 = argmin

{
θ(x) +

r

2

∥∥x− [xk +
1

r
AT yk

]∥∥2 ∣∣x ∈ X}, (3.4a)

yk+1 = PY
[
yk − 1

s

[
A(2xk+1 − xk)− b

]
. (3.4b)

^PPA (3.2)¦�55y (2.6)éA�.�KF¼ê (2.7)�Q:, S�úªÒC¤{
xk+1 = max{(xk + 1

r
(AT yk − c)), 0},

yk+1 = yk − 1
s

(
A(2xk+1 − xk)− b

)
.

·�^ r = s = 1, � (x01, x
0
2; y

0) = (0, 0; 0)��Ð©:, S�S�Âñ.
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Fig. 3.4. � r = s = 1, 2, 5, 10, PPA �{ÑÂñ. ëê��, Âñ�ú

PPA�{ (3.2)^�´ primal-dual ^S, ·�Ó��±æ^ dual-primal^S

�PPA.

¦)Q:¯K (1.1)�PPA�{ (in dual-primal order)

� r, s > 0´�½�÷v rs > ‖ATA‖�~ê, 1 k-ÚS�l�½�uk = (xk, yk)m

©,  yk+1 = argmax
{

Φ
(
xk, y

)
− s

2

∥∥y − yk∥∥2 ∣∣ y ∈ Y}, (3.5a)

xk+1 = argmin
{

Φ(x, (2yk+1 − yk)) +
r

2

∥∥x− xk∥∥2 ∣∣x ∈ X}. (3.5b)

d (3.5)�)�uk+1 ∈ Ω÷v

uk+1 ∈ Ω, θ(u)− θ(uk+1)

+ (u− uk+1)T{F (uk+1) +Q(uk+1 − uk)} ≥ 0, ∀u ∈ Ω, (3.6a)

Ù¥

H =

(
rIn −AT

−A sIm

)
(3.6b)

uk+1 ∈ Ω, θ(u)− θ(uk+1) + (u− uk+1)T{F (uk+1) +H(uk+1 − uk)} ≥ 0, ∀u ∈ Ω,
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Ù¥

H =

(
rIn −AT

−A sIm

)
.

é�5�å��`z¯K (1.3), ^PPA�{ (3.5)¦)�äN�ª´
yk+1 = PY

[
yk − 1

s
(Axk − b)

]
(3.7a)

xk+1 = argmin
{
θ(x) +

r

2

∥∥x− [xk +
1

r
AT (2yk+1 − yk)

]∥∥2 ∣∣x ∈ X}. (3.7b)

4 Relationship to Chambolle-Pock Method

Chambolle and Pock [2] have proposed a method for solving the convex-concave

min−max problem, in short, C-P method. Applied C-P method to the problem (1.1),

it is also required rs > ‖ATA‖.

CP method. For given (xk, yk), C-P method obtains xk+1 via

xk+1 = arg min{Φ(x, yk) +
r

2
‖x− xk‖2 |x ∈ X}. (4.1a)

Then, yk+1 is given by

yk+1 = arg max{Φ([xk+1 + τ(xk+1 − xk)], y)− s

2
‖y − yk‖2 | y ∈ Y} (4.1b)

where τ ∈ [0, 1].

• �©-éó·ÜFÝ{(PDHG) (2.2)ÚUI½���C:�{(C-PPA) (3.2)Ñ´Chambolle-
Pock �{ [2] ©O� τ = 0 Ú τ = 1 �A~.

• é τ = 0 � PDHG �{ (2.2), §2 ¥®²`²ØU�yÂñ. é τ = 1 � CPPA �{ (3.2),
ÙÂñ53 §3 ¥k
(Ø.

• �â·���£, éu τ ∈ (0, 1) � CP �{ (4.1), Âñ5�vk½Ø.

Nþ·±c��µ CP �{�cP 2020 c9 �

• Chambolle Ú Pock 3 2010 cJÑ�¦) min−max ¯K��©-éó�{, 3ã�?n+

�kX2��A^Úé��K�, �¡�CP�{"

• Chambolle ÚPock �{�1����úÙu2010 c6 �. ¦���{¥k� [0, 1] �m�ë

ê, �3©Ù¥, �éëê�1 ��{�
y². Ö
¦��ù�©Ù±�, ·�éùa�{�Â

ñ5?1
ïÄ.

• du·�õcïÄüNC©Ø�ª�¦)�{, é¯uy, ëê�1 � CP �{, �±)º�C

©Ø�ªH-�(H�é¡�½Ý
) ��C:�{ (PPA), ÏdÂñ5y²AO{ü. Ê����

2010 c 11 � 4 F, ·�r�'y²�1�v, OO-2790, úÙ3 Optimization Online þ.

Ó�, éëê� 0 � CP �{, ·�é�
ØÂñ�~f

• ëê3 (0, 1) m�CP �{, UØU�yÂñ, ù�¯K�8vk)û.
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• Chambolle Ú Pock é¯uy
·��ó�, ��õ��� 2010 c 12 � 21 F, ¦��©Ù

3 J. MIV online �ªuL. ·�p,/w�, Chambolle Ú Pock ùo¯Ò5¿�¿Ú^

·��©Ù, �J�
·��y². ·��©Ù�ªuL±�, CP �5ÒØ2Jëê3 [0, 1)

m��{
.

• AOa�CP �{��Mö@�·��Ñ�{üy². ¦�32011c�IEEE ICCV ¬ÆØ©
¥, ¡7·��ó�4�/{z
Âñ5©Û (which greatly simplifies the convergence
analysis).

• �5CP �{��öqkõ��'�©ÙuL(�¡�©Ù¦�Ñ�?Øëê� 1 ��{). ¦

�u2016 c3Math. Progr. uL�©Ù¥, UY|^·�� PPA )º, ©Ù�Úó¥Ò

mªÙú(In particular, exploiting a proximal-point interpretation due to [16], we
are able to give a very elementary proof). ùp�[16] ´·� 2010 c�ý<� OO-2790,

2012 cSuL3 SIAM Imaging Science.
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