
1 lO2.�KF¦f{ 1

�
;.à`z¯K�©�Â �{
ÄuC©Ø�ªÚ�C:�{�Ú�µe

H��ê��X�ù� 2022c�� 4 – 9F

Û])

Homepage: maths.nju.edu.cn/˜hebma

n. lO2.�KF¦f{(ALM)��O��
{(ADMM)

y3·�'%XÛ¦)ü��©l¬�à`z¯K

min {θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y}. (0.1)

1 lO2.�KF¦f{

·�kl�ª�åà`z¯K

min{θ(u) | Au = b, u ∈ U} (1.1)

�O2.�KF¦f{!å.

¯K (1.1)�Lagrange¼ê�Q:�duC©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (1.2a)

�):, Ù¥

w =

(
u

λ

)
, F (w) =

(
−ATλ
Au− b

)
, Ω = U × Λ. (1.2b)

·�kl�ª�åà`z¯K (1.1)�²;�O2.�KF¦f{ (ALM) [10, 11]!å.

¯K (1.1) �O2.�KF¼ê´3 Lagrange ¼ê�¡\�� β
2
‖Au − b‖2, Ù¥

β > 0 ´�½�~ê, �Ò´`

Lβ(u, λ) = θ(u)− λT (Au− b) +
β

2
‖Au− b‖2. (1.3)
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¦)�ª�åà`z¯K(1.1) �O2.�KF¦f{(ALM)µ

é�½� β > 0, kgS�l�½�λkm©, ÏL{
uk+1 ∈ arg min

{
Lβ(u, λk)

∣∣ u ∈ U}, (1.4a)

λk+1 = λk − β(Auk+1 − b), (1.4b)

��#�λk+1.

3 (1.4)¥, uk+1 ´�â λk O��5�(J. Ïd, ·�¡

u ��{�¥mCþ (intermidiate variable), λ �Ø%Cþ (essential variable).

�â`z¯K��`5^��Ä�Ún, �{ (1.4)Jø�wk+1 = (uk+1, λk+1) ∈ Ω÷v{
θ(u)− θ(uk+1) + (u− uk+1)T{−ATλk + βAT (Auk+1 − b)} ≥ 0, ∀u ∈ U ,

(λ− λk+1)T{(Auk+1 − b) + 1
β

(λk+1 − λk)} ≥ 0, ∀λ ∈ <m.

?�Ú|^'Xª λk+1 = λk − β(Auk+1 − b), þª�±U�¤: wk+1 ∈ Ω,

θ(u)− θ(uk+1) +

(
u− uk+1

λ− λk+1

)T(−ATλk+1

(Auk+1 − b) + 1
β

(λk+1 − λk)

)
≥ 0, ∀w ∈ Ω.

�X|^ (1.2)�PÒ, �±rþª�¤�;n�ªfµ

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (λ− λk+1)T
1

β
(λk − λk+1), ∀w ∈ Ω. (1.5)

C©Ø�ª (1.5) ¥, XJ λk = λk+1, @o wk+1 Ò´C©Ø�ª (1.2) �). ò (1.5)

¥�?¿ w ∈ Ω �¤?¿���½�): w∗ ∈ Ω∗, ·���

(λk+1 − λ∗)T
1

β
(λk − λk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1).

|^c¡rNL� (wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗), Òk

(λk − λ∗)T
1

β
(λk − λk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗).

d wk+1 ∈ Ω Ú w∗ ��`5, �â(1.2), k θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0,

þªmà�K, ¤±k

(λk+1 − λ∗)T (λk − λk+1) ≥ 0. (1.6)

- a = λk − λ∗, b = λk+1 − λ∗, þ¡�Ø�ªÒ��u bT (a− b) ≥ 0,

‖λk+1 − λ∗‖2 ≤ ‖λk − x∗‖2 − ‖λk − λk+1‖2.
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¦)¯K (1.1)�,���{´�gv¼ê{, {¡v¼ê{. � {rk}´��î�ü
N4O��êS�. v¼ê{�1 kgS�ÏL

uk+1 ∈ argmin{θ(u) +
rk
2
‖Au− b‖2 |u ∈ U} (1.7)

��uk+1. 3¦)f¯K (1.7)�  ±þ�ÚS��)uk��Ð©:. ¦)¯K (1.1),

O2 Lagrange ¦f{Úv¼ê{zÚS��¦)�f¯KJÝ��, 
�öê�L

y�vkcöÐ, éd Nocedal Ú Wright 3¦��;ÍNumerical Optimization [9]�

1 17Ù¥`�é�Ù.

2 �O��{

·��¦)�¯K´ (0.1). �,^v¼ê{ (1.7)¦) (0.1)��±tµ¤�O4�

z�{–Alternating Minimization Method (AMA):{
xk+1 ∈ argmin

{
θ1(x) + β

2
‖Ax+Byk − b‖2|x ∈ X

}
,

yk+1 ∈ argmin
{
θ2(y) + β

2
‖Axk+1 +By − b‖2|y ∈ Y

}
.

duO2.�KF¦f{`uv¼ê�{ [9]. 
¦f�O��{(ADMM)Ú�O4�

z�{(AMA)©OdO2.�KF¦f{Úv¼ê�{tµ
5�, Ïd ADMM `

u AMA®¤�£.

bX^²;�O2Lagrange ¦f{ (1.4) ¦), �{�±£ã�

¦)�ª�åà`z¯K (0.1)�O2.�KF¦f{(ALM)µ

é�½� β > 0, kgS�l�½�λkm©, ÏL
(xk+1, yk+1) ∈ argmin

{
θ1(x) + θ2(y)− (λk)T (Ax+By − b)

+β
2
‖Ax+By − b‖2

∣∣∣∣ x ∈ Xy ∈ Y

}
, (2.1a)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (2.1b)

��#�λk+1.

þ¡��^O2Lagrange¦f{¦), ":´vk|^¯K¯K (0.1)��©l(

�. �
�ÑALM3¦)¯K (0.1)¥�":, <��Äæ^¦f�O��{ (ADMM).

Ì�g�´òf¯K©�¤üÜ©. ¥mCþ�´u = (x, y)¥��Ü©x. Ø%Cþ

� v = (y, λ). ·��S�Ð©�� v0 = (y0, λ0).
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¦)¯K (0.1)�tµ�O2.�KF¦f{– ADMM À½ β > 0.

1 kÚS�l�½� (yk, λk)m©

1. Äk, éu�½�(yk, λk), ¦ xk+1 ¦�

xk+1 ∈ arg min

{
θ1(x)− (λk)T (Ax+Byk − b)

+β
2
‖Ax+Byk − b‖2

∣∣∣∣ x ∈ X
}
. (2.2a)

2. |^ λk Ú®²¦��xk+1, ¦ yk+1 ¦�

yk+1 ∈ argmin

{
θ2(y)− (λk)T (Axk+1 +By − b)

+β
2
‖Axk+1 +By − b‖2

∣∣∣∣ y ∈ Y
}
. (2.2b)

3. ��, �#Lagrange¦f

λk+1 = λk − β(Axk+1 +Byk+1 − b). (2.2c)

¦^à`z¯K (0.1)�O2Lagrange¼ê

L[2]
β (x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) +

β

2
‖Ax+By − b‖2, (2.3)

¦f�O��{�±{ü/L«¤:

¦)¯K (0.1)�ADMM�{ À½β > 0.

1 kgS�l�½� (yk, λk)m©

(ADMM)


xk+1 = arg min

{
L[2]
β (x, yk, λk)

∣∣ x ∈ X}, (2.4a)

yk+1 = arg min
{
L[2]
β (xk+1, y, λk)

∣∣ y ∈ Y, (2.4b)

λk+1 = λk − β(Axk+1 +Byk+1 − b), (2.4c)

¦� wk+1 = (xk+1, yk+1, λk+1).

duCÄ8I¼ê¥�~ê�é¯K�)vkK�, ¦f�O��{ (2.4)�1 kg

S��±Lã¤l (yk, λk)m©:

(ADMM)


xk+1 ∈ argmin

{
θ1(x)− xTATλk + β

2
‖Ax+Byk − b‖2

∣∣x ∈ X} (2.5a)

yk+1 ∈ argmin
{
θ2(y)− yTBTλk + β

2
‖Axk+1 +By − b‖2

∣∣y ∈ Y}, (2.5b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (2.5c)

æ^ADMM¦) (0.1)�Ð?´f¯K (2.2a)Ú (2.2b)©O�¹kgCþxÚ y,¦

f¯K��{z. �X`e¡�¯K:

min{1

2
‖X − C‖2F |X ∈ Sn+ ∩ SB}, (2.6)
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Ù¥8ÜSn+ÚSB©O�

Sn+ = {H ∈ Rn×n |HT = H, H � 0}

Ú

SB = {H ∈ Rn×n |HT = H, HL ≤ H ≤ HU}.

HLÚHUÑ´�½�é¡Ý
. ¯K�±=�¤�d�

min 1
2
‖X − C‖2 + 1

2
‖Y − C‖2

s.t X − Y = 0,

X ∈ Sn+, Y ∈ SB.
(2.7)

��^ALM¦) (2.6)Ú (2.7)ÑÃleÃ. ¯K (2.7)��ª�å�Lagrange¦f�´

��Ý
, ·�P§�Z. ^ADMM (2.2) ¦) (2.7), ��Ue¡�Ú½5¢�µ

• é�½�Y kÚZk,

Xk+1 = arg min{1

2
‖X − C‖2F − Tr(ZkX) +

β

2
‖X − Y k‖2F | X ∈ Sn+}.

ù��Xk+1�±d

Xk+1 = PSn
+

{ 1

1 + β
(βY k + Zk + C)

}
����. XÛ3��½Ý
�8ÜþÝK, 3ý��£�Ù®²�
0�.

• k
Xk+1, ^ADMM¦Y k+1Ò´

Y k+1 = arg min{1

2
‖Y − C‖2F + Tr(ZkY ) +

β

2
‖X̃k − Y ‖2F | Y ∈ SB}

ù�Y k+1ÏL

Y k+1 = PSB

{ 1

1 + β
(βXk+1 − Zk + C)

}
��, Ý
3A3SB = {H |HL ≤ H ≤ HU}þÝK,

PSB
(A) = min(max(HL, A), HU ).

• ��,

zk+1 = zk − β(Xk+1 − Y k+1)

Ò�¤
�gS�.
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