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ù�ÙUY0�XÛ^1Ú�µe5�E¦)à`z¯K

min{θ(x) |Ax = b (or ≥ b), x ∈ X}. (0.1)

¯K

L(x, λ) = θ(x)− λT (Ax− b). (0.2)

�A�C©Ø�ª´

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (0.3a)

Ù¥

w =

(
x

λ

)
, F (w) =

(
−ATλ
Ax− b

)
, Ω = X × Λ. (0.3b)

5¿�, é�ª�åAx = bÚØ�ª�åAx ≥ b, Λ©O�<mÚ<m+ . ù�Ù��{

¥, ·�I�½Â��m×mÝ


H0 =
1

r
AAT + δIm. (0.4)

é?¿� δ > 0, Ý
H´�½�.

1 þ(²ï�O2.�KF¦f{

·�lO2.�KF¦f{ [8, 9, 10]!å,Nõk��{ (~X�O��{ (ADMM))

å
uALM. ^ALM,¦)�ª�å¯K (0.1), S�úª´
xk+1 ∈ arg min

{
L(x, λk) +

r

2
‖Ax− b‖2

∣∣ x ∈ X}, (1.1a)

λk+1 = argmax{L(xk+1, λ)− 1

2r
‖λ− λk‖2 |λ ∈ <m}. (1.1b)
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rALM¥x-f¯K (1.1a)¥8I¼êp�~ê��N�, ALM�±ÏL

xk+1 ∈ argmin
{
θ(x) + rxTAT (Axk − b) +

r

2
‖A(x− xk)‖2

∣∣x ∈ X},
¢y. ALM�x-f¯K (1.1a)¥Qk��5à¼ê θ(x), qk/X

r

2
‖A(x − xk)‖2 �

�g�. ùü�\3�å, ¬�¦)�5�½�(J. ALM¥ÏL (1.1b)�#éóC

þλk+1, ù�~{ü. c¡0��¦)�ªÚØ�ª�å�à`z¯KALMa�{, §

��x-f¯K�8I¼ê¥Ó�Q�¹��5¼ê θ(x), ��¹�g� ‖A(x− xk)‖2.
·�Áã|^Ú�µe�E#��{, ÏL

xk+1 ∈ arg min
{
L(x, λk) +

r

2
‖x− xk‖2

∣∣ x ∈ X}, (1.2a)

λk+1 = argmax{L(xk+1, λ)− 1

2
‖λ− λk‖2H0

|λ ∈ <m}. (1.2b)

�Ñýÿ:wk+1 = (xk+1, λk+1), Ù¥Ý
H0d (0.4)�Ñ. 'å (1.1), (1.2)¥�x-f

¯K{z
, �´O\
¦�λk+1�JÝ. (1.2b)¥�λk+1´��¿ØJ)��5�§

| (1

r
AAT + δIm

)
(λ− λk) + (Axk+1 − b) = 0

�). �,d (1.2)��`5^��C©Ø�ª/ªÚý��£�Ù¥�PPA�ªØ�

�, �¡·�Ò¬w�, 3Ú�µe���e, ��ü þn�Ý
���ÒU�yS�

S�Âñ.

^ChambolleÚPock��±)º¤PPA��©-éó·ÜFÝ{ [3, 4, 7], ·�r

§¡�¦)�ª�å¯K (0.1), S�úª´

(CP-PPA)


xk+1 = argmin

{
L(x, λk) +

r

2
‖x− xk‖2

∣∣ x ∈ X}, (1.3a)

λk+1 = argmax{L([2xk+1 − xk], λ)− s

2
‖λ− λk‖2}. (1.3b)

ùp� r, s > 0´½¦#�xk+1Úλk+1©Ol�5�xkÚλkØ���. CP-PPA�{

¥x-f¯K��g�{ü, ¦)��éN´. ,
, �
�yÂñ, �¦ëê

rs > ‖ATA‖. (1.4)

l (1.3)�±wÑ, L�� rÚ s, ©O½¦xk+1lxk, λk+1 l λk éC, ��uS�¥Ú

�É�, K��NÂñ�Ý. CP-PPA�{3ã�?n¥�(��
'�Ð��J, ´�

ÃuÙ¥^���C�Ý
� ‖ATA‖ ≤ 8"

r (1.3b)¥��g�

s

2
‖λ− λk‖2 �¤

1

2
‖λ− λk‖2H0

.
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ùp�ëê r > 0f¯K (1.3a)¥®²(½
�. ?¿� δ > 0�´�
�y,«�½

5. ù�, Balanced ALM�S�úª´
xk+1 = arg min

{
L(x, λk) +

r

2
‖x− xk‖2

∣∣ x ∈ X}, (1.5a)

λk+1 = argmax
{
L([2xk+1 − xk], λ)− 1

2
‖λ− λk‖2( 1

rAA
T+δIm)

}
. (1.5b)

Ò� ALM �{��, Balanced ALM ¥�k��ëê r I��âäN¯K
ÀJ"

Balanced ALM �{S�úª��d/ª´
xk+1 = argmin

{
θ(x) +

r

2

∥∥x− [xk +
1

r
ATλk

]∥∥2 ∣∣x ∈ X}. (1.6a)

λk+1 = arg min
{1

2
‖λ− λk‖2( 1

rAA
T+δIm) + λT

(
A[2xk+1 − xk]− b

)}
. (1.6b)

ùp� x-f¯K (1.6a) Ú CP-PPA � x-f¯K (1.3a)/ª����, (1.6b) ¥� λk+1

´�5�§| (1

r
AAT + δIm

)
(λ− λk) +

(
A[2xk+1 − xk]− b

)
= 0 (1.7)

�). 5¿�þã�5�§|�XêÝ
´é¡�½�, 3��S�L§¥·����

�g�½Ý
 (1

r
AAT + δIm

)
. (1.8)

�Cholesky©). Ý
O� [5, 11]pk�~¤Ù��{¦)ùa�5�§|"

éAuØ�ª�å¯K

min{θ(x) |Ax ≥ b, x ∈ X},

Balanced PPA ��ò (1.6)¥�λ-f¯K (1.6b)U¤

λk+1 = arg min

{
1
2
(λ− λk)T

(
1
r
AAT + δIm

)
(λ− λk)

+λT
(
A[2xk+1 − xk]− b

) ∣∣∣∣λ ≥ 0

}
.

ù´����K�å�à�g5y, ¦+S�¥ØU�N[º, �¦)�´'�N´�.

2 Ú�µee�²�����{

ù�!0�I�^Ú�µe¥�²����þ(ALMa�{. Ï~´r��Ø(

½´ÄÂñ��{�ÑÑ��ýÿ:, ,�23Ú�µe��ÚeÀJ{ü���.

2.1 Primal-Dual^S�)ýÿ:

l�½�wk = (xk, λk)Ñu, r (1.2)�ÑÑ�¤ýÿ:, úªÒ´
x̃k = arg min{θ(x)− xTATλk +

r

2
‖x− xk‖2|x ∈ X}, (2.1a)

λ̃k = arg min
{1

2
(λ− λk)T (

1

r
AAT +δIm)(λ−λk) + λT (Ax̃k − b)

∣∣λ ∈ Λ
}

(2.1b)
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�â�`5^�Òk{
x̃k ∈ X , θ(x)−θ(x̃k) + (x− x̃k)T{−ATλk + r(x̃k − xk)} ≥ 0, ∀x ∈ X ,

λ̃k ∈ Λ, (λ− λ̃k)T{( 1
r
AAT +δIm)(λ̃k − λk) + (Ax̃k − b)} ≥ 0, ∀λ ∈ Λ.

·�rþªU�¤{
θ(x)−θ(x̃k)+ (x− x̃k)T{−AT λ̃k + r(x̃k − xk) +AT (λ̃k − λk)} ≥ 0, ∀x ∈ X ,

(λ− λ̃k)T{(Ax̃k − b) + ( 1
r
AAT +δIm)(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.

Ù¥�ey��Ü©|Ü3�åÒ´F (w̃k). |^C©Ø�ª (0.3)�L�ª, þª¥e

y�Ü©�3�åÒ´F (w̃k). Ïd, ¦��ýÿ: w̃k÷v

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)T
{
F (w̃k) +Q(w̃k − wk)

}
≥ 0, ∀w ∈ Ω, (2.2a)

Ù¥

Q =

(
rIn AT

0 1
r
AAT +δIm

)
, δ > 0. (2.2b)

þ¡�Ý
QT +Q´�½�.

éd (2.1))¤�ýÿ:, ·�æ^Ú� α = 1 ��²���

wk+1 = wk −M(wk − w̃k), (2.3a)

)¤#�S�:, Ù¥

M =

(
In

1
r
AT

0 Im

)
(2.3b)

´ü þn�Ý
. e¡·�^Ú�µe¥�Âñ^���yÂñ5, 5¿�

H = QM−1 =

(
rIn AT

0 1
r
AAT +δIm

)(
In − 1

r
AT

0 Im

)
=

(
rIn 0

0 1
β
Im

)
.

Ú

G = QT +Q−MTHM = QT +Q−QTM

=

(
2rIn AT

A 2( 1
r
AAT +δIm)

)
−
(
rIn 0

A 1
r
AAT +δIm

)(
In

1
r
AT

0 Im

)
=

(
rIn 0

0 δIm

)
.

Ý
HÚG Ñ�½. ©O^ (2.1) �ýÿÚ (2.3)���, �)#�S�: wk+1÷v

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − w̃k‖2G, ∀w∗ ∈ Ω∗.

·�Ò����¦)(�`z¯K (0.1)éA�)C©Ø�ª (0.3)�Âñ�{.
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2.2 Dual-Primal^S�)ýÿ:

�ÄÚ (2.1)ØÓ�Dual-Primal^Sýÿ, k-gS�lÒÏL
λ̃k = argmin

{1

2
(λ− λk)T (

1

r
AAT + δIm)(λ− λk) + λT (Axk − b)

∣∣λ ∈ Λ
}
, (2.4a)

x̃k = arg min{θ(x)− xTAT λ̃k +
r

2
‖x− xk‖2 |x ∈ X} (2.4b)

��ýÿ: w̃k. �â�`5^�Òk{
λ̃k ∈ Λ, (λ− λ̃k)T{(Axk − b) + ( 1

r
AAT + δIm)(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ,

x̃k ∈ X , θ(x)−θ(x̃k) + (x− x̃k)T{−AT λ̃k + r(x̃k − xk)} ≥ 0, ∀x ∈ X .

·�rþªU�¤{
θ(x)− θ(x̃k) + (x− x̃k)T{−AT λ̃k + r(x̃k − xk)} ≥ 0, ∀x ∈ X ,

(λ− λ̃k)T{(Ax̃k − b)−A(x̃k − xk) + ( 1
r
AAT + δIm)(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.

Ù¥�ey��Ü©|Ü3�åÒ´F (w̃k). |^C©Ø�ª (0.3)�L�ª, þª¥e

y�Ü©�3�åÒ´F (w̃k). Ïd, ¦��ýÿ: w̃k÷v

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)T
{
F (w̃k) +Q(w̃k − wk)

}
≥ 0, ∀w ∈ Ω, (2.5a)

Ù¥

Q =

(
rIn 0

−A ( 1
r
AAT + δIm)

)
, δ > 0. (2.5b)

�A�÷��þ¡�Ý�QT +Q´�½�.

éd (2.4))¤�ýÿ:, ·�æ^Ú� α = 1 ��²���

wk+1 = wk −M(wk − w̃k), (2.6a)

)¤#�S�:, Ù¥

M =

(
In

1
r
AT

0 Im

)
. (2.6b)

�eÒ´^Ú�µe¥�Âñ^���yÂñ5, 5¿�

H = QM−1 =

(
rIn 0

−A 1
r
AAT + δIm

)(
In − 1

r
AT

0 Im

)

=

(
rIn −AT

−A 2
r
AAT + δIm

)
.
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Ú

G = QT +Q−MTHM = QT +Q−QTM

=

(
2rIn −AT

−A 2
r
AAT + 2δIm

)
−

(
rIn −AT

0 1
r
AAT + δIm

)(
In

1
r
AT

0 Im

)

=

(
rIn −AT

−A 1
r
AAT + δIm

)
.

Ý
HÚGÑ�½. ©O^ (2.4)�ýÿÚ (2.6)���, �)#�S�:wk+1÷v

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − w̃k‖2G, ∀w∗ ∈ Ω∗.

·�Ò����¦)(�`z¯K (0.1)éA�)C©Ø�ª (0.3)�Âñ�{.

3 Ú�µee²�tµ���PPA�{

�c�!ØÓ, ù�!�âÚ�µe¥PPA��¦, k�O�ÎÜ^���½Ý
,

2��E�A��{¢�.

3.1 Primal-Dual^S�)ýÿ:

¦)(�Ø�ª�åà`z¯K(0.1)éA�)C©Ø�ª(0.3), ·��â1ÊÙ�Ú

�µe�O��ýÿ-���{, S�l�½�wk = (xk, λk)m©, ¦��ýÿ: w̃k÷

v

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)T
{
F (w̃k) +H(w̃k − wk)

}
≥ 0, ∀w ∈ Ω, (3.1a)

Ù¥

H =

(
rIn AT

A 1
r
AAT + δIm

)
, r, δ > 0. (3.1b)

éu?Û� r, δ > 0, ù�ýÿúª¥�Ý
H ´�½�. ù�ÒU^²�tµ��

� (??)���)#S�:wk+1. ¯K8(�¦÷v (3.1)�ýÿ: w̃k. òýÿ (3.1)UF

ÚH�(�©
m5, �±�¤ w̃k = (x̃k, λ̃k) ∈ Ω,
θ(x)−θ(x̃k) + (x− x̃k)T{−AT λ̃k + r(x̃k − xk) +AT (λ̃k − λk)} ≥ 0, ∀x ∈ X ,

(λ− λ̃k)T{(Ax̃k − b)
+A(x̃k − xk) + ( 1

r
AAT + δIm)(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ,

Ù¥�ey��Ü©|Ü3�åÒ´F (w̃k). 8¿{z��/ª´ w̃k = (x̃k, λ̃k) ∈ Ω, θ(x)−θ(x̃k) + (x− x̃k)T{−ATλk + r(x̃k − xk)} ≥ 0, ∀x ∈ X , (3.2a)

(λ− λ̃k)T{(A(2x̃k − xk)− b) + (
1

r
AAT + δIm)(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ. (3.2b)
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5¿� (3.2a)¥�kI�ýÿ� x̃k, 
 (3.2b)¥k
 x̃kâUmÐ. ¤±·��Uk¢

y (3.2a)2¢y (3.2b). �â�`5Ún, (3.2a)¥� x̃k�±ÏL¦)f¯K

min{θ(x)− xTATλk +
r

2
‖x− xk‖2|x ∈ X}

��. 
k
 x̃k, (3.2b)¥� λ̃kK´

min
{1

2
(λ− λk)T (

1

r
AAT + δIm)(λ− λk) + λT [A(2x̃k − xk)− b]

∣∣λ ∈ Λ
}

�). ¤±, ÷v (3.1)�ýÿ:d
x̃k = arg min{θ(x)− xTATλk +

r

2
‖x− xk‖2|x ∈ X}, (3.3a)

λ̃k = arg min

{
1
2
(λ− λk)T ( 1

r
AAT +δIm)(λ−λk)

+λT [A(2x̃k − xk)− b]

∣∣∣λ ∈ Λ

}
(3.3b)

Jø, Uìk x̃k, � λ̃k�(primal-dual)^S¢y. 2^

wk+1 = wk − α(wk − w̃k), α ∈ (0, 2)

ù�²��tµ��, S�S� {wk}÷v

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − α(2− α)‖wk − w̃k‖2H , ∀w∗ ∈ Ω∗.

3.2 Dual-Primal^S�)ýÿ:

XJrýÿ÷v�C©Ø�ª (3.1)�¤

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)T
{
F (w̃k) +H(w̃k − wk)

}
≥ 0, ∀w ∈ Ω, (3.4a)

Ù¥

H =

(
rIn −AT
−A 1

r
AAT + δIm

)
, δ > 0. (3.4b)

þ¡�Ý
H ´�½�. éAuÚ�µe¥�ýÿ, v = w. 2^tµ�� (??)���

)#S�:wk+1��{´U�yÂñ�. ¯K8(�¦÷v (3.4)�ýÿ: w̃k. òý

ÿ (3.4)UF ÚH�(�©
m5, �±�¤ w̃k = (x̃k, λ̃k) ∈ Ω,
θ(x)−θ(x̃k) + (x− x̃k)T{−AT λ̃k + s(x̃k − xk)−AT (λ̃k − λk)} ≥ 0, ∀x ∈ X ,

(λ− λ̃k)T{(Ax̃k − b)
−A(x̃k − xk) + ( 1

r
AAT + δIm)(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.

Ù¥�ey��Ü©|Ü3�åÒ´F (w̃k). 8¿{z��/ª´ w̃k = (x̃k, λ̃k) ∈ Ω,{
θ(x)−θ(x̃k) + (x− x̃k)T{r(x̃k − xk)−AT (2λ̃k − λk)} ≥ 0, ∀x ∈ X , (3.5a)

(λ− λ̃k)T{(Axk − b) + ( 1
r
AAT + δIm)(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ. (3.5b)
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5¿� (3.5b)¥ýÿ λ̃k�I��½�wk, 
 (3.5a)¥ýÿ x̃kI� λ̃k3Ã. ¤±·��

Uk¢y (3.5b)2¢y (3.5a). �â�`5^�Ún, (3.5b)¥� λ̃k´

min
{1

2
(λ− λk)T (

1

r
AAT + δIm)(λ− λk) + λT (Axk − b)

∣∣λ ∈ Λ
}

�). 
 (3.5a)¥� x̃k�±ÏL¦)f¯K

min
{
θ(x)− xTAT (2λ̃k − λk) +

r

2
‖x− xk‖2

∣∣x ∈ X}
��. ¤±, ÷v (3.4)�ýÿ:d

λ̃k = argmin
{1

2
(λ− λk)T (

1

r
AAT + δIm)(λ− λk) + λT (Axk − b)

∣∣λ ∈ Λ
}
, (3.6a)

x̃k = arg min{θ(x)− xTAT (2λ̃k − λk) +
r

2
‖x− xk‖2 |x ∈ X} (3.6b)

Jø, Uìk λ̃k, � x̃k�(dual-primal)^S¢y. Ó�, 2^

wk+1 = wk − α(wk − w̃k), α ∈ (0, 2)

ù�²��tµ��, S�S� {wk}÷v

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − α(2− α)‖wk − w̃k‖2H , ∀w∗ ∈ Ω∗.

4 ²1?nf¯K�þ(�{

þ(²ï�ALMa�{, r(Jþ©
, ²1?nf¯KC��k¿Â. l�½

�wk = (xk, λk)Ñu, XJde¡�úª
x̃k = arg min{θ(x)− xTATλk +

r

2
‖x− xk‖2|x ∈ X}, (4.1a)

λ̃k = arg min
{1

2
(λ− λk)T

(1

r
AAT +δIm

)
(λ−λk) + λT (Axk − b)

∣∣λ ∈ Λ
}

(4.1b)

�)ýÿ:, ´�±²1?n�. �â�`5^�Òk{
x̃k ∈ X , θ(x)−θ(x̃k) + (x− x̃k)T{−ATλk + r(x̃k − xk)} ≥ 0, ∀x ∈ X ,

λ̃k ∈ Λ, (λ− λ̃k)T{( 1
r
AAT +δIm)(λ̃k − λk) + (Axk − b)} ≥ 0, ∀λ ∈ Λ.

·�rþªU�¤{
θ(x)−θ(x̃k) + (x− x̃k)T{−AT λ̃k + r(x̃k − xk) +AT (λ̃k − λk)} ≥ 0, ∀x ∈ X ,

(λ− λ̃k)T{(Ax̃k − b)−A(x̃k − xk) + ( 1
r
AAT +δIm)(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.

Ù¥�ey��Ü©|Ü3�åÒ´F (w̃k). |^C©Ø�ª (0.3)�L�ª, þª¥e

y�Ü©�3�åÒ´F (w̃k). Ïd, ¦��ýÿ: w̃k÷v

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)T
{
F (w̃k) +Q(w̃k − wk)

}
≥ 0, ∀w ∈ Ω, (4.2a)
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Ù¥

Q =

(
rIn AT

−A 1
r
AAT +δIm

)
, δ > 0. (4.2b)

þ¡�Ý
QT +Q´�½�.

éd (4.1))¤�ýÿ:, ·�æ^Ú� α = 1 ��²���

wk+1 = wk −M(wk − w̃k), (4.3a)

)¤#�S�:, Ù¥

M =

(
In

1
r
AT

−( 1
r
AAT +δIm)−1A Im

)
. (4.3b)

��½Ý


H =

(
rIn 0

0 1
r
AAT +δIm

)
, (4.4)

^Ú�µe��yÂñ5^�, 5¿�

HM =

(
rIn

1
r
AAT +δIm

)(
In

1
r
AT

−( 1
r
AAT +δIm)−1A Im

)

=

(
rIn AT

−A 1
r
AAT +δIm

)
,

�(kHM = Q. d	

G = QT +Q−MTHM = QT +Q−QTM

=

(
2rIn 0

0 2( 1
r
AAT +δIm)

)

−

(
rIn −AT

A 1
r
AAT +δIm

)(
In

1
r
AT

−( 1
r
AAT +δIm)−1A Im

)

=

(
rIn −AT ( 1

r
AAT +δIm)−1A 0

0 δIm

)
.

Ý
HÚG Ñ�½. ©O^ (2.1) �ýÿÚ (2.3)���, �)#�S�: wk+1÷v

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − w̃k‖2G, ∀w∗ ∈ Ω∗.

·�Ò����¦)(�`z¯K (0.1)éA�)C©Ø�ª (0.3)�Âñ�{.

�� (4.3)�äN¢yÒ´
xk+1 = x̃k − 1

r
AT (λk − λ̃k), (4.5a)

λk+1 = λ̃k + (
1

r
AAT + δI)−1(xk − x̃k). (4.5b)
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(4.5b)¥�λk+1´�5�§|

(
1

r
AAT + δI)(λ− λ̃k)− (xk − x̃k) = 0

�). �
ù���, 3��S�L§���¥, I���g ( 1
r
AAT + δI)�Cholesky

©). é�ª�å�¯K, �ýÿ (4.1b)�5Ò���gù��Cholesky©)�.
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