
1

�
;.à`z¯K�©�Â �{
ÄuC©Ø�ªÚ�C:�{�Ú�µe

H��ê��X�ù� 2022c�� 4 – 9F

Û])

Homepage: maths.nju.edu.cn/˜hebma

l. n��©l¬�à`z¯K

ù�Ù�Än¬�©là`z¯K

min{θ1(x) + θ2(y) + θ3(z)|Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z} (0.1)

�¦)�{. ù�¯K�.�KF¼ê´

L(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b).

¯K (0.1) Ó��±8(�C©Ø�ª¯K

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (0.2a)

Ù¥

w =


x

y

z

λ

 , u =

 x

y

z

 , F (w) =


−ATλ
−BTλ

−CTλ
Ax+By + Cz − b

 , (0.2b)

Ú

θ(u) = θ1(x) + θ2(y) + θ3(z), Ω = X × Y × Z × <m. (0.2c)

�A�O2.�KF¼êP�(�ü��f�ÎÒk«O)

L[3]
β (x, y, z, λ) =θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b)

+
β

2
‖Ax+By + Cz − b‖2. (0.3)



1 ��í2�ADMM¦)n¬�©l¯KØ�yÂñ 2

1 ��í2�ADMM¦)n¬�©l¯KØ�yÂñ

én��©l¬�à`z¯K, æ^��í2�¦f�O��{, 1 kÚS�´l�

½� vk = (yk, zk, λk) Ñu, ÏL
xk+1 = arg min

{
L[3]
β (x, yk, zk, λk)

∣∣ x ∈ X},
yk+1 = arg min

{
L[3]
β (xk+1, y, zk, λk)

∣∣ y ∈ Y},
zk+1 = arg min

{
L[3]
β (xk+1, yk+1, z, λk)

∣∣ z ∈ Z},
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

(1.1)

¦�#�S�: wk+1 = (xk+1, yk+1, zk+1, λk+1). �Ý
A, B, C¥kü�´p���

��ÿ, ^�{ (1.1)¦)¯K (0.1)´Âñ� Ï�ù«n¬��©l¯K, ¢Sþ��

uü¬�©l�¯K. é���n¬�©l¯K, ´ØU�yÂñ�[1].

��UYïÄ�¯KÚß�

�X`, n��f�¢S¯K¥, �5�åÝ


A = [A,B,C] ¥,   ��k��´ü Ý
. =, A = [A,B, I].

��í2� ADMM ?nù«�bC¢S�n��f�¯K, Qvky²Âñ, �vk

ÞÑ�~, ùE,´��k�qAOk¿Â�¯K! Þ�{ü�~f5`j:

• ²;�¦f�O��{?n¯K

min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y} ´Âñ�.

• ò�ª�å�¤Ø�ª�å, ¯KÒC¤

min{θ1(x) + θ2(y)|Ax+By ≤ b, x ∈ X , y ∈ Y}.

• 2z¤n��f��ª�å¯KÒ´

min{θ1(x) + θ2(y) + 0 |Ax+By + z = b, x ∈ X , y ∈ Y, z ≥ 0}.

• ��í2�¦f�O��{ (1.1) ?nþ¡ù«¯K, ·�ß�´Âñ�, �´�

8vky²Âñ5. E,´��¢3�]Ô5¯K�

3é��í2�ADMM (1.1)y²Ø
Âñ5��ÿ, ·�ÒXÃén¬�©l�

¯KJÑ�
?��{. ?��{��K´¦þéADMM��UÄ, �±§�5�Ð¬

5. AO´é¯KØ\(ÃX8I¼êrà�)?Û�	^�, é²;ADMM¥I�N'

À���u"�β, E,4§�±gdÀ�.

ù�Ù��¡A!, Ø
é®²uL��
�{©O^Ú�µe��yÂñ5, �

0��
�C�âÚ�µe�E��{.
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2 Ü©²1©��ADMMýÿ���{

ù�!��{
g 2009cuL�[5],�´rx�¤¥mCþ,S�l vk = (yk, zk, λk)

� vk+1 = (yk+1, zk+1, λk+1), �´²1?n yÚ z-f¯K, 2�# λ. �é{`, r
xk+1 = arg min

{
L[3]
β (x, yk, zk, λk)

∣∣ x ∈ X},
yk+1 = arg min

{
L[3]
β (xk+1, y, zk, λk)

∣∣ y ∈ Y},
zk+1 = arg min

{
L[3]
β (xk+1, yk, z, λk)

∣∣ z ∈ Z},
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b)

(2.1)

)¤�: (xk+1, yk+1, zk+1, λk+1)�¤ýÿ:. 2rØ%Cþ £.�:. �Ï´ y, z f

¯K²1?n, �)âd�#� λ, Ñ�gd, I���. ��úª´

vk+1 := vk − α(vk − vk+1), α ∈ (0, 2−
√

2). (2.2)

�X`, ·��±� α = 0.55. 5¿� (2.2)mà� vk+1 = (yk+1, zk+1, λk+1)´d (2.1)

Jø�.

·�^Ú�µe5�yù�Ü©²1©��ýÿ���{�Âñ5. krd (2.1)

)¤� (xk+1, yk+1, zk+1) À� (x̃k, ỹk, z̃k), ¿½Â

λ̃k = λk − β(Ax̃k +Byk + Czk − b). (2.3)

ù�, ýÿ: (x̃k, ỹk, z̃k, λ̃k) Ò�±w¤deª)¤µ

x̃k = arg min
{
L[3]
β (x, yk, zk, λk)

∣∣ x ∈ X}, (2.4a)

ỹk = arg min
{
L[3]
β (x̃k, y, zk, λk)

∣∣ y ∈ Y}, (2.4b)

z̃k = arg min
{
L[3]
β (x̃k, yk, z, λk)

∣∣ z ∈ Z}, , (2.4c)

λ̃k = λk − β(Ax̃k +Byk + Czk − b). (2.4d)

|^O2.�KF¼ê (0.3), f¯K (2.4a)��u

x̃k = argmin{θ1(x)− xTATλk + 1
2
β‖Ax+Byk + Czk − b‖2 |x ∈ X},

�â�`5Ún, x̃k ∈ X ,

θ1(x)− θ1(x̃k) + (x− x̃k)T{−ATλk + βAT (Ax̃k +Byk − b)} ≥ 0, ∀x ∈ X .

2�â (2.4d), Òk

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T{−AT λ̃k} ≥ 0, ∀x ∈ X . (2.5a)

f¯K (2.4b)��u

ỹk = argmin{θ2(y)− yTBTλk + 1
2
β‖Ax̃k +By + Czk − b‖2 | y ∈ Y},
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Ó��â�`5^�Ún, k ỹk ∈ Y,

θ2(y)− θ2(ỹk) + (y − ỹk)T{−BTλk + βBT (Ax̃k +Bỹk − b)} ≥ 0, ∀y ∈ Y.

2�â (2.4d), Òk

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k

+ βBTB(ỹk − yk)
}
≥ 0, ∀y ∈ Y. (2.5b)

Ón, éf¯K (2.4c)k

z̃k ∈ Z, θ3(z)− θ3(z̃k) + (z − z̃k)T{−CT λ̃k

+ βCTC(z̃k − zk)} ≥ 0, ∀ z ∈ Z. (2.5c)

5¿� (2.4d)�±�¤

(Ax̃k +Bỹk + Cz̃k − b)−B(ỹk − yk)− C(z̃k − zk) + (1/β) (λ̃k − λk) = 0. (2.5d)

r (2.6)¥�úª|Ü3�å, �±�¤Ú�µe¥�ýÿ/ª:

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk),∀w ∈ Ω, (2.6a)

Ù¥

Q =

 βBTB 0 0

0 βCTC 0

−B −C 1
β
I

 . (2.6b)

£Þ5w�{ (2.1)-(2.2)3Ú�µe¥���TNoL«. du

yk+1 = ỹk, zk+1 = z̃k, Ú λk+1 = λ̃k + βB(yk − ỹk) + βC(yk − ỹk).

r (2.4)�ÑÑ��ýÿ:�, ��úª (2.2)Ò�±L«¤ yk+1

zk+1

λk+1

 =

 yk

zk

λk

− α
 I 0 0

0 I 0

−βB −βC I

 yk − ỹk
zk − z̃k
λk − λ̃k

 .

�Ò´`, |^
Ú�µe¥ (2.6)ù��ýÿL�ª, �{ (2.1)-(2.2)���úª´

vk+1 = vk − α(vk − ṽk), (2.7a)

Ù¥

M =

 I 0 0

0 I 0

−βB −βC I

 . (2.7b)
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éù�� Q Ú M , �

H =

 βBTB 0 0

0 βCTC 0

0 0 1
β
I

 ,

ÒkHM = Q, `²Âñ5^�÷v.

�âÚ�µe, �éÑ��α > 0, ¦�^�

G = (QT +Q)− αMTHM � 0

÷v. {ü�Ý
$���

G = (QT +Q)− αMTHM = (QT +Q)− αMTQ

=


√
βBT 0 0

0
√
βCT 0

0 0 1√
β
I


 2(1− α)I −αI −(1− α)I

−αI 2(1− α)I −(1− α)I

−(1− α)I −(1− α)I (2− α)I



√
βB 0 0

0
√
βC 0

0 0 1√
β
I

 .

N´�y, é¤k� α ∈ (0, 2−
√

2), Ý
 2(1− α) −α −(1− α)

−α 2(1− α) −(1− α)

−(1− α) −(1− α) (2− α)

 � 0.

Âñ5^�÷v.

3 �pd£��ADMM�{

�pd£��ADMM�{ [6]´2012cuL�. ��í2�¦f�O��{ (1.1)

én��f�¯KØU�yÂñ, ´Ï�§�?nk'Ø%Cþ� y Ú z-f¯KØú

². æ�ÖÍ��{´ò (1.1) Jø� (yk+1, zk+1, λk+1) �¤ýÿ:, , ��úª� yk+1

zk+1

λk+1

 :=

 yk

zk

λk

− ν
 I −(BTB)−1BTC 0

0 I 0

0 0 I

 yk − yk+1

zk − zk+1

λk − λk+1

 . (3.1)

Ù¥ ν ∈ (0, 1), mà� (yk+1, zk+1, λk+1) ´d (1.1) Jø�. ù��{uL3 [6]. �{

´Øú², Ò��éÖ, N�. ¯¢þ, ��±Ò^ (1.1) Jø� λk+1, �ÏL(
yk+1

zk+1

)
:=

(
yk

zk

)
− ν
(
I −(BTB)−1BTC

0 I

)(
yk − yk+1

zk − zk+1

)
. (3.2)
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�� y Ú z (ÃI��λ). du�e�ÚS��I�O� (Byk+1, Czk+1, λk+1), ·��

��'(3.2)�{ü�(
Byk+1

Czk+1

)
:=

(
Byk

Czk

)
− ν
(
I −I
0 I

)(
Byk −Byk+1

Czk − Czk+1

)
. (3.3)

þª¥ù�le�þ��L§·�r§��pd£�.

¦)n��©l¬à`z (0.1), [6]¥0�
�pd£��ADMM�{. rd��

í2� (1.1) )¤� xk+1, yk+1, zk+1 ©OÀ� x̃k, ỹk, z̃k, ¿½Â

λ̃k = λk − β(Ax̃k +Byk + Czk − b).

r w̃k = (x̃k, ỹk, z̃k, λ̃k) w�ýÿ:, §de¡�úª

x̃k = argmin
{
θ1(x)− (λk)TAx+ β

2
‖Ax+Byk + Czk − b‖2

∣∣x ∈ X},
ỹk = argmin

{
θ2(y)− (λk)TBy + β

2
‖Ax̃k +By + Czk − b‖2

∣∣y ∈ Y},
z̃k = argmin

{
θ3(z)− (λk)TCz + β

2
‖Ax̃k +Bỹk + Cz − b‖2

∣∣z ∈ Z},
λ̃k = λk − β(Ax̃k +Byk + Czk − b).

ù�, |^�`5Únr�`5^��Ñ5, |^C©Ø�ª (0.2)�/ª, Ò�±�¤

Ú�µe¥ýÿ�/ª:

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk),∀w ∈ Ω, (3.4a)

Ù¥

Q =

 βBTB 0 0

βCTB βCTC 0

−B −C 1
β
I

 . (3.4b)

|^ù��ýÿ:, ��� y Ú z �úª (3.2) (5¿ λk+1 Ú λ̃k �'X) Ò�±�

¤  yk+1

zk+1

λk+1

 =

 yk

zk

λk

−
 νI −ν(BTB)−1BTC 0

0 νI 0

−βB −βC I

 yk − ỹk
zk − z̃k
λk − λ̃k

 .

�Ò´`, 3Ú�µe���úª¥

M =

 νI −ν(BTB)−1BTC 0

0 νI 0

−βB −βC I

 . (3.5)

éuÝ


H =


1
ν
βBTB 1

ν
βBTC 0

1
ν
βCTB 1

ν
β[CTC + CTB(BTB)−1BTC] 0

0 0 1
β
I

 (3.6)
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�±�y H �½¿k HM = Q. d	,

G = (QT +Q)−MTHM = (QT +Q)−MTQ

=

 2βBTB βBTC −BT

βCTB 2βCTC −CT
−B −C 2

β
I

−
 (1 + ν)βBTB βBTC −BT

βCTB (1 + ν)βCTC −CT
−B −C 1

β
I


=

 (1− ν)βBTB 0 0

0 (1− ν)βCTC 0

0 0 1
β
I

 .

du ν ∈ (0, 1), Ý
G�½, Âñ5^�÷v.

¯¢þ, l (3.4)��
Bỹk −By∗
Cz̃k − Cz∗
λ̃k − λ∗

T  βI 0 0

βI βI 0

−I −I 1
β
I


B(yk − ỹk)
C(zk − z̃k)
λk − λ̃k

 ≥ 0.

e-

ξ =

By

Cz

λ

 Ú Q =

 βI 0 0

βI βI 0

−I −I 1
β
I

 , (3.7)

Òk

(ξ̃k − ξ∗)TQ(ξk − ξ̃k) ≥ 0,

ÚÏd���

(ξk − ξ∗)TQ(ξk − ξ̃k) ≥ (ξk − ξ̃k)TQ(ξk − ξ̃k). (3.8)

£�úª (3.3)Ò�±�¤

ξk+1 = ξk −M(ξk − ξ̃k) Ù¥ M =

 νI −νI 0

0 νI 0

−βI −βI I

 . (3.9)

éu

H =

 1
ν
βI 1

ν
βI 0

1
ν
βI 2

ν
βI 0

0 0 1
β
I

 , ·�k HM = Q.

|^ (3.8)ÚHM = Q, ·���

‖ξk − ξ∗‖2H − ‖ξk+1 − ξ∗‖2H
= ‖ξk − ξ∗‖2H − ‖(ξk − ξ∗)−M(ξk − ξ̃k)‖2H
= 2(ξk − ξ∗)THM(ξk − ξ̃k)− ‖M(ξk − ξ̃k)‖2H
≥ 2(ξk − ξ̃k)TQ(ξk − ξ̃k)−−‖ξk − ξ̃k‖2(MTHM)

= (ξk − ξ̃k)[QT +Q−MTHM](ξ‖ − ξ̃‖). (3.10)
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du

G = QT +Q−MTHM = QT +Q−QTM

=

 2βI βI −I
βI 2βI −I
−I −I 2

β
I

−
 βI βI −I

0 βI −I
0 0 1

β
I


 νI −νI 0

0 νI 0

−βI −βI I



=

 (1− ν)βI 0 0

0 (1− ν)βI 0

0 0 1
β
I

 � 0,

¤±

‖ξk+1 − ξ∗‖2H ≤ ‖ξk − ξ∗‖2H − ‖ξk − ξ̃k‖2G .

l,���Ýy²
�{�Âñ5.

4 Ü©²1¿\�K��ADMM�{

e¡��{� §2¥�{�Ó�´²1¦) y, z-f¯K, ØÓ�´Ø��?n, 
´

�ùü�f¯KýkÑ\��K�. �{�å5Ò´
xk+1 = arg min

{
L[3]
β (x, yk, zk, λk)

∣∣ x ∈ X},
yk+1 = arg min

{
L[3]
β (xk+1, y, zk, λk) + ν

2
β‖B(y − yk)‖2

∣∣y ∈ Y},
zk+1 = arg min

{
L[3]
β (xk+1, yk, z, λk) + ν

2
β‖C(z − zk)‖2

∣∣z ∈ Z},
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

Ù¥ ν > 1. þã�{��u

xk+1 = argmin{θ1(x) + β
2
‖Ax+Byk + Czk − b− 1

β
λk‖2 |x ∈ X},

λk+
1
2 = λk − β(Axk+1 +Byk + Czk − b)

yk+1 =argmin{θ2(y)− yTBTλk+
1
2 + µβ

2
‖B(y − yk)‖2 | y ∈ Y},

zk+1 =argmin{θ3(z)− zTCTλk+
1
2 + µβ

2
‖C(z − zk)‖2 | z ∈ Z},

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

(4.1)

Ù¥ µ = ν + 1. ~X, �±� µ = 2.01. ùauL3 [7, 8] ��{g�´: 4 yÚ z�

gÕá, qØO���, @Òýk\�K�4§�Ø�r���. [7] ¥��{�UCLA

Osher�Ç��K|¤õ^5¦)ã�ü�¯K [2].

rd (4.1) )¤� (xk+1, yk+1, zk+1, λk+
1
2 )À�ýÿ:(x̃k, ỹk, z̃k, λ̃k), ù�ýÿúª

Ò¤�
x̃k = argmin{θ1(x)− xTATλk + β

2
‖Ax+Byk + Czk − b‖2 |x ∈ X},

ỹk =argmin{θ2(y)− yTBT λ̃k + µβ
2
‖B(y − yk)‖2 | y ∈ Y},

z̃k = argmin{θ3(z)− zTCT λ̃k + µβ
2
‖C(z − zk)‖2 | z ∈ Z},

λ̃k = λk − β(Ax̃k +Byk + Czk − b).

(4.2)
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ù�, |^�`5ÚnÚC©Ø�ª (0.2)�/ª, ýÿÒ�±�¤Ú�µe¥�/ª:

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk),∀w ∈ Ω, (4.3a)

Ù¥

Q =

 µβBTB 0 0

0 µβCTC 0

−B −C 1
β
I

 . (4.3b)

|^ù��ýÿ:, �� y Ú z �úª (5¿ λk+1 Ú λ̃k �'X) Ò�±�¤ yk+1

zk+1

λk+1

 =

 yk

zk

λk

−
 I 0 0

0 I 0

−βB −βC I


 yk − ỹk

zk − z̃k
λk − λ̃k

 .

�Ò´`, 3Ú�µe���úª¥

M =

 I 0 0

0 I 0

−βB −βC I

 . (4.4)

éuÝ


H =

 µβBTB 0 0

0 µβCTC 0

0 0 1
β
I

 ,

�±�y H �½¿k HM = Q. d	,

G = (QT +Q)−MTHM = (QT +Q)−MTQ

=

 2µβBTB 0 −BT

0 2µβCTC −CT

−B −C 2
β
I

−
 (1 + µ)βBTB βBTC −BT

βCTB (1 + µ)βCTC −CT

−B −C 1
β
I



=

 (µ− 1)βBTB −βBTC 0

−βCTB (µ− 1)βCTC 0

0 0 1
β
I

 .

duµ > 2, Ý
G�½, Âñ5^�÷v. �{�Âñ5��y².
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