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1 ADMM with wider applications

Let us consider the general two-block separable convex optimization model

min
{
θ1(x) + θ2(y) | Ax+By = b (or ≥ b), x ∈ X , y ∈ Y

}
. (1.1)

The linear constraints can be a system of linear equations or linear inequalities.

We define

Λ =

 <
m, if Ax+By = b,

<m+ , if Ax+By ≥ b.

The projection on Λ is denoted by PΛ[·].

For such special Λ, the projection on Λ is clear !

The only differenceµ P<m(λ) = λ, P<m+ (λ) = max{λ, 0}.
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1.1 Primal-dual extension of ADMM with wider application

A Primal-Dual Extension of the ADMM for (1.1).

From (Axk, Byk, λk) to (Axk+1, Byk+1, λk+1):

1. (Prediction Step) With given (Axk, Byk, λk), find w̃k = (x̃k, ỹk, λ̃k) via
x̃k ∈ argmin

{
θ1(x)− xTATλk + 1

2
β‖A(x− xk)‖2 | x ∈ X

}
,

ỹk ∈ argmin
{
θ2(y)− yTBTλk + 1

2
β‖A(x̃k − xk) +B(y − yk)‖2 | y ∈ Y

}
,

λ̃k = PΛ

[
λk − β

(
Ax̃k +Bỹk − b

)]
.

(1.2a)

2. (Correction Step) Generate the new iterate (Axk+1, Byk+1, λk+1) with ν ∈ (0, 1) by
Axk+1

Byk+1

λk+1

 =


Axk

Byk

λk

−

νIm −νIm 0

0 νIm 0

−νβIm 0 Im



Axk −Ax̃k

Byk −Bỹk

λk − λ̃k

 . (1.2b)
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1.2 Dual-Primal extension of ADMM with wider application

A Dual-Primal Extension of the ADMM for (1.1).

From (Axk, Byk, λk) to (Axk+1, Byk+1, λk+1):

1. (Prediction Step) With given (Axk, Byk, λk), find w̃k = (x̃k, ỹk, λ̃k) via
λ̃k = PΛ

[
λk − β

(
Axk +Byk − b

)]
,

x̃k ∈ argmin
{
θ1(x)− xTAT λ̃k + 1

2
β‖A(x− xk)‖2 | x ∈ X

}
,

ỹk ∈ argmin
{
θ2(y)− yTBT λ̃k + 1

2
β‖A(x̃k − xk) +B(y − yk)‖2 | y ∈ Y

}
.

(1.3a)

2. (Correction Step) Generate the new iterate (Axk+1, Byk+1, λk+1) with ν ∈ (0, 1) by
Axk+1

Byk+1

λk+1

 =


Axk

Byk

λk

−

νIm −νIm 0

0 νIm 0

−βIm −βIm Im



Axk −Ax̃k

Byk −Bỹk

λk − λ̃k

 . (1.3b)
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2 p-block separable convex optimization problems

In the following we consider the multiple-block convex optimization:

min
{ p∑
i=1

θi(xi)
∣∣ p∑
i=1

Aixi = b (or ≥ b), xi ∈ Xi
}
. (2.1)

The Lagrangian function is

L(x1, . . . , xp, λ) =

p∑
i=1

θi(xi)− λT (

p∑
i=1

Aixi − b),

which is defined on Ω =
∏p
i=1 Xi × Λ, where

Λ =

 <
m, if

∑p
i=1Aixi = b,

<m+ , if
∑p
i=1Aixi ≥ b.
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Let (x∗1, . . . , x
∗
p, λ
∗) ∈ Ω be a saddle point of the Lagrangian function, then

Lλ∈Λ(x∗1, . . . , x
∗
p, λ) ≤ L(x∗1, . . . , x

∗
p, λ
∗) ≤ Lxi∈Xi

(x1, . . . , xp, λ
∗).

The optimality condition of (2.1) can be written as the following VI:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (2.2a)

where

w =


x1

...

xp

λ

 , x =


x1

...

xp

 , F (w) =


−AT1 λ

...

−ATp λ∑p
i=1Aixi − b

 , (2.2b)

and

θ(x) =

p∑
i=1

θi(xi), Ω =

p∏
i=1

Xi × Λ.

Again, we denote by Ω∗ the solution set of the VI (2.2).
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2.1 Primal-dual extension of the ADMM for p-block Problems

A Primal-Dual Extension of the ADMM for (2.1) Prediction Step .

From (A1xk1 , A2xk2 , · · · , Apxkp , λk) to (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1):

With given (A1xk1 , A2xk2 , · · · , Apxkp , λk), find w̃k ∈ Ω via

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λk + β

2
‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg minxi∈Xi

{
θi(xi)− xTi ATi λk + β

2
‖
∑i−1
j=1 Aj(x̃

k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ arg minxp∈Xp

{
θp(xp)− xTp ATp λk + β

2
‖
∑p−1
j=1Aj(x̃

k
j − xkj )+Ap(xp − xkp)‖2

}
;

λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
.

(2.3)

ýÿk�©2éó.é�©l��©Cþf¯KÅ�US¦).
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A Primal-Dual Extension of the ADMM for (2.1) Correction Step .

From (A1xk1 , A2xk2 , · · · , Apxkp , λk) to (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1):

Generate the new iterate (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1) with ν ∈ (0, 1) by

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1


=



A1xk1

A2xk2

...

Apxkp

λk


−



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−νβIm 0 · · · 0 Im





A1xk1−A1x̃k1

A2xk2−A2x̃k2

...

Apxkp−Apx̃kp

λk − λ̃k


.

(2.4)

éì�eÒ�±uy, §2.1¥��{,Ò´ §1.1�{���í2.
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Axk+1
i , i = 1, . . . , p



A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p


=



A1x
k
1

A2x
k
2

...

Apx
k
p


−



νIm −νIm 0 0

0 νIm
. . . 0

...
. . .

. . . −νIm

0 · · · 0 νIm





A1x
k
1 −A1x̃

k
1

A2x
k
2 −A2x̃

k
2

...

Apx
k
p −Apx̃kp


,

(2.5)
λk+1

λk+1 = λ̃k + νβ(A1x
k
1 −A1x̃

k
1). (2.6)

�U`��Ø{ü�?
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2.2 Dual-primal extension of the ADMM for (2.1)

A Dual-Primal Extension of the ADMM for (2.1) Prediction Step .

From (A1xk1 , A2xk2 , · · · , Apxkp , λk) to (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1):

With given (A1xk1 , A2xk2 , · · · , Apxkp , λk), find w̃k ∈ Ω via

λ̃k = PΛ

[
λk − β

(∑p
j=1 Ajx

k
j − b

)]
x̃k1 ∈ arg min

{
θ1(x1)− xT1 AT1 λ̃k + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λ̃k + β

2
‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg minxi∈Xi

{
θi(xi)− xTi ATi λ̃k + β

2
‖
∑i−1
j=1 Aj(x̃

k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ argminxp∈Xp

{
θp(xp)− xTp ATp λ̃k + β

2
‖
∑p−1
j=1Aj(x̃

k
j − xkj ) +Ap(xp − xkp)‖2

}
.

(2.7)

ýÿkéó2�©.é�©l��©Cþf¯KÅ�US¦).
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A Dual-Primal Extension of the ADMM for (2.1) Correction Step .

From (A1xk1 , A2xk2 , · · · , Apxkp , λk) to (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1):

Generate the new iterate (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1) with ν ∈ (0, 1) by

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1


=



A1xk1

A2xk2

...

Apxkp

λk


−



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−βIm −βIm · · · −βIm Im





A1xk1 −A1x̃k1

A2xk2 −A2x̃k2

...

Apxkp −Apx̃kp

λk − λ̃k


.

(2.8)

éì�eÒ�±uy, §2.2¥��{,Ò´ §1.2�{���í2.
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Axk+1
i (i = 1, . . . , p) The correction form of the primal parts are equal.



A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p


=



A1x
k
1

A2x
k
2

...

Apx
k
p


−



νIm −νIm 0 0

0 νIm
. . . 0

...
. . .

. . . −νIm

0 · · · 0 νIm





A1x
k
1 −A1x̃

k
1

A2x
k
2 −A2x̃

k
2

...

Apx
k
p −Apx̃kp


,

(2.9)

λk+1 The correction form of the dual parts are slightly different.

λk+1 = λ̃k + β

p∑
i=1

(Aix
k
i −Aix̃ki ). (2.10)

ü«ØÓ�{�

λk+1 = λ̃k + νβ(A1x
k
1 −A1x̃

k
1) ⇒ λk+1 = λ̃k + β

∑p
i=1(Aix

k
i −Aix̃ki ).
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