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1 Optimization problem and VI

1.1 Differential convex optimization in Form of VI

Let {2 C K", we consider the convex minimization problem

min{ f(x) | z € Q}. (1.1)

What is the first-order optimal condition ? '

¥ € Q) & z* € ()and any feasible direction is not a descent one.

Optimal condition in variational inequality form '

o Sy(z*) ={s e R" | sTVf(z*) <0} = Setofthe descent directions.

o Si(x*) ={seR" | s=x—2a* z €} = Setoffeasible directions.

*eQ* & 2*eQ and S¢(z*)NSy(z*) = 0.

FEFIELLFE LT ENZ: FrERTHREESABE EAGE



The optimal condition can be presented in a variational inequality (VI) form:
e Q, (x—2)'Vf(x*)>0, VreQ. (1.2)
Substituting V f () with an operator F' (from J" into itself), we get a classical VI.
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Fig. 1.1 Differential Convex Optimization and VI

Since f(x) is a convex function, we have

fly) > f(z)+Vf(x)' (y—z) andthus (z—y)" (Vf(x)—Vf(y)) > 0.

We say the gradient Vf of the convex function f is a monotone operator.



BRENEZAENAEZRFE FEEETHRIEN—15IE

z* € argmin{f(z)|lr € X} & z" € X, O(x) —0(z*) >0, VxedX;

r* € argmin{f(z)lr € X} & z* € X, (z—2*)'Vf(z*)>0, Vrc X.

FEMNOMEEREFGREEERR, BERGE—ENE TERSIE:

EHE1 Let ¥ C R" be a closed convex set, 0(x) and f(x) be convex func-
tions and f(x) is differentiable. Assume that the solution set of the minimization
problem min{f(x) + f(x) |x € X'} is nonempty. Then,

r* € argmin{f(z) + f(x) |x € X'} (1.3a)
if and only if Lt &M FHEIE
v e X, O(x) —0(z*) + (xv — ") ' Vf(z*) >0, Yo € X. (1.3Db)

EIE 1L L a)dR (1.3a) 5k T 25 AFK (1.3b).



1.2 Linear constrained convex optimization and VI

We consider the linearly constrained convex

optimization problem
min{f(u) | Au=5b, u e U}. (1.4)
The Lagrangian function of the problem (1.4) is

L(u,\) = 0(u) — X' (Au —b), (1.5)

which is defined on U X R

A pair of (u*, \*) is called a saddle point of the Lagrange function (1.5), if
(u*, \*) e U x R™, and

L(u*, ) < L(u",\*) < L(u, A"), Y(u,\) €U x ®™.
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The above inequalities can be written as
u* €U, L(u,\*)—Lu*,\")>0, Yuel, (1.6a)
{ A e R™ L(u*, ") — L(u™,A) >0, VXeR™. (1.6b)
According to the definition of L(u, \) (see(1.5)),
L(u, A\*) — L(u*, \*)
= [0(u) = (V)" (Au = )] = [0(u”) — (\")" (Au” — )]
= O(u) — O(u*) + (u —u*)" (—A" )

it follows from (1.6a) that

w* eU, O(u) —0(u*) + (u—u)' (=AT ) >0, Yueld. @1.7)
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Similarly, for (1.6b), since
L(u*, \*) — L(u", \)
= [O(u*) = (V) (Au® = b)] = [0(u*) — (A" (Au® = D)]
= (A= (Au* —b),

thus we have
A eR™ (A=) (Au* —b) >0, Y R™. (1.8)

Notice that the expression (1.8) (the inner product of the vector (Au* — b) with
any vector is nonnegative) is equivalent to

Au* — b= 0.
Writing (1.7) and (1.8) together, we get the following variational inequality:

w* e, Ou) —0(u*)+ (u—u ) (—ATX*) >0, Vuel,
A e R A= M) (Au* —b) >0, ¥ AeRm.



Using a more compact form, the saddle-point can be characterized as the solution
of the following VI:

w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, YweN, (1.9a)

where

AT
w=(u>, F(w)=< A A) and Q=UXxR". (1.9b)
Au — b

Setting w = (u, A*) and w = (u*, \) in (1.9), we get (1.7) and (1.8),
respectively. Because F' is an affine operator and

re- (557 (3) - ()

The matrix is skew-symmetric, we have

ZME AR ORI (1.4), 3R TREZSTAFN (1.9).

12



Two block separable convex optimization I

We consider the following structured separable convex optimization
min{6,(z) + 02(y) | Ar+ By =b, x € X,y € V}. (1.10)

This is a special problem of (1.4) with

"= <m> U=XxY, A=(A B).
y

The Lagrangian function of the problem (1.10) is
L) (z,y,A) = 61(x) + 02(y) — A" (Az + By — b).
The same analysis tells us that the saddle point is a solution of the following VI:

w' € Q, O(u) —(u) + (w—w) Flw) >0, YweQ. (.11
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x
T
u( ), O(u) =01(z)+02(y), w=1 vy |, (1.12a)
Y A
— AT\
F(w) = — BT\ , and Q=X x)Y xR™. (1.12b)
Axz+ By — b

The affine operator F'(w) has the form

0 0 —AT x 0
Flw)=|0 0 —-BT T I
A B 0 A b

Again, due to the skew-symmetry, we have (w — @) (F(w) — F(w)) = 0.
AT B M ARORALIEIRE (1.10), IR T EHTFR (1.11)~(1.12).
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Convex optimization problem with three separable functions

min{f(x) +602(y) +03(z) | Ax+By+Cz=b,z € X,y )Y,z € Z},

is a special problem of (1.4) with three blocks. The Lagrangian function is
L& (x,y,2,\) = 01(x) + 02(y) + 05(2) — \T(Ax + By + Cz — b).
The same analysis tells us that the saddle point is a solution of the following VI:
w* € Q, Ou) —0(u*) + (w—w)'Fw*) >0, Ywe Q.

where 0(u) = 01 (x) + 02(y) + 03(2),

. . [ —a™x )
J —BY )\
w = > ) U = Yy ) F(w)_ —CT)\ )
A < \A:c—i—By—FCz—b)
and Q=X xIYxZxR".

ML RAVOAL BT, EREEHRAK T E D AFI. BIREALE K —1 .




2 Proximal point algorithms and its Beyond

513 1 Let the vectors a,b € R™, H € R™*" be a positive definite matrix. If

bl H(a — b) > 0, then we have |z||2 = 2Tz, |@|2, = 2THz.
1617 < llallz — lla = bl%- (2.1)
The assertion follows from ||a||%; = [|b+ (a — b)||% > ||b|% + ||a — b||%;-

2.1 Preliminaries of PPA for Variational Inequalities

The optimal condition of the linearly constrained convex optimization is

characterized as a mixed monotone variational inequality:

w* € Q, O(u) —0(u*) + (w—w)'Flw*) >0, YweQ. (22

BREEDTAFA—H[MESAFN

16
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PPA for VI (2.2) in H-norm (JEX)

For given w”* and H > 0, find w**1 such that

wh T e Q) O(u) — (W) + (w — wFTHT F(wh ) PR EE

> (w— wFTH (WP — w1, Yw e Q, (2.3)

k+1

w is called the proximal point of the k-th iteration for the problem (2.2).

(2.3) BKREVI(22) WPPARZME X. RE=AHIFRAX 25 Z ME8.

4wkt is the solution of (2.2) if and only if w* = wFT1 Pk

Setting w = w™ in (2.3), we obtain

(w1 —w*)T H(w*—w™t1) > 0(u* ™) —0(u*)+ (w1 —w*)T F(w* ).



Note that (see the structure of F'(w) in (1.9b))
(wk—l—l . w*)TF(wk—l—l) _ (wk—l—l . ’U}*)TF(’U}*),
and consequently (by using (2.2)) we obtain

(Wt —w*) T Hw" —w* ) > 0 ) —0(u*) + (0" —w*)T F(w*) > 0.

Thus, we have
(wh T — w*)T H(w" — w1 > 0. (2.4)

By setting @ = w® — w* and b = w*t! — w*,
the inequality (2.4) means that b1 H (a — b) > 0.

By using Lemma 1, we obtain

[ — w3 < flw” — w7 — [lw® —w" . (@29

We get the nice convergence property of Proximal Point Algorithm.

18
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2.2 Variants of PPA for Variational Inequalities

Let v be a sub-vector of w. The k-th iteration begins with given v* . | v 4>

Xt
il

PPA for VI (2.2) in H-norm b o given v¥ and H > 0, find w¥*?,

whtt e Q, O(u) — 0(u"th) + (w — W) T F(wh )
> (v — " THTH (P — oY) vw e Q, (2.6)

k41

w is called the proximal point of the k-th iteration for the problem (2.2).

"4 w*T1 is the solution of (2.2) if and only if v*¥ = v*T1 K

In this case, v is called the essential variables of w. In addition, we define
V* = {v" is a subvector of w* |w* € Q*}.
Setting w = w™ in (2.6), we obtain

(’U]H_l—v*)TH(’Uk—Uk—'_l) > 9(uk+1)—0(u*)—|—(wk+1—w*)TF(wkH).



Note that (see the structure of F'(w) in (1.9b))
k+1 T k+1 k+1 T
(" —w) T F(w") = (0" —w)" F(w"),
and consequently (by using (2.2)) we obtain

W — o) TH@" —o* T > 0 ) — 0(u*) + (T — w)T F(w*) > 0.

Thus, we have
(V* Tt — )T H (W — ot > 0. (2.7)

By using Lemma 1, we obtain

" —o*|l7y < Nlv* — o™l — v =" . 29

We get the nice convergence property of Proximal Point Algorithm.

The residue sequence {||v* — v*T1|| 7} is also monotonically no-increasing.

i e T L

20



2.3 The relaxed PPA (ZEHR4PESEE)

We shall maintain our focus on the monotone variational inequality (2.2), namely,

w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, Yw e .

The PPA form (2.6) reads as

Le, 9(u) — 0™ + (w — w"™HT F(whth)

> (v — " THTH@WR — o), Vw e Q.

~k

Set the output of the above VI as w™, we have

FeQ, 0(u) - 0(a") + (w—w") F(w")
> (v — )T H@W" — %), Yw e Q.

Setting w = w™ in (2.1), we obtain

(% — T H @R — %) > 0(a") — 0(u*) + (0" — w*)T F(a).

(2.1)

21
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Applying (see (1.9b)) the identity

(0" — w*)T F(@") = (0* — w*)T F(w*)
to (2.2), we obtain

(" —v)TH®W" - o) > 0(@") — 0(u*) + (0" — v F(w®).
Because RHS of the above inequality is , we have
(% — v TH(WF — %) > 0.

We write it as

{(vF —v*) = (W ="V HW" — %) >0
and thus

(vF — v TH @R — %) > ||of — %%, Yo e V. (2.3)



The inequality (2.3) means that (v* — ©%) is the ascent direction of the unknown

distance function %Hv —v* HZ at the point v*.

(V (3]0 =o]13)

The task of the algorithm is to produce a decreasing sequence {||v* — v*[|%}.
Set

W =) > |oF = oHfF, Ve eV

v=uvk

P a) = vF — a(v — o) (2.4)
which is an « dependent new iterate. It is clear we want to maximize
I(a) = [[o" —o*||F — 0" (a) — " |13 (2.5)
Note that
Ia) = [oF = F = (" =) —a(® = ")}
= 200" —v)TH@W" —o%) — ?||vF = 3%||3,  (2.6)

IS a quadratic function of «.

-23



We can not directly maximize 19(04) in (2.6) because the coefficient of the linear

term 2(v® — v*)T H(v* — ©%) contains the unknown solution v*.

Using (2.3), from (2.6) we get
I(a) > 2a||v® — 0|3 — a?|jv® — %% (2.7)

Set
g(a) = 2a — a?)|Jo" — "3, (2.8)

which is a quadratic lower-bound function of 1¥(«¢). The quadratic function ()

reaches its maximum at o™ =
k k ko o~k
v =0 — (0" = 7), v €(0,2) (2.9)
The generated sequence {v"*} satisfies

[ — o < 0" — ot = (2 =)ot = 0V (2.10)

24
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3 Augmented Lagrangian Method (ALM)

We consider the convex optimization, namely
min{f(u) | Au = b, u € U}. (3.1)
The related variational inequality of the saddle point of the Lagrangian function is
w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, YweN (3.2a)

where

U — AN\
w( >, F(w)< ) and Q=UXxR". (3.2b)
A Au — b

Augmented Lagrangian Method

The augmented Lagrangian function of the problem (3.1) is

Ls(u,\) = 0(u) — M (Au —b) + gHAu — b))%,



The k-th iteration of the Augmented Lagrangian Method [10, 12] begins with a
given \*, obtain w*T1 = (uF 1 \F1) yia

ALM uwF T = arg min{ﬁg(u, AF) ’ u € Z/l}, (3.3a)
AL = AP — B(AuFTT — b). (3.3b)
In (3.3), ukFt1is only a computational result of (3.3a) from given M\* it is called

the intermediate variable. In order to start the k-th iteration of ALM, we need only

to have \* and thus we call it as the essential variable.

The subproblem (3.3a) is a problem of mathematical form
min{(u) + 2 || Au — p*||? | u € U} (3.4)

where 3 > O is a given scalar and p* = b+ %)\k.
Assumption: The solution of problem (3.4) has closed-form solution or can be

efficiently computed with a high precision.

27
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Changing the constant term in the objective function does not affect the solution of the
optimization problem. Thus,

AR argmin{ Lz (u, A") |uei}

= argmin{0(u) — (\*)" Au+ Z||Au —b|* |u e U}
= argmin{0(u) + 5/(Au—b) — A"|* | u € U}
According to Lemma 1, the optimal condition of (3.3a) is w1 e Y and
O(u) — (") + (u — " THT{=A" N + AT (AT — b))} >0, Vu e U
Because \* — B(Au"Tt —b) = A\**1 the above VI can be written as
W e, 0(u) — 0 ) + (u— WFTHT{—ATN* Y > 0, Vu e U. (35)

The update form (3.3b) is
(AuF—b) + %(A’““ _ ARy =0,

and it is equivalent to

A= XNTHT (AT —b) > (A — A’““)T%(Ak — N YA e R (36)



Combining VI's (3.5) and (3.6), we get

okrINT/ T NE1
O(u)—H(u’““H(u ! )( A >Z(>\—>\"“+1)T%(>\k—>\k+1),

A — AL L Aukt b

forall w = (u, \) € €. Using the notations in (3.2), we get the compact form

O(uw) — 0(u" ) + (w — W T F(w" )

> (A — Ak“)T%()\k —\h vw e Q.

This is the PPA form (2.6) in which

1
v=A and H=-1,,.
5

The related contraction inequality (2.8) becomes

k+1 2 k 2 k k412
I =N, S N = N, — I - X

or

INTEE = X2 <IN = )12 = AR = A2

The above inequality is the key for the convergence proof of the ALM.

(3.7)

(3.8)

29
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We consider the min — max problem (e. g. E#& 412 ROF Model [3, 14])

min, max,{®(z,y) = 61(z) —y Az — 02(y) |z € X,y € V}. (4.1)
Let (™, y™) be the solution of (4.1), then we have
e X, ®(z,y")—-P(z",y") >0, VoelX, (4.2a)
{ y €)Y, ®@@",y") —P(z",y) >0, Vye . (4.2b)
Using the notation of ®(x, ), it can be written as
t* € X, O1(x) —01(z*) + (x —2") (=ATy*) >0, VzeX,
{y* €Y, 02(y)—02(y") + (y—y)' (Az") >0, Vyel.

Furthermore, it can be written as a variational inequality in the compact form:

weQ, 0w —0u)+ (u—u)'Fu*) >0, VueQ, (4.3)

1-30



—ATy

u:@) O(u) = 61 (x) + 62(y), F(U)=( A

), =X x).

For the convex optimization problem  min{f(z) | Ax = b,z € X'},
whose Lagrangian functionis L(z, y) = 0(x) —y?(Ax —b), we can rewrite it as

L(z,y) = 0(x) —y" Az — (=b"y),

which defined on X x R™.

Find the saddle point of the Lagrangian function is a special min — max problem
(4.1)whose  Oi(z) = 0(x), 0Os(y) = —bly and Y = R™.




41 SkgELrEe Rig-xER & 86 E A PDHG [16]
For given (z*, y*), PDHG [16] produces a pair of ("1, /*T1). First,
" = argmin{®(x, ") + ng —2"|]? |z € X}, (4.4a)

and then we obtain ka via

y" = argmax{®(* ! y) ~ Sy~ IPly € V). @ap)

Ignoring the constant term in the objective function, the subproblems (4.4) are reduced to
" = argmin{0: (z) — 2" AT y" + g”:c —2"|]? |z € XY, (4.5a)
y" T = argmin{6s(y) + v Az" T + %Hy — 1P |y € VY. (4.5b)

According to Lemma 1, the optimality condition of (4.5a) is T € X and

01(z)—01(z" )+ (x—2"THT{—=ATy" +r("T1—2")} >0, Vo € X. (48)

Similarly, from (4.5b) we get y € ) and

O2(y) —02(y* )+ (y—y ) {AZ" T +s(y" T ")} 20, Vy e V. @7)

l1-32



Combining (4.6) and (4.7), we have (z" 1, ¢* 1) e X x ),

T
k41 T k+1
r—x —A"y
O(u) — O(u" ) + - -
y—y Ax
k41 k T/ k+1 k
r(z"" —x") 4+ A —
+ ( ) k(fl ky ) >0, V(z,y) € Q.
s(y"" —y")

The compact form is u* ™1 € Q,
u e, 0(w) — (W + (uw — YT R

> (u—u"™HTQW" — v, YueQ. (4.8)

where

Q = rln AT is not symmetric
0 sin .

It does not be the PPA form (2.3), and we can not expect its convergence.



The following example of linear programming indicates

the original PDHG (4.4) is not necessary convergent.

Consider a pair of the primal-dual linear programming:

min ¢’z T
max b*y
(Primal) s.t. Ax =10 (Dual)
>0 s.t. ATy <ec

We take the following example

min x1 + 22 max Yy

(P) s.t. 1 +x2=1 (D) [1] [1]
s. 1. y <
L1, T2 2 O

where A =[1,1], b=1,c = [1] and the vector x = {xl}
2 T2

34



Note that its Lagrange function is

L(z,y) =c' = —y' (Az —b) (4.9)

which defined on ﬂ%i x R & = [(1)] and y* = 1. is the unique saddle point of the
Lagrange function.

For solving the min-max problem (4.9), by using (4.4), the iterative formula is

r
"t = argmin{c’z — 2" ATy"* + ||z — 2*|*|z > 0}

= argmin{ 7 |lz—[z"+ 7 (A"y" —o)]|*|> > 0}
q = Ppy [2"+ 1 (ATy" —0)]
= max{[z"+7(A"y" —c)], 0},

T

yk—l—l — yk . %(AQTIH_l . b)

We use (23, 25; %) = (0, 0;0) as the start point. For this example, the method is not

convergent.

35



- A
A
7 * 4
ul o U U9 (1,0:1) o U
§)
u’ ¢ (0.00) U Dud

Fig. 2.1 The sequence generated by
PDHG Method withr = s =1

u’ = (0,0;0)
ul = (0,0;1)
u? = (0,0;2)
u? = (1,0;2)
ut = (2,0;1)
u® = (2,0;0)
u® = (1,0;0)
u” = (0,0;1)
6 — ok
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* solution poit
B initial iterate
final iterate

% solution poir
B initial iterate
final iterate

75
2.00 0.0000

Xtr=s=1,2 75, 10, PDHG F EEZ U E

*
[ ]

solution point
initial iterate
final iterate

*
[ ]

2.00
1.75
1.50
1.25
1.00
0.75
0.50
0.25
0.00

solution point
initial iterate
final iterate

2.00
1.75
1.50
1.25
1.00
0.75
0.50
0.25
0.00
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4.2 Customized Proximal Point Algorithm-Classical Version

If we change the non-symmetric matrix () to a symmetric matrix A such that

0 rl, AT o rl, AT
— = — ,

then the variational inequality (4.8) will become the following desirable form:

O(u) —0(u* ™) + (u—u* T F () + H(uP T —uF)} >0, vu € Q.

For this purpose, we need only to change (4.7) in PDHG, namely,

O2(y) — 02(y" ) + (y — " TH {A2" T + s(y" T =)} >0, Vy e V.

to

O2(y) — O2(y" 1) + (y — ") {AZ T AT — 2P)
+s(y" T —y") >0 Vye .

02(y) — O2(y" ™) + (y — " THT{ARL" T — 2]+ s(y" T —y")} > 0. @.10)
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Thus, for given (x*, y*), producing a proximal point (21, 3y/*1) via (4.4a)
and (4.10) can be summarized as:

2" = argmin{®(z,y") + gHCIT — :r;kHQ |z e X} (4.11a)

R+l = argmax{CD([Q:z;k+1 — a;k],y) — gHy — kaQ} (4.11b)

By ignoring the constant term in the objective function, getting 1 from (4.11a)
is equivalent to obtaining z* 11 from

il = argmin{ 61 (x) + gHaﬁ - [:Ck + %ATyk] H2 ‘ e X}
The solution of (4.11b) is given by

y" 1 = argmin{ s (y) + gHy — [y" + %A(QJ;I‘CH — )] H2 ly e Y}

According to the assumption, there is no difficulty to solve (4.11a)-(4.11b).
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In the case that rs > || AT A]|, the matrix

rl, AT
H = is positive definite.
A sl,,

EH 2 The sequence {u”* = (z*, y*)} generated by the customized PPA
(4.11) satisfies

L 2 T O [ A a2 (4.12)

For the minimization problem  min{f(x) | Az = b,z € X'},

the iterative scheme is

gl = argmin{@(w) + g”:c — [a:k + %ATyk} H2 ’a: - X}. (4.13a)

1
ThARIEpy L —— [A(2:1;k+1 — a;k’) — b}. (4.13b)
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For solving the min-max problem (4.9), by using (4.11), the iterative formula is

Pl = max{[z* + %(ATyk —¢)],0},
yk—l—l — yk o %[A(Q:Ek_}_l . lek) . b]

u2 A

u® = (0,0;0)

3 1 _ .
R o’ * u = (0,0;1)
o v = (0,0:2
u® = (1,0;1)

3 __ *

u° 9(0,0:0) v =1

Fig. 2.2 The sequence generated by
C-PPA Method withr = s =1



|-42

% solution point
initial iterate
final iterate

%  solution pt
B initial itere [ ]

final iterat

L1.75
-1.50
+1.25
+1.00 y
-0.75
-0.50

*  solution pc * solution point
B initial itere B initial iterate

final iterat final iterate
L 2.00
. r1.75
M- r1.50
L r1.25

-1 +1.00 ¥

L r0.75
+C r0.50
r0 r0.25
Lo r0.00

0.0 0.04

0.02 0.02
0.00
—0.02%2

000 0.25 g 50 ¢ 5

5 1.00 1.25
x1

Xfr=s=1,2,5 10, C-PPA J3 7 EEBUNE. SHM A, W2

1.50 1,75
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Besides (4.11), (:1:’““, ykﬂ) can be produced by using the dual-primal order:

ka - argmax{cb(:vk7y) — gHy — yk‘ 2} (4.14a)

2

reX}. (4.14b)

gFl = argmin{ ®(z, (24" —y") + ng - ka

By using the notation of u, F'(u) and €2 in (4.3), we get u* 1 € ) and
O(u) —O(u" ™)+ (u—u"THT{F () + H@W T —uf)} >0, Vu € Q,

where

Note that in the primal-dual order,

rl, AT
H = .
A sl,,

In the both cases, s > || AT A

, the matrix H is positive definite.



Remark ' We use CP-PPA to solve linearly constrained convex optimization.

If the equality constraints Az = b is changed to Ax > b, namely,

min{f(z) | Ax =b, z € X} min{f(x) | Ax > b, z € X}.

=

In this case, the Lagrange multiplier ¢ should be nonnegative. ) = X" X 3?7]:
We need only to make a slight change in the algorithms.

In the primal-dual order (4.11b), it needs to change the update dual update form

yk—l—l _ yk:_ %(A(Qilfkﬂ— xk:)_ b) s yk—l—l _ [yk_ l(A(Zxk’H— xk)_ b)}

S

_I_
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4.3 Simplicity recognition
Frame of VI is recognized by some Researcher in Image Science I

Diagonal preconditioning for first order primal-dual algorithms
in convex optimization*

Thomas Pock Antonin Chambolle
Institute for Computer Graphics and Vision CMAP & CNRS
Graz University of Technology Ecole Polytechnique
pock@icg.tugraz.at antonin.chambolle@cmap.polytechnique.fr

e T. Pock and A. Chambolle, IEEE ICCV, 1762-1769, 2011

e A. Chambolle, T. Pock, A first-order primal-dual algorithms for convex problem
with applications to imaging, J. Math. Imaging Vison, 40, 120-145, 2011.



preconditioned algorithm. In very recent work [10], it has
been shown that the iterates (2) can be written in form of a
proximal point algorithm [14], which greatly simplifies the
convergence analysis.

From the optimality conditions of the iterates (4) and the
convexity of G and F'™* it follows that for any (z,y) € X X
Y the iterates x**! and y* T satisfy

T — T !}'\f + J_ T rli'+ 1 T 'L‘._i_ l i 'L“
s | Fl Cepy M e o ]2,

(5)
where
r phtl B (‘?G(;z:;"*l) e KTykJrl
yk—}—l - 8F*(y"‘+1) - [(Ik—}—l
and . .
. T —K
M= [ Y 6)

It is easy to check, that the variational inequality (5) now
takes the form of a proximal point algorithm [10, 14, 16].

E# C-P i 3
HA189 PPA i
FE F K b 15 1L
T BTS2 HT

AR IRIAN A,
QB (6)
NHIEERE M %
FRIERE, 4 B
8189 PPA 753£.

B, migEA
B TH 45 & /Y 1
T, FAEARA—
TE TSR AY.

FH CP iR RIFERMEEFEM, & 6 = 0, F3 X RERIEULEL.
Xt 0 e (0,1), WEH % BIERR, 4515 ZF— Open Problem.
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[9] L. Ford and D. Fulkerson. Flows in Networks. Princeton
University Press, Princeton, New Jersey, 1962.

[10] B. He and X. Yuan. Convergence analysis of primal-dual
algorithms for total variation image restoration. Technical
report, Nanjing University, China, 2010.

Later, the Reference
[10] is published in
SIAM J. Imaging Sci-

ence [?].
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1 Introduction

In this work we revisit a first-order primal—dual algorithm which was introduced in [ 15,
26] and its accelerated variants which were studied in [5]. We derive new estimates
for the rate of convergence. In particular, exploiting a proximal-point interpretation
due to [16], we are able to give a very elementary proof of an ergodic O(1/N) rate
of convergence (where N is the number of iterations), which also generalizes to non-

Algorithm 1: O(1/N) Non-linear primal—dual algorithm

e Input: Operator norm L := || K|, Lipschitz constant L ¢ of V f, and Bregman
distance functions Dy and D,.

e Initialization: Choose (x°, y) e X x Y, t,0 > 0

e Iterations: For each n > 0 let

"Ly = PDL o (x, y?, 26" — Xy (11)

The elegant interpretation in [ 16] shows that by writing the algorithm in this form

& 1ZCHIICHER [16] 214 3R1E SIAM J. Imaging Science E AN E.
B.S. He and X.M. Yuan, Convergence analysis of primal-dual algorithms for a saddle -point

problem: From contraction perspective, SIAM J. Imag. Science 5(2012), 119-149.
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Proximal point form

2017F7H,FEA
B RXEHRFERD
— Bl EFEEXKE
e EfSmE
—NERESNE B
AR &= A3 A He
and Yuan 12 H H94R
Ik =3 (PPF), &b
I8 [E &R i) .

RE—MRZIT R/
TAFATE TAE, F
RS T —3K
BAR%%3.

X Wi, R B

L pmEELRSE

B, WA
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University of Colorado Boulder Technical Report, Department of Applied Mathematics

The Chen-Teboulle algorithm is the proximal point algorithm

Stephen Becker *
November 22, 2011; posted August 13, 2019

Abstract

Werevisit the|Recent works such as [HY12] have proposed a very simple yet

on the step-size

powerful technique for analyzing optimization methods.

1 Background

Recent works such as [HY12] have proposed a very simple yet powerful technique for analyzing optimization
methods. The idea consists simply of working with a different norm in the product Hilbert space. We fix an
inner product (x,y) on H x H*. Instead of defining the norm to be the induced norm, we define the primal
norm as follows (and this induces the dual norm)

2y =z v, il = llyllv-: = Vg, V1) = V. y)y -

for any Hermitian positive definite V € B(H,H): we write this condition as V > 0. For finite dimensional
spaces ‘H. this means that V' is a positive definite matrix.

Jelly =




5 ALM in PPA-sense

The methods introduced in this section are recently published in [17].

RIFBFZEE R WIEPPARIE. FIAFILAE[7]FER.

The convex optimization problem,
min{f(x) | Az =b, z € X}
is translated to the equivalent variational inequality :
w* € Q, O(x) —0(x*) + (w—w)'Fw*) >0, Yuec, (51a)
where

x — AT\
w = , F(w) = and Q=X xR™. (5.1b)
A Az — b
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5.1 Relaxed PPA in Primal-Dual Order

Relaxed PPA for the variational inequality (5.1) : Find @" € €, such that

0(z) —0(Z") + (w — ") F(@") > (w— ") Hw" —a"), Yw € Q, (5.2a)

where
BAY A+ 61, AT
H = 1 . (5.2b)
A Elm
The concrete formula of (5.2) is The underline part is F (1 ~k

):
(%)

0(x) — 0(&F) + (x — &%)7
4 {—ATX* + (BAT A 4 61,,) (3" — %) + AT(\F — \F)} >0,
(Az" —b)  +A@EF -2 + /8N =XF)=o0.
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0(x) — 0(z") + (x — )T {=ATN* + (BAT A+ 61,) (3" — ")} >0,

(A[2z" — 2" —b) + (1/B)(\" = \F) =0.

How to implement the prediction? ' To get " which satisfies (5.3),

we need only use the following procedure: (Primal-Dual)
( . 0(z) — 2T AT\F
" = Argmin re X o,
+3(x — ") T (BAT A+ 61,,) (z — z%)
TV

/\

\

Then, we use the form

to update the new iterate w** 1.



5.2 Relaxed PPA in Dual-Primal Order

Relaxed PPA for the variational inequality (5.1) :  Find W € ), such that

0(z) — 0(2") + (w — )T F(@") > (w — " T H(wk — a"), Yw € Q,
(5.4a)
where
BATA 461, —AT

H = 1 , (asmalld > 0,say 0 = 0.05). (5.4b
1 1 ( y ). (5.4b)

Then, we use the form

k41 k

wh T = wh — a(wf — %), ae€(0,2)

to update the new iterate w**1.
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The underline part is F

5%):
The concrete form of (5.4) is F(w) = ( )
Ax —

[ 0(z) — 0(F*) + (x — )T
X {—ATXNF + (BATA + 61,.,) (&% — ") — AT (OF — XF)} >0,
\ (AZ" —b) —A(@E* —2") + (1/8) A\ =AF) =o.
[ 0(x) — 0(F*) + (x — 35)"
X {—AT(2X* — \*) + (BATA + 61,,,) (3" — 2*)} > 0,
\ (Az® —b) + (1/8)(\* = X)) =o.
Implementation of (5.4) is (Dual-Primal)
(2= \F = B(AzF — 1), (5.5a)
X 2T AT[20\F — \F
#* = Argmin Ola) = | I+ r e X). (5.5b)
\ %( —x ) (BATA + 61, )(:U—xk)




5.3 PPA in Primal-Dual Order

Relaxed PPA for the variational inequality (5.1) :

0(z) — 0(F") + (w — " TF(@*) > (w — &F)THw" — @), Yw € Q,
(5.6a)

where

ol, 0
H = : 5.6b
s oo

B

Then, we use the form

k+1 k

w' T = w" — a(w” —w%), ac(0,2)

to update the new iterate w** 1.

56



1-57

The underline part is F'(10"):

F(w) = —AT)
The concrete form of (5.6) is \ Az —b

0(z) — O(F) + (x — F)T{—ATI* 1+ 61, (3" — z)} > 0,
(AZ* —b) + (1/8) (\F = \F) =0,

Using | \f =\F — B(Azk —b) = Mk — B(Azk — b)] — BA(ZF — 2F)

p

>0

_— Y

—ATIAF — B(AxF — b
0(x) —H(ik)+(:v—:%k)T{ | Al ) }

+(8I, + AT A)(&" — =F)
\ A=Ak — B(Azk —b).

Implementation

( T AT \E kE
a?k—Argmin{ Olz) - AT[A flde o)+ xeX},
< Tx—a")"(BAT A+ 61)(z — 2¥)
[ A=A — g(Az" — ).




5.4 Balanced ALM [8]

Relaxed PPA for the variational inequality (5.1) :  Find wk e (), such that

0(x) — 0(z%) + (w — )T F (@) > (w — ™) T H(wk —a®), Yw € Q,
(5.8a)

where

H = is positive definite. (5.8b)

Then, we use the form

k+1 k

w T =w” — a(w” —a"), a€(0,2)

to update the new iterate w** 1.
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The underline part is F'("):

AT
F(w) = < AT A )
The concrete form of (5.8) is Ax — b

0(z) — 0(2%) + (z — &) T{=ATXF + rI. (3" — %) + AT (N =A%)} >0,

(AzF —b) + A(FF — 2%) + (LAAT +61,,) \F - 2\F) =0.

It can written as

v e x, 0(x)—0E") + (x —Z)T{=ATIN 4 r(@" — 2)} >0,
A[(27" — 2*) — b] + (L AAT 4 61,)(AF — \F) = 0.

Thus, the predictor W" in balanced ALM (5.8) is implemented by

/

7 =argmin{0(z) — 2T ATN* + ng —2*|? |z e xY, (5.92)

~

Ne=arg min{)\T (A[2%* — 2" —b) + %HA — ARH?%AATMIW}. (5.9b)

\
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Remark. \* in (5.9b) is the solution of the following system of linear equations:

Ho(A — A*) + (A[23" — 2] - b) =0, (5.10)
where
1 T
Hy=-AA" +461,,. (5.11)
T

Because the matrix H) is positive definite, there are efficient algorithms in
literature for solving such a systems of linear equations.
o PIRAVIET HIAERA H e FI&, - FIiolR (5.92) B RIS FLAY, PEK
T Bl SK BRRIME .
o \-Fo] (5.90) ZKRE—NRYFEFIEENL M FIEA. TBE, B2
ERIREP, BRANRAEXTZERE Ho (see (5.11)) fi— R Cholesky 57 ##.
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ATOK T 1a] 8 A9 PPA BA

SKERFANE] 3 S HRE)EE (1.10) MBI Z S AF (1.11)-(1.12).
RHE PPA BLERIESK, TRV A imiEfE A XTFRIERE.

(o))
|#]

Primal-Dual Order

O(u) — 0(i%) + (w — @*)TF (") > (w — o) TH(w* — i), Yw € Q,

(6.1a)
where
BATA + 61, 0 AT
H = 0 BBTB +6I1,, BT |. (6.1b)
A B %Im

The both matrices

ATA +61,, AT BB +61,, BT
5 + 01, . 0. 5 ) -
A %Im
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The concrete form of (6.1) is

2

01(x) — 01(5@’“) + (x — :Z:"’)T

{—ATXN + (BATA + 61,,,) (&% — ")+ AT (DNF — X1 >0,
¢ O2(y) — 62(5°) + (y— 9")"
{=B" X + (BB"B + 61, (§* — y")+B"(\* = A")} > 0,
| (42" 4+ Bj* —b)+A(E" — 2*)+B(G* — ")+ (2/8) A = AF) =o0.

After simple organization, we obtain

[ 0(x) — 01 (F%) + (x — F)T{—ATN + (BATA + 61,,,)(Z" — 2F)} > 0

— Y

§ O2(y) — 02(5") + (y — §°) {—B" N + (BB" B+ 61,.,) (5" —y")} > 0,

| [2(AZ* + Bg* — b) — (Az* + By* —b)] + (2/B8)(A" = A*) = 0.



In fact, the prediction can be arranged by

2

T ATk
z'ik:argmin{ ) @1(x)k ZZ Al)\ g QBEX} (6.2a)
+5B8||A(x — ) ||” + 56|z — ="
1 . . 0, (vy) — yT BT \F
7 :argmm{ . 2(y)k y2 . Lo 'yéy} (6.2b)
+58 By —y")||” + 36|ly — y"||
LA =27~ 18[2(A%" + Bj" —b) — (A2” + By" —b)] (6.2¢)

i*=argmin{6:(z) — 2" A" N + 2(z — ") (BATA + 01, ) (z — 2¥) |z € X}

¢ §F=argmin{f2(y) —y' BN\ + Ly — ") (BB"B+In,)(y — y*)|y € Y}

| N =\F — IB8[2(A%" + Bj* —b) — (Az" + By" —b)]



Dual-Primal Order

where
BATA + 01, 0 — AT
H = 0 BBTB + 01, — BT
—A —B %Im

The both matrices

ATA+ 61, —AT BTB + 61,
H = b T 0ln, = 0, g

(6.3b)

~ 0.
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The concrete form of (6.3) is

y

01 (2) — 61 (%) + (z — 75)T

{=ATXN + (BAT A+ 61,,,) (3" — z*)—AT (N = A")} >0,
O2(y) — 02(5"°) + (y — 5*)"

{=B")\* + (BB"B + 6I,.,)(§* — y*)—B" (A" = X\¥)} > 0,
(AZ® + BgF — b)—A(@* — z*)—B(@" — y*) + (2/8) \* = *) =o.

/\\

\

ZEBWPAF—TSE

[ 01(z) — 01(3%) + (x — ) T{—AT (2XF — \F)

+(BAT A + 61,,) (" — ")} > 0,
y 02(y) — 02(5%) + (y — §")T{=BT(2\* = XF)

+(BB" B +615,) (5" —y")} >0,
| (Az" + By" —b) + (2/B8)(AF — M\F) = 0.
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In fact, the prediction can be arranged by

a

A= \F — % B(Az* + By® —b), (6.4a)

~k . 01(37) — CIZTAT[QS\k — )\k]

T € argmin , e 1 i r € X ;(6.4b)
< +LB) Al — 2*) |2 + Lolla — a*)

a(y) — yT BT[23F — AP

QkEargmin{ , 2(y) yk 2[ , ]k , yey}.(6.4c)

\ +3B8[B(y — y")[I* + 30lly — v~
wh Tt = wh — a(w® — %), a€(0,2).

HA1%TF ADMM BYSR, 18T 1997 &, F—E ADMM S ERIIE X &£ &=
T 1998 . IX—1#H §4-86 T BRI ADMM ZEF57%, AT LA [17] 3 2.

FETHARER (V) FILRiE S E % (PPA), B B Bihi% it ADMM 29 RHIR e E 3k




7 AR PPAEH XL

KEEFAN A 4 B E)RE (1.10) BN AT 2 AFR (1.11)-(1.12).
% z-F o)l 2 EL B fE B2 Y.

Primal-Dual Order

0(u) —0(a") + (w — ") F(@") > (w—a")" Hw" —a"), Yw € Q, (7.1a)

where
BATA+6I,, 0 AT
H = 0 $1n, B* : (7.1b)
A B (5+0)ln+ 3BB"

The both matrices

BATA +61,, AT sI,, BT
> 0, - 0.
A 5 Im B I, +1iBB"
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The concrete form of (7.1) is

y

91 (ZE) — 91(5314;) + (ZB — ffik)T
{=ATN + (BATA + 6I,,) (3" — 2")+ AT (\F = XF)} >0,
02(y) — 02(5") + (y — *)"
{=BTN + s, (7" — y*)+BT(\F = \F)} >0,
(Az® + Bj® — b)+A(&" — 2®)+B (5" — %)
+((3 4 8)Im + gBBT) (3 — k) = 0.

\

After simple organization, we obtain
[ 01(2) — 01(3) + (@ — &) T{—ATN + (BATA +61,,)(F" —2*)} > 0,
02(y) — 02(5") + (y — 7)) {=BT X + s(5" — ")} > 0,

[2(Az* 4+ Bj* — b) — (Az* + By — b)]+
((5 +68)Im + BBT) (A — AF) = 0.
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In fact, the prediction can be arranged by

y

el(x)_xTATAk’ Py
1 A kY2 lé _ k2 T e
+38l Az — )| + 0]l — 2|
} 7= argmin{6a(y) — y" BTA* + Ls|ly — | |y € I}

jfk

= arg min{

~

Ne= X — ((5+6)Im + LBBT) " [2(AF* + Bg* — b) — (Az* + By* —b)]
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Dual-Primal Order

The both matrices

BATA + 61, —AT

- 0,
—A Im

1
B

—Bt . (7.2b)

sl -BT
—B  6Im+ iBB"

> 0.
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The concrete form of (7.2) is

y

61 (z) — 01(2") + (z — &%)7
{(—ATXN + (BATA + 61,,,) (&% — ") — AT (D\F — XY >0,
O2(y) — 02(3") + (y — )"
{=BTX\* + s5I,., (5" — y*)—B"(\* = \")} >0,
(Az* 4+ By* —b)—A(Z" —2")=B(5" — y")
+((3 + 0)Im + 1BBT) (3 = 3*) =0.

\

After simple organization, we obtain
[ 01(x) — 01(F") + (@ — 3) (AT 2N — NF) + (BAT A+ 61,,,) (& — 2¥)} > 0,

$ 02(y) — 02(5°) + (y — §5)"{=BT(2A* = X*) + s(5* — y*)} > 0,

| (Az" + By —b) + ((5 + ) Im + tBB) (A = X) = 0.



In fact, the prediction can be arranged by

f

Ne= X\ — ((3 +6)Im + LBBT) ' (Aa* + By* —b)

01(x) — :I:TAF‘F(QS\”C — )\k) Py
L8 A(z — 2512 4+ L§lle — 2% 112 T €
+358l|A(x — 2")||* + 56||lx — =¥

gk: argmin{eg(y) — yTBT(QS\k — )\k) + %SHy — ka2 | Y € y}

N gk

= arg min{
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