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1 ààà`̀̀zzz©©©���ÂÂÂ   ���{{{���ÚÚÚ���µµµeee

·�o´^C©Ø�ª (VI)���{�O,r�5�å�à`z¯K8(�e¡�C

©Ø�ª:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.1)

Algorithms in a unified framework

A unified Algorithmic Framework for (1.1) Ú�µedýÿ-��üÜ©|¤

[Prediction Step.] l�½�vkÑu,¦�ýÿ: w̃k ∈ Ω¦Ù÷v

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (1.2a)

Ù¥QØ�½é¡,�´QT +Q�½.

[Correction Step.] ���Ü·��ÛÉÝ
M ,deª(½#�S�:

vk+1 = vk −M(vk − ṽk). (1.2b)

QÚM©O��ýÿÝ
Ú��Ý
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Convergence Conditions

For the matrices Q and M , there is a positive definite matrix H such that

HM = Q. (1.3a)

In addition,

G = QT +Q−MTHM � 0. (1.3b)

Ù¢,��ýÿ (1.2a)¥�ýÿÝ
Q÷v

QT +Q � 0,

·�o�±�

0 ≺ G ≺ QT +Q.

,�P

D = (QT +Q)−G,
K D � 0.-

MTHM = D.

dÝ
�§|)� HM =Q,

MTHM =D.
⇔

 HM =Q,

QTM =D.
⇔

 H =QD−1QT ,

M =Q−TD.
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Ò��÷vÂñ^����Ý
M .

¢SO�¥,·�����Ý
M .

H ÚG�´^5�yÂñ^��.

�é{`,��

QT +Q � 0.

·�Ò�±Àü��½Ý
D � 0ÚG � 0,¦�

D +G = QT +Q.

ò (1.2b)¥���Ý
 M�¤

M = Q−TD

^� (1.3)g,÷v.
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2 ýýýÿÿÿ-���������{{{���~~~fff

We consider the min−max problem

minx maxy{Φ(x, y) = θ1(x)− yTAx− θ2(y) |x ∈ X , y ∈ Y}. (2.4)

Let (x∗, y∗) be the solution of (2.4), then we have �âQ:�½Â

(x∗, y∗) ∈ X × Y, Φ(x∗, y) ≤ Φ(x∗, y∗) ≤ Φ(x, y∗), ∀ (x, y) ∈ X × Y.

þ¡�ü�Ø�ª�±�¤�d�{
x∗ ∈ X , Φ(x, y∗)− Φ(x∗, y∗) ≥ 0, ∀x ∈ X , (2.5a)

y∗ ∈ Y, Φ(x∗, y∗)− Φ(x∗, y) ≥ 0, ∀ y ∈ Y. (2.5b)

Using the notation of Φ(x, y), it can be written as ��rΦ(x, y)�/ªW?�{
x∗ ∈ X , θ1(x)− θ1(x∗) + (x− x∗)T (−AT y∗) ≥ 0, ∀x ∈ X , (∗)
y∗ ∈ Y, θ2(y)− θ2(y∗) + (y − y∗)T ( Ax∗) ≥ 0, ∀ y ∈ Y. (�)
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Furthermore, it can be written as a variational inequality in the compact form:

u ∈ Ω, θ(u)− θ(u∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω, (2.6)

where éþª¥?¿�u ∈ Ω©O�u = (x, y∗)Úu = (x∗, y),Ò�� (∗)Ú (�).

u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), F (u) =

(
−AT y
Ax

)
, Ω = X × Y.

The output of Original PDHG algorithm [16] as predictor

For given (xk, yk), PDHG [16] produces a pair of (x̃k, ỹk). First,

x̃k = argmin{Φ(x, yk) +
r

2
‖x− xk‖2 |x ∈ X}, (2.7a)

and then we obtain ỹk via

ỹk = argmax{Φ(x̃k, y)− s

2
‖y − yk‖2 | y ∈ Y}. (2.7b)
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Ignoring the constant term in the objective function, the subproblems (2.7) are reduced to x̃k = argmin{θ1(x)− xTAT yk +
r

2
‖x− xk‖2 |x ∈ X}, (2.8a)

ỹk = argmin{θ2(y) + yTAx̃k +
s

2
‖y − yk‖2 | y ∈ Y}. (2.8b)

According to the basic lemma, the optimality condition of (2.8a) is x̃k ∈ X and

θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT yk + r(x̃k − xk)} ≥ 0, ∀x ∈ X . (2.9)

Similarly, from (2.8b) we get ỹk ∈ Y and

θ2(y)− θ2(ỹk) + (y − ỹk)T {Ax̃k + s(ỹk − yk)} ≥ 0, ∀ y ∈ Y. (2.10)

Combining (2.9) and (2.10), we have

ũk ∈ Ω, θ(u)− θ(ũk) +

(
x− x̃k

y − ỹk

)T {(
−AT ỹk

Ax̃k

)

+

(
r(x̃k − xk)+AT (ỹk − yk)

s(ỹk − yk)

)}
≥ 0, ∀(x, y) ∈ Ω.
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The compact form is ũk ∈ Ω,

θ(u)− θ(ũk) + (u− ũk)T {F (ũk) +Q(ũk − uk)} ≥ 0, ∀u ∈ Ω, (2.11a)

where

Q =

(
rIn AT

0 sIm

)
. (2.11b)

éuù��ýÿ,·��Ä'�{ü���

uk+1 = uk −M(uk − ũk) (2.12)

��.Ù¥M�ü þn�Ý
½ü en�Ý
.Âñ5^� (1.3)

• H � 0 and HM = Q.

• G = QT +Q−MTHM � 0.

�±U�¤�d�

( i ) H � 0 and H = QM−1.

(ii) G = QT +Q−QTM � 0.
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�. ��Ý
M�ü en�Ý
 Ù¥�K´�½�.

M =

 In 0

K Im

 K M−1 =

 In 0

−K Im

 .

é^� (i), ·�3Ú�µee��e¦Ñù�K�äN/ª.duH = QM−1�½,

Äk7L´é¡�.d

H = QM−1 =

 rIn AT

0 sIm

 In 0

−K Im

 =

 rIn −ATK AT

−sK sIm


7Lé¡,í�

−sK = A, ⇒ K = −
1

s
A.

Ïd,

M =

 In 0

− 1
s
A Im

 , H =

 rIn + 1
s
ATA AT

A sIm

 .

é?¿� r, s > 0,Ý
H´�½�.
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é^� (ii),

G = QT +Q−MTHM = QT +Q−QTM

=

(
2rIn AT

A 2sIm

)
−
(
rIn 0

A sIm

)(
In 0

− 1
s
A Im

)

=

(
2rIn AT

A 2sIm

)
−
(
rIn 0

0 sIm

)
=

(
rIn AT

A sIm

)
.

�Ý
 G�½,7Lk rs > ‖ATA‖.

æ^PDHGýÿ,ü en�Ý
��,I� rs > ‖ATA‖.

�. ��Ý
M�ü þn�Ý
 Ó�,Ù¥�K´�½�.

M =

 In K

0 Im

 K M−1 =

 In −K
0 Im

 .

é^� (i), ·�3Ú�µee��e¦Ñù�K�äN/ª.duH = QM−1�½,
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Äk7L´é¡�.d

H = QM−1 =

 rIn AT

0 sIm

 In −K
0 Im

 =

 rIn −rK +AT

0 sIm


7Lé¡,í�

rK = AT , ⇒ K =
1

r
AT .

Ïd,

M =

 In
1
r
AT

0 Im

 , H =

 rIn 0

0 sIm

 .

é?¿� r, s > 0,Ý
H´�½�.
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é^� (ii),

G = QT +Q−MTHM = QT +Q−QTM

=

(
2rIn AT

A 2sIm

)
−
(
rIn 0

A sIm

)(
In

1
r
AT

0 Im

)

=

(
2rIn AT

A 2sIm

)
−
(
rIn AT

A sIm

)

=

(
rIn 0

0 sIm − 1
r
AAT

)
.

�Ý
 G�½,7Lk rs > ‖ATA‖.

æ^PDHGýÿ,ü þn�Ý
��,I� rs > ‖ATA‖.

�,rØU�yÂñ�PDHG�{UE¤
Âñ��{,�´, rs ��vküe5.

·��8I,´rýÿ (2.8)¥�ëê rs ��{üe5.

éu (2.11)¥�Q,·�k

QT +Q =

(
2rI AT

A 2sI

)
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�� rs >
1

4
‖ATA‖,Ý
 QT +QÑ´�½�.

� (QT +Q) �½�,·��

D =
1

2
(QT +Q), ¿- MTHM = D. (2.13)

ù�ÒU�y

G = QT +Q−MTHM =
1

2
(QT +Q) � 0.

• H � 0 and HM = Q.

• G = QT +Q−MTHM � 0.
�±U�¤

( i ) HM = Q.

(ii) MTHM = D. HM =Q,

MTHM =D.
⇔

 HM =Q,

QTM =D.
⇔

 H =QD−1QT ,

M =Q−TD.
(2.14)

�é{`,� (QT +Q) � 0,�

D =

 rI 1
2
AT

1
2
A sI

 , M = Q−TD
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¤kÂñ5^�Ñ÷v.

Q−T =

 rI 0

A sI

−1

=

 1
r
I 0

− 1
rs
A 1

s
I



M = Q−TD =

 1
r
I 0

− 1
rs
A 1

s
I

 rI 1
2
AT

1
2
A sI


=

 I 1
2r
AT

− 1
2s
A I − 1

2rs
AAT

 (2.15)

|^þ¡���Ý
 M xk+1 = x̃k − 1
2r
AT (yk − ỹk)

yk+1 = ỹk + 1
2s
A[(xk − x̃k) + 1

r
AT (yk − ỹk)].

ù´ê¸¦� [14] �âÚ�µeJÑ��{.O��Jké�?Ú.

r rs �Èü
 3
4

,k
é�?Ú.
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3 Convergence proof in the unified framework

In this section, assuming the conditions (1.3) in the unified framework are satisfied, we

prove some convergence properties.

½½½nnn 1 Let {vk} be the sequence generated by a method for the problem (1.1) and w̃k is

obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the unified

framework, then we have

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+

1

2
‖vk − ṽk‖2G, ∀w ∈ Ω. (3.1)

Proof. Using Q = HM (see (1.3a)) and the relation (1.2b), the right hand side of (1.3a)

can be written as (v − ṽk)TH(vk − vk+1) and hence

θ(u)− θ(ũk) + (w− w̃k)TF (w̃k) ≥ (v− ṽk)TH(vk − vk+1), ∀w ∈ Ω. (3.2)

Applying the identity Q(vk − ṽk) = HM(vk − ṽk) = H(vk − vk+1).

(a− b)TH(c− d) =
1

2
{‖a− d‖2H − ‖a− c‖2H}+

1

2
{‖c− b‖2H − ‖d− b‖2H},
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to the right hand side of (3.2) with

a = v, b = ṽk, c = vk, and d = vk+1,

we thus obtain

2(v − ṽk)TH(vk − vk+1)

=
(
‖v − vk+1‖2H−‖v − vk‖2H

)
+(‖vk − ṽk‖2H−‖vk+1 − ṽk‖2H). (3.3)

For the last term of (3.3), using HM = Q and 2vTQv = vT (QT +Q)v, we have

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− (vk − vk+1)‖2H

(1.3a)
= ‖vk − ṽk‖2H − ‖(vk − ṽk)−M(vk − ṽk)‖2H
= 2(vk − ṽk)THM(vk − ṽk)− (vk − ṽk)TMTHM(vk − ṽk)

= (vk − ṽk)T (QT +Q−MTHM)(vk − ṽk)
(1.3b)
= ‖vk − ṽk‖2G. (3.4)

Substituting (3.3), (3.4) in (3.2), the assertion of this theorem is proved. �
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rA. Beckë�
·�^��/ÈzÚ�0�úª,¿3c����5�
`²
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3.1 Convergence in a strictly contraction sense

½½½nnn 2 Let {vk} be the sequence generated by a method for the problem (1.1) and w̃k is

obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the unified

framework, then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (3.5)

Proof. Setting w = w∗ in (3.1), we get

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ ‖vk − ṽk‖2G + 2{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)}. (3.6)

By using the optimality of w∗ and the monotonicity of F (w), we have

θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗) ≥ 0

and thus

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ ‖vk − ṽk‖2G. (3.7)

The assertion (3.5) follows directly. �
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½n1¥�(Ø (3.1)

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥
1

2

(
‖v − vk+1‖2H − ‖v − v

k‖2H
)

+
1

2
‖vk − ṽk‖2G, ∀w ∈ Ω.

´�Âñ�Ç�y²O��.

ÄK,·��±ÏL3 (3.2)

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − vk+1), ∀w ∈ Ω.

¥-w = w∗,��

(vk − vk+1)TH(ṽk − v∗) ≥ 0. (3.8)

òð�ª

(a− b)TH(c− d) =
1

2

{
‖a− d‖2H − ‖b− d‖

2
H

}
−

1

2

{
‖a− c‖2H − ‖b− c‖

2
H

}
^u (3.8)��à,- a = vk, b = vk+1, c = ṽk Ú d = v∗,·���

(vk − vk+1)TH(ṽk − v∗)

=
1

2
{‖vk − v∗‖2H − ‖v

k+1 − v∗‖2H} −
1

2
{‖vk − ṽk‖2H − ‖v

k+1 − ṽk‖2H}.
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�â (3.8)Òk

‖vk − v∗‖2H − ‖v
k+1 − v∗‖2H ≥ ‖v

k − ṽk‖2H − ‖v
k+1 − ṽk‖2H . (3.9)

2rþª�màz{�e,

‖vk − ṽk‖2H − ‖v
k+1 − ṽk‖2H

= ‖vk − ṽk‖2H − ‖(v
k − ṽk)− (vk − vk+1)‖2H

(1.2b)
= ‖vk − ṽk‖2H − ‖(v

k − ṽk)−M(vk − ṽk)‖2H
= 2(vk − ṽk)THM(vk − ṽk)− (vk − ṽk)TMTHM(vk − ṽk)

= (vk − ṽk)T (QT +Q−MTHM)(vk − ṽk)

(1.3b)
= ‖vk − ṽk‖2G. (3.10)

ò (3.10)�\ (3.9)Ò��Ún�(Ø. �

3.2 Convergence rate£££üüü���ÌÌÌ���nnnØØØ©©©ÙÙÙ¤¤¤

Convergence rate in an ergodic sense [10]

�
y²�{H{¿Âe�S�E,5,·�I�éC©Ø�ª (1.1)�)8�#��



IV - 21

x.du (1.1)¥����fFTk

(w − w∗)TF (w∗) = (w − w∗)TF (w),

C©Ø�ª¯K

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω,

Ú

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w) ≥ 0, ∀w ∈ Ω

´�d�.·�^�ö½ÂC©Ø�ª (1.1)�Cq).é�½� ε > 0,XJ w̃÷v

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ −ε, ∀ w ∈ D(w̃), (3.11a)

Ù¥

D(w̃) = {w ∈ Ω | ‖w − w̃‖ ≤ 1}, (3.11b)

Ò��C©Ø�ª (1.1)� εCq).§�±�d/L«¤

w̃ ∈ Ω, sup
w∈D(w̃)

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ ε. (3.12)

<�a,��´µé�½� ε > 0,²Lõ�gS����� w̃ ∈ Ω,¦� (3.12)¤á.

ùÒ´·��?Ø�H{¿Âe�Âñ�Ç.?ØH{¿Âe�Âñ5,é (1.3)¥�
Ý
HÚG,��¦§��½.
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Theorem 1 is also the base for the convergence rate proof. Using the monotonicity of F ,

we have

(w − w̃k)TF (w) = (w − w̃k)TF (w̃k).

Substituting it in (3.1), we obtain

θ(u)− θ(ũk) + (w − w̃k)TF (w) +
1

2
‖v − vk‖2H ≥

1

2
‖v − vk+1‖2H , ∀w ∈ Ω.

(3.13)

Note that the above assertion is hold for G � 0.

½½½nnn 3 Let {vk} be the sequence generated by a method for the problem (1.1) and w̃k is

obtained in the k-th iteration. Assume that vk , vk+1 and w̃k satisfy the conditions in the

unified framework and let w̃t be defined by

w̃t =
1

t+ 1

t∑
k=0

w̃k. (3.14)

Then, for any integer number t > 0, w̃t ∈ Ω and

θ(ũt)− θ(u) + (w̃t − w)TF (w) ≤ 1

2(t+ 1)
‖v − v0‖2H , ∀w ∈ Ω. (3.15)
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Proof. First, it holds that w̃k ∈ Ω for all k ≥ 0. Together with the convexity of Ω, (3.14)

implies that w̃t ∈ Ω. Rewriting the inequality (3.13) in its equivalent form

θ(ũk)−θ(u)+(w̃k − w)TF (w) +
1

2
‖v − vk+1‖2H ≤

1

2
‖v − vk‖2H , ∀w ∈ Ω.

Summing the last inequality over k = 0, 1, . . . , t, we obtain

t∑
k=0

θ(ũk)−(t+1)θ(u)+
( t∑
k=0

w̃k−(t+1)w
)T
F (w) ≤ 1

2
‖v−v0‖2H , ∀w ∈ Ω.

Use the notation of w̃t, it can be written as

1

t+ 1

t∑
k=0

θ(ũk)− θ(u) + (w̃t −w)TF (w) ≤ 1

2α(t+ 1)
‖v− v0‖2H , ∀w ∈ Ω.

(3.16)

Since θ(u) is convex and

ũt =
1

t+ 1

t∑
k=0

ũk,
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we have

θ(ũt) ≤
1

t+ 1

t∑
k=0

θ(ũk).

Substituting it in (3.16), the assertion of this theorem follows directly. �

Recall (3.12). The conclusion (3.15) thus indicates obviously that the method is able to

generate an approximate solution (i.e., w̃t) with the accuracy O(1/t) after t iterations.

That is, in the case G � 0, the convergence rate O(1/t) of the method is established.

·�2012cuL3SIAM Numerical Analysis�Ø© [10] Ò´^ù«�ªy²
�
O��{3H{¿ÂeO(1/t)�Âñ�Ç.ù�@�·�3�O��{�¡���'

���(J,ùp�´`²,T(JéÎÜÚ�µeÂñ^���{Ñ´¤á�.

Convergence rate in a pointwise iteration-complexity [12]

·�2015cuL3Numerische Mathematik�Ø© [12]y²
�O��{3:�¿
Âe��'���(J.

‖vk+1 − vk+2‖H ≤ ‖vk − vk+1‖H .

ù�5�®²��
Æö^5ïu\�ADMM.e¡y²ù�(JéÎÜÚ�µeÂ

ñ^���{�Ñ¤á.e¡�y²��I�Ý
HÚG��½.
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½½½nnn 4 For solving the variational inequality (1.1), let {wk}, {w̃k} be the sequence

generated by (1.2). If the conditions (1.3) are satisfied, then we have

‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H − ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G. (3.17)

Proof Note that we have

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω

and

θ(u)−θ(ũk+1)+(w−w̃k+1)TF (w̃k+1) ≥ (v−ṽk+1)TQ(vk+1−ṽk+1), ∀w ∈ Ω.

Set the vector w in the above two inequalities by w̃k+1 and w̃k , respectively, we get

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk)

and

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1).

Adding the above two inequalities, it follows that

(ṽk − ṽk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 0.
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Adding {(vk − ṽk)− (vk+1 − ṽk+1)}TQ{(vk − ṽk)− (vk+1 − ṽk+1)} to the both

sides of the last inequality, we get

(vk−vk+1)TQ{(vk−ṽk)−(vk+1−ṽk+1)} ≥ 1
2
‖(vk−ṽk)−(vk+1−ṽk+1)‖2(QT+Q),

and thus

(vk−vk+1)TH{(vk−vk+1)−(vk+1−vk+2)} ≥ 1
2
‖(vk−ṽk)−(vk+1−ṽk+1)‖2

(QT+Q)
.

(3.18)

Finally, by using ‖a‖2H − ‖b‖
2
H = 2aTH(a− b)− ‖a− b‖2H and (3.18), we get

‖vk − vk+1‖2H − ‖vk+1 − vk+2‖2H
= 2(vk − vk+1)TH{(vk − vk+1)− (vk+1 − vk+2)}

−‖(vk − vk+1)− (vk+1 − vk+2)‖2H
≥ ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT+Q) − ‖(v

k − vk+1)− (vk+1 − vk+2)‖2H
= ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT+Q−MTHM)

= ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G.

This is the equivalent form of (3.17) and the proof is complete. �
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4 ADMM for problems with two separable blocks

This section concern the structured convex optimization problem namely,

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (4.1)

The Lagrangian function and the augmented Lagrange Function of (4.1) are

L[2](x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b).

and

L[2]
β (x, y, λ) = θ1(x) + θ2(y)− λT(Ax+By− b) +

β

2
‖Ax+By− b‖2, (4.2)

respectively. Recall the model (4.1) can be explained as the VI

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (4.3a)

where

u =

 x

y

 , θ(u) = θ1(x) + θ2(y), w =

 x
y

λ

 , (4.3b)
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F (w) =

 −ATλ
−BTλ

Ax+By − b

 , and Ω = X × Y × <m. (4.3c)

Using the augmented Lagrange function, the recursion of the alternating direction method

of multipliers for the structured convex optimization (4.1) can be written as
xk+1 ∈ Argmin{L[2]

β (x, yk, λk) |x ∈ X},

yk+1 ∈ Argmin{L[2]
β (xk+1, y, λk) | y ∈ Y},

λk+1 = λk − β(Axk+1 +Byk+1 − b).

(4.4)

Note that the essential variable of ADMM (4.4) is v = (y, λ).

Ú�µee� ADMM. ADMM scheme (4.4) is also a special case which belongs to

the unified algorithmic framework (1.2) and the Convergence Condition is satisfied.

In order to cast the ADMM scheme (4.4) into a special case of (1.2), let us first define the

artificial vector w̃k = (x̃k, ỹk, λ̃k) by

x̃k = xk+1, ỹk = yk+1 and λ̃k = λk − β(Axk+1 +Byk − b), (4.5)
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where (xk+1, yk+1) is generated by the ADMM (4.4).

·�5¿� A. Beck 3¦�;Í First-Order Methods in convex optimization [1],�æ^


ù«=�.

Prediction
x̃k ∈ Argmin{θ1(x)− xTATλk + β

2
‖Ax+Byk − b‖2 |x ∈ X},

ỹk ∈ Argmin{θ2(y)− yTBTλk + β
2
‖Ax̃k +By − b‖2 | y ∈ Y},

λ̃k = λk − β(Ax̃k +Byk − b).

(4.6)

According to the scheme (4.4), the defined artificial vector w̃k satisfies the following VI:
w̃k ∈ Ω,

θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀ x ∈ X ,
θ2(y)− θ2(ỹk) + (y − ỹk)T {−BT λ̃k + βBTB(ỹk − yk)} ≥ 0, ∀ y ∈ Y,

(Ax̃k +Bỹk − b)−B(ỹk − yk) +
1

β
(λ̃k − λk) = 0.

This can be written in form of (1.2a) as described in the following lemma.
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rA. Beckë�
·� (4.5)¥éw̃k�½Â,�ö3c����5�
`²
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ÚÚÚnnn 1 For given vk , let wk+1 be generated by (4.4) and w̃k be defined by (4.5). Then,

we have

w̃k ∈ Ω, θ(u)− θ(ũk) + (w− w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk − ṽk), ∀w ∈ Ω,

where

Q =

(
βBTB 0

−B 1
β
I

)
. (4.7)

Recall the essential variable of the ADMM scheme (4.4) is (y, λ). Moreover, using the

definition of w̃k , the λk+1 updated by (4.4) can be represented as

λk+1 = λk − β(Ax̃k +Bỹk − b)

= λk −
[
−βB(yk − ỹk) + β(Ax̃k +Byk − b)]

= λk −
[
−βB(yk − ỹk) + (λk − λ̃k)

]
.

Therefore, the ADMM scheme (4.4) can be written as(
yk+1

λk+1

)
=

(
yk

λk

)
−
(

I 0

−βB I

)(
yk − ỹk

λk − λ̃k

)
. (4.8a)
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which corresponds to the step (1.2b) with

M =

(
I 0

−βB I

)
and α = 1. (4.8b)

�yÂñ5^�. Now we check that the Convergence Condition is satisfied by the

ADMM scheme (4.4). Indeed, for the matrix M in (4.8b), we have

M−1 =

(
I 0

βB I

)
.

Thus, by using (4.7) and (4.8b), we obtain �yH��½

H = QM−1 =

(
βBTB 0

−B 1
β
I

)( I 0

βB I

)
=

(
βBTB 0

0 1
β
I

)
, (4.9)
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and consequently �yG���½

G = QT +Q− αMTHM = QT +Q−QTM

=

(
2βBTB −BT

−B 2
β
I

)
−
(
βBTB −BT

0 1
β
I

)(
I 0

−βB I

)

=

(
2βBTB −BT

−B 2
β
I

)
−
(

2βBTB −BT

−B 1
β
I

)
=

(
0 0

0 1
β
I

)
.(4.10)

Therefore, H is symmetric and positive definite under the assumption that B is full column

rank; and G is positive semi-definite. The Convergence Condition is satisfied; and thus the

convergence of the ADMM scheme (4.4) is guaranteed. �Ø© [10]

Â 5Ú:�¿Âe�Âñ�Ç. ·�ò²;�ADMMUÚ�µe�¿)º¤ý

ÿ-���{.²L (4.6)ýÿ±�,2d

vk+1 = vk −M(vk − ṽk) (4.11)

��.ùÎÜÚ�µe��ª (1.2).3 (4.9)Ú (4.10)¥·�©O�y
Ý
HÚG´
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��½�.Ïd,�â½n4Òk

‖vk+1 − vk+2‖H ≤ ‖vk − vk+1‖H , ∀ k > 0. (4.12)

d (4.12),é?¿���ê t > 0§

‖vt − vt+1‖2H ≤
1

t+ 1

t∑
k=0

‖vk − vk+1‖2H

≤
1

t+ 1

∞∑
k=0

‖vk − vk+1‖2H

(4.12)
≤

1

t+ 1
‖v0 − v∗‖2H .

<�  ^‖vt − vt+1‖2H����ÊÅOK�ë�. �Ø© [12]
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5 |||^̂̂ÚÚÚ���µµµeee���yyyADMMaaa���{{{���ÂÂÂñññ555

5.1 ������^̂̂SSS������OOO������{{{

ò²;�ADMM (4.4) ¥¦) y-f¯KÚ�� λ�^S��,ÏL
xk+1 ∈ Argmin{L[2]

β (x, yk, λk) |x ∈ X},
λk+1 = λk − β(Axk+1 +Byk − b),
yk+1 ∈ Argmin{L[2]

β (xk+1, y, λk+1) | y ∈ Y},

(5.1)

���wk+1 = (xk+1, yk+1, λk+1)��ýÿ:,,� yk+1 := yk − γ(yk − yk+1),

λk+1 := λk − γ(λk − λk+1).
£tµòÿ¤ (5.2)

ùp γ ∈ (0, 2).D�Ò/:=0L« (5.2)mà� (yk+1, λk+1)´d�{�c�Ü©

(5.1)�)�. (5.2)�àâ´e�ÚS�m©¤I�� (yk+1, λk+1).éõê¯K,ù�

  U\¯Âñ.

5¿�, (5.1)¥Ø%Cþ�´v = (y, λ).kr (5.1)�)�wk+1��½Â¤ýÿ
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: w̃k ,=

w̃k =


x̃k

ỹk

λ̃k

 =


xk+1

yk+1

λk − β(Axk+1 +Byk − b)

 , (5.3)

|^L[2]β (x, y, λ)�L�ª,��^S��O��{S�úª (5.1)�±L«¤
x̃k ∈ argmin{θ1(x)− xTATλk +

β

2
‖Ax+Byk − b‖2 |x ∈ X}, (5.4a)

λ̃k = λk − β(Ax̃k +Byk − b), (5.4b)

ỹk ∈ argmin{θ2(y)− yTBT λ̃k +
β

2
‖Ax̃k +By − b‖2 | y ∈ Y}. (5.4c)

·�^Ú�µe5y²��^S��O��{ (5.1)-(5.2)�Âñ5.k�Ñd (5.4)¦
�� w̃k÷v�/X (1.2a)�ýÿúª.

Äk,�â1�ù�½n1, (5.4a)��`5^�´

x̃k ∈ X , θ1(x)−θ1(x̃k)+(x−x̃k)T {−ATλk+βAT (Ax̃k+Byk−b)} ≥ 0, ∀x ∈ X .

|^ λ̃k = λk − β(Ax̃k +Byk − b),þªÒ´

θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀ x ∈ X . (5.5a)
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aq/,�â1�ù�½n1, (5.4c)��`5^�´

ỹk ∈ Y, θ2(y)−θ2(ỹk)+(y−ỹk)T
{
−BT λ̃k+βBT (Ax̃k+Bỹk−b)

}
≥ 0, ∀ y ∈ Y.

du λ̃k = λk − β(Ax̃k +Byk − b),·�k

−BT λ̃k + βBT (Ax̃k +Bỹk − b)

= −BT λ̃k + βBTB(ỹk − yk) + βBT (Ax̃k +Byk − b)

= −BT λ̃k + βBTB(ỹk − yk)−BT (λ̃k − λk).

Ïd, y-f¯K (5.4c)��`5^�´

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k + βBTB(ỹk − yk)

−BT (λ̃k − λk)
}
≥ 0, ∀y ∈ Y. (5.5b)

éu (5.4b)¥�Ñ� λ̃k = λk − β(Ax̃k +Byk − b),�±L«¤

(Ax̃k +Bỹk − b)−B(ỹk − yk) +
1

β
(λ̃k − λk) = 0,



IV - 38

�Ò´

λ̃k ∈ <m, (λ− λ̃k)T
{

(Ax̃k +Bỹk − b)

−B(ỹk − yk) +
1

β
(λ̃k − λk)} ≥ 0, ∀λ ∈ <m. (5.5c)

ò (5.5a), (5.5b)Ú (5.5c)|Ü3�å,5¿�ey�Ü©´ (4.3)¥�F (w̃k),·���

e¡�Ún.

ÚÚÚnnn 2 ¦)C©Ø�ª (4.3),é�½�vk ,d (5.4)Jø� w̃k÷v

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω,

Ù¥

H =

 βBTB −BT

−B 1
β
Im

 . (5.6)

ùp�Ý
H´��½�,�α = 1�²���,Ò´�{ (5.1).§�Âñ�J�²;
�ADMM (4.4)OÃ��.�´,XJ�²��tµò�,4

vk+1 = vk − α(vk − ṽk), α = 1.5 ∈ (0, 2),

Ò��u�{ (5.1)-(5.1),Âñ�Ý  ¬k30%�Jp.

lnØþ5ù, (5.6)¥�Ý
H=¦3B�÷���ÿ�´��½�,�ù¿ØK�
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O�ÚÂñ5�.�,,·���±ÏL3f¯K (5.4c)�8I¼ê¥OV�
� δ

2
‖y − yk‖2,ÒU¦�A�HÝ
C¤

H =

 βBTB + δIn2 −BT

−B 1
β
Im

 .

é?¿�β, δ > 0,þ¡�HÝ
´�½�.

5.2 ééé¡¡¡������OOO������{{{

<�S.u^²;�¦f�O��{ (4.4)¦)¯K (4.1).l¯K (4.1)��w,�©C

þxÚy´²��,3�{�Oþ²�é�xÚyf¯K,�´�g,ØL��Ä.Ïd

·�æ^é¡��O��{ [6],§�kÚS��´l�½� (yk, λk)m©,ÏL

(S-ADMM)



xk+1 ∈ argmin{L[2]β (x, yk, λk) |x ∈ X}, (5.7a)

λk+
1
2 = λk − µβ(Axk+1 +Byk − b), (5.7b)

yk+1 ∈ argmin{L[2]β (xk+1, y, λk+
1
2 ) | y ∈ Y}, (5.7c)

λk+1 = λk+
1
2 − µβ(Axk+1 +Byk+1 − b). (5.7d)

��#�S�:wk+1 = (xk+1, yk+1, λk+1),Ù¥µ ∈ (0, 1) (Ï~�µ = 0.9).
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�µ = 1�,�{ (5.7)´�±ÞÑØÂñ��~�.·�^Ú�µey²é¡.¦f�

O��{ (5.7)�Âñ5,�´r�{ (5.7))¤ýÿ-��üÜ©.éd (5.7)�)

�xk+1Úyk+1,·�UXe�ª½Âýÿ: w̃k :

w̃k =


x̃k

ỹk

λ̃k

 =


xk+1

yk+1

λk − β(Axk+1 +Byk − b)

 . (5.8)

|^L[2]β (x, y, λ)�L�ª,é¡.�¦f�O��{S�úª�±L«¤�d�

x̃k ∈ argmin{θ1(x)− xTATλk +
β

2
‖Ax+Byk − b‖2 |x ∈ X}, (5.9a)

λk+
1
2 = λk − µβ(Ax̃k +Byk − b), (5.9b)

ỹk ∈ argmin{θ2(y)− yTBTλk+
1
2 +

β

2
‖Ax̃k +By − b‖2 | y ∈ Y}, (5.9c)

λ̃k = λk − β(Ax̃k +Byk − b). (5.9d)

e¡·�kéÑ (5.9)�Ñ� w̃k3Ú�µe¥/X (1.2a)�ýÿúª.

�â1�ù�½n1, (5.9a)��`5^�´

x̃k ∈ X , θ1(x)−θ1(x̃k)+(x−x̃k)T {−ATλk+βAT (Ax̃k+Byk−b)} ≥ 0, ∀x ∈ X .
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|^ λ̃k = λk − β(Ax̃k +Byk − b),þªÒ´

θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀ x ∈ X . (5.10a)

aq/,�â1�ù�½n1, (5.9c)��`5^�´

ỹk ∈ Y, θ2(y)−θ2(ỹk)+(y−ỹk)T
{
−BTλk+

1
2 +βBT (Ax̃k+Bỹk−b)

}
≥ 0, ∀ y ∈ Y.

|^ λ̃k = λk − β(Ax̃k +Byk − b),·�k

λk+
1
2 = λk − µ(λk − λ̃k) = λ̃k + (µ− 1)(λ̃k − λk),

Ú

β(Ax̃k +Byk − b) = −(λ̃k − λk).

Ïd,

−BTλk+
1
2 + βBT (Aỹk +Bỹk − b)

= −BT [λ̃k + (µ− 1)(λ̃k − λk)] + βBTB(ỹk − yk) + βBT (Ax̃k +Byk − b)

= −BT λ̃k + (1− µ)BT (λ̃k − λk) + βBTB(ỹk − yk)−BT (λ̃k − λk)

= −BT λ̃k + βBTB(ỹk − yk)− µBT (λ̃k − λk).
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f¯K (5.9c)��`5^�´

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k + βBTB(ỹk − yk)

− µBT (λ̃k − λk)
}
≥ 0, ∀y ∈ Y.

(5.10b)

éu (5.9d)¥½Â� λ̃k = λk − β(Axk+1 +Byk − b),du

(Ax̃k +Bỹk − b)−B(ỹk − yk) + (1/β)(λ̃k − λk) = 0,

�±L«¤

λ̃k ∈ <m, (λ− λ̃k)T
{

(Ax̃k +Bỹk − b)

−B(ỹk − yk) + (1/β)(λ̃k − λk)} ≥ 0, ∀λ ∈ <m. (5.10c)

ò (5.10a), (5.10b)Ú (5.10c)|Ü3�å¿|^ (4.3)¥�PÒ,·�ke¡�Ún.

ÚÚÚnnn 3 ¦)C©Ø�ª (4.3).é�½�vk ,� w̃k´d (5.9)Jø�,Kk

w̃k ∈ Ω, θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v−ṽk)TQ(vk−ṽk), ∀w ∈ Ω, (5.11a)

Ù¥

Q =

 βBTB −µBT

−B 1
β
Im

 . (5.11b)
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�X·���Ñ/X (1.2b)���'Xª.|^ (5.8),d (5.7d)�Ñ�λk+1�±L«¤

λk+1 = λk+
1
2 − µ

[
−βB(yk − ỹk) + β(Ax̃k +Byk − b)

]
= [λk − µ(λk − λ̃k)]− µ

[
−βB(yk − ỹk) + β(Axk+1 +Byk − b)

]
= λk −

[
−µβB(yk − ỹk) + 2µ(λk − λ̃k)

]
. (5.12)

�yk+1 = ỹk(Ü3�å,Òk yk+1

λk+1

 =

 yk

λk

−
 I 0

−µβB 2µIm

 yk − ỹk

λk − λ̃k

 .

Ïd,·�ke¡�Ún.

ÚÚÚnnn 4 ¦)C©Ø�ª (4.3).é�½�vk ,�wk+1d (5.7)Jø.@oéd (5.8)½Â
� w̃k ,·�k

vk+1 = vk −M(vk − ṽk), (5.13a)

Ù¥

M =

 I 0

−µβB 2µIm

 . (5.13b)

·�®²ré¡�ADMM (5.7))¤ (5.11)�ýÿÚ (5.13)���.�e5�¯�Ò´�
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âÚ�µe¥�Âñ5^� (1.3)�y�{�Âñ5.é (5.13b)¥�Ý
M ,�Ñ

M−1 =

(
I 0

1
2
βB 1

2µ
Im

)
.

dH = QM−1��

H =

(
βBTB −µBT

−B 1
β
Im

)(
I 0

1
2
βB 1

2µ
Im

)
=

(
(1− 1

2
µ)βBTB − 1

2
BT

− 1
2
B 1

2µβ
Im

)
.

Ïd

H =
1

2

( √
βBT 0

0
√

1
β
I

)(
(2− µ)I −I

−I 1
µ
I

)( √
βB 0

0
√

1
β
I

)
(5.14)

5¿� (
(2− µ) −1

−1 1
µ

)
=

 � 0, µ ∈ (0, 1);

� 0, µ = 1.

¤±,é¤k�µ ∈ (0, 1),�B�÷��Ý
H´é¡�½�.
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2wÝ
G = QT +Q−MTHM .Ï�MTHM = MTQ,d

MTQ =

(
I −µβBT

0 2µIm

)(
βBTB −µBT

−B 1
β
Im

)
=

(
(1 + µ)βBTB −2µBT

−2µB 2µ 1
β
Im

)
.

��

G = (QT +Q)−MTHM

=

 2βBTB −(1 + µ)BT

−(1 + µ)B 2 1
β
Im

−( (1 + µ)βBTB −2µBT

−2µB 2µ 1
β
Im

)

= (1− µ)

(
βBTB −BT

−B 2
β
Im

)
. (5.15)

Ó�,é¤k�µ ∈ (0, 1),�B�÷��Ý
G�½.¤±,�âÚ�µe (1.2a)-(1.2b),
�{´Âñ�,·�ke¡�½n.
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½½½nnn 5 ¦)C©Ø�ª (4.3).é�½�vk ,�wk+1d (5.7)Jø.·�k

‖vk+1 − v∗‖2H ≤ ‖v
k − v∗‖2H − ‖v

k − ṽk‖2G, ∀v
∗ ∈ V∗,

Ù¥ w̃kd (5.8)½Â,

H =

(1− 1
2
µ)βBTB − 1

2
BT

− 1
2
B 1

2µβ
Im


Ú

G = (1− µ)

 βBTB −BT

−B 2
β
Im

 .

du µ ∈ (0, 1),Ý
HÚG3B�÷��Ñ´�½�.

3Ý
BØ�½�÷���ÿ,Ý
HÚG��½.�{Ñä�½n3Ú½n4¥��
'Âñ�Ç5�.
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