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1 O SHN AT EZRNG—HESS

EMNBZ2RZESAFN (V) IESERRI, B ML ROEARIRFE R TEHE
PAFN:

w* e, 0u) —0u")+ (w—w)"Fw*)>0, YweQ.  1.1)

Algorithms in a unified framework

IV -

A unified Algorithmic Framework for (1.1) R —HEZR R TIUN - KL IE A SR o3 4B X
[Prediction Step.] N ER v* B %, KBTS oF ¢ QFEHHRE

0(u) — 0(a") + (w — ") F(@") > (v — )T Q" — %), Yw € Q, (1.2a)

Hep Q A—EXR, B2 QT + QIERE.
[Correction Step.] te— N EEHIEFTFZF R M, A TAHBEHIIER =

"t = 0F — M(F — ). (1.2b)
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Convergence Conditions

For the matrices () and M, there is a positive definite matrix H such that

HM = Q. (1.3a)
In addition,
G=Q'+Q-M"HM = 0. (1.3b)
Hs, REN (1.2a) FHITUNEERE Q i 2

QT +Q =0,
N2\ LE
0<G=<Q"+Q.
3=

D=Q"+Q) -a,
m D> 0.%

MTHM = D.
HiEEFIZARS

HM=Q, HM=Q, H=QD'Q7,
MTHM = D. QTM = D. M=Q TD.



AT 2 B W R R IERERE M.
KPR E S, FARZRIERERE M.

H 1 G R 2R RIS R 4Ry

HanEin, RE
QT +Q > 0.
KAV ATLLUEAENIEESEME D - 08 G = 0, (15
D+G=Q7 +Q.

il
M=Q TD

FH(1.3) BAM#E.
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2 FAM-BIEF ARSI

We consider the min — max problem

min, max,{®(z,y) = 01 (x) —y Az — 02(y) |z € X,y € V}. (2.4)

Let (2™, y™) be the solution of (2.4), then we have RIFBELRBIE X

(2", y") e X x )Y, ®(z",y) < P(z",y") < P(x,y"), V(r,y) € X x ).

FHEARNMNNZFRNT LS RFN Y
{ e X, (x,y") - P(z",y") >0, VreX, (2.5a)
y e, o, y")—®(z",y) >0, Vye). (2.5b)

Using the notation of ®(x, ), it can be written as | REIL & (z, y) R EHE

{ € X, O1(z)—0i(z*) + (x— )T (=ATy*) >0, V€ X, (x)
y ey, bay)—b2(y*) + (y—y )T (Az") >0, Vye. (o)
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Furthermore, it can be written as a variational inequality in the compact form:

we, Ou) —0u")+ (u—u)"Fu") >0, Yueq, (2.6)

where | Xt ERFEERIw € QTHIBu = (z,y*) Mu = (z*,y), MIFE] (x) # (o).

u:(l‘) O(u) = 01 () + 02(y), F(u):(_j;y), Q=2xxY.

The output of Original PDHG algorithm [17] as predictor
For given (z*, y*), PDHG [17] produces a pair of (Z", §*). First,
" = argmin{®(z, y*) + gHaz — 2"’ |z € X}, (2.7a)

and then we obtain §* via

~

~ S
g" = argmax{®(&",y) — Slly — " " |y € V}. 2.7b)
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Ignoring the constant term in the objective function, the subproblems (2.7) are reduced to
i = argmin{6; (z) — z” A" y" + g”x — "7 |z € &), (2.8a)
§" = argmin{0(y) + " AZ" + Jlly — ¢*[* |y € V). (2.80)
According to the basic lemma, the optimality condition of (2.8a) is * € X and
01(x) — 01 (") + (z — ) {-A"y" +r@E" =2} >0, Ve e x. (29
Similarly, from (2.8b) we get §* € ) and
O2(y) — 02(7°) + (y — §°) {AZ" +5(5" —¢")} 20, Vy e Y. (210

Combining (2.9) and (2.10), we have

T
~k T ~k
Kk _k rT—T —A"y
cQ, O(u)—2~0 +
e (y—y) {< A)

n <r(5:k — ")+ AT (gF — yk)>} >0, Y(z,vy) € Q.
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The compact form is @~ € Q,
0(u) — 0(7") + (u — @) {F(@") + Q(@" —u")} >0, Vu e Q, (2.11a)

where

rl, A"
= : 2.11b
o= (" o) 2.110)

X FIXAERI TN, Fofi1E FEEL L E B A9AR IE
uF T =k — M (WP — a") (2.12)
WRIE. Hef M ABRA E=RERR BT =AM BSIMEEMH (1.3)

e H>0 and HM = Q).
e G=0Q"+Q—-M"HM - 0.

LA S B EF T HY

(i) H>=0 and H=QM™1.
i G=Q'+Q-—-M*"HM - 0.
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—. RIEFERE M AR T =/AERE He i K 25 EM.

I 0 I, 0
M = m Mt = .

XM (), RINESGZ—ERTHESTKEXNMKWEFER. BT H=QM 'EE,
BRI FRAY. B

oM rl, AT I, 0 rl, — ATK AT
H = M_ = =
0 slm —-K Inm —sK slm

WIS R, HETS

I, 0 rln++ATA AT
M = X , H= .
_EA Im A SIm

SEZ=RY r,s > 0, 56fF H 21IEER.

ES]liel
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XF =15 (i),
G = QI'+Q-M'HM=Q"+Q-Q"M

_ <2rln AT )_ (rln 0 )( In O )
A 2sl,, A sl —%A I

. 2rl, AT _(rIn 0 (i, AT
A 281, 0 slm A sy, )

EiEME G IEE, B rs > ||AT A

SKF PDHG FiUlll, B R =A%EMEFRIE, FE rs > || AT A|.

—. RIEFEE M AR =A% [El+, HF ) K 2FRFER.

0 In 0 Im

XM (), RNESG—ERTHESTKEXNMKWEFER. BT H=QM ' EE,
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BRI FRAY. B

H— oM~ rl, AT I, —-K rl, —rK+ AT
0 sl 0 Inm 0 sl

WIS IR, HETS
1
rK =AT, = K=-A"T
T
ES)li e

SEEM r, s > 0, 55/ H 2IEER.
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T X5 845 (i),
G = Q'+Q-M'HM=Q"+Q-Q"M

<2rfn AT > B (rln 0 )(In %AT>
. orl, AT _(rIn AT
N A 281, A sl
. (rln 0 )
0 sly—1AAT)

EIEME G EE, WA rs > || AT A|.

K FA PDHG FiUll, B4 = MXERFIIIE, T rs > [|AT A
BB BELRIEU S AY PDHG F37ABUE R T SEY /0%, B2, rs HERBFETRK.
FAVRI B R, 2ILFN (2.8) FHISH rs BAEETR.
T (2.11) FEY Q, F&A1H

QT+Q:<27’[ AT>

A 2s1



QE s> EHATAH, 5k QT + Q BEEEM.

4 (QT + Q) EEER, H{TE

D = %(QT‘FQ), H4 MTHM =D. (2.13)
X R BERIE ,

G=QT +Q-M"HM = 5(QT+Q) ~ 0.

e H>=0 and HM = Q. )y HM=Q.
AT LA S AR
e G=QT +Q—-MTHM 0. iy MTHM = D.
HM =Q, HM =Q, H=QD 'QT,
g < (2.14)
MTHM = D. QTM = D. M=Q-TD.

HaiEd, & (QT +Q) =~ 0, B

I AT
p=| = 2 C M=0"TD
%A sl
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rl %AT
sl

N~

-
N
N

(2.15)

M EERRIERER M

xk—l—l
ykz—l—l

X2 DUEMA] [15] RIFE—ERIZLIFZE. HEHREGRAEL.

~ 1 ~
— azk _ gAT(yk _ yk)

g* + 5o Al@® — &%) + L AT (y* - M)

s BT 2 ATRAMS
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3 Convergence proof in the unified framework

In this section, assuming the conditions (1.3) in the unified framework are satisfied, we

prove some convergence properties.

Theorem 1 Let {vk} be the sequence generated by a method for the problem (1.1) and

k41

W" is obtained in the k-th iteration. If v" , U and " satisfy the conditions in the

unified framework, then we have

0(u) — 0(a") + (w — w*)" F(a")

1
—(HU —

k—|—1||2
2

1 -
= llv—o"lF) + 5" = 8%, yweQ. @

Proof. Using () = H M (see (1.3a)) and the relation (1.2b), the right hand side of (1.3a)

. ,Uk—l—l)

can be written as (v — %)% H (v* and hence

0(u) — 0(@") + (w — ") F(@") > (v =" H@W" =), vw € Q. 3.2

Applying the identity Q" — %) = HM(v" — o%) = H(v® — oFT1).

1 1
(a =0 H(c—d) = {lla—dlf — o —cli} + 5 {lle = bllF — ld — bll3},

IV-15



to the right hand side of (3.2) with

~k k k+1
a=v, b=0", ¢=v", and d=0v""",

we thus obtain
2(v — ") H(v" —o*h

k41 k ko o~k
THE =Nl =" 1E) + (" = 2% F = llv

k+1

— (H’U—’U —@kH%I) (3.3)

For the last term of (3.3), using HM = @Q and 2v" Qv = v (Q" + Q)v, we have

Jo* = 51 = 0"+ — 7
k ~k 12 k ~k k k
S Gl e [ B AR T
St = 5 0" - 5 - ME - )

= 20* — ) THMOW" — %) — (v* — )T MTHM (" — )
= (" =TQT +Q - MTHM)" — ")

= o = 58|12 (3.4)

Substituting (3.3), (3.4) in (3.2), the assertion of this theorem is proved. L]
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15.3. Convergence Analysis of AD-PMM 429

We will use the foll

Using (15.15), (15.16), the subgradient inequality, and the above notation, we obtain
that for any x € dom(h;) and z € dom(hz),

hy(x) — hy(XF) + <pAT (Aik +BzF —c+ %yk) + G(xF —xF),x — i:""> >0,
halg) — ha(8*) + <pBT (Ai" LB et %y"‘) QE — %),z — :w,k> >0.

Using the definition of ¥*, the above two inequalities can be rewritten as
hi(x) — b (%) + (ATF* + G(FF —xF),x —%") >0,
ha(z) — ha(25) + (BT5* + (pB"B + Q)(z" — 2¥),z — 2*) > 0.

Adding the above two inequalities and using the identity
yHH! —y* = p(A%* + BE — o),

Y e R™
x — %* ATg* GeF - %6
H(x,z) — HE &)+ ( | z-2" |. BYy" | etz | )=zo0
- _AR* —B#* +c %(yk_yk+1)
(15.17)
where C = pBT"B +Q. We will use the following identity that holds for any positive

semi trix P-

1
(a=b)"Plc—d) =5 (la=d|p ~ [la~clp+[b-clp —[b-d|p).

i 7 i AR

US]J]g € above ldentity, we can conclude a
= < 1 = -
(= YT GO —54) = 3 (I — %1 — [ — M + K — x4 2)
1 - 1
> 5l — %[ - Sllx - s (15.18)

as well as
” . 1 - 1 1 B
(o = #)7C(* ~ ) = Lla— 2% — Slla—2*I% + 5l — 25 (1519)

and
20y — 797 (* — ¥
=y =" =y = y* I+ 175 = y5 I - 119 -y )
= |y =¥ 7 = lly — ¥*II* + £*| A%" + B2* — ¢
—ly* + p(AX* + Bz* —¢) — y* — p(AZ" + BZ" —c)|?
=y —y* P =y — ¥*I? + APl A%F + B2* —c||* — p*|| B(z* — 2")|%.




3.1 Convergence in a strictly contraction sense

Theorem 2 Let {v*} be the sequence generated by a method for the problem (1.1) and

~k k+1

W" is obtained in the k-th iteration. If v" , U and W satisfy the conditions in the

unified framework, then we have

™ =01 < " =0 (a7 = (0" = 30l Yot e VT (3.5)

Proof. Setting w = w™ in (3.1), we get
k+1 * 12
v |

> 0" =" +2{0(@") — 6(u") + (0" —w") F(@")}.  (38)

k * 12
o™ = o™ |7 — |lv

By using the optimality of w™ and the monotonicity of F'(w), we have

0(a") —0(u*) + (0" —w*)" F(@") > 0(a") —0(u*) + (" —w*) F(w*) >0
and thus

k+1

e [ e i =2 (3.7)

The assertion (3.5) follows directly. []
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EIE 1 PHILEIL (3.1)
0(u) — 0(a") + (w — w*)T F (@)

1 k 1 k ~k 12
> (o =" T =l = 0P IE) + Sl - 7 ywe

T2 78T ST AT S5 ) TAE B T 2 R

B, FHATATLUBITE (3.2)
0(u) — 0(a®) + (w — )T F(@®) > (v —F)TH@WF — o), vw € Q.
RS w = w*, 15F
(vF — FTHT H(GF —v*) > 0. (3.8)
¥EER
(a—b)"H(c—d) = 1{Ila —d|[F —b—dl%} - l{Ila —cllFr — b=l }
AT 3.8 ki, 2 a=0F, b=vFTL c=0F 1 d = v*, HAVEE
(vF — ,Uk+1)TH(,5 — o)

[Cian It — %13}

k 2 k ~k 12
= S{ll" ="l - — v [E} = Sl = 0% -

IV -
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RiE 3.8 7B

k 2 k+1 2 ko ~ky2 k1 ~k2
[0 — v [IF — 0" =017 > [0 = 07|17 — [lo" T = o¥||F;. (3.9)

BRLEAHNARLE T,

k _ ~k
™ — %1 -

(1.20)

[T — 5%,

[0 — 55| F — ||(v* = 5F) — (0% — R T )|,

[0 — &% ||13 — ||(v* — 3F) — M(v* — F)||%

2(0F — VT HM (WP — o%) — (vF — "I MT HM (vF — &%)
(v —)T(QT + Q — MTHM)(v* — &%)

|0® — 5F||%. (3.10)

1% (3.10) XA (3.9 RIS EISFERIZSIL. O

3.2 Convergence rate

Convergence rate in an ergodic sense [11]

ATIERAREZEAEX THIERE R, RINTFEXNBAAFN (1.1) FEEMFTRIZ]

IV -20



E. BT (1.1) FRHEF F 168
(w—w") " F(w*) = (w —w*)" Fw),
TR AFC)E
w* € Q, (u) —0(u*) + (w—w*)'F(w*) >0, Yw e Q,

Zi
w* €Q, 0(u) —0(u*)+ (w—w )T F(w) >0, YweQ,

EFNMH. BNMABEEXZTAEFNX (1.1) FIEUHE. XEEMe > 0, MR w iHE

weQ, Ou)—0(@)+ (w—w)TF(w)>—e Vwe D) (3.11a)
H
Dig) = {w € Q| [lw — | <1}, (3.11b)
AT AFI (1.1) B e LIRRE. EF LSRR
w € €, ES%p {0(a) — 0(u) + (w — w)TF(w)} <ee. (3.12)
WEH(w)

ABSEGBHIZ: MEEN € > 0, 2B DIRIER, BEBERI—P w € Q, F15 (3.12)
RRAL.

XFLRFAZITIERIBFHE X TSSO ER. 151818 7 = TR, X3 (1.3b) R AY
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Equivalent Characterization of the Solution Set of VI '

Theorem 3 Let {vk’} be the sequence generated by a method for the problem (1.1) and Wk is
k+1

obtained in the k-th iteration. Assume that vk, () and Wk satisfy the conditions in the unified

framework and let w be defined by

t
. 1 oy
W = ——— w. 3.13
t P ;;:0 (3.13)

Then, for any integer numbert > 0, w+ € 2 and
1

O(ar) — O0(u) + (0 — w)" F(w) < %a(t+1)

|lv — ’UOH%I, Yw € (. (3.14)

Convergence rate in a pointwise iteration-complexity [13]

0P T — R T2 < || — R T .

Theorem 4 For the sequence generated by the prototype algorithm (1.2) where the Convergence
Condition is satisfied, we have

M — oY) | g < |IM©@F =88z, Vk>o0. (3.15)

IV -22



4 ADMM for problems with two separable blocks

This section concern the structured convex optimization problem namely,
min{6;(x) + 02(y) | Ar+ By =0b, x € X,y € V}. (4.1)
The Lagrangian function and the augmented Lagrange Function of (4.1) are
L2z, y, \) = 01(z) + O2(y) — AT (Az + By — b).
and
E[BZ](:U, y, \) = 01(x) + 02(y) — X' (Az + By — b) + §||A:I: + By — b, (4.2)
respectively. Recall the model (4.1) can be explained as the VI
w* e Q, Ou)—0u")+ (w—w) Fw*) >0, YweqQ. (4.3a)
where

X
u<x>,ﬂw&@+%@,w " S
Y A

IV -23



— AT
F(w) = — BT\ , and Q=X x)Y xR™. (4.3c)
Az + By — b

Using the augmented Lagrange function, the recursion of the alternating direction method

of multipliers for the structured convex optimization (4.1) can be written as

y

/"

\

yht

Le Argmin{ﬁ[g](:c, Y A |z e &Y,
L e Argmin{ﬁg](karl, y, \¥) |y € Y}, (4.4)
)\k—l—l — )\k . 5<A$k+1 i Byk:—|—1 . b)

Note that the essential variable of ADMM (4.4) is v = (y, \).

Z—HEZRTHY ADMM.

ADMM scheme (4.4) is also a special case which belongs to

the unified algorithmic framework (1.2) and the Convergence Condition is satisfied.

In order to cast the ADMM scheme (4.4) into a special case of (1.2), let us first define the

artificial vector 0* = (&%, 7%, \*) by

P and N =0 = B4 + By —b), (@5

IV-24



where ("1 4y*T1) is generated by the ADMM (4.4).

HA1EE=Z] A Beck 7EfEAYEZE First-Order Methods in convex optimization [1], HL3%F
T X EL k.

Prediction

y

" € Argmin{0;(z) — 2T ATNF + gHAa: + By* —b|]* |z € X},
{ 4" =€ Agmin{62(y) —y" BTA" + S[|AZ" + By —b||* |y € V},  (48)
| A = )\F — B(Az* + ByF — ).

According to the scheme (4.4), the defined artificial vector W" satisfies the following VI:
~k
w"” € (,
[ 01(2) — 01(3%) + (z — 3F)T{—ATXF} > 0, VaeX,
02(y) — O2(7") + (y — §*)T{—BT Xk + BBTB(g* —y*)} >0, Vye),
1 -
(A7 + B —b) = B — ") + (3 =) =0

\

This can be written in form of (1.2a) as described in the following lemma.

IV-25
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15.3. Convergence Analysis of AD-PMM 429

We will use the following.natation:

k k+1

W
Il

X 2
k+1
zht

x

)

Nt

— BB EM T R ER = y* 4 p(Ax*H 4 Bz* —c).

Using (15.15), (15.16), the subgradient inequality, and the above notation, we obtain
that for any x € dom(h;) and z € dom(h2),

hy(x) — hy (%5) + <pAT (Aik +BzF —c+ ly"’) + G(EF —xF),x — ik> >0,
p
ha(z) — hy(2") + <pBT (Aik +BzF —c+ %y"‘) +Q(#F —2F),z - ik> > 0.

Using the definition of §*, the above two inequalities can be rewritten as
hi(x) — i (3F) + (ATY* + G(x* — xF),x - %*) =0,
ha(z) — ha(2") + (BT§" + (pB"B + Q)(2* — 2"),z — 2*) > 0.

Adding the above two inequalities and using the identity
y""’l - y"c = p(Af(k +BzF — c).

x — %* ATy* G(x" - %F)
H(x,z) — H(;{-’ﬂ’ ik) + -3 |, BTyk _ C(zk - ﬁlc) >0,
y-5°) \-ax*-Bz" +c Liy* -y
(1517)
where C = pBT"B+Q. We will use the following identity that holds for any positive

frix P-

(e — %1 — lx — x*[1E + 1% —x*1E)

. 1
% —%1& - 5llx - x*|iE (15.18)
2

as well as

= - 1. - 1 1 =
(2-2)7C@" - 24 = lla - 2% - gla - 2IZ + et -2 (15.19)

and
20y — 597 (y* — ¥
=y =¥ % = lly — ¥*I7 + 135 - y*IP - 119
=y =¥ = lly — ¥*|* + p°| AX* + B2* —¢|
—y* + p(ARE + Ba¥ - c) — y* — (AR + B — o)
=y =" P = ly = ¥*I? + 2’| A%* + B2* —c||* — p| B(z* — 2")|*.

-y




Lemma 1 For given VP , let w* T pe generated by (4.4) and W" be defined by (4.5).
Then, we have

" € Q, O(u) — 0(@") + (w— ") F@") > (v—"T QMW" — "), vw € Q,

BBTB 0 )
Q = ( . (4.7)
—B %I

where

Recall the essential variable of the ADMM scheme (4.4) is (y, \). Moreover, using the
definition of ’ij, the A* 11 updated by (4.4) can be represented as

AL = AR B(Az" + B" — b)
= \'—[-BBW" — ") + B(AZ" + By" —b)]
= N = [-BBH" —7") + O\ = 9.

Therefore, the ADMM scheme (4.4) can be written as

k+1 k I 0 kE =~k
(e )= )= (g )05 ) em
A\Ftl AP —BB 1 AP \F

Iv-27



which corresponds to the step (1.2b) with

M = ( ! 0 ) and a=1. (4.8b)
—pB 1

IS WEYS S 2515, | Now we check that the Convergence Condition is satisfied by the
ADMM scheme (4.4). Indeed, for the matrix M in (4.8b), we have

A[*::( 4 O).
BB I

Thus, by using (4.7) and (4.8b), we obtain IIE HIFE

. BTB 0 I 0 BTB 0
=M :<5—B ll>( ):(60 lf)’
3 BB I 3

IV -28



and consequently ISIE G BV IERE
G = Q"+Q—-aM'HM = Q"+Q-Q"M

B (2BBTB -B*

2
—B BI

B <ZBBTB -B*

2
—B BI

)= ) (e )
0 %1 —B8B I

T _ pT
) (2 Ty (00
—B El 0 31

Therefore, H is symmetric and positive definite under the assumption that B is full column

rank; and (5 is positive semi-definite. The Convergence Condition is satisfied; and thus the

convergence of the ADMM scheme (4.4) is guaranteed. WL [11]

W RN = FUE ST BYU SR 2.

% 2d (4.6) TN LS, BH

RIEE. EXFTR

FATIFADMM #245 —HE S E = MRRE A FIU -4 LE

= oF — M (v — &%) (4.10)

M(vF — %) = oF — FTL (4.11)
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1£ (3.15) h I A TUERR T
M @* Tt — &%)y < ||M©O* — %) ||g, VEk>o.
RIB G112
[oF Tt — T2 g < |Jo* —o* T g, VE>O.
H (4.12), XMEERIIEEHt > 0,
+12 k k+12
R A ZH — o
k+1 2
<
= o 11 Z ||’U I
(4.12) 1 0 .12
< .
S P || —v ||H
MWEEA (ot — o' T2, R NEIZHUEN RS E. I3 [13]

(4.12)
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5 FHZ—ERZIT=175ERE ADMM T X

=AY BB DA K B R
min{61(x) + 02(y) + 03(2)|Ax + By +Cz=b, xc X,y V,z€ Z}  (5.1)
RISK RT3 E. XA BIRERYRA% BA H R 3=
L(z,y,2z,\) = 01(x) + 02(y) + 03(2) — A1 (Az + By + Cz — b).
[B] &8 (5.1) B4R LUYFLE A ZE 55 A F R B
w* €Q, Ou)—0u*)+ (w—w)TF(w*) >0, YVweQ, (5.2a)
Hep O(u) =01(2) 4+ 02(y) +03(2), Q=X XY x Zx R™.

[z ) ( —AT ) \

—BT\
w=| Y , u=| y |, F(w)= : (5.2b)
—CT\

\ A ) ) \ Az + By +Cz—b
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MRS R B H R B IE R ERIMEFHFFS B X))
L5 (@, y,2,X) =01 (x) + 02(y) + 03(2) — AT (Az + By + Cz — b)

+ §|\Aa;+By+cz—b\|2. (5.3)

B HET 19 ADMM 3K % = 3R A 53 55 9] A 4R IE U
X =Rl BRI E]FE, R BT RFRXE R L £ L PERZBNEE
BoF = (v, 27, \F) Bk, @i
([ zFtl ¢ argmin {ﬁg’](x,y’“,z’f,Ak) |z € X},
P e argmin {281y, 24 00) |y € D),

zk+l ¢ argmin {L[ﬁs] (xhtL kTl 2 AF) ’ z€ Z},

\ )\k:—I—l — )\k . B(Aajk+1 + Byk—|—1 + Czk—l—l . b),

SKISFTENER S whtl = (ftl okt 2L N1 5B A B, CHEBIMNRE
MHIERZBIEHE, 7% (5.4) KERDIRE (5.1) UCERY, EAX M= A9 AT 4 Siol@, SEfR
PR T ARAT S S8R, S —AREI = BRAT 9 B a) 8, 2 A BE AR IEUESAY [5).

EXTEIZHE B ADMM (5.4) WERRA T WS4 BYBHE, T 1FLE FEXT =R 0] 43 S RY (o) 2
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RE—EBIERE BIERENERENZREX ADMM DM sh, RiFERKRAV LT mE.
F5 7l X (8] BEAS 0 (& 40 B AR eR B8 L ) (R R SN 55 1, X2 82 ADMM R FF 22 EE 1
AR TZER B, AL ERTLAB RIZEL.

w e HrE A ADMM 73 5%

HEHTE B ADMM 75 3% [8] 2 2012 £ & i, B, LR & (18] th % —IEZR4b
I E B, HIEHE NRTFRXEALE (5.4) S=NEFRIBIRE A GERIEWEL, =2 F
HENLEEXIZOTER y M 2-FlEIEALF. KEAMNHIINE R (5.4) IR 1H

B (yFt1, 2Pt AFTD) YR FN s, B TIRIE. Bk, S BT A ADMM

( 2k tl e argmin{ 6 (z) — T AT\F + gHAa: + ByF + CzF — b||?|z € X},
y*+1 € argmin{6>(y) — yT BTA* + §||Aazk+1 + By + CzF — b||2|y eV},

2Tl € argmin{03(z) — 2T CTNF + §||A:1:k+1 + ByFTl + Cz - b||?|z € Z},

\ Ak+1::Ak——ﬁ(Awk+1%aByk+1%—C%k+1——b)
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HEWE (of Lyt 2PN REREEBXT (y,2) KRE. KEARA

Byttl\ [ ByF I —I\[ By* — By*+! e
cortt ) T e )T 0 1 ez ooz )0 B
Hehv € (0,1), AimAY (yFTL, 281 BH (5.4) IRHM. AR AE, EEHA, FE

HTAT—HERRFELESE (By T, CFHL N, TR EENNERF—R
IRHE (5.5) LB FIBHERBFHNFEKRE. REFNTE EHNERERNBEMHS
Hr[El4X.

w853 AT H M IEN| 5 By ADMM 75 3%

WMRXS y, z FE)REFAT, XAEMBAIE, mi4s e 1R 7St ER 04 E 15

.

gkt zargmin{/L%(w,yk,zk,)\k) ’ € X}, (T > 0 ABH)
y**T1 = argmin {E%(:Bk“'l,y,»zk,)\k) + 3B1B(y — y*)II*|y € Y},
zF+1 = argmin {E%(xk+1,yk,z, AF) + 5BIIC(z — Zk)‘mz € 2},
Ao+ = AR _ B(Agk+! 4 Byk+l 4 Okl _p),

\




LR MEEST

( 2kt ¢ arg min {61 (z) — 2T ATX\F + gHAx + ByF + CzF — b||?| z € X},

yey},
ZEZ},

T = argmin{0 () — cTATAF + gHALU + ByF + C2F —b||?|z € X},
A3 = Ak B(AzFt! 4 Byk + C2F —b)

b1 . {92(y) —yT BTN + Z[|A2F+! + By + C2F — b2
Yy € arg min - P9
+3581By —y")l
- , {eg(z) — 2TCTNE 4 B||Azk+1 4 Byk 4 Cz — b||?
Z € arg min _ -
+38lC(z = 27|
AN+l — \k B(Axk_'_l + Byk—l—l + Czk+1 _ b),

\

-+

£S Ata =k B(AzFTL + ByF + C2F —b) , INFEFRZ

(

1
 y* ! =argmin{a(y) — yT BT ATz + B2 B(y — y*)|12 |y € Y}, (5.7)

2kt —argmin{fs(z) — TOTAR+S ‘g—ﬁHC’(z —2M)|? |z € 2},

| AR = AR — B(AzF T 4 ByF Tt 4+ C2F T —p),

Hrp u =741 | OsheriREZBAEIRI[6] FRBIATOIFRI 1 > 28T p = 2.01.

 RULEIE. (9] 28 1w > 2. [14]ERA v > 1.5 B0H], (B3 1 < 1.5 BAYLERY 5] F.
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This method is accepted by Osher’s research group'

e E. Esser, M. Mdller, S. Osher, G. Sapiro and J. Xin, A convex model for
non-negative matrix factorization and dimensionality reduction on physical
space, IEEE Trans. Imag. Process., 21(7), 3239-3252, 2012.

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 21, NO. 7, JULY 2012 3239

A Convex Model for Nonnegative Matrix
Factorization and Dimensionality
Reduction on Physical Space

Ernie Esser, Michael Mdller, Stanley Osher, Guillermo Sapiro, Senior Member, IEEE, and Jack Xin

min E max i)+ (RwoCy, T)
T>0,V,€D; c€E

such that YT — X, =V — X,diag(e). (15)
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Since the convex functional for the extended model (15) is
slightly more complicated, it is convenient to use a variant of
ADMM that allows the functional to be split into more than
two parts. The method proposed by He et al. in [34] is appro-
priate for this application. Again, introduce a new variable Z

Using the ADMM-like method in [34], a saddle point of the
augmented Lagrangian can be found by iteratively solving the
subproblems with parameters 6 > 0 and ¢ > 2, shown in the

tion refinement step. Due to the different algorithm used to solve
the extended model, there is an additional numerical parameter
1+, which for this application must be greater than two according
to [34]. We set i equal to 2.01. There are also model parame-

[33] E. Candes, X. Li, Y. Ma, and J. Wright, “Robust principal component
analysis,” 2009 [Online]. Available: http://arxiv.org/PS cache/arxiv/
pdf/0912/0912.3599v1.pdf

[34] B. He, M. Tao, and X. Yuan, “A splitting method for separate
convex programming with linking linear constraints,” Tech.
Rep., 2011 [Online]. Available: http://www.optimization-on-
line.org/DB_FILE/2010/06/ 2665.pdf
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Recent Advance in: Bingsheng He, Xiaoming Yuan: On the Optimal Proximal

Parameter of an ADMM-like Splitting Method for Separable Convex Programming
http://www.optimization-online.org/DB_HTML/2017/ 10/6235.html  [14].
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Our new assertion: In (5.6)

e if 7 > (.5, the method is still convergent;

e if 7 < 0.5, there is divergent example.
Equivalently in (5.7) :

e if u > 1.5, the method is still convergent;

e if 1 < 1.9, there is divergent example.

For convex optimization prob-
lem (5.1) with three separable
objective functions, the param-
eters in the equivalent methods
(5.6) and (5.7) :

e 0.5 is the threshold factor of
the parameter 7 in (5.6) !

e 1.5isthe threshold factor of
the parameter (1 in (5.7) !
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