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A function f () is convex iff t

F(1=0)z+0y) < (1-0)f(z)+01(y)
Vo € [0, 1]. _______

Properties of convex function

o fcCl fisconvexiff B

Thus, we have also XX i )

f(y) = f(z) = V(@) (y - ). | |

f(@) = fy) =2 V)" (@ —y) )+ V) (=)

e Adding above two inequalities, we get

(y— )" (Vf(y) — V(=) >0.

o f€Cl Vfismonotone. [ € C? V?f(x)is positive semi-definite.

Convex function

e Any local minimum of a convex function is a global minimum.



1 Optimization problem and VI

1.1 Differential convex optimization in Form of VI

Let {2 C K", we consider the convex minimization problem

min{ f(x) | z € Q}. (1.1)

What is the first-order optimal condition ? '

¥ € Q) & z* € ()and any feasible direction is not a descent one.

Optimal condition in variational inequality form '

o Sy(z*) ={s e R" | sTVf(z*) <0} = Setofthe descent directions.

o Si(x*) ={seR" | s=x—2a* z €} = Setoffeasible directions.

*eQ* & 2*eQ and S¢(z*)NSy(z*) = 0.

FEFIELLFE LT ENZ: FrERTHREESABE EAGE



The optimal condition can be presented in a variational inequality (VI) form:
e Q, (x—z)'F(z*) >0, Vreq, (1.2)

where F'(x) = V f(x). Forgeneral VI, F'is an operator from R into itself.

/ x € € The dash vectors are
infeasible directions

Fig. 1.1 Differential Convex Optimization and VI

Since f(x) is a convex function, we have

fly) > f(z)+Vf(x)' (y—z) andthus (z—y)" (Vf(x)—Vf(y)) > 0.

We say the gradient Vf of the convex function f is a monotone operator.
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min{f(x)|lr € X}, z*e X, 0(x) —0(z*) >0, Ve X;

min{ f(z)|lz € X}, 2*e X, (x—2*)!Vf(z*)>0, VreX.

EFEMOREEREFHEEERE, SE—EE FHEHYT[ZE:

Lemma 1 Let X C R" be a closed convex set, 0(x) and f(x) be convex func-
tions and f(x) is differentiable. Assume that the solution set of the minimization
problem min{f(x) + f(x) |x € X'} is nonempty. Then,

r* € argmin{f(z) + f(x) |z € X'} (1.3a)

if and only if

v c X, 0(x) —0(z*) + (x — ") ' Vf(z*) >0, Yo € X. (1.3Db)

X, FATRIEMALEIRR (1.30), FI T E 2 FF (1.3b).



Linearly constrained Optimization in form of VI
We consider the linearly constrained convex optimization problem
min{f(u) | Au =05, u € U}. (1.4)
The Lagrange function of (4.3) is
L(u,\) = 0(u) — X' (Au—b),  (u,\) €U x ™. (1.5)

Saddle Point of the Lagrange Function




A pair of (u*, \*) € U x R™ is called a saddle point if
Lyepm (u™, A) < L(u*, \*) < Lycpy(u, A").
The above inequalities can be written as

uw* e, L(u,\")—Lu*,\*)>0, Yuel, (1.6a)
A e R™ L(u*,\") — L(u*,\) >0, VAeR™. (1.6b)

According to the definition of L(u, \) (see(4.4)),
L(u, \*) — L(u™, \)
= [0(u) — (V)" (Au = D)] — [0(u") — (A*)" (Au* —D)]
= O(u) —O(u*) + (u —u*)T (—AT )

it follows from (1.6a) that

w e, Ou) —0u*) + (u—u*)'(=ATN) >0, Yuecld. (1.7

10
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Similarly, for (1.6b), since
L(u*, \") — L(u™, \)

= [0(u*) = (M) (Au* = b)] = [0(u*) — (N)" (Au* —b)]
= (A=2)T(Au* - ),

we have

MeR™ (A=A (Au* —b) >0, VIR, (1.8)
Notice that the above expression is equivalent to
Au* = b.
Writing (1.7) and (1.8) together, we get the following variational inequality:

w* e, O(u)—0(u*)+ (u—u)(—ATX*) >0, Vuel,
R A= 2A)T(Au* —b) >0, VAeRm.



Using a more compact form, the saddle-point can be characterized as the solution

of the following VI:
w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, YweN. (1.9a)

where

u — AT\
w:( ), F(w):< ) and Q=UxR". (1.9b)
A Au — b

Because F'is a affine operator and

rer= (53 (0) - ()

The matrix is skew-symmetric, we have

M RAGPUILEIRE (4.3), 435 TREZETAFN (1.9).
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Convex optimization problem with two separable functions I

min{6,(z) + 02(y) | Ar+ By =b,x € X,y € V}. (1.10)
This is a special problem of (4.3) with

X
u = L, U=XxY, A=(ADB).
Y

The Lagrangian function of the problem (1.10) is
The same analysis tells us that the saddle point is a solution of the following VI:

w' €Q, O(u) - 0(u”) + (w—w*) Flw') 20, YweQ (1.11)
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. x
U = , O(u)=01(x)+02(y), w=1| vy |, (1.12a)
Y A
— AT\
F(w) = —BT )\ , and Q=X x)Y x R™. (1.12b)
Axz + By — b

The affine operator F'(w) has the form

0 0 —AT T 0
Fw)=10 0 —BT y | —10
A B 0 A

Again, we have (w — @)% (F(w) — F(w)) = 0.
2 M 2RI B)RE (1.10), 2 AL T AFI (1.11)(1.12).
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Convex optimization problem with three separable functions I

min{6 () +02(y) +05(2) | Ar + By+Cz=b,x € X,y € Y,z € Z},
is a special problem of (4.3) with three blocks. The Lagrangian function is
LB (2, y,2,\) = 01(z) + 02(y) + 05(2) — AT (Ax + By + Cz — b).
The same analysis tells us that the saddle point is a solution of the following VI:
w* € Q, Ou) —0(u*) + (w—w)'Fw*) >0, Ywe Q.
where 0(u) = 601(x) + 02(y) + 03(2),

/x\ T ( _Ai)‘ \
W = Z , u=| y |, Flw) = :gTi ;
\)‘) ~ \Ax—l—By—l—Cz—b)

and N=XX XY XZxR".



2 Proximal point algorithms and its Beyond

Lemma 2 Let the vectors a,b € R™, H € R"*" be a positive definite matrix.
If bI'H(a —b) > 0, then we have

IlI7 < llallz — lla —bll%- (2.1)

The assertion follows from ||a||%; = [|b+ (a — b)||% > ||b|% + ||a — b||%;-

2.1 Proximal point algorithms for convex optimization

Convex Optimization ' Now, let us consider the simple convex optimization

min{f(x) + f(z) | x € X'}, (2.2)

where 6(x) and f(x) are convex but () is not necessary smooth, X is a

closed convex set.

For solving (2.2), the k-th iteration of the proximal point algorithm (abbreviated to

16



1 yia the recursion

PPA) [14, 16] begins with a given % offers the new iterate %+
r
F = Argmin{0(x) + f(z) + 5“93 — "% |z € X}, (2.3)
Since ¥ 11 is the optimal solution of (2.3), it follows from Lemma 1 that

H(CIZ) o (9(37k+1)—|—(33 o xk-l—l)T
(V") +r@@ —a")} >0, Ve e X, (24)

Setting x = x* in the above inequality, it follows that
(mk—i—l —a:*)T’r(xk _:Ck—l—l) Z H(xk )—9(1'*) + (:Ck+1 —ZC*)TVf(ZC]H_l).
>

+1
Since (zF 1 — )TV f(2F+1) > (k1 — 2TV f(2*) > 0, it follows that

(F T — )T (2% — 2T > 0. (2.5)
Let a = 2 — 2* and b = FT! — x* and using Lemma 2, we obtain
[T — 2|2 < |l2* — 2*||* — ||=* — =* T2, (2.6)

which is the nice convergence property of Proximal Point Algorithm.

17



We write the problem (2.2) and its PPA (2.3) in VI form

For the optimization problem (2.2) , namely, min{f(x) + f(z)|z € X},

the equivalent variational inequality form is
e X, O(x) —0(x*) + (z — 2" Vf(@*) >0, Ve eX. (27
For solving the problem (2.2), the PPA is
2F 1 = Argmin{0(z) + f(z) + gHa} —2¥2 |2 e X}

variational inequality form of the k-th iteration of the PPA (see (2.4)) is:

"l e X, 0(x) — (2K + (z — 2TV F(2F )

> (x — 2" r(ah — 28, Vo e X, (2.8)

PPA BTk iE— &FIH (2.3), K17 (2.2) IR, RAMNER L T AERKE.

The solution of (2.8) is Proximal Point, it has the contraction property (2.6).

18



2.2 Preliminaries of PPA for Variational Inequalities

The optimal condition of the linearly constrained convex optimization is

characterized as a mixed monotone variational inequality:

w* € Q, O(u) —0(u*) + (w—w)'F(w*) >0, YweD (29

PPA for VI (2.9) in H-norm For given w® and H > 0, find w**1,

wh Tt e Q) O(u) — (W) + (w — wTHT P (Wt
> (w — w YT H(w" —w* ™), Yw e Q. (210

k41

w is called the proximal point of the k-th iteration for the problem (2.9).

% w” is the solution of (2.9) if and only if w" = w1 Pk

Setting w = w™ in (2.10), we obtain

(wk—l—l_w*)TH(wk_wk+1) > H(uk+1)—9(u*)—|—(wk+1—w*)TF(wkH)

19



Note that (see the structure of F'(w) in (1.9b))
(wk—l—l . w*)TF(wk—l—l) _ (wk—l—l . ’U}*)TF(’U}*),
and consequently (by using (2.9)) we obtain

(Wt —w*) T Hw" —w* ™) > 0 ) —0(u*) + (0" —w*)T F(w*) > 0.

Thus, we have
(wh T — w)T H(w" — w1 > 0. (2.11)

By setting @ = w® — w* and b = w*t! — w*,
the inequality (2.11) means that b1 H (a — b) > 0.

By using Lemma 2, we obtain

lw" ™ — w3 < Jlw” — w7 — lw® —w" . (@12

We get the nice convergence property of Proximal Point Algorithm.

20



3 From PDHG to Customized-PPA

We consider the min — max problem
min, max,{®(z,y) = 61 (x) —y Az — 02(y) |z € X,y € V}. (3.1)

Let (™, y™) be the solution of (3.1), then we have

{ e X, Plx,y")—P(z",y") >0, Vo e X, (3.2a)
y €Y, ®(x7,y") —P(z7,y) >0, Vye ). (3.2b)

Using the notation of ®(, ), it can be written as

¥ € X, O1(x) —01(z*) + (x —2") ' (—ATy*) >0, Ve X,
y* €Y, O2(y) —02(y*) + (y—y*)'(Az*) >0, Vye.

Furthermore, it can be written as a variational inequality in the compact form:

weQ, 0w —0u")+ (u—u)"Fu*) >0, Yueq, (3.3)

21



T T
Since F'(u) = <_jllxy> = (1(4)1 _161 )(i),we have

(u—v)" (F(u) = F(v)) = 0.

3.1 Original primal-dual hybrid gradient algorithm [17]

For given (z*, y*), PDHG [17] produces a pair of ("1, 4/*T1). First,
" = argmin{®(z, y*) + gHaz — 2"’ |z € X}, (3.4a)

and then we obtain y]”“rl via

y* ! = argmax{®(a" ", y) — Slly — "I |y € V). (3.40)

Ignoring the constant term in the objective function, the subproblems (3.4) are reduced to
" = argmin{0; (z) — 2" AT y" + gHzE — "7 |z € &), (3.5a)
y* T = argmin{0s(y) +y* Az"T! + ;Hy —y*? |y € V}. (3.5b)

According to Lemma 1, the optimality condition of (5.8a) is "t € X and

01(x)—0, (2" T+ (z—2"TH" {—ATy +r(@"T =2} >0, Ve e X. (38)

22



Similarly, from (5.8b) we get y € ) and
O2(y) —02(y" )+ (y—y" ) {Az" T + 5" ")} 20, Vy e V. 387)

Combining (3.6) and (8.7), we have

T
k41 AT e+
O(w) — O(u Ty + [T F Y
(u) = 0(u™"") g g Akt

ra:k+1—a:k _|_AT k+1  _k

sy —y")

The compact form is u* ™1 € Q,
0(vw) — (") + (u— " THT{F W ")+ Q" —u")} > 0, Vu € Q, (38)

where

Q = rl, A is not symmetric
0 sln '

It does not be the PPA form (2.10), and we can not expect its convergence.

23



The following example of linear programming indicates

the original PDHG (3.4) is not necessary convergent.

Consider a pair of the primal-dual linear programming:

- T
| min c¢ x max bTy
(Primal) s.t. Axr=0» (Dual) -
.t < c.
x> 0. s.t. Ay<c
We take the following example
min x1 + 2x2 max Y

P) st xi4+xz0=1 (D) [1] [1]
s. 1. y <
xlaxQZO'

where A =[1,1], b=1,c= [1} and the vector z = {9@1}
2 X2

24
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The optimal solutions of this pair of linear programming are ™ = {O] and y* = 1.
Note that its Lagrange function is
L(z,y) =c' = —y' (Az —b) (3.9)

which defined on 3?1 x . (zc*, y*) is the unique saddle point of the Lagrange function.

For the convex optimization problem  min{f(x) | Ax = b,z € X'},

its Lagrangian function is
L(z,y) = 0(z) —y" (Az —b),

which defined on X x R™™. Find the saddle point of the Lagrangian function is a special

min — max problem (3.1) whose 61 () = 6(z), O2(y) = —b' yand ) = N™.

For solving the min-max problem (3.9), by using (3.4), the iterative formula is

{x’““ = max{(z" + - (ATy" — ¢)), 0},
yk:+1 _ yk _ %<Axk+1 —b).



We use (23, 23;y°) = (0, 0; 0) as the start point. For this example, the method is not

convergent.
u? o A u® = (0,0;0)
A
u' =(0,0;1)
u? = (0,0;2)
3
ul o U U o (1,0:1) o U ( )
ut = (2,0;1)
u® = (2,0;0)
6
u’> = (1,0:0
u’ ¢ (0,0:0) u’ Y ud (1,0;0)
~ ) u’ = (0,0;1)
Fig. 4.1 The sequence generated by uk+6 _ uk’
PDHG Method withr = s = 1




* solution poit
B initial iterate
final iterate

% solution poir
B initial iterate
final iterate

75
2.00 0.0000

Xtr=s=1,2 75, 10, PDHG F EEZ U E

*
[ ]

solution point
initial iterate
final iterate

*
[ ]

2.00
1.75
1.50
1.25
1.00
0.75
0.50
0.25
0.00

solution point
initial iterate
final iterate

2.00
1.75
1.50
1.25
1.00
0.75
0.50
0.25
0.00

27
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3.2 Customized Proximal Point Algorithm-Classical Version
If we change the non-symmetric matrix () to a symmetric matrix A such that
rl, AT rl, AT
Q= =  H= :
0 s, A sl

then the variational inequality (3.8) will become the following desirable form:

O(u) —O(u* ) + (u—u* T F () + H(u T —u®)} >0, vu e Q.

For this purpose, we need only to change (3.7) in PDHG, namely,

O2(y) — 02(y" ) + (y — ") {A2" + s(y" T =)} >0, Vy e V.

to

02 (y) — 02 (4" )+ (y—y* T T{ARZ M sy =)} 2 0, Yy € V.

O2(y)—02(y* T +(y—y T {Ax " T+ A2 — 2F) + s(y* T —yF)} > 0.



Thus, for given (x*, y*), producing a proximal point (1, 3/*1) via (3.4a)
and (3.10) can be summarized as:

gt = argmin{CI)(a:,yk) + gHCIT — :r;kHQ ’:1: € X}. (3.11a)

R+l = argmax{CD([Q:z;k+1 — a;k],y) — gHy — kaQ} (3.11b)

By ignoring the constant term in the objective function, getting k1 from (3.11a)
is equivalent to obtaining z* 11 from

il = argmin{ 61 (x) + gHaﬁ - [:Ck + %ATyk] H2 ‘ e X}
The solution of (3.11b) is given by

y" 1 = argmin{ s (y) + gHy — [y" + %A(QJ;I‘CH — )] H2 ly e Y}

According to the assumption, there is no difficulty to solve (3.11a)-(3.11b).

29



In the case that rs > || AT A||, the matrix

rl, AT
H = is positive definite.
A sl,,

Theorem 1 The sequence {u* = (x*, \*)} generated by the customized PPA
(3.11) satisfies

Huk+1 k-+1

o 7 (e [ (T Vi 72 (3.12)

For the minimization problem  min{f(x) | Az = b,z € X'},

the iterative scheme is

gl = argmin{@(w) + g”:c — [a:k + %ATyk} H2 ’a: - X}. (3.13a)

1
gt =y — —JAQ22" T — 2¥) —b]. (3.13b)

30



For solving the min-max problem (3.9), by using (3.11), the iterative formula is

{a:k = max{ (z" (AT k—¢)),0},

yhtl =y —l[A(QfC"“+1 x®) — b).

S

u2 A

u® = (0,0;0)

3 1 _ .
R o’ * u = (0,0;1)
o v = (0,0:2
u® = (1,0;1)

3 __ *

u° 9(0,0:0) v =1

Fig. 4.2 The sequence generated by
C-PPA Method withr = s =1

31



% solution point
initial iterate
final iterate

%  solution pt
B initial itere [ ]

final iterat

L1.75
-1.50
+1.25
+1.00 y
-0.75
-0.50

*  solution pc * solution point
B initial itere B initial iterate

final iterat final iterate
L 2.00
. r1.75
M- r1.50
L r1.25

-1 +1.00 ¥

L r0.75
+C r0.50
r0 r0.25
Lo r0.00

0.0 0.04

0.02 0.02
0.00
—0.02%2

000 0.25 g 50 ¢ 5

5 1.00 1.25
x1

Xfr=s=1,2,5 10, C-PPA J3 7 EEBUNE. SHM A, W2

1.50 1,75
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Remark ' Let the linear constraints become to a system of inequalities.

min{f(z) | Ar =b, x € X'} —, |min{f(z) | Az > b, z € X'}

In this case, the Lagrange multiplier A should be nonnegative. {2 = X" X 3?7_?
We need only to make a slight change in the prediction procedure:

In the primal-dual order:
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3.3 Simplicity recognition
Frame of VI is recognized by some Researcher in Image Science I

Diagonal preconditioning for first order primal-dual algorithms
in convex optimization*

Thomas Pock Antonin Chambolle
Institute for Computer Graphics and Vision CMAP & CNRS
Graz University of Technology Ecole Polytechnique
pock@icg.tugraz.at antonin.chambolle@cmap.polytechnique.fr

e T. Pock and A. Chambolle, IEEE ICCV, 1762-1769, 2011

e A. Chambolle, T. Pock, A first-order primal-dual algorithms for convex problem
with applications to imaging, J. Math. Imaging Vison, 40, 120-145, 2011.



preconditioned algorithm. In very recent work [10], it has
been shown that the iterates (2) can be written in form of a
proximal point algorithm [14], which greatly simplifies the
convergence analysis.

From the optimality conditions of the iterates (4) and the
convexity of G and F'™* it follows that for any (z,y) € X X
Y the iterates x**! and y* T satisfy

T — T !}'\f + J_ T rli'+ 1 T 'L‘._i_ l i 'L“
s | Fl Cepy M e o ]2,

(5)
where
r phtl B (‘?G(;z:;"*l) e KTykJrl
yk—}—l - 8F*(y"‘+1) - [(Ik—}—l
and . .
. T —K
M= [ Y 6)

It is easy to check, that the variational inequality (5) now
takes the form of a proximal point algorithm [10, 14, 16].

E# C-P i 3
HA189 PPA i
FE F K b 15 1L
T BTS2 HT

AR IRIAN A,
QB (6)
NHIEERE M %
FRIERE, 4 B
8189 PPA 753£.

B, migEA
B TH 45 & /Y 1
T, FAEARA—
TE TSR AY.

FH CP iR RIFERMEEFEM, & 6 = 0, F3 X RERIEULEL.
Xt 0 e (0,1), WEH % BIERR, 4515 ZF— Open Problem.
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[9] L. Ford and D. Fulkerson. Flows in Networks. Princeton
University Press, Princeton, New Jersey, 1962.

[10] B. He and X. Yuan. Convergence analysis of primal-dual
algorithms for total variation image restoration. Technical
report, Nanjing University, China, 2010.

Later, the Reference
[10] is published in
SIAM J. Imaging Sci-

ence [11].

Math. Program., Ser. A
DOI 10.1007/s10107-015-0957-3
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FULL LENGTH PAPER

On the ergodic convergence rates of a first-order
primal—-dual algorithm

k2,3

Antonin Chambolle!@® - Thomas Poc

The paper
published by
Chambolle and
Pock in Math.

Progr. uses the

VI framework
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1 Introduction

In this work we revisit a first-order primal—dual algorithm which was introduced in [ 15,
26] and its accelerated variants which were studied in [5]. We derive new estimates
for the rate of convergence. In particular, exploiting a proximal-point interpretation
due to [16], we are able to give a very elementary proof of an ergodic O(1/N) rate
of convergence (where N is the number of iterations), which also generalizes to non-

Algorithm 1: O(1/N) Non-linear primal—dual algorithm

e Input: Operator norm L := || K|, Lipschitz constant L ¢ of V f, and Bregman
distance functions Dy and D,.

e Initialization: Choose (x°, y) e X x Y, t,0 > 0

e Iterations: For each n > 0 let

"Ly = PDL o (x, y?, 26" — Xy (11)

The elegant interpretation in [ 16] shows that by writing the algorithm in this form

& 1ZCHIICHER [16] 214 3R1E SIAM J. Imaging Science E AN E.
B.S. He and X.M. Yuan, Convergence analysis of primal-dual algorithms for a saddle -point

problem: From contraction perspective, SIAM J. Imag. Science 5(2012), 119-149.
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Abstract

Werevisit the|Recent works such as [HY12] have proposed a very simple yet

on the step-size

powerful technique for analyzing optimization methods.

1 Background

Recent works such as [HY12] have proposed a very simple yet powerful technique for analyzing optimization
methods. The idea consists simply of working with a different norm in the product Hilbert space. We fix an
inner product (x,y) on H x H*. Instead of defining the norm to be the induced norm, we define the primal
norm as follows (and this induces the dual norm)

2y =z v, il = llyllv-: = Vg, V1) = V. y)y -

for any Hermitian positive definite V € B(H,H): we write this condition as V > 0. For finite dimensional
spaces ‘H. this means that V' is a positive definite matrix.

Jelly =
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3.4 Relationship to Chambolle-Pock Method

Chambolle and Pock [3] have proposed a method for solving the convex-concave
min — max problem, in short, C-P method. Applied C-P method to the problem
(8.1), it is also required rs > ||AT A||.

CP method. For given (%, A\¥), C-P method obtains z* 11 via
eF T = argmin{®(x, y*) + ng — "% |z € &Y. (3.14a)
Then, \**1 is given by

S
Yo = argmax{@ (" + 7(a" - aF)] ) Sy — 2 |y € V)
(3.14b)

where 7 € [0, 1].
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o [FIA-FHBE &1 E X(PDHG) (3.4) FIiRE EHIHISRIL S E 3% (C-PPA)
(3.11) /=& Chambolle-Pock 757% [3] 7B 7 = 0 F1 7 = 1 H4F11.

o X7 =0HJ PDHG /574 (3.4), §3.1 HE R AN BB RIEUREL. X 7 = 1 AY
CPPA 7574 (3.11), HINSUHTE §3.2 F B T 4L,

o MIFBIATAIENIR, I+ 7 € (0,1) BY CP 734 (3.14), TSI M IR R B EiL.

CP F E+TEIE 202049 A I

e Chambolle F1 Pock 7£ 2010 FEH BIK % min — max [A)@ARY [RIG-XT1E S
&, RGBS B ST 2RI N B AR KBS, #EFRACP 5&,

e Chambolle F1Pock FFERIE—MIRA LT T2010 &6 B. {1895 EHH
AN0,1] ZEHEH, BENXES, IS H A1 15 EEL TIERR. 7 i
MBXRIXELG, A3 XL ER St #1T T 5.

o HTHMNZEMRBIPT S AFAKES L RIRAM, ¥ A189CP
773%, A LU AT D AFRHARHATHRIE E5EME) BUSRIE S B % (PPA),
E TS ERR R R E . AN A B/ 2010 &£ 11 B 4 H, FRATHEMESIE
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BRI E—718, 00-2790, A% 7E Optimization Online . [EIRT, ¥7&%% 0 &Y
CP 7334, B3k B 7 AU 88945 F

o BHFE (0,1) [BIRICP 737K, REABEPRUEWSL, XA )& £ 5 i BRFR.

e Chambolle F1 Pock fRIRZIN T FHABI TIE, — 12 ABHI 2010 F 12 A
21 B, I 1893ZZE7E J. MIV online IER & 3. F {154 E %], Chambolle
A0 Pock X AMRFEBREIFSIA TEANHIXE, L1228 7 FHA180IER. F
IR EIERNAFUGE, CP ERMABIRESHIE0,1) BAEET.

o 57 RLIBICP 3 AR R B E AR F {145 LBV B B2 ERR. {1 17E20114F
BIIEEE ICCV £, FREEFRA 180 TAEMR R Hb &1L T W& 43 47

(which greatly simplifies the convergence analysis).

o ERCP FEMEENBEZREHXNNELREHENXEMIE I TIE
SHh 1 B753%). i1F2016 F£7EMath. Progr. & FREICE R, 445
FRATHY PPA #ER%, SLERYS| S PR AR 22 (In particular, exploiting a
proximal-point interpretation due to [16], we are able to give a very
elementary proof). X 2 A9[16] &FA1 2010 FERIFRENZA 00-2790, 2012 &
& & I 1E SIAM Imaging Science.
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4 Special prediction-correction methods

We study the optimization algorithms using the guidance of variational inequality.

w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, YweN (4.1)

4.1 Algorithms () = H, H is positive definite

[Prediction Step.] With given v*, find a vector w* € € such that
0(u)—0(a")+(w—a") T F(aF) > (v—0)TH (" —o%), Yw € Q, (4.2a)

where the matrix H is symmetric and positive definite.

[Correction Step.] The new iterate v*+1 by

Pt = —a(v® — %), a€(0,2) (4.2b)

H is a symmetric positive definite matrix. I
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Since G = (2 —a)H, a|v® — %% = a2 — a)||v* — oF|%.
The sequence {Uk} generated by the prediction-correction method (4.2) satisfies

[ — o[ < 0" ="l — a2 = o)t = 0V E. Wt e V™.

The above inequality is the Key for convergence analysis !

Set a = 1 in (4.2b), the prediction (4.2a) becomes: wrt1 € Q) such that
0(u)—0(u*™)+(w—w™T F () > (v—o™)T H (0=, v € Q.

The generated sequence {v”*} satisfies

L e [ (A A /P (TSR A

EXRIR 2.12) RIUWAFN, BXTH#LTE v BY PPA L.
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4.2 Application: Balanced ALM [12]

We consider the linearly constrained convex optimization problem
min{f(x) | Az =b, v € X}. (4.3)
The Lagrange function of (4.3) is
L(z,\) =0(z) = M (Az = b),  (z,)) € X x R™. (4.4)
The related variational inequality is
w* € Q, 0(z)—0(z*) + (w—w)'F(w*) >0, YweN. (45a)

where

u — AT\
w=< ), F(w)=< > and Q=UxR™. (4.5b)
Ax — b
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The iterative scheme of Balanced-ALM for the problem (4.3) reads as

(2" = arg min{ L(z, )+ ng —z"? |z e XY, (4.6a)
9

1
\ AR+ argmaX{L([QgckH —z",\) — §| A—\F ||( AAT 451, )} (4.6b)

IRANFIC-PPA, FRRZHE (4.60) BN — A 21 1y sp ) BRI — AF)2

( T = argmin{6(z) + ng — [:I:k + %AT)\’C} H2 |z e X} (4.7a)

o1
M = argmin{ J|IA = A I{1 guryor,,) + AT (AR2TT — 2" — b)) (@47)

\

where » > 0 and 0 > 0 are any positive scalars. For example, we can take 6 = 0.1.
Thus, there is only a positive parameter 7 is needed to be chosen.

AL from (4.7b) is the solution of the following system of equations:

(%AAT £ 0T ) (A= A9+ (AR — 2] - b) =0,

Note that the coefficient matrix is positive definite, and we need to do once the Cholesky



decomposition [7].
Lemma 3 For given w” , let w1 pe generated by (4.7), then we have
(w o wk—i—l)TF(wk+l)

(w — w"T™THW" — "), YweQ, 4.8a)

w*tt e Q, 0(z) — 0"

v+

where
rl, AT

1 - Is positive definite. (4.8b)
A —-AA 401,
r

H =

Proof. According to Lemma 1, F T offered by (4.7a) satisfies the variational inequality

"t e x, 9(33)—0(xk+1)—|—(:13—33k+1)T{—AT)\k—i—r(ka—azk)} >0, Ve e X.

Then, for any unknown )\k+1, we have

"t ex, (x) -0 ) + (x — 2T (—AT A
> (z — ka)T{r(:ck — :ckH) + AT(/\k — )\k+1)}, Vo € X. (4.9)

Similarly, according to Lemma 1, AL offered by (4.7b) is characterized by the variational
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inequality

()\—)\k“)T{ (A[Q:ck“—xk]—b)+(%AAT+5Im) ()\k“—)\’“)} >0, VA€ENA.

It can be rewritten as
Al e A, (A= XN HT (A" —b)
> (A= AT (A" — oY) + (%AAT 8L = A} @10
forall A € R™. Combining (4.9) and (4.10), and using the notation in (4.5), we get
0(z) — 0z + (w — W T {FW") + Hw" —w")} >0, Yw € Q.

where H is given by (4.8b). Notice that the matrix H

rl, AT 0 0
H = 1 o |t
A S AA 0 61,
T

VTiln - 0 0
N <\/€A>(ﬁln’\ﬂA)+<0 0L )
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forany u = (x, A) # 0. Thus, we have

u” Hu = ||z + [ LATA|]® + 5] A1% > o,

and therefore the matrix H is positive definite.

ESE BATEMRYE (4.8) KIHEZEN | K£ET (4.8) FIEMAKE:

The following is a proximal point algorithm: Find

S x — gFtt g rl AT
SO\ A =R A LAAT +4I,

for all (z, A) € €.

)

r —X

)\k . )\k—|—1

k1 \ T _ AT \k+L
@AY €9, 0@) - o)+ [ T
A — A AxFtt — b
k k+1

>, (4.11)
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The equivalent form is

o k+1\ T _ AT \k+1
@AY €, 0@) -0 + (T
A — A AzFtt — b

T\ x ) LA - et 4 (AT fan) -y )
forall (x, \) € €.

By a manipulation. the x-part of (4.12) is: "t e X and
O(x) —0(x") + (. — 2" THTH{-ATN 4 r(a" — )} >0, Ve x.
According to Lemma 1, we get ghtl by

Tt = argmin{6(z) — (AT Az + gHZU — kaQ |z e X}

= argmin{6(z) + ng — [:Ck + %ATA]%} H2 ‘:13 € X}.
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The \-part of (4.12) is

LAAY 4 01 ) (A = 2F)

plax c RN, ()\_)\k+1)T (
+[A(2xF T — 2F) — b]

}20, VA e R™.

The equivalent form is

—1
M*lzxk—(%AAT+5uQ [AQ2z" T — 2*) —b].

L EERy, T EZiH H-ETH) PPA &%

wh Tt e Q, 0(x)—0(z" ) + (w — wFTHT F(wF )
> (w— wFTH(w® — ), Vw e Q.

I, AT rl, AT
WoH= (" 2 H= 1 .
A sl,, A ZAAT +651,
T

MEE rs> ||AT A Z EER r>0 6=>0.
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5 Splitting Methods in a Unified Framework

We study the algorithms using the guidance of variational inequality. The optimal condition

of the linearly constrained convex optimization is resulted in a variational inequality:
w*eQ, Ou)—0u")+ (w—-w) Fw)>0, YVweQ (51

5.1 Algorithms in a unified framework for VI (5.1)

[Prediction Step.] With given vk, find a vector W* € © which satisfying
0(u) — 0(7") + (w — ") F(@") > (v — )T QMW" — %), Yw € Q, (5.2a)

where the matrix @ has the property: Q7 + Q is positive definite.

[Correction Step.] Determine a nonsingular matrix M and a scalar o > 0, let

Pt = 0F — aM (" — o). (5.2b)

v is a part of the elements of the vector w, v = w is also possible. I




Convergence Conditions

For the matrices () and M, there is a positive definite matrix H such that
HM = Q. (5.3a)
For the matrices H, M and () satisfied (5.3a), and the step size « in (5.2), the matrix

G=Q"+Q—aM"HM + 0. (5.3b)

Methods for min — max Problems

In Section 3, the min — max problem
min, max, {®(z,y) = 61(x) —y Az — 02(y) |z € X,y € Y} (5.4)
is translated to an equivalent variational inequality:

weQ, Ou)—0u)+ (u—u") Fu*) >0, VuecQ, (5.5)
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For such problem, we have studied in Section 3.

We illustrate how to use the unified framework to modify the methods in Sec. 3.

Taking the min — max problem as the example, w = v = w in the framework.

Extended customized PPA
Set the output of (3.11) in §3.2 as the predictor, namely,

)
- argmin{cb(x,yk) + ng —2"|? |z e X}, (5.6a)

. . S
\ yk — a]rg1r1r1ax{<1>([2:13]'C — xk],y) — §||y — yk||2 ly € 3/} (5.6b)

In other words, we get the predictor W* = (", ") by

7" = argmin{61(z) + L||z — [z" + 2 A" y"] H2 |z e X},

y— [y" + 1 A(23" — 2)] H2 ly eV}

gF = argmin{eg(y) + 35

The output W* € Q of the iteration (5.6) satisfies

O(u) — 0(a") + (u — &) F@") > (u— ") T QW — @"), vu € Q.
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It is a form of (5.2a) where

Q= I A is symmetric
A sl Y

We take M = I in the correction (5.2b) and the new iterate is updated by
w* T = w* — a(w” — "), ae€(0,2).
Then, we have and
H=QM '=Q >0
and
G=Q"+Q—aM"HM = (2—a)H > 0.
The convergence conditions (5.3) are satisfied. More about customized PPA, please see
& G.Y. Gu, B.S. He and X.M. Yuan, Customized Proximal point algorithms for linearly

constrained convex minimization and saddle-point problem: a unified Approach, Comput.
Optim. Appl., 59(2014), 135-161.



Corrected PDHG

Set the output of (3.4) in §3.1 as the predictor, namely,

i = argmin{@(m,yk) + i||:z: — 2|7 |z e x}, (5.7a)
2
(PDHG) ~ 1 S -
§" = argmax{®(2",y) - Slly —y"" [y € V} (5.7b)
Ignoring the constant term in the objective function, the subproblems (3.4) are reduced to
" = argmin{0; (z) — 2" AT y" + ng —2"|]? |z € XY, (5.8a)
: S
y* T = argmin{fa(y) +y A"+ Clly —¢" | ly € VY. (58b)

The output W* € Q of the iteration (5.7) satisfies
0(u) — 0(a") + (u — @) F(@") > (u —a")" Q" — @"), vu € Q.

It is a form of (5.2a) where

Q = rI A is not symmetric
0 sI
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Correction - | ' For given v™ and the predictor " by (5.7), we use

R = F — M(Uk — @k), (5.9)
to produce the new iterate, where
v=(5 )
0 I,
is a upper triangular block matrix whose diagonal part is unit matrix. Note that
H:QM1:<rIn AT )( I, —1A" )Z(ﬂn 0 )>o.
0 sl,, 0 L, 0 sl,,
In addition,
G = Q+Q-MHM=Q" +Q-Q'M
ril, 0
0 slm—1AA"

G is positive definite when rs > || A” A||. The convergence conditions (5.3) are satisfied.



Correction - Il ' In the correction step (5.9), the matrix M is a upper-triangular matrix.

We can also use the lower-triangular matrix
w5 1)
—<A In
According to (5.3a), H = QM ~ ', by a simple computation, we have
o (rln A" )( I, 0 ) <r1n+§ATA A" )
0 sIn /\ 1A I, A sl /-

H is positive definite for any r, s > 0. In addition,

G = Q"+Q-MHM=Q"+Q-Q"M

B (QTIn AT> (rln 0 )_(frln AT>
A 281, 0 sl,, A sl .

G is positive definite when s > || A” Al|. The convergence conditions (5.3) are satisfied.
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5.2 Convergence proof in the unified framework

In this section, assuming the conditions (5.3) in the unified framework are satisfied, we
prove some convergence properties

Theorem 1 Let {vk} be the sequence generated by a method for the problem (5.1) and

k+1

W" is obtained in the k-th iteration. If v* , U and " satisfy the conditions in the

unified framework, then we have

o =" < ot — v = allot -3l vt eV 60

Proof. Using () = H M (see (5.3a)), the prediction can be written as
0(u) — 0(a") + (w — ") F(@®) > (v — " THMW" — %), vw € Q.
By using relation (5.2b), v* — v* ! = aM (v* — &%), we get
o{0(v) — 0(7") + (w — ") ' F(@")} > (v — ") "HW" =", vw € Q.
Setting w = w™ in the above inequality, we get

(0" — o) TH (0" =" ) > a{0(@") —0(u*) + (@ —w*)"F(@")}, Vuw* € Q.

By using (0" — w*)TF(0") = (0" — w*) F(w*) and the optimality of w*,
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we have
(V" — " THT (@ —0*) >0, W e V. (5.11)

Setting a = v®, b =0T ¢ =08"andd = v*, in the identity
T
2(a—b) H(c—d) = {lla—dllzz = [Ib—dllzr} — {lla — el — b — el },

it follows from (5.11) that

k41

[0 — o lE = " =" > 0" =" 0" = (512)

For the right hand side of the last inequality, we have

k ~k 2 kE+1 ~k 12
0" — 0" || — [|v — 0" ||
ko ~k2 ko ~k k kd1y2
= " =07 = |(0" = 07) = (v =0 )| %
(5.2b) ~ ~ -
= = M)EH = [(0° = ) — aM (0" = 0)|| %

= 2a(0" —")"HM®OW" — ") — (" = ") MTHM(v" — o)
= a(@* = NTQ" + Q- aMTHM)(W* — ")

= v — %)% (5.13)

Substituting (5.13) in (5.12), the assertion of this theorem is proved. []
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Thank you very much for your attention ! !
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