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1 ���555���ååå���ààà`̀̀zzz¯̄̄KKKÚÚÚ���AAA���CCC©©©ØØØ���ªªª

�θ(u)�à¼ê, A ∈ <m×n, b ∈ <m.

U�4à8.�Ä�5�å�à`z¯K

min{θ(u) | Au = b, u ∈ U}. (1.1)

à`z¯K (1.1)�.�KF¼ê´½Â

3U × <mþ�

L(u, λ) = θ(u)− λT (Au− b). (1.2)

XJ�é(u∗, λ∗) ∈ U × <m÷v

L(u∗, λ) ≤ L(u∗, λ∗) ≤ L(u, λ∗), ∀(u, λ) ∈ U × <m,

Ò¡Ù�Lagrange¼ê (1.2)�Q:.þ¡�ü�Ø�ª�±�¤{
u∗ ∈ U , L(u, λ∗)− L(u∗, λ∗) ≥ 0, ∀u ∈ U , (1.3a)

λ∗ ∈ <m, L(u∗, λ∗)− L(u∗, λ) ≥ 0, ∀ λ ∈ <m. (1.3b)
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�âLagrange¼êL(u, λ)�½Â(�(1.2)),

L(u, λ∗)− L(u∗, λ∗)

= [θ(u)− (λ∗)T (Au− b)]− [θ(u∗)− (λ∗)T (Au∗ − b)]

= θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗),

d (1.3a)��

u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U . (1.4)

Ó�,é (1.3b),Ï�

L(u∗, λ∗)− L(u∗, λ)

= [θ(u∗)− (λ∗)T (Au∗ − b)]− [θ(u∗)− (λ)T (Au∗ − b)]

= (λ− λ∗)T (Au∗ − b),

·�k

λ∗ ∈ <m, (λ− λ∗)T (Au∗ − b) ≥ 0, ∀ λ ∈ <m. (1.5)

5¿�L�ª (1.5) (?Û�þ��þ (Au∗ − b)�SÈÑ�K)�du

Au∗ − b = 0.
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ò (1.4)Ú (1.5)�3�å��:{
u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U ,

λ∗ ∈ <m, (λ− λ∗)T (Au∗ − b) ≥ 0, ∀ λ ∈ <m.

æ^�;n��ª,Q:�±��x¤C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (1.6a)

�):,ùp

w =

(
u

λ

)
, F (w) =

(
−ATλ
Au− b

)
Ú Ω = U × <m. (1.6b)

©Oòw = (u, λ∗)Úw = (u∗, λ)�\ (1.6),Ò�� (1.4)Ú (1.5).5¿

� (1.6b)¥����fF (w)�

F (w) =

 0 −AT

A 0

 u

λ

−
 0

b

 .
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duÙ¥�Ý
´�é¡�,Ïdk

(w − w̃)T(F (w)− F (w̃)) ≡ 0. (1.7)

3�¡�y²¥,·�~~�^�

(w̃ − w∗)TF (w̃) = (w̃ − w∗)TF (w∗),

Ù�âÒ´ (1.7).Ïd,� w̃ ∈ Ω�,Òk

θ(ũ)− θ(u∗) + (w̃ − w∗)TF (w̃) e¡���Ø�ª��â´ w̃ ∈ ΩÚ (1.6).

= θ(ũ)− θ(u∗) + (w̃ − w∗)TF (w∗) ≥ 0, ∀w∗ ∈ Ω∗. (1.8)

Two block separable convex optimization

ü��©l¬�à`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y} (1.9)
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´¯K (1.1)���A~,Ù¥

u =

(
x

y

)
, θ(u) = θ1(x) + θ2(y), U = X × Y, A = (A,B).

�A�C©Ø�ªÒ´

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.10a)

Ù¥

w =

 x

y

λ

 , F (w) =

 −ATλ
−BTλ

Ax+By − b

 , Ω = X × Y × <m. (1.10b)

ù�Òr�©l�5�åà`z¯K (1.9),=�¤
C©Ø�ª (1.10).

C©Ø�ª (1.10)¥����fF (w)�Ý
E,´�é¡�,Ó�k

(w − w̃)T(F (w)− F (w̃)) ≡ 0.

Ïd3C©Ø�ª¦)�y²¥��±~~A^ (1.8)ù��5�.
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2 CCC©©©ØØØ���ªªªPPA���{{{���ÌÌÌ���555���

�Ä���üN·ÜC©Ø�ª¯K£C©Ø�ª (??)´ (2.1)�A~¤

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (2.1)

PPA�{. ¦)C©Ø�ª (2.1),�H�é¡�½Ý
, H-�e�PPA�

{�1kÚl®��wkÑu,¦�#S�:wk+1¦�

wk+1 ∈ Ω, θ(u)−θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω. (2.2)

wk+1´C©Ø�ª¯K (2.1)�) ⇐⇒ (2.2)¥� wk = wk+1.

ÚÚÚnnn 1 �a, b ∈ <n, H ∈ <n×n´�½Ý
.e bTH(a− b) ≥ 0,@o

·�k �þx�H-��½Âµ‖x‖H = (xTHx)1/2.

‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H . (2.3)

yyy²²² dð�ª ‖b‖2H = ‖a‖2H − 2bTH(a− b)− ‖a− b‖2H Úb�^�
bTH(a− b) ≥ 0,Ún(ØU����. �
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½½½nnn 1 ¦)C©Ø�ª (2.1), é�½��½Ý
H � 0Ú�þwk , X

Jwk+1´d (2.2)Jø�,@ok

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H , ∀w∗ ∈ Ω∗. (2.4)

yyy²²² ò (2.2)¥?¿�w ∈ Ω��w∗,Òk

(wk+1 − w∗)TH(wk − wk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1).

Ï�w∗´�`:, wk+1 ∈ Ω,�â (1.8),þªmà�K,¤±k

(wk+1 − w∗)TH(wk − wk+1) ≥ 0. (2.5)

3Ún1¥� a = wk − w∗Ú b = wk+1 − w∗,B��½n�(Ø. �

½½½nnn 2 �{wk}´¦)C©Ø�ª (2.1)�H-�e�PPA�{ (2.2)�)�

S�S�.@o·�k

‖wk − wk+1‖2H ≤ ‖wk−1 − wk‖2H . (2.6)
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yyy²²² Äk,ò (2.2)¥�w�� wk ,·�k

θ(uk)− θ(uk+1) + (wk − wk+1)TF (wk+1) ≥ (wk − wk+1)TH(wk − wk+1).

ò (2.2)¥�kU�k − 1,Òk

θ(u)− θ(uk)+(w − wk)TF (wk) ≥ (w − wk)TH(wk−1 − wk), ∀w ∈ Ω.

2òþ¡Ø�ª¥�w��wk+1 (�A�Ü©�þuÒ¤
uk+1),��

θ(uk+1)− θ(uk)+(wk+1 − wk)TF (wk) ≥ (wk+1 − wk)TH(wk−1 − wk).

òkey��üª\3�å¿|^ (wk − wk+1)T (F (wk)− F (wk+1)) = 0,

Ò��

(wk − wk+1)TH{(wk−1 − wk)− (wk − wk+1)} ≥ 0.

� a = (wk−1 − wk), b = (wk − wk+1),þ¡�Ø�ªÒ´ bTH(a− b) ≥ 0.

dÚn1��

‖wk − wk+1‖2H ≤ ‖wk−1 − wk‖2H − ‖(wk−1 − wk)− (wk − wk+1)‖2H .

lþª��(Ø (2.6)¤á.½n�y. �
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½n1Ú½n2�(Ø:

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H
Ú

‖wk − wk+1‖2H ≤ ‖wk−1 − wk‖2H
´PPA�{�ü^Ì�5�. 5¿�ùü^5�3H��½�Ó�¤á.

�â½n1�(Ø (2.4),·�k

‖wk − wk+1‖2H ≤ ‖wk − w∗‖2H − ‖wk+1 − w∗‖2H .

ék = 0, 1, . . . , t\\,Òk

∞∑
k=0

‖wk − wk+1‖2H ≤ ‖w0 − w∗‖H , ∀w∗ ∈ Ω∗.

2(Ü½n1�(Ø (2.6)Bk

‖wt − wt+1‖2H ≤
1

t+ 1
‖w0 − w∗‖2H , ∀w∗ ∈ Ω∗.

ù´y²PPA�{Âñ�Ç�Ì��â.
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AAA^̂̂:²²²111¦¦¦)))fff¯̄̄KKK���PPA���{{{

¦)ü��©l¬¯K (??)�A�C©Ø�ª (??).

�â PPA�{��¦,�O�màÝ
�é¡�½.

U Primal-Dual ^S¢y��C:�{:

wk+1 ∈ Ω, θ(u)−θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω, (2.7a)

Ù¥

H =


βATA+ δIn1 0 AT

0 βBTB + δIn2 BT

A B 2
β
Im

 (2.7b)

�½´Ï� βATA+ δIn1 AT

A 1
β
Im

 � 0,

 βBTB + δIn2 BT

B 1
β
Im

 � 0.
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�C:�{ (2.7)�äN/ª�m5Ò´ wk+1 ∈ Ω,é?¿�w ∈ Ω,k

θ1(x)− θ1(xk+1) + (x− xk+1)T

{−ATλk+1 + (βATA+ δIn1)(x
k+1 − xk)+AT (λk+1 − λk)} ≥ 0,

θ2(y)− θ2(yk+1) + (y − yk+1)T

{−BTλk+1 + (βBTB + δIn2)(y
k+1 − yk)+BT (λk+1 − λk)} ≥ 0,

(λ− λk+1)T {(Axk+1 +Byk+1 − b)

+A(xk+1 − xk)+B(yk+1 − yk) + (2/β) (λk+1 − λk) = 0.

rþ¡�ªf8¿�e,�� wk+1 ∈ Ω,é?¿�w ∈ Ω,k
θ1(x)− θ1(xk+1) + (x− xk+1)T {−ATλk + (βATA+ δIn1)(xk+1 − xk)} ≥ 0,

θ2(y)− θ2(yk+1) + (y − yk+1)T {−BTλk + (βBTB + δIn2)(yk+1 − yk)} ≥ 0,

[2(Axk+1 +Byk+1 − b)− (Axk +Byk − b)] + (2/β)(λk+1 − λk) = 0.

(2.8)

(2.8)�z�1©O´x, yÚ λf¯K��`5^�.

'u�`5�n(`z¯KÚ�C©Ø�ª�m�'X),·�kXe�½n.
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½½½nnn 3 (���`5�n)�X ⊂ <n ´4à8, θ(x)Úf(x)Ñ´à¼ê,

Ù¥f(x)3�¹X���m8þ��. Px∗ ´à`z¯Kmin{θ(x) +

f(x) |x ∈ X}�).@o

x∗ ∈ argmin{θ(x) + f(x) |x ∈ X} (2.9)

�¿©7�^�´ `z¯KÚC©Ø�ª�'X,´�{©Û�Ä:

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (2.10)

�â½n3, (2.8)¥�xk+1, yk+1Ú λk+1�±ÏL¦)�©l�ü�f¯K

xk+1 = arg min

{
θ1(x)− xTATλk

+ 1
2
β‖A(x− xk)‖2 + 1

2
δ‖x− xk‖2

∣∣∣x ∈ X} (2.11a)

yk+1 = arg min

{
θ2(y)− yTBTλk

+ 1
2
β‖B(y − yk)‖2 + 1

2
δ‖y − yk‖2

∣∣∣ y ∈ Y} (2.11b)

λk+1 = λk − 1
2
β
[
2(Axk+1 +Byk+1 − b)− (Axk +Byk − b)

]
(2.11c)

¦�. ÏLù�~f,Öö�±�V
)�Ø© [1, 3, 12, 15, 17, 18]�Ä�g´.
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University of Colorado Boulder Technical Report, Department of Applied Mathematics

The Chen-Teboulle algorithm is the proximal point algorithm

Stephen Becker ∗

November 22, 2011; posted August 13, 2019

Abstract

We revisit the Chen-Teboulle algorithm using recent insights and show that this allows a better bound
on the step-size parameter.

1 Background

Recent works such as [HY12] have proposed a very simple yet powerful technique for analyzing optimization
methods. The idea consists simply of working with a different norm in the product Hilbert space. We fix an
inner product 〈x, y〉 on H×H∗. Instead of defining the norm to be the induced norm, we define the primal
norm as follows (and this induces the dual norm)

‖x‖V =
√
〈V x, x〉 =

√
〈x, x〉V , ‖y‖∗V = ‖y‖V −1 =

√
〈y, V −1y〉 =

√
〈y, y〉V −1

for any Hermitian positive definite V ∈ B(H,H); we write this condition as V � 0. For finite dimensional
spaces H, this means that V is a positive definite matrix.

We discuss the canonical proximal point method in a general norm; this generality has been known for a
long time, and the novelty will be our specific choice of norm. This allows us to re-derive the Chen-Teboulle
algorithm [CT94], which, even though it is not widely used, appears to be the first algorithm in a series
of algorithms [ZC08, EZC10, CP10, HY12, Con13, Vũ13]. Among other features, a benefit of these new
algorithms is that they can exploit the situation when a function f can be written as f(x) = h(Ax) for a
linear operator A. In particular, this is useful when the proximity operator [Mor62] of h is easy to compute
but the proximity operator of h ◦ A is not easy (the prox of h ◦ A follows from that of h only in special
conditions on A; see [CP07]).

The benefit of this analysis is that it gives intuition, allows one to construct novel methods, simplifies
convergence analysis, gives sharp bounds on step-sizes, and extends to product-space formulations easily.

1.1 Proximal Point algorithm

All terminology is standard, and we refer to the textbook [BC11] for standard definitions. Let A be a
maximal monotone operator, such as a subdifferential of a proper lower semi-continuous convex function,

and assume zero(A)
def
= {~x : 0 ∈ A~x} is non-empty. The proximal point algorithm is a method for finding

some ~x ∈ zero(A). It makes use of the fundamental fact:

0 ∈ A~x ⇐⇒ τ~x ∈ τ~x+A~x

for any τ > 0. This is equivalent to

~x ∈ (I + τ−1A)−1~x
def
= Jτ−1A(~x)

∗University of Colorado Boulder, USA. Work was also performed 2011–2014 while author was at IBM Research, Yorktown
Heights, NY, USA and at Laboratoire Jacques-Louis Lions, University Paris-6, under a fellowship from the Fondation Sciences
Mathmatiques de Paris (FSMP) and by a public grant overseen by the French National Research Agency (ANR) as part of the
“Investissements d’Avenir” program (reference: ANR-10-LABX-0098)
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�E PPA�{�üÑ´éõ�.·�r (2.7)¥�Ý
H��CÄ�e,Ò¬

��k�#λ,2²1¦) x, yf¯K�PPA�{,e¡´{�`².

U Dual-Primal ^S¢y��C:�{:

wk+1 ∈ Ω, θ(u)−θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω, (2.12a)

Ù¥

H =


βATA+ δIn1 0 −AT

0 βBTB + δIn2 −BT

−A −B 2
β
Im

 . (2.12b)

Ý
H�½´Ï� βATA+ δIn1 −AT

−A 1
β
Im

 � 0,

 βBTB + δIn2 −BT

−B 1
β
Im

 � 0.
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�C:�{ (2.12)�äN/ª�m5Ò´ wk+1 ∈ Ω,é?¿�w ∈ Ω,k

θ1(x)− θ1(xk+1) + (x− xk+1)T

{−ATλk+1 + (βATA+ δIn1)(x
k+1 − xk)−AT (λk+1 − λk)} ≥ 0,

θ2(y)− θ2(yk+1) + (y − yk+1)T

{−BTλk+1 + (βBTB + δIn2)(y
k+1 − yk)−BT (λk+1 − λk)} ≥ 0,

(λ− λk+1)T {(Axk+1 +Byk+1 − b)

−A(xk+1 − xk)−B(yk+1 − yk) + (2/β) (λk+1 − λk) = 0.

rþ¡�ªf8¿�e,��

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T

{(βATA+ δIn1)(xk+1 − xk)−AT (2λk+1 − λk)} ≥ 0, ∀x ∈ X

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T

{(βBTB + δIn2)(yk+1 − yk)−BT (2λk+1 − λk)} ≥ 0, ∀y ∈ Y

(λ− λk+1)T {(Axk +Byk − b) + (2/β)(λk+1 − λk)} ≥ 0, ∀λ ∈ <m.
(2.13)
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(2.13)¥�λf¯K��u

(Axk +Byk − b) + (2/β)(λk+1 − λk) = 0.

d®�� (xk, yk, λk),�#¦f

λk+1 = λk − 1

2
β(Axk +Byk − b). (2.14)

�â½n3, (2.13)¥�λk+1, xk+1Úyk+1�±ÏL¦)�©l�f¯K
xk+1 ∈ arg min

{
θ1(x)− xTAT [2λk+1 − λk]

+ 1
2
β‖A(x− xk)‖2 + 1

2
δ‖x− xk‖2

∣∣∣∣x ∈ X} (2.15a)

yk+1 ∈ arg min

{
θ2(y)− yTBT [2λk+1 − λk]

+ 1
2
β‖B(y − yk)‖2 + 1

2
δ‖y − yk‖2

∣∣∣∣ y ∈ Y}. (2.15b)

ùp0��PPAa�{,�±l [6]¥é�.

|^C©Ø�ª (VI)Ú�C:�{ (PPA),�gd/�OPPAa©�Â �{
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3 ADMM���{{{���ÌÌÌ���555���

ADMM�kPPA�3½n1Ú½n2¥�ã�ü�¤��(Ø.

§1¥·�®²rü¬�©là`z¯K

min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y} (3.1)

=�¤�C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (3.2)

Ù¥

w =

 x

y

λ

 , u =

(
x

y

)
, θ(u) = θ1(x) + θ2(y),

Ú

F (w) =

 −ATλ
−BTλ

Ax+By − b

 , Ω = X × Y × <m.
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¯K (3.1)�O2.�KF¼ê´

L[2]
β (x, y, λ) = θ1(x) + θ2(y)−λT (Ax+By− b) +

β

2
‖Ax+By− b‖2. (3.3)

ADMM�kgS�l�½� vk = (yk, λk)m©,ÏL
xk+1 ∈ arg min

{
L[2]
β (x, yk, λk)

∣∣ x ∈ X},
yk+1 ∈ arg min

{
L[2]
β (xk+1, y, λk)

∣∣ y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b)

(3.4)

¦� wk+1 = (xk+1, yk+1, λk+1).5¿�UÄf¯K8I¼ê¥�~ê�±

�)´ØC�.Ïd, ADMM�kgS��±�¤
xk+1 ∈ arg min

{
θ1(x)− xTATλk + 1

2
β‖Ax+Byk − b‖2

∣∣ x ∈ X},
yk+1 ∈ arg min

{
θ2(y)− yTBTλk + 1

2
β‖Axk+1 +By − b‖2

∣∣ y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b).

(3.5)

duS�´l�½�vk = (yk, λk)m©�,xk+1´³vk = (yk, λk)O�

Ñ5�,·�rADMM�{¥�x¡�¥mCþ,rv = (y, λ)¡�Ø%Cþ.
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Analysis �â���`5�n£�Ò´½n3¤, ADMM (3.5)�x , yf¯K

©O÷v

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T{
−ATλk + βAT

(
Axk+1 +Byk − b

)}
≥ 0, ∀x ∈ X

(3.6a)

Ú

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T{
−BTλk+βBT

(
Axk+1+Byk+1−b

)}
≥ 0, ∀ y ∈ Y.

(3.6b)

±ADMM�¦fλ��#úª

λk+1 = λk − β(Axk+1 +Byk+1 − b)

�\ (3.6) (��Ù¥�λk),·�©O��

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T{
−ATλk+1 + βATB(yk − yk+1)

}
≥ 0, ∀x ∈ X ,

(3.7a)
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Ú

yk+1 ∈ Y, θ2(y)−θ2(yk+1)+(y−yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y. (3.7b)

ò (3.7)�¤;n�/ªµuk+1 = (xk+1, yk+1) ∈ X × Y ,

θ(u)− θ(uk+1) +

(
x− xk+1

y − yk+1

)T{( −ATλk+1

−BTλk+1

)

+β

(
ATB

0

)(
yk − yk+1)} ≥ 0, ∀(x, y) ∈ X × Y. (3.8)

2rþªU�¤

θ(u)− θ(uk+1) +

(
x− xk+1

y − yk+1

)T{( −ATλk+1

−BTλk+1

)
+β

(
ATB

BTB

)(
yk − yk+1)

+

(
0 0

0 βBTB

)(
xk+1 − xk

yk+1 − yk

)}
≥ 0, ∀ (x, y) ∈ X × Y. (3.9)

,�,·�kXe�Ún:
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ÚÚÚnnn 2 ¦)VI (3.2),�é�½� (yk, λk), wk+1 = (xk+1, yk+1, λk+1) ∈ Ω´
d�O��{ (3.5))¤�.·�k

θ(u)−θ(uk+1)+

x− xk+1

y − yk+1

λ− λk+1


T
 −ATλk+1

−BTλk+1

Axk+1+Byk+1− b

+β

ATBT
0

B(yk−yk+1)

+

 0 0 0

0 βBTB 0

0 0 1
β
Im



xk+1 − xk

yk+1 − yk

λk+1 − λk


 ≥ 0, ∀w ∈ Ω. (3.10)

yyy²²² ADMM�¦f�#úªλk+1 = λk − β(Axk+1 +Byk+1 − b)U�¤

(Axk+1 +Byk+1 − b) + 1
β

(λk+1 − λk) = 0,

?k

(λ−λk+1)T {(Axk+1 +Byk+1− b) + 1
β

(λk+1−λk)} ≥ 0, ∀λ ∈ <m. (3.11)

òþª\� (3.9),Ò��Ún�(Ø (3.10). �

5¿� (3.10)¥çÚÜ©´(3.9). 7ÚÜ©Ò´ (3.11).
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�
�B,·�½Â

v =

(
y

λ

)
, V∗ = {(y∗, λ∗) |w∗ ∈ Ω∗} Ú H =

(
βBTB 0

0 1
β
Im

)
. (3.12)

ù�,·��±r (3.10)�¤

θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

+

(
x− xk+1

y − yk+1

)T(
AT

BT

)
B(yk − yk+1) + (v − vk+1)TH(vk+1 − vk) ≥ 0.

(3.13)

l��e¡�Únµ

ÚÚÚnnn 3 ¦)VI (3.2),�é�½� (yk, λk), wk+1 = (xk+1, yk+1, λk+1) ∈ Ω´

d�O��{ (3.5))¤�.@o,·�k

(vk+1−v∗)TH(vk−vk+1) ≥ (yk−yk+1)TBT (λk−λk+1), ∀w∗ ∈ Ω∗, (3.14)

Ù¥Ý
Hd (3.12)�Ñ.
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yyy²²². ò (3.13)¥� w�� w∗,|^F (w)�L�ª,·���

(vk+1 − v∗)TH(vk − vk+1)

≥

(
xk+1 − x∗

yk+1 − y∗

)T(
AT

BT

)
βB(yk − yk+1)

+θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1), ∀w∗ ∈ Ω∗. (3.15)

�â (1.8), (3.15)ªmà\ey��Ü©�K. (3.15)ªmà�1�Ü©(
xk+1 − x∗

yk+1 − y∗

)T(
AT

BT

)
βB(yk − yk+1)

= (yk − yk+1)TBTβ
(
A,B

)( xk+1 − x∗

yk+1 − y∗

)
= (yk − yk+1)TBTβ

(
Axk+1 +Byk+1 − (Ax∗ +By∗)

)
= (yk − yk+1)BTβ

(
Axk+1 +Byk+1 − b

)
= (yk − yk+1)BT (λk − λk+1). key��üÜ©�� (3.16)



28

Ún�(Ø��l (3.15)Ú (3.16)��. �

ÚÚÚnnn 4 ¦)VI (3.2),�é�½� (yk, λk), wk+1 = (xk+1, yk+1, λk+1) ∈ Ω

´d�O��{ (3.5))¤�.@o,·�k

(yk − yk+1)TBT (λk − λk+1) ≥ 0. (3.17)

yyy²²².Ï� (3.7b)ék-gS�k

θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y, (3.18)

Ón,éc�gS�Òk

θ2(y)− θ2(yk) + (y − yk)T
{
−BTλk} ≥ 0, ∀ y ∈ Y. (3.19)

©O3 (3.18)¥�y = ykÚ (3.19)¥�y = yk+1,,�òüª�\,Ò�Ø�

ª (3.17),Ún�y. �

ò (3.17)�\ (3.14),·���

(vk+1 − v∗)TH(vk − vk+1) ≥ 0, ∀ v∗ ∈ V∗. (3.20)
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c¡·�®²`²§d

bTH(a− b) ≥ 0 ⇒ ‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H .

� a = vk − v∗, b = vk+1 − v∗,Òke¡�½n.

½½½nnn 4 ¦)VI (3.2), �é�½� (yk, λk), wk+1 = (xk+1, yk+1, λk+1) ∈ Ω

´d�O��{ (3.5))¤�.·�k

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀ v∗ ∈ V∗. (3.21)

Ød�	,·�3 [14]¥y²
ADMM�S�S�{vk}ä�5�

‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H . (3.22)

ù^5��±le�!�©Û¥����,¤±·�3ùpØ�y².

Ø�ª (3.21)Ú (3.22)Ð«
ADMM�PPAk��éÐ�5�.·�5¿�,

3�
¯�ADMM�ïÄ [2]¥,Ñ^�
 (3.22)ù^5�.
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4 ààà`̀̀zzz©©©���ÂÂÂ   ���{{{���ÚÚÚ���µµµeee

·�o´^C©Ø�ª (VI)���{�O,r�5�å�à`z¯K8(�

e¡�C©Ø�ª:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (4.1)

Algorithms in a unified framework

A unified Algorithmic Framework for VI (4.1) Ú�µedýÿ-��üÜ©|¤

[Prediction Step.]l�½�Ø%CþvkÑu,¦�ýÿ: w̃k ∈ Ω¦Ù÷v

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (4.2a)

Ù¥QØ�½é¡,�´QT +Q��½.

[Correction Step.]���÷vÂñ^� (4.3)�Ý
M ,ÏL��

vk+1 = vk −M(vk − ṽk) (4.2b)

�Ñ#�vk+1. QÚM©O��ýÿÝ
Ú��Ý
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Convergence Conditions

é�{µe (4.2)¥�ýÿÝ
QÚ��Ý
M ,�3��½Ý
H ,¦�

HM = Q, (4.3a)

¿�

G = QT +Q−MTHM � 0. (4.3b)

XJýÿÝ
Q�ÛÉ,�E÷vÂñ^� (4.3)�Ý
H,M,G´N´�.du

QT +Q � 0.

·�o�±�

D � 0, G � 0 ¿� D +G = QT +Q. (4.4)

,�-

HM = Q Ú MTHM = D.

3Q�ÛÉ!D � 0�b�e,dÝ
�§|)�{
HM =Q,

MTHM =D.
⇔

{
HM =Q,

QTM =D.
⇔

{
H =QD−1QT ,

M =Q−TD.

Ò��÷vÂñ^��Ý
M ,HÚG. ÷v (4.4)�DÚG�±kÃ¡õ�ÀJ
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¢SO�¥,·�����Ý
M . H ÚG�´^5�yÂñ^��.

4.1 ADMM���±±±===���¤¤¤ÚÚÚ���µµµeee¥¥¥���ýýýÿÿÿ-���������{{{

·�k`²ADMM�{ (3.5)�±=�¤Ú�µe (4.2)��«äN/ª,¿÷

vÂñ^� (4.3).�d,·�ÄkÏL

w̃k =


x̃k

ỹk

λ̃k

 =


xk+1

yk+1

λk − β(Axk+1 +Byk − b)

 . (4.5)

½Âýÿ�þ w̃k = (x̃k, ỹk, λ̃k),Ù¥xk+1Úyk+1´dADMM (3.5))¤�.

·�'uADMMA��nØ(J [11, 14]�y²Ñ^�
ù«C�

ýýýÿÿÿ âd,·��±rýÿ�¤

(ýÿ)


x̃k ∈ arg min

{
L[2]
β (x, yk, λk)

∣∣ x ∈ X}, (4.6a)

ỹk ∈ arg min
{
L[2]
β (x̃k, y, λk)

∣∣ y ∈ Y}, (4.6b)

λ̃k = λk − β(Ax̃k +Byk − b). (4.6c)
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r ù�ýÿúª (4.5)´�~k^�. ù

�;Í��ö Amir Beckë�
·��ý

ÿúª (4.5),¿3c����5�
`².
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UìÚ�µe¥ (4.2a)�/ª,òýÿ (4.6)�(JLã¤e¡�Ún.

ÚÚÚnnn 5 ¦)C©Ø�ª (3.2),é�½�vk ,d (4.6))¤� w̃k÷v

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω,

(4.7a)
Ù¥

Q =

(
βBTB 0

−B 1
β
I

)
. (4.7b)

yyy²²² �â���`5�n�½n3, (4.6a)��`5^�´

x̃k ∈ X , θ1(x)−θ1(x̃k)+(x−x̃k)T {−ATλk+βAT (Ax̃k+Byk−b)} ≥ 0, ∀x ∈ X .

|^ (4.6c)¥� λ̃k = λk − β(Ax̃k +Byk − b),þªÒ´ x-f¯K�¡vk�n

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T
{
−AT λ̃k

}
≥ 0, ∀x ∈ X (4.8a)

Ón, y-f¯K (4.6b)��`5^��±�¤ y-f¯K��n´ [βBTB(ỹk − yk)]

ỹk ∈ Y, θ2(y)−θ2(ỹk)+(y−ỹk)T
{
−BT λ̃k+βBTB(ỹk−yk)

}
≥ 0, ∀ y ∈ Y.

(4.8b)
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r)¤ λ̃k��ª (4.6c)�¤

(Ax̃k +Bỹk − b)−B(ỹk − yk) + (1/β)(λ̃k − λk) = 0.

ù�Óu λ-f¯K��n´ [−B(ỹk − yk) + (1/β)(λ̃k − λk)]

λ̃k ∈ <m, (λ−λ̃k)T {(Ax̃k +Bỹk − b)−B(ỹk−yk)+(1/β)(λ̃k−λk)} ≥ 0,

(4.8c)

ò (4.8a), (4.8b)Ú (4.8c)�3�å,|^C©Ø�ª (3.2)�L�ª,5¿�e

y�Ü©�3�åÒ´F (w̃k),ýÿ: w̃k÷v (4.7),Ún�y. �

������ �O��{ (3.5)´�¿©¤ýÿ-���,·��£Þ?Ø��.

ÚÚÚnnn 6 �O��{ (3.5)¥�vk+1 = (yk+1, λk+1)ÚÏL (4.5)½Â� ṽk =

(ỹk, λ̃k)�'X�±�¤

vk+1 = vk −M(vk − ṽk), (4.9a)

Ù¥

M =

(
I 0

−βB I

)
. (4.9b)



36

yyy²²² Äk, yk+1 = ỹk .d (3.5)�Ñ�λk+1.|^ (4.5)¥ w̃k�½Â,�±L

«¤

λk+1 = λk − β(Ax̃k +Bỹk − b)

= λk −
[
−βB(yk − ỹk) + β(Ax̃k +Byk − b)]

= λk −
[
−βB(yk − ỹk) + (λk − λ̃k)

]
.

ù�, ADMM�{ (3.4)¥�vk+1 = (yk+1, λk+1)ÚÏL (4.5)½Â

� ṽk = (ỹk, λ̃k)�'X�±�¤(
yk+1

λk+1

)
=

(
yk

λk

)
−

(
I 0

−βB I

)(
yk − ỹk

λk − λ̃k

)
.

ùÒ´ (4.9),Ún�y. �

e¡·���^ (4.3)��y�{�Âñ5^�.Äk,�

H =

(
βBTB 0

0 1
β
I

)
. H�´��½ (4.10)
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éu (4.9b)¥�Ý
MÚ (4.7b)¥�Ý
Q,k

HM =

(
βBTB 0

0 1
β
I

)(
I 0

−βB I

)
=

(
βBTB 0

−B 1
β
I

)
= Q, (4.11)

^� (4.3a)÷v.,	,

G = QT +Q−MTHM = QT +Q−QTM

=

(
2βBTB −BT

−B 2
β
I

)
−

(
βBTB −BT

0 1
β
I

)(
I 0

−βB I

)

=

(
2βBTB −BT

−B 2
β
I

)
−

(
2βBTB −BT

−B 1
β
I

)
=

(
0 0

0 1
β
I

)
. (4.12)

Ïd,Ý
G´��½�,^� (4.3b)�÷v.

þ¡�ü�Únw�·�,¦)C©Ø�ª (3.2)�²;��O��{ (3.5),
�±)¤U (4.7)ýÿÚ (4.9)����{.§�©O��uÚ�µe¥�ý

ÿ (4.2a)Ú�� (4.2b).

ADMM�±)¤Ú�µe¥�ýÿ-���{,�äk§4.2¥ò�y²�½n�5�
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4.2 ÚÚÚ���µµµeee���{{{���ÂÂÂñññ555���

·�y²Ú�µe�{ (4.2)3Âñ5^� (4.3),=

QT +Q � 0, H � 0, HM = Q, G = QT +Q−MTHM � 0.

÷ve��
5�.

½½½nnn 5 �¦)C©Ø�ª (4.1),�{vk}, {w̃k}´dÚ�µe��{ (4.2)�

)�.bXÂñ5^� (4.3)÷v,Kk

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+

1

2
‖vk − ṽk‖2G, ∀w ∈ Ω. (4.13)

yyy²²².|^Q = HM (�(4.3a))Ú��úª (4.2b),éýÿ (4.2a)�mà?1
?nµQ(vk − ṽk) = HM(vk − ṽk) = H(vk − vk+1),Ïdk

θ(u)− θ(ũk) + (w− w̃k)TF (w̃k) ≥ (v− ṽk)TH(vk−vk+1), ∀w ∈ Ω. (4.14)

é (4.14)�mà¦^ð�ª

(a−b)TH(c−d) =
1

2
{‖a−d‖2H−‖a−c‖2H}+

1

2
{‖c−b‖2H−‖d−b‖2H}, (4.15)



39

¿3Ù¥-

a = v, b = ṽk, c = vk, and d = vk+1,

·�Ïd��

2(v − ṽk)TH(vk − vk+1)

=
(
‖v − vk+1‖2H−‖v − vk‖2H

)
+(‖vk − ṽk‖2H−‖vk+1 − ṽk‖2H).(4.16)

é (4.16)mà���Ü©,|^HM = QÚ2vTQv = vT (QT +Q)v,��

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− (vk − vk+1)‖2H

(4.3a)
= ‖vk − ṽk‖2H − ‖(vk − ṽk)−M(vk − ṽk)‖2H
= 2(vk − ṽk)THM(vk − ṽk)− (vk − ṽk)TMTHM(vk − ṽk)

= (vk − ṽk)T (QT +Q−MTHM)(vk − ṽk)

(4.3b)
= ‖vk − ṽk‖2G. (4.17)

ò (4.16), (4.17)�\ (4.14),½n�(Ø�y. �
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r ÈzÚ��ð�ª (4.15)´�~k^

�. ù�;Í��öAmir Beckë�
·�

�ÈzÚ��y²§ª,¿3c����5

�
`².
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Convergence in a strictly contraction sense

½½½nnn 6 �¦)C©Ø�ª (4.1),�{vk}, {w̃k}´dÚ�µe��{ (4.2)�

)�.bXÂñ5^� (4.3)÷v,Kk

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (4.18)

yyy²²².ò (4.13)¥�w��?¿(½�w∗,·���

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ ‖vk − ṽk‖2G + 2{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)}. (4.19)

�â (1.8), (4.19)ªmà\ey��Ü©�K.Ïd

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ ‖vk − ṽk‖2G. (4.20)

����
 (4.18),½n�y. �
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½½½nnn 7 �¦)C©Ø�ª (4.1),�{vk}, {w̃k}´dÚ�µe��{ (4.2)�

)�.bXÂñ5^� (4.3)÷v,Kk

‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H . (4.21)

yyy²²² Äk,·�k

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω

Ú

θ(u)−θ(ũk+1)+(w−w̃k+1)TF (w̃k+1) ≥ (v−ṽk+1)TQ(vk+1−ṽk+1), ∀w ∈ Ω.

©Oòþ¡üª¥� w�¤ w̃k+1Ú w̃k ,��

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk)

Ú

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1).

òþãü�Ø�ª�\,Òk

(ṽk − ṽk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 0.
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2ò {(vk − ṽk)− (vk+1 − ṽk+1)}TQ{(vk − ṽk)− (vk+1 − ṽk+1)} \�þªü
>,��

(vk−vk+1)TQ{(vk−ṽk)−(vk+1−ṽk+1)} ≥ 1
2
‖(vk−ṽk)−(vk+1−ṽk+1)‖2(QT +Q).

¿Ïd
(vk − vk+1)TH{(vk − vk+1)− (vk+1 − vk+2)}

≥ 1
2
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q). (4.22)

��,|^ ‖a‖2H − ‖b‖2H = 2aTH(a− b)− ‖a− b‖2H Ú (4.22),·���

‖vk − vk+1‖2H − ‖vk+1 − vk+2‖2H
= 2(vk − vk+1)TH{(vk − vk+1)− (vk+1 − vk+2)}

−‖(vk − vk+1)− (vk+1 − vk+2)‖2H
(4.22)

≥ ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q) − ‖(v
k − vk+1)− (vk+1 − vk+2)‖2H

= ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q−MTHM)

= ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G.

dþª (4.21)¤á,y.. � d§4.1�Øy, ADMM�{�k½n7�5�
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5 ýýýÿÿÿ-���������222ÂÂÂPPA���{{{

þ�!,�¦)C©Ø�ª (4.1),·��O
ýÿ-���{ (4.2),Ùýÿ´

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (5.1)

���

vk+1 = vk −M(vk − ṽk). (5.2)

3Âñ5^�

QT +Q � 0, H � 0, HM = Q, G = QT +Q−MTHM � 0

÷v�cJe,y²
£�½n6¤

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (5.3)

Ú£�½n7¤

‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H . (5.4)

XJ (5.3)¥mà� ‖vk − ṽk‖2G¤
 ‖vk − vk+1‖2H , @Ò´PPA�5�
.
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½½½nnn 8 �¦)C©Ø�ª (4.1),�{vk}, {w̃k}´dÚ�µe��{ (4.2)�

)�.bXÂñ5^� (4.3)÷v,¿�k

MTHM = G, (5.5)

@o,·�k

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀v∗ ∈ V∗. (5.6)

yyy²²².d�	�^� (5.5),Ø�ª (5.3)�±U�¤

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2MTHM

= ‖vk − v∗‖2H − ‖M(vk − ṽk)‖2H , ∀v∗ ∈ V∗.

2�â��úª (5.2),êþ��½n(Ø (5.6). �

�é{`,k
N\^� (5.5),Ú�µe��{�ä�½n1Ú½n2�(Ø.

½n8´3^� (4.3)N\^� (5.5)��¹ey²�.UÄ�E5/�ÑQº
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UUU! �ýÿÝ
Q÷vQT +Q � 0��ÿ. ·��±òQT +Q©¤

D � 0, G � 0 Ú D +G = QT +Q, (5.7)

2-

M = Q−TD Ú H = QD−1QT . (5.8)

Kk

H � 0, HM = (QD−1QT )(Q−TD) = Q

Ú

MTHM = (DQ−1)(QD−1QT )(Q−TD) = D. (5.9)

Ïd

G = QT +Q−MTHM = QT +Q−D = G � 0.

^� (4.3)÷v, (5.3)Ú (5.4)Ñ¤á.

·�æ^�éAÏ�DÚG,¦� D = G = 1
2
(QT +Q), @o, (5.3)Ò¤


‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2D, ∀v∗ ∈ V∗. (5.10)
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�âD = MTHM (�(5.9))ÚM(vk − ṽk) = vk − vk+1 (� (5.2)),Òk

‖vk − ṽk‖2D = ‖M(vk − ṽk)‖2H = ‖vk − vk+1‖2H .

ù�, (5.10)Ò¤


‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀v∗ ∈ V∗. (5.11)

·�rþã©Û(J�¤e¡�½n.

½½½nnn 9 ^ýÿ���{¦)C©Ø�ª (2.1), �ýÿ (5.1)¥�ýÿÝ


Q÷vQT +Q � 0.e-

D = 1
2
(QT +Q), Ú M = Q−TD

Kd��úª (5.2) �)�#�S�:äk5� (5.11)Ú (5.4), Ù¥

H = Q[ 1
2
(QT +Q)]−1QT . 5� (5.11)Ú (5.4)´PPA�{¤äk�Ð5�.

¦)C©Ø�ª (2.1),·�rS�S�äk5� (5.11)Ú (5.4)�ýÿ-��

�{,¡�2ÂPPA�{.3¢SO�¥,·�¿Ø�¦wª�ÑH�L�ª.
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6 õõõ¬¬¬���©©©lllààà`̀̀zzz¯̄̄KKKýýýÿÿÿ���CCC©©©ØØØ���ªªª

·��Ä^Ú�µe��{Ú2ÂPPA�{¦)p-¬�©là`z¯K

min
{ p∑
i=1

θi(xi)
∣∣ p∑
i=1

Aixi = b (or ≥ b), xi ∈ Xi
}
. (6.1)

à`z¯K (6.1)�.�KF¼ê´½Â3 Ω =
∏p
i=1 Xi × Λ þ�

L(x1, . . . , xp, λ) =

p∑
i=1

θi(xi)− λT (

p∑
i=1

Aixi − b),

Ù¥

Λ =


<m, if

∑p
i=1 Aixi = b,

<m+ , if
∑p
i=1 Aixi ≥ b.

� (x∗1, . . . , x
∗
p, λ
∗) ∈ Ω ´ Lagrange¼ê�Q:,Kk

Lλ∈Λ(x∗1, . . . , x
∗
p, λ) ≤ L(x∗1, . . . , x

∗
p, λ
∗) ≤ Lxi∈Xi(x1, . . . , xp, λ

∗).
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à`z¯K (6.1)�Q:�due¡C©Ø�ª�):

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (6.2a)

Ù¥

w =


x1

...

xp

λ

 , x =


x1

...

xp

 , F (w) =


−AT1 λ

...

−ATp λ∑p
i=1 Aixi − b

 , (6.2b)

¿k

θ(x) =

p∑
i=1

θi(xi), Ω =

p∏
i=1

Xi × Λ.

·�E,^Ω∗L«C©Ø�ª (6.2)�)8. Ó�,ùp����f

k (w − w̃)T (F (w)− F (w̃)) ≡ 0.Ïd,� w̃ ∈ Ω�,Òk

θ(x̃)− θ(x∗) + (w̃ − w∗)TF (w̃) ≥ 0, ∀w∗ ∈ Ω∗. (6.3)
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õõõ¬¬¬¯̄̄KKK (6.2)���PRIMAL-DUALýýýÿÿÿ

l�½� (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk) �ýÿ: w̃k = (x̃k1 , x̃

k
2 , · · · , x̃kp, λ̃k):

Prediction Step. With given (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk), find w̃k ∈ Ω:

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λk + β

2
‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg minxi∈Xi

{
θi(xi)− xTi ATi λk + β

2
‖∑i−1

j=1 Aj(x̃
k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ arg minxp∈Xp

{
θp(xp)− xTp ATp λk + β

2
‖∑p−1

j=1Aj(x̃
k
j − xkj )+Ap(xp − xkp)‖2

}
;

λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
.

(6.4)

ýÿk�©2éó.é�©l��©Cþf¯KÅ�US¦).
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6.1 æææ^̂̂Primal-Dualýýýÿÿÿ���ýýýÿÿÿCCC©©©ØØØ���ªªª

Analysis for the P-D Prediction ·�kw (6.4)¥xf¯K

x̃ki ∈ arg min
{
θi(xi)−xTi ATi λk+

β

2
‖
i−1∑
j=1

Aj(x̃
k
j−xkj )+Ai(xi−xki )‖2|xi ∈ Xi

}
.

�â�`5�n(½n3,�`5^�´ x̃ki ∈ XiÚ

θi(xi)−θi(x̃ki )+(xi−x̃ki )T
{
−ATi λk+βATi

( i∑
j=1

Aj(x̃
k
j−xkj )

)}
≥ 0, ∀xi ∈ Xi.

§�±U�¤ x̃ki ∈ XiÚé¤k� xi ∈ Xi Ñk

θi(xi)−θi(x̃ki )+(xi−x̃ki )T {−ATi λ̃k+βATi
( i∑
j=1

Aj(x̃
k
j−xkj )

)
+ATi (λ̃

k−λk)} ≥ 0.

(6.5a)

ýÿ�éóÜ© λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
, �d/ª

λ̃k = arg min
{∥∥λ− [λk − β(∑p

j=1Aj x̃
k
j − b

)]∥∥2 ∣∣λ ∈ Λ
}
.
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�`5^�´

λ̃k ∈ Λ, (λ− λ̃k)T
{(∑p

j=1Aj x̃
k
j − b

)
+ 1

β
(λ̃k−λk)

}
≥ 0, ∀λ ∈ Λ. (6.5b)

ò (6.5a)Ú (6.5b)|C3�å,·�k

ÚÚÚnnn 7 �¦)C©Ø�ª (6.2), l�½� (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk)Ñ

u,d (6.4))¤� w̃k ∈ Ω÷v

θ(x)−θ(x̃k)+(w−w̃k)TF (w̃k) ≥ (w−w̃k)TQ(wk−w̃k), ∀w ∈ Ω, (6.6a)

Ù¥

Q =



βAT1 A1 0 · · · 0 AT1

βAT2 A1 βAT2 A2

. . .
... AT2

...
. . . 0

...

βATpA1 βATpA2 · · · βATpAp ATp

0 0 · · · 0 1
β
Im


. (6.6b)

�é{`:ÏLýÿ,·�����± w̃k�)�C©Ø�ª (6.6).
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6.2 CCCþþþ������eee���ýýýÿÿÿÝÝÝ




·�®²rà`z¯K (6.1)=�¤C©Ø�ª (6.2),=

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

��B©Û,·�½Â:

P =



√
βA1 0 · · · · · · 0

0
√
βA2

. . .
...

...
. . .

. . .
. . .

...

...
. . .

√
βAp 0

0 · · · · · · 0 (1/
√
β)Im


, ξ=Pw=



√
βA1x1

√
βA2x2

...

√
βApxp

(1/
√
β)λ


.

(6.7)

Ó�½Â

Ξ =
{
ξ | ξ = Pw, w ∈ Ω

}
,

Ú

Ξ∗ =
{
ξ∗ | ξ∗ = Pw∗, w∗ ∈ Ω∗

}
.
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|^ (6.7)¥½Â�Ý
P ,é (6.6b)¥�Ý
Q,·�k

Q=PTQP, Ù¥ Q=



Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . . 0
...

Im Im · · · Im Im

0 0 · · · 0 Im


. (6.8)

Ïd, (6.6a)�mà�±�¤ Ý
Q´��N´¦_�Ý
Ú��2Â��Ý
�Ú

(w − w̃k)TQ(wk − w̃k) = (w − w̃k)TPTQP (wk − w̃k)

= (ξ − ξ̃k)TQ(ξk − ξ̃k).

|^C� (6.7),�xýÿ (6.4)�C©Ø�ª (6.6)�±U�¤

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (ξ − ξ̃k)TQ(ξk − ξ̃k), ∀w ∈ Ω. (6.9)

Ù¥Ý
Qd (6.8)�Ñ. (QT +Q)´�½�.
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7 CCCþþþOOO���eee���ýýýÿÿÿ-���������{{{

·�E,�Ä§6¥�5�å�õ¬�©là`z¯K (6.1).�{�1k-Ú

S�l�½� (A1x
k
1 , . . . , Apx

k
p, λ

k)Ñu,)¤�ýÿ: w̃k ∈ Ω÷v

θ(x)− θ(x̃k) + (w− w̃k)TF (w̃k) ≥ (w− w̃k)TQ(wk− w̃k), ∀ w ∈ Ω. (7.1)

��Ü��ýÿ,Ù¥�Ý
QT +Q  �´��þ�½�.|^þ�!�

C� (6.7),rýÿ (7.1)U�¤ w̃k ∈ Ω,

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (ξ − ξ̃k)TQ(ξk − ξ̃k), ∀ w ∈ Ω, (7.2)

Ù¥Q = PTQP .|^PÒ

L =


Im 0 · · · 0

Im Im
. . .

...
...

. . . 0

Im Im · · · Im

 , I =


Im 0 · · · 0

0 Im
. . .

...
...

. . .
. . . 0

0 · · · 0 Im

 , (7.3)
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Ú1× p¬GÝ

ET =

(
Im Im · · · Im

)
. (7.4)

�±r (6.8)¥�Ý
Q�¤

Q =

(
L E

0 Im

)
Ïd QT +Q =

(
I + EET E

ET 2Im

)
(7.5)

¿�

QT +Q =

(
I 0

0 Im

)
+

(
E

Im

)(
ET Im

)
� 0. (7.6)

3Q�é¡� (7.6)÷v��ÿ,7Læ^7����.o�±Àü�Ý


DÚG,¦�

D � 0, G � 0, Ú D + G = QT +Q. (7.7)

5¿�QT ´N´¦_�.

Q−T =

(
LT 0

ET Im

)−1

=

(
L−T 0

−ETL−T Im

)
. (7.8)
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�âc�ù�©Û,·�kXe�½n.

½½½nnn 10 �ýÿ: ξ̃k÷v^� (7.2),Ù¥QT +Q´�½Ý
. XJdü�

�½Ý
DÚG,¦� (7.7)¤á.

M = Q−TD (7.9)

@o,|^Ý
 (7.9)��

ξk+1 = ξk −M(ξk − ξ̃k), (7.10)

�)� ξk+1÷v

‖ξk+1 − ξ∗‖2H ≤ ‖ξk − ξ∗‖2H − ‖ξk − ξ̃k‖2G , ∀ ξ∗ ∈ Ξ∗, (7.11)

Ù¥Ý
H = QD−1QT .

�{äk�,�^�5�:S�{‖ξk − ξk+1‖H}´üNØO�.

e¡�½nÚ½n7aq,y²�{����Ó.
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½½½nnn 11 XJýÿ: ξ̃k÷v^� (7.2),@o,d�� (7.10)�)�#�S�

: ξk+1÷v

‖ξk+1 − ξk+2‖2H ≤ ‖ξk − ξk+1‖2H. (7.12)

yyy²²².Äk,·�y²S�S�÷v

(ξk − ξk+1)TH[(ξk − ξk+1)− (ξk+1 − ξk+2)]

≥ 1

2
‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT +Q). (7.13)

òýÿ (7.2)¥�kU�k + 1,·�k

θ(x)−θ(x̃k+1)+(w−w̃k+1)TF (w̃k+1) ≥ (ξ−ξ̃k+1)TQ(ξk+1−ξ̃k+1), ∀ w ∈ Ω,

òþª¥?¿�w�� w̃k ,��

θ(x̃k)− θ(x̃k+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ξ̃k − ξ̃k+1)TQ(ξk+1 − ξ̃k+1).

(7.14)

òýÿ (7.2)ª¥?¿�w�� w̃k+1,Òk

θ(x̃k+1)− θ(x̃k) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ξ̃k+1 − ξ̃k)TQ(ξk − ξ̃k). (7.15)
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ò (7.14), (7.15)\3�å,|^ (w̃k − w̃k+1)T (F (w̃k)− F (w̃k+1)) ≡ 0,��

(ξ̃k − ξ̃k+1)TQ{(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)} ≥ 0.

éþªü>\þ

{(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)}TQ{(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)}

¿|^ ξTQξ = 1
2
ξT (QT +Q)ξ,·���

(ξk − ξk+1)TQ{(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)}

≥ 1

2
‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT +Q).

3þª�à|^Q = HMÚ��úª (7.10),Ò�� (7.13).

,�,·�3ð�ª ‖a‖2H − ‖b‖2H = 2aTH(a− b)− ‖a− b‖2H ¥�

a = (ξk − ξk+1) Ú b = (ξk+1 − ξk+2), ��

‖ξk − ξk+1‖2H − ‖ξk+1 − ξk+2‖2H
= 2(ξk − ξk+1)TH{(ξk − ξk+1)− (ξk+1 − ξk+2)}

−‖(ξk − ξk+1)− (ξk+1 − ξk+2)‖2H.
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|^ (7.13)O�þ¡�ªmà�1��,��

‖ξk − ξk+1‖2H − ‖ξk+1 − ξk+2‖2H ≥ ‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT +Q)

− ‖(ξk − ξk+1)− (ξk+1 − ξk+2)‖2H. (7.16)

^��úª (7.10)?nþªmà��

‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT +Q) − ‖(ξ
k − ξk+1)− (ξk+1 − ξk+2)‖2H

= ‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT +Q−MTHM).

du (QT +Q)−MTHM = G � 0, (7.16)mà�K,½n(Ø�y. �

du (� (7.5))

QT +Q =

 I + EET E

ET 2Im

 ,

�±^õ«�{òÙ©)¤ü��½Ý
.~X

QT +Q =

(
νI 0

0 Im

)
+

(
(1− ν)I + EET E

ET Im

)
.
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�±?�Ù¥���D.du

L−T =


Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im

 , ETL−T =
(
Im 0 · · · 0

)

RR

Q−T =

(
L−T 0

−ETL−T Im

)
=



Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im 0

−Im 0 · · · 0 Im


.

�� (7.10)ÏL

ξk+1 = ξk −Q−TD(ξk − ξ̃k)

´AON´¢y�.©z [9, 16]�Ñ
�
äN�{.



62

8 CCCþþþ������eee���222ÂÂÂPPA���{{{

·�éd (7.2)û½�G.ýÿ,�Ñ2Â�C:�{���úª.

2Â�C:�{Ò´À

D = G = 1
2
(QT +Q) (8.1)

@o, (7.11)ÒC¤


‖ξk+1 − ξ∗‖2H ≤ ‖ξk − ξ∗‖2H − ‖ξk − ξ̃k‖2D, ∀ξ∗ ∈ Ξ∗.

éÀ½�D,�âD =MTHM,¿|^ (7.10),þªÒ¤


‖ξk+1 − ξ∗‖2H ≤ ‖ξk − ξ∗‖2H − ‖ξk − ξk+1‖2H, ∀ξ∗ ∈ Ξ∗. (8.2)

32Â�C:�{(Generalized PPA)¥,��Ý
M´d (7.2)¥�ýÿÝ


Q��(½�.Ø�ª (8.2)Ú (7.12)

‖ξk+1 − ξk+2‖2H ≤ ‖ξk − ξk+1‖2H

`²,CþO�e�2ÂPPA�{Ó�ä�ÚPPA�{�5� (2.4)Ú (2.6).
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·�òù
²Lýÿ-��,S�S�qäk PPA
5� (2.4) Ú (2.6)��{,¡�2Â�C:�{.

|^c�ù�Ñ�L, E ,@o

Q =

(
L E

0 Im

)
=

(
L 0

0 Im

)
+

(
0 E

0 0

)
. (8.3)

du

M = Q−T [ 1
2

(
QT +Q

)
]

Ú

Q−T =

(
L−T 0

−ETL−T Im

)
=



Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im 0

−Im 0 · · · 0 Im


.
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N´O���

M =
1

2

(
Ip+1 +Q−TQ

)
=

1

2



Im −Im 0 · · · 0

0
. . .

. . .
. . .

...

0 0 Im −Im 0

Im · · · Im 2Im Im

−Im 0 · · · 0 Im


. (8.4)

3 (7.10)¥æ^ù�M���,(Üc�ù�C�,���±�¤�d�

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1


=



A1x
k
1

A2x
k
2

...

Apx
k
p

λk


−1

2



Im −Im 0 · · · 0

0
. . .

. . .
. . .

...

0 0 Im −Im 0

Im · · · Im 2Im
1
β
Im

−βIm 0 · · · 0 Im





A1x
k
1 −A1x̃

k
1

A2x
k
2 −A2x̃

k
2

...

Apx
k
p −Apx̃kp
λk − λ̃k


.

(8.5)

�� (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1),Ò�±m©�g#�ýÿ (6.4).

d (6.4)ýÿ, (8.5)����{´�� Generalized Proximal Point Algorithm .
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9 Conclusions
Äk,C©Ø�ªÚ�C:�{´·��Ì�óä.?Û��'uê�`z�Ö,Ñ

vk;�J9C©Ø�ª (VI),�Ø¬�¿0��C:�{ (PPA),¦+�5�å�à`
z¯K�O2.�KF¦f{ (ALM)´¦fλ�PPA�{.·��ó�kgC�AÚ.

• Äk,·�r�5�å�à`z¯K=�¤���d�(�.üNC©Ø�ª,,

�`²�o´C©Ø�ª�PPA�{,?Ø
PPA�{�Âñ5�.

• C©Ø�ª�PPA�{S��z�Ú,Ñ|^Ù�©l(�,©)¤�
{ü�C

©Ø�ª,¦)ù
/��0C©Ø�ª,q�±ÏL¦)�A�à`z¯K¢y.

• ÄuVI�ýÿ-���{�Ú�µe,Q�±^§5�y�{�Âñ5,q�±^

§/UI�O0¦)�©là`z¯K��{,ùÒ´·��¯ØÓ�Ü6.

• �âÚ�µe,·�®²lÐØN´nÑ���{,�
¿Ø¤§�E�q�{.

• ·�qAT�±�2�ÞM,=¦´ADMM,§�´tµ
�ALM,´'u¦f�

�PPA�{.Ó���±rN,¦)�5�åà`z¯K, ALM��´�k¿�å
�Ð�{.

• é�à¯Kk�o�{ºN��O�Ð�ýÿºN�Jp���{�Âñ�Ýº

F"� ±�¦��Ý"À·�*:,é�Ò�&,Øé��1µ��.



66

References

[1] X.J. Cai, G.Y. Gu, B.S. He and X.M. Yuan, A proximal point algorithms revisit on the alternating
direction method of multipliers, Science China Mathematics, 56 (2013), 2179-2186.

[2] T. Goldstein, B. O’Donoghue, S. Setzer and R. Baraniuk, Fast Alternating Direction Optimization
Methods, SIAM J. Imaging Science, Vol. 7, No. 3, pp. 1588õ1623, 2014.

[3] G. Y. Gu, B. S. He and X. M. Yuan, Customized proximal point algorithms for linearly constrained
convex minimization and saddle-point problems: a unified approach, Comput. Optim. Appl., 59
(2014), 135-161.

[4] B. S. He, My 20 years research on alternating directions method of multipliers (in Chinese),
Operations Research Trasactions, 22 (2018), 1-31.

[5] B. S. He, A uniform framework of contraction methods for convex optimization and monotone
variational inequality (in Chinese). Sci Sin Math, 48 (2018), 255-272, doi: 10.1360/N012017-
00034

[6] B. S. He, Using a unified framework to design the splitting and contraction methods for convex
optimization (in Chinese),p�Æ�O�êÆÆ� 44 (2022), 1-35.

[7] B. S. He, M. Tao and X. M. Yuan, Alternating direction method with Gaussian back substitution for
separable convex programming, SIAM Journal on Optimization, 22 (2012), 313-340.

[8] B. S. He, M. Tao and X. M. Yuan, A splitting method for separable convex programming, IMA
Journal of Numerical Analysis, 31 (2015), 394-426.

[9] B. S. He, S. J. Xu and X. M. Yuan, Extensions of ADMM for separable convex optimization
problems with linear equality or inequality constraints, Handbook of Numerical Analysis, 24



67

(2023) 511-557. or arXiv:2107.01897v2[math.OC].

[10] B. S. He and X. M. Yuan, Convergence analysis of primal-dual algorithms for a saddle-point
problem: From contraction perspective, SIAM Journal on Imaging Science, 5 (2012) 119-149.

[11] B. S. He and X. M. Yuan, On theO(1/n) convergence rate of the alternating direction method,
SIAM J. Numerical Analysis, 50 (2012), 700-709.

[12] B. S. He and X. M. Yuan, Convergence analysis of primal-dual algorithms for a saddle-point
problem: From contraction perspective, SIAM Journal on Imaging Science, 5 (2012) 119-149.

[13] B. S. He and X. M. Yuan, A class of ADMM-based algorithms for three-block separable convex
programming, Comput. Optim. Appl. 70 (2018), 791-826.

[14] B. S. He and X. M. Yuan, On non-ergodic convergence rate of Douglas-Rachford alternating
directions method of multipliers, Numerische Mathematik, 130 (2015), 567-577.

[15] B. S. He and X. M. Yuan, Balanced Augmented Lagrangian Method for Convex Programming,
arXiv 2108.08554 [math.OC]

[16] B. S. He and X. M. Yuan, On construction of splitting contraction algorithms in a prediction-
correction framework for separable convex optimization, arXiv 2204.11522 [math.OC]

[17] B. S. He, X. M. Yuan and W. X. Zhang, A customized proximal point algorithm for convex
minimization with linear constraints, Comput. Optim. Appl. 56 (2013), 559õ572.

[18] S. J. Xu, A dual-primal balanced augmented Lagrangian method for lineraly constrained convex
programming, J. Appl. Math. and Computing 69 (2023), 1015-1035


