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Abstract. The alternating direction method of multipliers (ADMM), also well known as a special split Bregman
algorithm in imaging, is being popularly used in many areas including the image processing field.
One useful modification is the symmetric version of the original ADMM, which updates the Lagrange
multiplier twice at each iteration and thus the variables are treated in a symmetric manner. The
symmetric version of ADMM, however, is not necessarily convergent. It was recently found that
the convergence of symmetric ADMM can be sufficiently ensured if both the step sizes for updating
the Lagrange multiplier are shrunk conservatively. Despite the theoretical significance in ensuring
convergence, however, smaller step sizes should be strongly avoided in practice. On the contrary,
we actually have the desire of seeking larger step sizes whenever possible in order to accelerate the
numerical performance. Another technique leading to numerical acceleration of ADMM is enlarging
its step size by a constant originally proposed by Fortin and Glowinski. These two numerically
favorable techniques are commonly but usually separately used in ADMM literature, and intuitively
they seem to be incompatible in combination with the symmetric ADMM due to the conflict between
the theoretical role in ensuring the convergence with smaller step sizes and the empirical necessity
in accelerating numerical performance with larger step sizes. It is thus open whether the ADMM
scheme in combination with these two techniques simultaneously is convergent. We answer this
question affirmatively in this paper and rigorously show the convergence of the symmetric version
of ADMM with step sizes that can be enlarged by Fortin and Glowinski’s constant. We thus move
forward to the counterintuitive understanding that shrinking both the step sizes is not necessary for
the symmetric ADMM. We conduct the convergence analysis by specifying a step size domain that
can ensure the convergence of symmetric ADMM; some known results in the ADMM literature turn
out to be special cases of our discussion. Since the step sizes can be enlarged by constants that are
problem-independent and the strategy is applicable to the general iterative scheme when the generic
setting of the model is considered, our theoretical study provides an easily implementable strategy
to accelerate the ADMM numerically which can be immediately applied to a variety of applications
including some standard image processing tasks.
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1. Introduction. Our discussion starts with the canonical convex minimization model
with separable structure in the generic setting:

(1.1) min{6;(z) + 02(y) | Ax + By=b, z € X,y € Y},

where A € RM*™ B e RM™*™2 ph e R™ X C R™, and Y C R™2 are closed convex sets, and
61 : R™ — R and 6, : R — RN are convex (not necessarily smooth) functions. Throughout,
the solution set of (1.1) is assumed to be nonempty, and the sets X and ) are assumed to be
simple.

The augmented Lagrangian function of (1.1) can be written as

(12)  LpleyN) = 0u(x) +baly) — AT(Az + By —b) + 2 || Az + By~ b|P,

where A is the Lagrange multiplier and g > 0 is a penalty parameter for the linear constraints.
Thus, applying directly the augmented Lagrangian method in [34, 39] to (1.1), we obtain the
iterative scheme

(1.3a) { (l‘k+1, yk“) = argmin{Lg(z,y, )\k) |z e X, ye )V},

(1.3b) ML — AP _ B(AgP T 4 Byt —b).

We are interested in only the case where the functions #; and 63 may have their own
properties/structures and it is worth taking advantage of them individually in algorithmic
implementation. For this case, solving the (z,y)-minimization problem in (1.3) may not be
efficient and we prefer splitting the (z,y)-subproblem into two easier ones, each involving only
one function #; in its objective. This idea can be realized by the classical alternating direction
method of multipliers (ADMM) (see [7, 25]). Starting with an initial iterate (y°, \?) € Y x ®R™,
the ADMM generates its sequence via the scheme

(1.4a) 2" = argmin{Ls(x, y*, \¥) |z € &},
(1.4b) Y = argmin{Ls(z",y, \F) |y € VY,
(1.4c) ML= \F _ gAY 4 Byt —b).

We refer to, e.g., [5, 15, 22] for some reviews on ADMM.

The split Bregman algorithm (SBA) was proposed in [27] and it has received much atten-
tion in various image processing domains; see, e.g., [1, 2, 6, 16, 28, 29, 44], to mention just
a few. Now, we elaborate on the relationship between the SBA and ADMM schemes. The
iterative scheme of SBA for (1.1) can be written as

Perform the following two minimization problems for N rounds:
(1.50) P argmin{Ls (e, v, N |2 € X),
y* ! argmin{Lg(a* Ty, ) [y € VY,

(1.5b) (ML = \F - B(AM ! 4 ByFt! — ),
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where N > 0 is an integer. Clearly, if N is chosen as 1 in (1.5), i.e., the (z,y)-subproblem
in (1.3a) is approximated by one Gauss—Seidel pass of the block-minimization approach, then
the SBA (1.5) reduces to the ADMM scheme (1.4). It is interesting to notice the comment in
[27]: for many applications optimal efficiency is obtained when only one iteration of the inner
loop is performed (i.e., N =1 in the above algorithm). We refer to, e.g., [16, 41, 42], for more
elaborations on the relationship between the SBA and ADMM schemes.

As reported in [21], Fortin and Glowinski suggested, in [18, 19], attaching a relaxation
factor to the Lagrange-multiplier-updating step in (1.4). This results in the scheme

(1.6a) oM = argmin{Ls(x, y", \¥) |z € X},

(1.6b) Yy = argmin{Lg(z" 1y, \) |y € VY,

(1.6¢) ML — \F _ sB(Azk Tt 4+ Byt — b)),
1+V6

where the parameter s can be chosen in the interval (0, 3 ) and thus it becomes possible
to enlarge the step size for updating the Lagrange multiplier. An advantage of this larger
step size in (1.6) is that it can numerically lead to faster convergence empirically; see some
numerical results in [21] and more in, e.g., [8, 32]. Moreover, the parameter s for conver-
gence acceleration is just a constant and it can be chosen without additional computation.
We see that the scheme (1.6) differs from the original ADMM scheme (1.4) only in the fact
that the step size for updating the Lagrange multiplier can be larger than 1. But, as com-
mented in [15], technically they are “actually two distinct families of ADMM algorithms,
one derived from the operator-splitting framework and the other derived from Lagrangian
splitting.” Thus, despite the similarity in notation, the ADMM scheme (1.6) with Fortin and
Glowinski’s larger step size and the original ADMM scheme (1.4) are completely different in
nature.

As analyzed in [13, 20], the ADMM scheme (1.4) is an application of the Douglas—Rachford
splitting method (DRSM) in [11, 37] to the dual of (1.1). If the Peaceman—Rachford splitting
method (PRSM), which was originally proposed in [37, 38] and is equally important as the
DRSM in PDE literature, is applied to the dual of (1.1), it was shown in [24] that we can
obtain the following scheme:

(1.7a) M = argmin{Ls(x, y", \¥) |z € &},
(1.7b) AFT2 = AF — B(AzM! + ByF — b),

(1.7¢) Y+ = argmin{La (2", y, AH2) |y € V),
(1.7d) | AR = MFta — B(Azh Y 4 Bybtt —p).

In the context of (1.1), the applications of PRSM and DRSM (i.e., (1.7) and (1.4), respectively)
have the only difference that the Lagrange multiplier is updated twice at each iteration in (1.7).
In [24], it was commented that the scheme (1.7) “is always faster than DRSM whenever it is
convergent”; its numerical efficiency can be found in [3, 23]. Alternatively, the scheme (1.7)
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can be regarded as a symmetric version of the ADMM scheme (1.4) in the sense that the
variables  and y are treated equally, each of which is followed consequently by an update of
the Lagrange multiplier. Analytically, however, these two schemes are of significant difference
because of their different roots respectively in DRSM and PRSM. One more explanation can
be found in [31], showing that the sequence generated by the symmetric ADMM (1.7) is not
necessarily strictly contractive with respect to the solution set of (1.1) while this property
can be ensured by the sequence generated by the ADMM (1.4). Counterexamples showing
the divergence of (1.7) can also be found in [10, 12]. Once again, despite the similarity in
notation (only when the specific model (1.1) is considered), the symmetric ADMM (1.7) and
the original ADMM scheme (1.4) are completely different in nature.

To summarize, the ADMM scheme (1.6) with larger step sizes and the symmetric ADMM
(1.7) with an equal treatment on both variables are of different natures from the original
ADMM scheme (ADMM); but they are two commonly used techniques to accelerate the
original ADMM scheme (1.4). These two numerically favorable techniques, however, are
usually used separately; thus it is natural to ask if we can combine them together and thus
propose an symmetric version of ADMM but with larger step sizes. Before answering this
question, let us briefly recall the work [31], which seems to provide a puzzling clue to this
question. In [31], to overcome the difficulty of the lack of strict contraction, we suggested
updating the Lagrange multiplier in (1.7) more conservatively and obtained the symmetric
ADMM scheme with smaller step sizes:

1.8a) M = argmin{Ls(x, y", \¥) |z € &},
) AFT2 = AF — aB(Azk T + ByF — b),
1.8¢) Y = argmin{ L (2", y, )\kJr%) ly € Y},

1.8d) AR = MFta 0 B(Axh Y 4 Byktl —p),

where the parameter o € (0,1) is for shrinking the step sizes in (1.7). It was shown in [31]
that the sequence generated by (1.8) is strictly contractive with respect to the solution set of
(1.1). Thus, in [31] we also called the symmetric ADMM (1.8) the strictly contractive PRSM.
It is worthwhile to mention that the restriction v € (0, 1) makes the update of the Lagrange
multiplier more conservative with smaller step sizes, but it plays a crucial theoretical role
in ensuring the strict contraction for the sequence generated by (1.8) and hence sufficiently
ensuring the convergence of the symmetric ADMM (1.8). We also refer the reader to [35, 36]
for proximal versions of (1.8) which treat the subproblems more sophisticatedly, and some
applications to image processing are tested therein. Despite their significant theoretical role
in (1.8), smaller step sizes should be strongly avoided in practice, and on the contrary, we
have the desire to seek larger step sizes whenever possible in order to accelerate the numerical
performance. (Indeed it was recommended in [31] to take larger values close to 1 for a to lead
to better numerical performance.)

Hence, the theory in [31] for ensuring convergence of the symmetric ADMM (1.7) with
smaller step sizes seems to show that these two techniques (1.6) and (1.7) are incompatible in
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Figure 1. Step size domain D for the symmetric ADMM (1.9).

combination with the original ADMM scheme (1.4) due to the conflict between the theoretical
role in ensuring the convergence with smaller step sizes (e.g., (1.8)) and the empirical necessity
in accelerating numerical performance with larger step sizes. Indeed, given the already known
divergence of (1.7) and the fact that ensuring the convergence of an algorithm with larger
step sizes is usually more demanding to be analyzed, it is easy to have the intuition that the
combination of (1.7) with larger step sizes as in (1.6) is more likely to be divergent.

Our main purpose in this paper is, counterintuitively, to show the rigorous convergence
of the symmetric version of ADMM (1.7) with step sizes that could be enlarged by Fortin
and Glowinski’s constant in [18, 19, 21]. We conduct our convergence analysis by specifying
a domain for the constants to be attached to the step sizes in the symmetric ADMM (1.7).
To emphasize that we can take different step sizes for updating the Lagrange multiplier, we
assign two different constants to different step sizes in (1.7) and propose the following version
of the symmetric ADMM (1.8):

(1.9a) M = argmin{ L (x, ¥, \¥) |2 € A},
(1.9b) ART2 = AP — rB(Az"t! 4+ By — b),

(1.90) Y = argmin{L(aF 1y, N2) |y € ),
(1.9d) ARTL = A3 sB(AzP T 4 Byt — b,

in which r and s are independent constants that are restricted into the domain

(1.10) D= {(s,r)|s € (0, 1+2‘/5), re(-1,1)&r+s>0,|r|<1+s—s*}.

In Figure 1, we show the domain D for the convenience of discussion, and various ADMM-
like algorithms can be retrieved by choosing different values for » and s in the domain. Indeed,
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it is easy to see that our discussion includes some known ADMM-based schemes as special
cases. For example, the original ADMM (1.4) corresponds to the point (s = 1,7 = 0) in
Figure 1, the ADMM with Fortin and Glowinski’s larger step size (1.6) is the case where
s € (0, 14“27‘/5) and r = 0, the generalized ADMM scheme proposed in [13] is the case where
s=1landr € (—1,1) (see Remark 5.8 for elaboration), and the symmetric ADMM in [31] cor-
responds to the region where s € (0,1) and r € (0,1). Therefore, with the restriction of r and
s in D, we provide a comprehensive study on choosing the step sizes for the symmetric ADMM
(1.9). Indeed, it turns out that the proof is more demanding than those for the mentioned
special cases, mainly because one step size can be enlarged to the interval (0, 1+2‘/5).

The rest of this paper is organized as follows. In section 2, we summarize some facts that
are useful for further analysis. In particular, the variational inequality characterization of

the model (1.1) is presented. Since the proof of convergence for (1.9) is highly nontrivial, we
prepare for the main convergence analysis step by step in sections 3-5. Then, the convergence
analysis is conducted in section 6. We report some preliminary numerical results in section 7
to support our theoretical assertions. Some conclusions are made in section 8.

Finally, we refer to [26] for further recent developments on the ADMM and SBA, especially
their applications to image processing and others in science and engineering.

2. Preliminaries.

2.1. Optimality condition in terms of variational inequality. In this section, we summa-
rize some preliminaries that will be used in later analysis. First, we show how to represent the
optimality condition of the model (1.1) in the variational inequality context, which is the basis
of the convergence analysis to be presented. This technique has been used in, e.g., [31, 33].

Let the Lagrangian function of the problem (1.1) be

(2.1) L(z,y,A) = 01(x) + 62(y) — AT (Az + By — b),

defined on X x ) x R™. In (2.1), (x,y) and A are primal and dual variables, respectively. We
call ((z*,y*),\*) € X x Y x R™ a saddle point of L(z,y, \) if the following inequalities are
satisfied:

LAG?RW(:E*ay*?)\) S L($*7y*7 A*) S LxEX,yGy(xvyv A*)

Obviously, a saddle point ((x*, y*), /\*) can be characterized by the system

z* = argmin{L(z,y*, \*)|x € X'},
(2.2) y* = argmin{L(z",y, \")|y € V},
A* = argmax{L(z*,y*, \)|A € R™},

which can be rewritten as

e X, L(z,y*,\*)— L(z*,y*,\*) >0 VzxedX,
y* ey, Lz*,y,\*)— L(z*,y*,\*) >0 Vye),
Ne R, L(zt,yt, N — L(a*, ", \) >0 VA e R,
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Below we summarize how to characterize the optimality condition of an optimization
model by a variational inequality. The proof is obvious and is thus omitted.

Proposition 2.1. Let X C R" be a closed convex set and let 6(z) : R — R and f(x) : R" —
R be convex functions. In addition, f(x) is differentiable. We assume that the solution set of
the minimization problem min{0(z) + f(z)|x € X} is nonempty. Then,

(2.3a) ¥ = argmin{f(x) + f(z) |z € X}

if and only if

(2.3b) e X, O(x)—0(*)+ (x—2)Vfz*) >0 VzeX.
Hence, using (2.1) and (2.3), we can rewrite the system (2.2) as

e X, O1(x) —01(z*) + (z — )T (=ATN*) >0 VzeX,
(24) v e, Oa(y) = O2(y) + (y —y)(=BTA) 20 Vye),
z e R, A= AT (Ax* + By —b) >0 ¥ \eRm,

In other words, a saddle point ((33*, y), )\*) of the Lagrangian function (2.1) can be charac-
terized by a solution point of the following variational inequality:

(2.5a) VI(Q, F,0) w* € Q, Ou)—0u*) + (w—w)'Fw)>0 YweQ,
where
x —AT)
w= |y |, u:<x>, F(w) = —BT)\ ,
(2.5b) A Y Az + By —b
O(u) = 01(x) + 62(y), and Q=X x)YxR™

We denote by Q* the solution set of VI(Q2, F,0).

2.2. Characterization of a solution point of (1.1). The following theorem provides us
a criterion for judging if an iterate generated by the scheme (1.9) is an approximate solution
point of (1.1) with sufficient accuracy.

Theorem 2.2. For (zF+1 yF 1 XYY generated by the symmetric ADMM (1.9) from a
given iterate (y*, \F), if
(2.6) B(yf -y =0 and Az*tt 4 ByFtt — b =0,
then (z*+1, y* 1 X1 s a solution point of the variational inequality (2.5).

Proof. Because of (2.4), we need only show that

(2.7a) e x, 01(x) -0 (M) + (z — THT{—ATIY >0 vz ex,
(2.7b) Yy tey, ba(y) — () + (y -y THT{=BTAN >0 vye,
(2.7¢) AL e jm A= NADOT(AEL L Bkl _p) >0 VA e R™
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First, it follows from (2.6) that

(2.8) APt - ByF —b=0 and Azt 4 Byt —p = 0.
Consequently, together with (1.9b) and (1.9d), we get

(2.9) AT = Ak and ARTL = R

On the other hand, using (2.3), the optimality conditions of the subproblems (1.9a) and (1.9¢)
are
(2.10a)

e X, 01(x) — 01 () + (2 — 2P T{—ATNF 4 AT (A2 + By — b))} > 0Vz e X

and
(2.10D)
1
YT eV, ba(y) — 02y + (y— T H{=BT N2 4 BT (A + Byt —b)} > 0vy €,

respectively. Substituting (2.8) in (2.10) yields (2.7a) and (2.7b). Finally, notice that (2.7¢)
can be specified as
Azt 4 ByFtt _p =0,

The proof is complete. n

Remark 2.3. According to Theorem 2.2, it is obvious that we can use
max{[|B(y* — y** )% | Ax"H 4+ By* —b|?} < e

as a stopping criterion to implement the symmetric ADMM (1.9), in which € > 0 is the
tolerance specified by the user.

2.3. Some notation. Like the original ADMM scheme (1.4), in (1.9) the variable x also
plays an intermediate role in the sense that 2% is not involved in the iteration. Thus, as [5], we
still call z an intermediate variable and (y, \) essential variables because they are essentially
needed in the iteration. Correspondingly, for w = (z,y, A) and w* = (2%, y*, \¥) generated by
(1.9), we use the notation

to represent the essential variables in w and w®, respectively. Moreover, we use V* to denote
the set of v* for all subvectors of w* in Q*.

3. A prediction-correction interpretation. In this section, we show a prediction-correction
interpretation to the symmetric ADMM (1.9). Note that this is only for the convenience of
algebraically presenting the convergence proof with compact notation.

First, for the iterate (zF1,y*+1 A*+1) generated by the symmetric ADMM (1.9), we
define an auxiliary vector wF = (Z*, 7%, \F) as

(3.1a) gh=att o gh =yt
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and
(3.1b) AF = \F — gAY Byk —b).

Below we show the discrepancy between the auxiliary vector @* and a solution point of
VI(Q, F,0).

Lemma 3.1. For given v* = (y*, \¥), let w**1 be generated by the symmetric ADMM (1.9)
and @F be defined by (3.1). Then, we have

(3.2a) w* € Q, 0u) —0(@F) + (w— " TF(@*) > (v — F)TQWF — %) vw e Q,
where

BBTB —rBT
oo o ("7 1),

Proof. Using the notation defined in (3.1), we can rewrite ARFT2 in (1.9b) as
(3.3) ATz = 2F (W = XY = N 4 (= 1)(WF — AF).
Notice that the objective functions of the z- and y-subproblems in (1.9) are
(B40)  Loley X = 0(2) + 0aly) — (8 (Ax+ By )+ 2l Aw + By — 0|,
and
(3.4b) L(x y, AF3) = 01 (a5H) 405(y) — (V3T (A4 By )+ | Ak 4 By,
respectively. According to (2.3), the optimality condition of the a-subproblem of (1.9a) is
e x, 01(x) — 01z + (z — FTHT{—ATIN 4 AT (AzF L 4 By — b)) >0 Vz e X,
and it can be written as (by using the auxiliary vector @w* defined in (3.1))
(3.5a) tFex, 0(x)—0.G) +(@-NT (AT >0 Vrex.

Ignoring some constant terms in the objective function of the y-subproblem (1.9¢) and using
(3.3), we have

§* = arg min {Hg(y) - (S\k + (r—1)(\F — )\k))TBy + gHAQNUk + By —b||* |y € y} .

Consequently, using (2.3), we obtain

§" €Y, 02(y)—02(F")+(y—7") T { =BT (N (r—1)(\F= X))+ BBT (Az"+ B —b)} >0y € .
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Now, we treat the {-} term in the last inequality. Using S(AZ* + By® —b) = —(\¥ — \F) (see
(3.1b)), we obtain

~BT (N 4 (r — 1)(\* =A%) + 8B (Az* + By* —b)

= —BT(\' + (r = (X" = \) + BBTB(5" — ") + BB (47" + By* —b)

= —B"N' — (r = 1)BT(\* = \*) + BB B(§* — y*) — BT(\" = \F)

= —BTXN + BBTB(j* — %) — rBT(\F — \F).
Thus, the optimality condition of the y-subproblem can be written as

(3.5b)
G e, Oa(y) — 02(5") + (y — 7T {=BT N+ BBTB(§* — y*) —rBT (N = \¥)} >0 vy e V.

According to the definition of @" in (3.1), we have
(Az* + By —b) = BF" —y") + 1/ = A =0,
and it can be written as
(3.5¢) AF e R™ (A= N)T{(AZ" + Bg* —b) — B(#* —y") + (1/B)(\F = XF)} >0 ¥ ) e R™

Combining (3.5a), (3.5b), and (3.5¢), and using the notation of (2.5), we prove the assertion
of this lemma. ]

Lemma 3.2. For given v*, let w**1 be generated by (1.9) and w* be defined by (3.1). Then
we have

(3.6a) P = oF — M(F — ),
where

1 0
(3.6b) M= ( —sBB  (r+s)Ipy, > '

Proof. 1t follows from (1.9) that

AL — kg [—sﬁB yk — gk) + sﬁ(Aa:kH 1 Byt — b)]
= N —r (W = X) = [=s8B(y" — §") + s(\" = \V)]
=N = [=sBB(y" = 7°) + (r + 5)(A" = AH)].

k+1

Thus, together with y = ¢*, we have the following useful relationship:

yk—i-l _ yk B I 0 yk _ gk
pLan AE —sBB  (r+s)I, Ne— Xk )
The proof is complete. u

Therefore, based on the previous two lemmas, the scheme (1.9) can be interpreted as a
prediction-correction procedure which consists of the prediction step (3.2) and the correction
step (3.6). We thus also frequently call @* and w**!

in our proof.

the predictor and corrector, respectively,
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4. Main result. As mentioned, our main purpose is to prove the convergence for the
symmetric ADMM (1.9) with the parameters r and s restricted into the domain D defined
in (1.10). As we shall show, the technique of our analysis basically follows the convergence
analysis framework of contraction methods; see, e.g., in [4]. We thus need to investigate the
strict contraction property of the sequence {||v* —v*||%}, which is not obvious for some parts
of the domain D under discussion. In this section, we present a main theorem that is the basis
for the convergence proof; then the detailed proof of this main theorem will be provided in
the next section.

4.1. Contraction of the sequence {|[v* — v*||%;}. First, we investigate the contraction
of the sequence {||vF — v*||%} that plays a pivotal role in the convergence analysis. We know
from the monotonicity of F' that

(w — T F(w) > (w— )T F@@").
Substituting this inequality into (3.2a), we get
(4.1) o* e Q, 0(u) —0@") + (w— " TF(w) > (v—*)TQW* — %) vYw e Q,

We notice that for the matrices @ defined in (3.2b) and M defined in (3.6b), if there
is a positive definite matrix H such that Q = HM, then using (3.6a), we can rewrite the
right-hand side of (4.1) as

(4.2) (v — TQ* — %) = (v — )T H(W* — v*F1).
For this purpose, we define
(4.3) H=QM!

and prove a simple fact for the matrix H in the following lemma.

Lemma 4.1. The matriz H defined in (4.3) is positive definite for any (s,r) € D when the
matriz B in (1.1) is full column rank.

Proof. For the matrix M given in (3.6b), we have

I 0
]\4’71 = ( s 1 ) .
=08 s tm

Thus, it follows from (4.3) and (3.2b) that

T T
w1 [ BBTB —rB I 0
H=0M _< -B Iy )( s BB LI,

r+s r+s
( (1-55)8B"B — BT >

(4.4) _ 1
- TL-FSB (r+s)B Im
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For any (s,r) € D, we have r + s > 0. From (4.4), we know that

(- E)BBTB BT
H= 1

a TL—i-sB (r+s)B Im

1 BT 0 B(r+s—rs)I —rl B 0
(4.5) = .
r+s 0 I —rl %I 0 I

Because the matrix B in (1.1) is assumed to be full column rank, to check the positive
definiteness of H, we need only to show that the matrix

(ﬂ(r-ﬁ-s—rs) —7“)
. 1
B

is positive definite. Indeed, for any r € (—1,1), s > 0, and s + r > 0, we have

r+s—r5—{ for re0,1) and s >0 }_{r+s(1_T)}>O

for re(-1,0),s >0 and s+7r >0 (r+s)—rs
and
B(r+s—rs) —r
det ={1-r)(r+s)>0.
. 1
B
The positive definiteness of H follows immediately. |

For the case where H is positive definite, we have HM = Q. Thus, substituting (4.2) into
(4.1), we obtain

(4.6) w* € Q, 0u)— 0@ + (w— " TF(w) > (v—THW —oF ) vw e Q.
Applying the identity
(0= D) H(c—d) = g {lla— dly ~ o — el + 5 {lle — bl — lld ~ b3}
to the right-hand side in (4.6) with
a=v, b=1oF c¢=o" and d=o",
we obtain

i 1 1 i i
(4.7) (=0 H@" =™ ) = o (lo =" = o= o"[F) + S (10" = 017 — [lo™ = 2% ).

The following theorem is useful for estimating the convergence rate for the sequence gen-
erated by (1.9).
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Theorem 4.2. For the sequence {wk} generated by the symmetric ADMM (1.9), we have

1
(4.8) > o (Il = "I — o~ v"“H%) +5ll" = 3IE vw e @,

where H is defined in (4.3) and
(4.9) G=QT+Q—-MTHM.
Proof. Substituting (4.7) into the right-hand side of (4.6), we obtain

0(a") + (w — ") F(w)

(u
(410) > o (llv = o = o= o®l1F) + (Ilv = o*|F = oM = ) Yw e Q.

) =
1
2
For the last term of the right-hand side of (4.10), we have
R s v

= " = I — (" =) = (08 =M
(3.6a) . ~

=7 ot = I — 8 =) - ME -

= 20 = MTHM@W* — %) — (% — )T MTHM (v — oF)

(4.11) L ok T (QT + @ — MTHM)(W* — ).

HU -0

w

Substituting this equation into (4.10) and using the definition of the matrix G in (4.9), the
assertion of this theorem is proved. |

The next theorem clearly shows the difficulty of proving the convergence for (1.9). The
significant difference in convergence proof between the general symmetric ADMM scheme (1.9)
and the special symmetric ADMM scheme (1.8) with shrunken step sizes is also reflected in
this theorem.

Theorem 4.3. For the sequence {w*} generated by the symmetric ADMM (1.9), we have
(4.12) Wt — v F < Hl® = ot |F — Il = a*E Vot e V.
Proof. Setting w = w* in (4.8), we get
(4.13) 0" = v F = W™ = ot > o = 0F)1E + 2{6(a") — 6(u”) + (@° — w)TF(w*)}.
Since @* € Q, using the optimality of w* (see (2.5a)), we have
0(i*) — O(u*) + (% — w))TF(w*) >0

and thus

k k ~k
[ e e /= i P

The assertion (4.12) follows directly. [ ]
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Obviously, if the matrix G defined in (4.9) is guaranteed to be positive definite, then
the inequality (4.12) indicates that the sequence {v*} is strictly contractive with respect
to the solution set V* and the convergence of the sequence generated by (1.9) can be easily
established. Now, let us investigate the positive definiteness for the matrix G. Since HM = @
(see (4.3)), we have MTHM = M7TQ. Note that

(I —spBT BBT'B —rBT \ [ (1+s)BB™B —(r+s)B"
MTQ_<O (r—|—5)]m)< -B %Im >_< *(T’+S)B (’r+5)]m>‘

@l

Using (3.2b) and the above equation, we have

G=Q"+Q) - M'HM
::< 23BTB —ﬂ4ﬂﬁBT>__<(L+@BBTB —OuFQBT>

—(1+7)B 2In ~(r+ 5B 5(r+s)n
_ [ (-s)pB"B  —(1-9)B"
(4.14) = < —(1-s)B %(2—(7“—1—3))[1% ) )

Note that

B BT 0 ,8(1*5)[ —(1*8)] B 0
(4.15) G—<0 1)(_@_g1;@—&+$ﬂ)<0 I)

Thus, when the matrix B in (1.1) is assumed to be full column rank, the matrix G is positive

definite if and only if
B(l—s)I —(1—=9)1
Go =
( —(1—8)I %(2 —(r+s)I >

is positive definite. Indeed, under the assumption r € (—1,1), to ensure

(1—ys) —(1—25)

(1—-5) 1(2—-7r—5s)

B(l—s)>0 and det < B
N B

)z(l—s)(l—r)>0,

the parameter s must be in (0,1). Obviously, when r = s € (0,1), the positive definiteness
of G is guaranteed; thus the symmetric ADMM (1.8) with shrunken step sizes is convergent,
as proved in [31]. However, for (s,r) € D defined in (1.10) where s may be greater than 1,
G may not be positive definite. This is the main difficulty of proving the convergence for the
symmetric ADMM (1.9).

4.2. Main theorem. Now we present the main theorem that enables us to establish the
convergence for the symmetric ADMM (1.9) with the parameters r and s restricted into the
domain D defined in (1.10). As just mentioned, depending on the domain of (s, r), the matrix
G in (4.9) may not be positive definite, and thus the inequality (4.12) in Theorem 4.3 does not
necessarily imply the strict contraction for the sequence {|[v* — v*||%}. This is also why we
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need to further discuss the term ||v* —3¥||2, in different subdomains of (s, 7). More specifically,
we should split this discussion into five scenarios:

Dy = {(s,r)|s€(0,1), re(-1,1), r+s >0},
Dy = {(S,r)|s:1, 7“6(—1,1)},
(4.16) Dy = {(s,r)|s € (1,158), r =0},
Dy = {(S,T)|S€(1,1+72\/5),TG(O,l)&T<1+5752}’
Ds = {(87?“)‘86(1714»72\/5);746(_1,0)&—7"<1+8—82}.

These five subdomains are displayed separately in Figure 2. Figure 1 is redisplayed in Figure 3,
in which the composition of these subdomains defined in (4.16) is clearly shown. It is clear
(see Figure 1) that

5
D=|JDr and Di(\D; =0 Vi,je{1,2,3,4,5}, i+
k=1

In the following, we summarize the main theorem, which gives us a unified presentation of
how to bound the term |[v* — ¥||%, in different subdomains of (s, r). Since the proof is highly
nontrivial, the detailed proof will be given in the next section.

Theorem 4.4. Let the sequence {w*} be generated by the symmetric ADMM (1.9) and w*
be defined by (3.1). We have the following:
1. For arbitrarily fized (s,r) € Dy U Dy, there exist constants C1, Co > 0, such that

(4172)  [loF =M% > CLBIBE -y + CoBl Az 4+ By — b

2. For arbitrarily fized (s,r) € D3 U Dy U Ds, there exist constants Cy, C1, Cy > 0, such
that

[ = o*1% > CoB([ Azt + By**! — o] — || Az* + By" — b||*)

(4.17D) + C18||B(y" — y*™)||? + C28||Az* T + ByFtt — |2,

5. Proof of Theorem 4.4. In this section, we prove Theorem 4.4.

5.1. Further investigation of ||[v* — 3% ||%,. Let us further investigate the term [|v* — 3% |2
and then show the assertions in Theorem 4.4.

Lemma 5.1. Let the sequence {w*} be generated by the symmetric ADMM (1.9) and w*
be defined by (3.1). Then we have

[oF = 3% = (1= r)BI B — y*)II> + (2 — r — 5)B||Az* T + ByFt! — b2
(5.1) +2(1 - r)ﬂ(Axk+1 + Bka — b)TB(yk — yk+1).
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Figure 2. Subdomains D1, D2, D3, D4, and Ds.

(1-s)BBTB —(1-s)BT

Proof. Because G = ( 2-(rvs); ) (see (4.14)), v = (| ) and gF = gyttt
B

—(1-s)B
we have
0¥ = 3% = (1 = s)BIBE* — I - 21— ) = )T BF - )
2—(r+s <
(5.2) +%H)\’“ —\F)12.

Notice that (see (3.1))

P - S\k _ ,8(A1L‘k+1 + Byk _ b) _ IB{(Aka-I + Byk—l-l _ b) + B(yk: _ yk—l-l)}.
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Figure 3. D=D1 UD> UD3UDy UDs.

Thus, we have
()\lc - :\k)TB(yk o yk-i-l)
T
_ B((Axk+1 + Byk+l _ b) + B(yk . yk+l)) B(yk . yk+1)
(5.3) = B(Az" 4+ ByF —0)T By — M) + BB — yF P

and
INF = XF|1? = 82| (AatH 4 By —b) + By — M
= B?||Az"t! 4+ ByFt! — b|)? + 28%(AzM! + Byttt — )T B(yF — )
(5-4) + BB~y
Substituting (5.3) and (5.4) into the right-hand side of (5.2), we obtain (5.1) immediately. B

In the following, we treat the crossing term in the right-hand side of (5.1), namely,
(Awk+l + Byk+1 _ b)TB(yk _ yk+1)7

and find a lower bound for it.

Lemma 5.2. Let the sequence {w*} be generated by the symmetric ADMM (1.9). Then we
have

(Al,k—l—l + Byk+1 _ b)TB(yk _ yk+1)
1—
(5.5) > = %Ak 4 ByF — 0)TB(yF — ) —

B ko k+1 2.
> 17 B~ )
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Proof. By ignoring the constant terms, the y-subproblem in (1.9) can be written as
) 1
' = argmin{Ls(a",y, NVF2) [y € V)

= arg min {Ql(xk‘“) +02(y) — ()\’I“Jr%)T(A:t:ngrl + By —b)+ gHAka + By — b||2 |y e y}

= arg min {Hg(y) — (/\k+%)TBy + gHAa:kH + By — bH2 |y € y} .

Thus, according to (3.4b), the optimality condition of the y-subproblem (1.9¢) is
(5.6)
yk—i-l e, 62(y)_92(yk+1)+<y_yk+1)T{_BT)\k+% +IBBT(Axk+1+Byk+1 —b)} >0 Vye .

Analogously, for the previous iteration, we have
(5.7) yF €Y, Oa(y) — Oa(y*) + (y — y") T {=BTN"2 + BBT(Aa* + By —b)} >0 vy e V.
Setting y = y* and y = y**! in (5.6) and (5.7), respectively, and then adding them, we get
(5.8) (4% =y TBT{OF=2 — \¥F2) — B(AzF + ByF — b) + (A2 + By — )} > 0.
Note that in the kth iteration (see (1.9b)), we have
(5.9) ART2 = €\ B(AZM T 4+ ByF —b),
and in the previous iteration (see (1.9d)),
(5.10) AF = AF3 — sB(Az” + By — b).
It follows from (5.10) and (5.9) that
PLEE P s rﬂ(Aka + ByF — b) + sB(Az* + By —b)
rA(Az T+ Byt —b) + rBB(y" — o) + sB(Az" + By — ).
Substituting (5.11) into (5.8) and with a simple manipulation, we have
)

(y . ykJrl TBT {(1 +T)ﬂ(A$k+1 +Byk+1 - b)

(5.11)

—(1 = )B(Aah + By* —b) + rBB(" — )} = 0
and obtain (5.5) directly from the last inequality. This lemma is proved. [ ]

Consequently, we get the following theorem, which is important for the proof of the main
theorem in the next section.

Theorem 5.3. Let the sequence {w*} be generated by the symmetric ADMM (1.9) and @"
be defined by (3.1). Then we have

5 1—17)2
ok = 41 = L BIBEE — g P 4 (2 - )BllAH 4 By b

2(1 —r)(1 —
(5.12) W,@(A:Bk + By* —b0)TB(y* — * ).
r
Proof. Substituting (5.5) into (5.1), we obtain the assertion (5.12) immediately. [ ]
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5.2. Proofs for different subdomains. Now, we are at the stage to prove Theorem 4.4
for the subdomains defined in (4.16) one by one.

5.2.1. (s, r) in the subdomain D;.

Lemma 5.4. For arbitrarily fived (s,r) € D1, there are constants C1,Co > 0 such that the
inequality (4.17a) holds and Theorem 4.4 is true for (s,r) € D;.

Proof. Recall that Dy = {(s,7)|s € (0,1), r € (—1,1), 7+s >0} (see (4.16)). According

to (4.15), we have
2

i

H,Uk _ @kHZG _ H B(yk - gk)
Go

ek

where

B(l—s)I —(1—9)I
Go =
—(1=s)I F(2—(r+s)1
On the other hand, according to (3.1), we have

< B(y* — %) > B B(y" — ™t
)\k . S\k - B(Akarl + Byk _ b)
_ B(y* —y**)
= ﬂB(yk _ yk+1) 4 ﬂ(Akarl + Byk+1 . b)

B I 0 B(yk _ yk+1)
- BI BI Axktl +Byk+1 b ]

> =0 V(s,r)eD.

Consequently, we obtain

2 2

L vl I D I
where
Go=LTGoL.  and L:<I O).
Bl BI

Due to the positive definiteness of Gy and nonsingularity of L, Gy is positive definite. Finally,
the assertion follows from (5.13) and the positive definiteness of Gy. [ |

Remark 5.5. The symmetric ADMM (1.8) with shrunken step sizes is a special case of
(1.9) with r = s € (0,1). In this case (see (4.5)),

gL (B0 r2—-r)pI —rl B 0
_2r< 0 I) —rl iT (o I)

cman (2 (1) (50

and (see (4.15))
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5.2.2. (s,r) in the subdomain D5. Theorem 5.3 is crucial for proving the convergence
of (1.9) with s > 1. Now, we use it to show that Theorem 4.4 is true for (s,r) € Ds.

Lemma 5.6. For any (s,r) € Da, the inequality (4.17a) holds with

1— 2
Clz( ) >0 and Co=1—7r>0.
147

Proof. Notice that Dy = {(s,r)|s =1, r € (—1,1)} (see (4.16)). Setting s =1 in (5.12),
we obtain

. 1—r)?
Gay) -1z > S Bl g I - gt By
The lemma is proved. u

Remark 5.7. Recall that the original ADMM (1.4) is a special case of (1.9) with r = 0
and s = 1. In this special case, the matrix H has the form (see (4.4))

BBTB 0
(5.15) H= 1 .
0 51

Notice that in this special case, we have

AL = \F — B(AzMH! 4 By —b).
Thus, setting r = 0 in (5.14), we get

[vf = 3*)1E = BIB(Y* =y + Bl Az + By —b||?
1
= BIIB(y" —y* P + BH/\k =AM

Using the special matrix H in (5.15), we get
(5.16) [l — ¥ (I = Jlo* — v T

Remark 5.8. Indeed, the generalized ADMM in [13] is a special case of (1.9) with (s,r) €
Ds. Let us elaborate on the detail, which is not straightforward. In [13], only the special case
of (1.1) with B = —I and b = 0 was discussed. But it is trivial (see, e.g., [14, 15, 17]) to
extend the generalized ADMM in [13] to the model (1.1). The resulting iterative scheme can
be written as

(5.17a) 2" = argmin{f, (z) — 2TATNF + §||Aa: + By —b|)? |z € X},
(5.17b) Y = argmin{6(y) — y" BTN

2 oAk (1~ @) (Bo )] + By — blPly € V),
(5.17¢) Mot — 2k _ Bl [aAzF T — (1 — a)(By* — b)] + By* ™! — b},
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where the parameter o € (0,2) is a relaxation factor. To see why (5.17) is a special case of
(1.9), let us choose 7 = o — 1. Then, the y-subproblem in (5.17b) can be written as

B

/1 = arg min {92(@,) —y" BN+ D)|(Ae™ + By —b) + (A2 4+ Byt —b)[P|y € JJ}-

Ignoring some constant terms in the objective function, we further rewrite it as
Y1 = argmin {92@) BTN B Byt )]+ D Aat By by € y}.
Recall (1.9b). We have
(5.18) Atz = Ak pB(AzM Y 4+ By — b),
which enables us to rewrite the y-subproblem as
(5.19) y"! = arg min {92( ) — TBTAk+2 + = HAQ:k+1 + By —b|?*|y € y}.
Analogously, since & = 1+ r, the step (5.17c) can be rewritten as
AL — N B ARt 4 Byk — b) — B(AZRL 1 ByftL ),
which, together with (5.18), yields
(5.20) PR Y B(AzFHL 4 ByF+l —p).

Combining (5.17a), (5.18), (5.19), and (5.20), we now can rewrite the generalized ADMM
(5.17) as

(5.21a) 2* = arg min {91(3:) — a2l ATNF 4 gHAa: + By — b)) |z € X},
(5.21b) ARTe = AF — rB(A2Mt 4+ By — b),

(5.21c) y* 1 = argmin { yTBT)\]H'% + gHAxk—H + By —b||?|y € y},
(5.21d) [ AL — kg B(Az" + ByF+! _p),

where r € (—1,1). Thus, the generalized ADMM (5.17) is a special case of the symmetric
ADMM scheme (1.9) with the restriction (s,r) € Ds.

5.2.3. (s,r) in the subdomain D3. Now, we turn to verify Theorem 4.4 for the subdo-
main Ds. First, let us define

(5.22a) S:=1+s—s%
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Because Y Y
1—-+5 14+ +v5
— 2 — — —
l1+s—s (s 5 ) (s 5 ),
we have
1
(5.22b) S>0 Vse <1, +2\/5>.

The result in Theorem 5.3 is the basis for the proof in this section.
Recall that D3 = {(s,7)[s € (1, 1+2\/5)’r = 0} (see (4.16)). Since r = 0, it follows from
Theorem 5.3 that

l* =& = BIB(Y" —y* I + (2 = 5)8] Az + By —b||?
(5.23) +2(1 — 5)8(Az* + By* — )T B(y* — y*).

Now, we define a constant T as

L o
(5.24) T, := g(s —s+5),
and thus we have

(5.25) Tl—s:%(32—48—1—5):%[(3—2)2—1—1] >

W =

Using the Cauchy—Schwarz inequality to the crossing term in the right-hand side of (5.23)
and because of T} — s > 0, we have

2(1 — s)B(Az* + By* — )" B(y* — )

1—35)?
(5.26) >~ (11— gt + ol = g met -

Lemma 5.9. For any (s,r) € D3, the inequality (4.17b) holds with

1 2(1 45— s%) 1
Co=1T1—s5> -, Ci=—"— >0, d Co=-5>0.
0 1—S 3 1 1—1—(3—2)2 an 2=3

Proof. Substituting (5.26) into (5.23), we obtain

l* = o*1% > (T1 — 5) B(|| A= + By —b|* — || 42" + By* —b]]?)

1—s)?
(5.27) (1= UED) BB I + 2 - TBlAT + By o

According to (4.17b), we set

(1—s)°
Tl—s’

C()ZTl—S, C1=1— and 02:2—T1.
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It follows from (5.25) that Cy > % Then, using (5.24), we obtain
o1 (1—s)? (s?—4s+5)—3(1—5)? 2(1+s—s%)
L s2—4s+5 T 1+ (s—2)2
Because 14 (s —2)% < 2 for all s € (1, 1+2\/5), it follows that
2(1+5— 5% 2
2 =TT s 45— 2= 6.
(5.28) Ch Tt G2 2 +s—s" =8
Finally,
1, 1 o1
(5.29) 02:2—T1:2—§(8 —S+5):§(1+8—8):§S.
The assertion of this lemma is proved |
5.2.4. (s,r) in the subdomain Dj. Recall that Dy = {(s,r)|s € (1, 5), r €

0,1) & r < 1+ s —s?} (see (4.16)). We say r < 1+ s — s? is an additional restrlctlon
(

in D4 and define

(5.30) Ty =7r+s+(1—s)

Notice that T — (r +s) = (1 — s)? > 0 for all s € (1, 1+2‘/5). For the crossing term in the

right-hand side of (5.12), using the Cauchy—Schwarz inequality, we obtain

2(1 —173_(; - S)ﬂ(Axk + By* —b) By — )

(1-1)%(1 - 5)°
(5.31) > —[Ty — (r + 5)]8| Az* + By* — b||* — A+ 2T — (r +9)]

Lemma 5.10. For any (s,r) € Dy, the inequality (4.17b) holds with

(1-r)?
(1+7)?

BBy

Co=(1-3s)?>0, Ci=r

where Ty is defined in (5.30).
Proof. Substituting (5.31) into (5.12) yields

o =513 > [Ty — (r + )]B(1 42"+ 4+ By — b — || As® + By -
N2 CN2(1 L o)\2
T I T

1+7r (1+7)2[Ty — (r+s)]
(5.32) +(2 — Ty) B|| Az* Tt 4+ Byt — |2

According to (4.17b), we set

- C(1-r)? B (1—7)%(1 —s)?
Co=Ts— (r+s), C1 = Trr A+ 72T — (r+9)] and
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In the following, we show that Cy, C1, Cy > 0. First, it follows from (5.30) that Cy = (1—s)?
0 for all s € (1, 1+‘[) Indeed, using (5.30), we have

o A=r?  (Q-ri-s? _(1-r? (1-r?_(1-r)
YT Q42— (r+s)] 147 (1+r2  (1+nr)?2

Since r € (0,1) in D4, we have C; > 0. Adding the term 1 — s + s% to both sides of the
additional restriction

r<1+s—52,

we obtain

r+s+(1—s5)% <2
According to the definition (5.30), the left-hand side of the last inequality is 75 and thus
Cy =2 —"T5 > 0. The lemma is proved. |

5.2.5. (s,r) in the subdomain Ds. Recall that D5 = {(s,r)|s € (1, 1+2‘/5), r e
(=1,0) & —7r <1+ s—s*} (see (4.16)). We say s> — s — 1 < r is an additional restriction in
D5 and define

(2~ )2 )

5.33 Ty =
( ) 3 r+ s+ 1+r

Notice that T5— (r+s) = @fiw >0 foralls € (1, 1+\f) and r € (—1,0). For the crossing

term in the right-hand side of (5.12), using the Cauchy—Schwarz inequality, we obtain

2(1 _1:)_(7{ — S),B<A1'k + Byk _ b)TB( k+1)

530 2 ~[1s— -+ )BAct + Byf —off - L
Lemma 5.11. For any (s,r) € D5, the inequality (4.17b) holds with
98950 = Lo
where Ty is defined in (5.33).

Proof. Substituting (5.34) into (5.12) yields

BIB(" -y )2,

Co = > 0, and Cy=2-T5>0,

[oF = 3*|1& = [T — (r + 9)]B(I A2 + By** — 0| — || Aa* + By" —b||?)
R 201 2
+<(1 T) (1 T) (1 S) )BHB(yk_yk—i-l)HQ

147 (14 7r)?[T5 — (r + s)]
(5.35) + (2 — T3)B|| AzF L + ByFt — )2

According to (4.17b), we set

B (1 —7)? B (1—7)%(1 —s)? e
Co—Tg—(T+S), Ch = T+ r (1—|—T‘)2[T3—(’I‘—|—S)]7 and Cy=2-—"1T5.
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In the following, we show that Cp,C7,Cy > 0. First, it follows from (5.33) that Cy =

(52_:# >0 for all s € (1, 1+T\/g) and r € (—1,0). Indeed, using (5.33), we have

o - 4 -r)?  (1-r)?1-s? _(1-r? (1-r)?(1-s)?
YTl 04— (r+9)] 147 (A+r)(s2—s)(2—s)
B (1 —r)2 (1 —r)2(1—s) B (1—T)2(1—|—5—32)
1+7r s(14+7)2—-5)  s(1+7)(2—23)

Since r € (—1,0) and s € (1, 1+2‘/5) in D5 and 1+ s — 52 > 0 (see (5.22)), we have C; > 0.

From the restriction in Ds, namely, s> — s — 1 < r, we obtain

2 —s<1+r.

Notice that s € (1, 1+—2‘/5), we also have s2 — s > 0, and thus

82—8

< 1.
1+7r

Substituting the last inequality into (5.33), we get

82*8

1+r

(5.36) T3:r+s+( )(2—8)<r—|—s+(2—s):2+r,

which, together with r < 0, implies Cy = 2 — T3 > 0. The lemma is proved. |

Since we have proved Lemmas 5.4, 5.6, 5.9, 5.10, and 5.11, the proof for Theorem 4.4 is

complete. In the next section, we will prove the convergence and convergence rate.

6. Convergence analysis. In this section, we establish the global convergence and esti-
mate the convergence rate in terms of the iteration complexity for the symmetric ADMM
(1.9).

6.1. Some corollaries. First, we show two immediate corollaries of the main result in
Theorem 4.4, whose proofs are omitted. The first one is based on (4.12) and Theorem 4.4.

Corollary 6.1. Let the sequence {w*} be generated by the symmetric ADMM (1.9) and wF
be defined by (3.1). Then, we have the following assertions:
1. For any given (s,r) € D1 U Dy, there are constants Cy,Co > 0 such that
(6.1a)
[5 ! =01 < 0% = [F = (CLBIB(Y" =™ )P + Cop|| Az + By —b|?)  wo* € V.

2. For (s,r) € D3 UD4UDs, there are constants Cy, Cy,Co > 0 such that

[0" = o*|[F + CoBl| Az + Byt —b)?
< ([v* = v*|13 + CoBll Az* + By" —b|1?)
(6.1b) —(C1B||1B(y* — y*™)|1? + CoB|| Az + ByFtt —p)?) Wt € V¥
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The second one is based on (4.8) and Theorem 4.4.

Corollary 6.2. Let the sequence {w*} be generated by the symmetric ADMM (1.9) and w*
be defined by (3.1). Then, we have the following assertions:
1. For (s,r) € D1 UDsy, it holds that

1

1
(6.2a) O(u) — H(ﬂk) + (w— U]k)TF(w) + iHv — Uk”%l > —|jv— vk+1||%1 Yw € Q.

[\)

2. For (s,r) € D3 UD4 U Ds, we have

1
0(u) — 0(a") + (w — 0*) T F(w) + 5(”’0 — ¥} + CoB||Az® + ByF —b||?)
1
(6.2b) > §(Hv — oF3 + Cop|| Az + ByF T — b)) Y € Q.

These two corollaries will be used for the upcoming convergence analysis.

6.2. Global convergence. We summarize the global convergence of (1.9) in the following
theorem and its proof follows straightforwardly from Corollary 6.1.

Theorem 6.3. For the sequence {w*} generated by the symmetric ADMM (1.9), we have

(6.3) lim ([ By = yF P + A2 4 By —b)?) =0

Moreover, if the matriz B is assumed to be full column rank, then the sequence {v*} converges
to a solution point v>° € V*.

Proof. Let (y°,A) be the initial iterate. For (s,r) € D; U D, according to (6.1a) in
Corollary 6.1, there are constants C7,C > 0 such that

o
Y (CUlIBY" =y P + Coll At 4 ByHH —b)%) < o — o
k=0

and thus we obtain the assertion (6.3). For (s,r) € D3 U Dy U D5, using (6.1b) in Corollary
6.1 (note that x! is generated by the given (y°, A°)), we have

Y (C1BIB" =y I + CoB)| Az + By —b]?)
k=1

< (' = v*|I% + Copll Az’ + By —b]]?),

and the assertion (6.3) is proved. The convergence of (1.9) is thus proved in sense of (6.3).
Furthermore, it follows from (6.1a) and (6.1b) that the sequence {v*} is in a compact set
and it has a subsequence {v*7} converging to a cluster point, say, v>. Let 2> be induced by
(1.9a) with given (y°>°, A*°). Recall the matrix B is assumed to be full column rank. Because
of (6.3), we have
B(y>* —3>) =0 and A% — X% =,
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Then, it follows from (3.2a) that
(6.4) D™ € Q, O(u) —0(a>®) + (w— )T F(™) >0 Yw € Q,

and thus W™ = w™ is a solution point of (2.5). On the other hand, because (6.1a) (resp.,
(6.1b)) holds for any solution point of (2.5) and w*> € Q*, we have

(6.5a) R — o < |oF — o™
and
(6.5b) [|o* Tt — || + CoB|| APt 4+ ByF Tt — b < ||o* — v™°||% + CoB||Az* + By* — b||?,

respectively. Because limy . [|Az¥ + By* — b||?> = 0, the sequence {v¥} cannot have another
cluster point and thus it converges to a solution point v* = v> € V*. |

6.3. Convergence rate. To estimate the convergence rate in terms of the iteration com-
plexity, we need a characterization of the solution set of VI (2.5), which is described in the
following theorem. The proof can be found in [30, Theorem 2.3.5] or [33, Theorem 2.1].

Theorem 6.4. The solution set of VI(Q, F,0) is convex and it can be characterized as

(6.6) O = ({o€Q: (0(u) — () + (w— B)"F(w) > 0}.
we

Therefore, for a given accuracy € > 0, w € € is called an e-approximate solution point of
VI(Q, F, 0) if it satisfies

0(u) — 0(a) + (w — )" F(w) > —€ ¥ w € D),

where

D(ﬁ)) = {wE Q| ||w—’LT)H < 1}.

To estimate the convergence rate in terms of the iteration complexity for a sequence {w"},
we need to show that for given € > 0, after ¢ iterations, this sequence can offer a point w € €2
such that

(6.7) W€ Q and sup {6(@) — O(u) + (@ — w) F(w)} <
WED (1)

Now, using the results in Corollary 6.2, we prove the O(1/t) convergence rate theorem.

Theorem 6.5. Let the sequence {w*} be generated by the symmetric ADMM (1.9) and w*
be defined by (3.1). Then, for (s,r) € D1 UDy and any integer t > 0, we have

1

(6.8a) 0(ii) — O(u) + (w0 — w) F(w) < 2+ 1)

v =% YweQ,
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where
1 t
(6.8b) W= ——» "
t+1 prt

For (s,r) € D3 UDy U D5 and any integer number t > 0, we have

1
(6.92)  0(ity) — O(u) + (W — w)T Flw) < ﬂ(HU —v'||f + Col| Az’ + By' —b|]*) Vw € Q,

where
1
(6.9b) b= kz
Proof. Let us rewrite the results in Corollary 6.2 as
(6.10a) (") — O(u) + (0* — w)T F(w) + %Hv oF |2 < ||v — ¥4 Yw e
and

- - 1
H(uk) —0(u) + (wk — w)TF(w) + §(Hv — vk“H%{ + C’oﬂHAackJrl + ByFt! — bHQ)

1
(6.10b) < 5(;\0 — M3 + CoB||Az” + By* — b)) vw € Q,

for (s,7) € D1 UD;y and (s,7) € D3 U Dy U Ds, respectively. Summarizing the inequalities
(6.10a) over k =0,1,...,t, we obtain

t
Za —(t+1)0 (Z - (t+1) )TF(w)g%Hu—uOH%{ Vw € Q.

Then, using the notation of w; in (6.8b), we can rewrite the last inequality as
t

1 - - 1
(6.11) P koe(uk) — 0(u) + (0 — w) T F(w) < ST v —2°% YweQ.
It follows from the definition of w; in (6.8b) that
1 &
~ ~k
=Y a
t+1 =
Since 0(u) is convex, it follows that
t
1
~ 9 ~k
() < 5 >0

Substituting it into (6.11), the assertion (6.8) follows directly. The proof for the assertion
(6.9) is similar and omitted. [ |

It follows from (6.7), (6.8), and (6.9) that the symmetric ADMM (1.9) is able to generate an
approximate solution point (i.e., w; defined in (6.8b) or (6.9b)) with an accuracy of O(1/t) after
t iterations. That is, a worse-case O(1/t) convergence rate in the ergodic sense is established
for the symmetric ADMM (1.9).
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7. Numerical results. In the literature, some special cases of the symmetric ADMM (1.9)
have been widely verified by many applications such as the original ADMM where r = 0 and
s =1 and the ADMM with Fortin and Glowinski’s larger step size where r = 0 and s = @
In this section, we supplement with some more numerical results to verify the efficiency of
the scheme (1.9) with other values of r and s. Given the well-verified efficiency of the original
ADMM, our emphasis is simply verifying that it is still possible to outperform the original
ADMM by choosing some other values of r and s in the symmetric ADMM scheme (1.9).

We test two fundamental models: the basis pursuit problem and total-variational image
deblurring problem. Using the original ADMM to solve these two models or some of their
variants has been well studied in the literature; thus we use the original ADMM as the
benchmark to show the efficiency of the symmetric ADMM (1.9) with some values of r and
s. All the codes were written in MATLAB R2015a and all experiments were performed on
a desktop with Windows 7 and an Intel Core i5-4590 CPU processor (3.30 GHz) with 8 GB
memory.

7.1. Basis pursuit problem. We first test the basis pursuit model:
() in [l + 5[4z — b3
. min ||xr - xr —
reR”™ ! 2M 2

where [Jz]}1 := Y1, @], A € R™*"(m < n) is an encoding matrix (full row-rank), b € R™
represents a compressed signal, and g > 0 is a parameter. We refer to, e.g., [9] for details.
The model (7.1) is a core problem in areas such as compressive sensing, variable selection,
and so on. It is well known that the model (7.1) can be reformulated as

1
(7.2) mm{mm+QMMy—w%x—yzaxeRmyew},

where y € R" is an auxiliary variable. Thus, (7.2) is a special case of (1.1) and the proposed
symmetric ADMM (1.9) is applicable.

In our experiments, A and b in (7.1) are generated in the same way as [43]: A € R™*" is a
random Gaussian matrix whose rows are orthonormalized by the QR factorization. The true
signal x* has p nonzero elements whose positions are determined randomly, and the nonzero
values are generated with the standard deviation as 1. The vector b has zero mean white
noise generated by MATLAB script: b = A*xstar + sigma*randn(m,1), where o(signma) is
the standard deviation of the additive Gaussian noise.

For succinctness, we report only the results for the scenarios of (m/n = 0.2,p/m = 0.2),
and (m/n = 0.2,p/m = 0.1) when o = 1073, n = 2!2 and p = 10~ are fixed in (7.1). To
implement (1.9) with different values of r and s, we fix § = m/||b||; as in [43], and the initial
iterate is chosen as (y°, \%) = (1, 0). Below, we list some representative values of r and s such
that the general symmetric version of ADMM (1.9) is slightly faster than its specific choice
of r =0 and s = 1, i.e., the original ADMM (1.4). Many other values close to the choices
in Table 1 generate similar results; thus their results are omitted. In Table 1, It., CPU, and
Obj represent the iteration numbers, computing time in seconds, and objective function value
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Table 1
Numerical results of (1.9) for (7.1) (n =220 =10"% u=10"*).

m/n = 0.2,p/m = 0.2 m/n =0.2,p/m =0.1

.. | CPU Obj t. | CPU Obj

r=-03, s=141 69 1.9 142.1 54 1.5 67.03
r=-0.2, s5=148 67 1.9 142.1 53 1.5 67.03
r=-0.2, s=1.52 66 1.8 142.2 53 1.5 66.93
r=0.1, s=1.57 69 1.9 142.0 56 1.5 67.03
r=0,s=1(ADMM (1.4)) || 74 | 20 142.1 64 | 1.8 67.01

of current iteration, respectively. The efficiency of the general symmetric ADMM (1.9) with
these values of r and s is thus shown.

7.2. Total-variational image deblurring model. The original ADMM (1.4) has been
widely used in various image processing fields. In this subsection, we test the total-variational
image deblurring model whose discretized version can be written as

) A
(7.3) mylnllAyHngllBy—ZHQ,

where y € R" represents a digital clean image, z € R" is a corrupted input image, A =
(01,02): R™ — R™xR™ is the discrete gradient operator with 9;: R™ — R™ and d,: R" — R"
the standard finite differences with periodic boundary conditions in the horizontal and vertical
directions, respectively (see details in [40]), B: R™ — R™ is the matrix representation of a
spatially invariant blurring operator, A > 0 is a constant balancing the data-fidelity and
total-variational regularization terms, and || - |1 defined on R™ x R"™ is given by

+[zf;? Vo= (z!,2%) € R™ x R™

This is a basic model for various more advanced image processing tasks and it has been studied
extensively in the literature. Introducing the auxiliary variable z, we can reformulate (7.3) as

min |z]s + 3] By — z||?
st. x— Ay =0,

which is a special case of the generic model (1.1) under our discussion and thus the symmetric
ADMM (1.9) is applicable.

We test the image of cameraman.png (256 x 256). The clean image is degraded by the
convolution generated via the scripts fspecial and imfilter in the MATLAB Image Processing
Toolbox with the “motion” and then added by the zero-mean Gaussian noise with standard
deviation ¢ = 1073 via the script of imnoise. We set the angle parameter “theta” = 135 and
the motion distance parameter “len” = 91 for the “motion” blurring. The clean and corrupted
images are shown in (a) and (b) in Figure 4.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/26/16 to 116.6.49.110. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

CONVERGENCE STUDY ON SYMMETRIC ADMM 1497

Figure 4. (a) Clean image. (b) Corrupted image. (c) Restored image by (1.9) with r = 0.8 and s = 1.17.

Table 2
Numerical results of (1.9) for (7.3).

The symmetric version of ADMM (1.9) It. | CPU | SNR
r=0.7 s=124 13 0.2 21.29
r=07 s=114 13 | 0.19 | 21.29
r=038, s=1.17 12 | 0.14 | 21.29
r=0.8, s=1.07 12 | 0.16 | 21.28
r=0.9, s=1.09 12 | 0.16 | 21.29
r=09, s=1 12 | 0.17 | 21.29
r=0, s=1(ie., original ADMM (1.4)) | 19 | 0.28 | 21.26
r=0, s=161 20 | 0.27 | 21.26

For succinctness, we fix A = 250 in (7.3) and § = 0.1 when implementing the symmetric
ADMM (1.9). We report the iteration number (It.) and computing time in seconds (CPU)
when comparing the performance of (1.9) with different values of r and s. The quality of
restored images is measured by the value of the SNR given by

o [y
(7.4) SNR: = 20logy T =l
where 3 is the restored image and y* is the ground truth.

In Table 2, we list several interior point cases of the domain D to show that they could
result in better numerical performance than the original ADMM (s = 1,7 = 0) and the
point (s = 1.61,r = 0) that is very close to the corner point (s = # ~ 1.618,r = 0) which
corresponds to the ADMM with Fortin and Glowinski’s larger step size (1.6). We choose some
interior points in D for the comparison. For succinctness, we show only the image restored
by the case of (1.9) with » = 0.8 and s = 1.17; see (c) in Figure 4. It can be seen that interior
points in D may accelerate the convergence of the original ADMM (1.4); thus the necessity
of considering the general symmetric version of ADMM (1.9) is meaningful.

Note that the point (r = 0,s = 1.61) is already much better than some other corner points
such as (r = —1,s = 1) and (r = 0,s = 0). So we skip the comparison with other corner
points for succinctness. Also, a number of other scenarios (the same image but with different
parameters and/or blurring sizes, or other images) and many other standard total-variational
image restoration models can be tested, but they are omitted for succinctness.
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8. Conclusions. In this paper, we conducted a convergence analysis for the symmetric
version of the ADMM with step sizes enlarged by Fortin and Glowinski’s constant and jus-
tified the rationale of combining the original ADMM with these two numerically favorable
techniques. Smaller step sizes are usually required to conservatively ensure convergence in
theory, while they should be avoided practically to avoid slow convergence. Thus, ensuring
the convergence of an algorithm with larger step sizes is usually more demanding to analyze.
On the other hand, the symmetric ADMM with nonenlarged step sizes is already known to
be not necessarily convergent despite its possible empirical efficiency. Thus, it seems not
promising to guarantee the convergence if the symmetric ADMM is combined with larger step
sizes. We provide a counterintuitive answer to this question and prove rigorously the con-
vergence of the symmetric ADMM with larger step size enlarged by Fortin and Glowinski’s
constant. Our analysis is conducted in the generic convex programming context, and it unifies
the convergence analysis for some ADMM-like algorithms, including some existing results in
the literature as special cases.

The rule for enlarging step sizes by Fortin and Glowinski’s constant is applicable to the
general iteration scheme of the symmetric ADMM when the generic setting of the model (1.1)
is considered, and it requires no additional computation (even though the “optimal” value of
the constants may still be problem-dependent). Thus, our theory well explains the justification
of the combination of two commonly used techniques in numerical implementation: using the
symmetric version of ADMM and enlarging step sizes by Fortin and Glowinski’s constants,
which conventionally are used separately in the ADMM literature to accelerate the numerical
efficiency for various applications. The proposed symmetric ADMM with larger step sizes is
ready to use, with rigorous convergence analysis, for immediately accelerating the speed of
solving a variety of applications by ADMM-like algorithms, including a wide range of imaging
processing applications as well demonstrated in the rich literature.

Because of the equal role of the parameters » and s in the symmetric ADMM scheme
(1.9), it is clear that the scheme (1.9) can be rewritten as

y* ! = argmin{Ls(2*,y, \*) |y € Y},
M2 = \F = sB(Aat + ByMt —b),

8.1c) 2" = arg min{Ls(z, y* !, )\l”%) |z e X},

8.1d) AR = \Et3 _ pB(Agh T 4 Bykt! —p).
Thus, we can easily extend our previous discussion from the domain D in Figure 1 to the
larger and symmetric domain defined as

(8:2) D={(s,r)|r+s>0, [r|<l+s—s% [s|<1+r—7"},

which is displayed in Figure 5. Essentially, discussing the convergence for the symmetric
ADMM (1.9) over the domain D defined in (1.10) is not easy, while its extension to the
symmetric domain in Figure 5 is trivial. Thus, for succinctness, we omit the detail of this
extension to the domain in Figure 5.
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Figure 5. A symmetric step size domain with convergence for the symmetric ADMM (8.2).
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