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ùa�{�S�L§¥, �¦)�f¯K  ´��{ü�à`z. §�8I¼ê´ü

�à¼ê�Ú, Ù¥��à¼êØ�½1w. `ùaf¯K{ü, ´�¯K�)kwªL

�ª, ½´U¦���ÎÜ�¦�Cq). Ï�, 3©Û�{Âñ5�, ~~�^�e¡

�Ún.

Ún 0.1 � X ⊂ Rn ´4à8, θ(x) Ú f(x) Ñ´ Rn → R �à¼ê, Ù¥ f(x) �

�. �à`z¯K min{θ(x) + f(x)|x ∈ X} �)8��, k

x∗ = arg min{θ(x) + f(x)|x ∈ X} (0.1a)

�¿©7�^�´

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) > 0, ∀x ∈ X . (0.1b)

1 �5�å�à`z

�©?Ø�¯KÑÚO2.�KF�{k',·�l�5�å�à`z!å. � X ⊂
Rn ´4à8, A ∈ Rm×n, b ∈ Rm. �Ä�5�å�à`z¯K

min{θ(x) | Ax = b, x ∈ X}. (1.1)

§�.�KF¼ê´½Â3 X × Rm þ�

L(x, λ) = θ(x)− λT(Ax− b). (1.2)

1.1 .�KF¼ê (1.2) �Q:9���d�C©Ø�ª

?Ø¯K(1.1)�.�KF¼ê(1.2)�Q:. XJ: (x∗, λ∗) ∈ X × Rm ÷v

Lλ∈Rm(x∗, λ) 6 L(x∗, λ∗) 6 Lx∈X (x, λ∗),

K¡�.�KF¼ê(1.2)�Q:. þ¡�Ø�ª'X�±�¤x
∗ = arg min{L(x, λ∗)|x ∈ X},

λ∗ = arg max{L(x∗, λ)|λ ∈ Rm}.

|^ª(1.2)ÚÚn 0.1, þã`z¯K��`5^�´{
x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T(−ATλ∗) > 0, ∀x ∈ X ,

λ∗ ∈ Rm, (λ− λ∗)T(Ax∗ − b) > 0, ∀ λ ∈ Rm.

�¤�;n�/ª, Q:Ò´C©Ø�ª

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) > 0, ∀w ∈ Ω (1.3a)

�), Ù¥

w =

(
x

λ

)
, F (w) =

(
−ATλ

Ax− b

)
, Ω = X × Rm. (1.3b)

5¿�, ù�� F , o÷v (w − w̄)T(F (w)− F (w̄)) = 0.
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1.2 ¦)¯K(1.1)�O2.�KF¦f{

à`z¯K(1.1)�O2.�KF¼êd§�.�KF¼ê(1.2)Ú��k�ª�5�

å��g¼ê β
2 ‖Ax− b‖

2 |¤, =

Lβ(x, λ) = θ(x)− λT(Ax− b) +
β

2
‖Ax− b‖2 (β > 0 ´�ª�å�vëê).

O2.�KF¦f{(Augmented Lagrangian Method, ALM)� k-gS�l���½

� λk m©, ÏL {
xk+1 = arg min

{
Lβ(x, λk)

∣∣ x ∈ X},
λk+1 = λk − β(Axk+1 − b),

(1.4)

�¤,�e�gS�Jø
��#� λk+1. 3C©Ø�ª(1.3a)Ú(1.3b)¥, x´�©Cþ,

λ ´éóCþ. 3�{(1.4)¥, xk+1 ´�â λk O��5�(J. Ïd, ·�¡ x ��{

�¥mCþ, λ �Ø%Cþ.

�â`z¯K��`5^�(0.1a)Ú(0.1b),�{(1.4)Jø� wk+1 = (xk+1, λk+1) ∈ Ω

÷v {
θ(x)− θ(xk+1) + (x− xk+1)T{−ATλk + βAT(Axk+1 − b)} > 0, ∀x ∈ X ,
(λ− λk+1)T{(Axk+1 − b) + 1

β (λk+1 − λk)} > 0, ∀λ ∈ Rm.

?�Ú|^'Xª λk+1 = λk − β(Axk+1 − b) Úª(1.3a)Ú(1.3b)�PÒ, �±rþª�;

n�ªf:

wk+1 ∈ Ω, θ(x)−θ(xk+1)+(w−wk+1)TF (wk+1) > (λ−λk+1)T
1

β
(λk−λk+1), ∀w ∈ Ω. (1.5)

C©Ø�ª(1.5)¥, XJ λk = λk+1, @o wk+1 Ò´C©Ø�ª(1.3a)�). ò(1.5)¥�

?¿ w ∈ Ω �¤���½�): w∗, ·���

(λk+1 − λ∗)T 1

β
(λk − λk+1) > θ(xk+1)− θ(x∗) + (wk+1 − w∗)TF (wk+1). (1.6)

|^ (wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗) Ú w∗ ��`5, =

θ(xk+1)− θ(x∗) + (wk+1 − w∗)TF (w∗) > 0,

í�ª(1.6)�mà�K, �ª��

(λk+1 − λ∗)T(λk − λk+1) > 0. (1.7)

3ð�ª

‖b‖2 = ‖a‖2 − ‖a− b‖2 − 2bT(a− b)

¥, � a = λk − λ∗ Ú b = λk+1 − λ∗, ¿|^ª(1.7), Òk

‖λk+1 − λ∗‖2 6 ‖λk − λ∗‖2 − ‖λk − λk+1‖2.

ù�'uØ%CþS� {λk} Â �Ø�ª´ALMÂñ�'��y.
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2 ü��©l�f�à`z¯K

�Äü��©l�f��5�åà`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (2.1)

§�.�KF¼ê´

L2(x, y, λ) = θ1(x) + θ2(y)− λT(Ax+By − b). (2.2)

2.1 .�KF¼ê(2.2)�Q:9���d�C©Ø�ª

�1 1.1 !¥Ó��©Û, ¼ê(2.2)�Q:((x∗, y∗), λ∗)´C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) > 0, ∀w ∈ Ω (2.3a)

�), Ù¥

w =

 x

y

λ

 , u =

(
x

y

)
, F (w) =

 −ATλ

−BTλ

Ax+By − b

 , (2.3b)

θ(u) = θ1(x) + θ2(y), Ω = X × Y × Rm.

à`z¯K(2.1)�O2.�KF¼êd§�.�KF¼ê(2.2)Ú�ª�5�å��g¼

ê β
2 ‖Ax+By − b‖2 |¤, =

L2
β(x, y, λ) = θ1(x) + θ2(y)− λT(Ax+By − b) +

β

2
‖Ax+By − b‖2, (2.4)

Ù¥ β > 0 ´�ª�å�vëê. XJ·�^ALM¦)¯K(2.1), k-gS�l���½

� λk m©, ÏL{
(xk+1, yk+1) = arg min

{
L2
β(x, y, λk)

∣∣ x ∈ X , y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b),

(2.5)

Jø��#� λk+1. d�, S�¥�Ø%Cþ�´ λ, �¬kÂ Ø�ª(1.2). �{�"

:´¯K(2.1)��©l5�vk��|^.

2.2 ¦)¯K(2.1)�¦f�O��{

^ADMM[1,2]¦)¯K(2.1), k-gS�l�½�(yk, λk)m©, ÏL
xk+1 = arg min{L2

β(x, yk, λk) |x ∈ X},

yk+1 = arg min{L2
β(xk+1, y, λk) | y ∈ Y},

λk+1 = λk − β(Axk+1 +Byk+1 − b)

(2.6)

�¤, �e�gS�Jø
��#�(yk+1, λk+1).
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• 3ª(2.6)¥, x-f¯KÚ y-f¯K´|^
¯K(2.1)��©l5�©O¦)�.

• lª(2.5)�ª(2.6), ADMM �±w�´tµ
�ALM.

ADMM �{(2.6)¦)¯K(2.1), xk+1 ´d�½�(yk, λk)ÏLO����, Ïd´¥

mCþ. ·�rCþ w �K¥mCþ�{�Ü©¡�Ø%Cþ.

3ù� ADMM �{¥, Ø%CþK´ v = (y, λ). y Ú λ ©O´Ø%Cþ¥��©

Ü©ÚéóÜ©. d�{(2.6))¤�S� {vk = (yk, λk)} ÷v

‖vk+1 − v∗‖2H 6 ‖vk − v∗‖2H − ‖vk − vk+1‖2H , (2.7)

Ù¥

v =

(
y

λ

)
, H =

(
βBTB 0

0 1
β I

)
.

Ø�ª(2.7)L²Ø%CþS� {vk = (yk, λk)} Â , §´�yADMMÂñ�'�Ø�ª.

��'�{ü�y²�±�©z [3] �1 11 ù.

ADMM �@�´¦)¹ü��©l�f�à`z¯K�~k���{[4], Cc53

ã�?n!DÕ`z¥uy�þA^. �O��{(2.6)�±)º�Ø%Cþ��©Ü©

y �Ø%Cþ�éóÜ© λ é�. ADMM Âñ��Ï´Ø%Cþ v = (y, λ)¥��©Ü

© y ÚéóÜ© λ ´é��. ·�y²
 ADMM Ó�äkH{¿ÂÚ�H{¿Âe

O(1/t)�Âñ5�[5,6].

3 n��©l�f�à`z¯K

·�UY�Än��©l�f��5�åà`z¯K

min{θ1(x) + θ2(y) + θ3(z) | Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z}. (3.1)

§�.�KF¼ê´

L3(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT(Ax+By + Cz − b). (3.2)

3.1 .�KF¼ê(3.2)�Q:9���d�C©Ø�ª

Ó��©Ûw�·�, .�KF¼ê(3.2)�Q: ((x∗, y∗, z∗), λ∗)´C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) > 0, ∀w ∈ Ω (3.3a)

�), Ù¥

w =


x

y

z

λ

 , u =

x

y

z

 , F (w) =


−ATλ

−BTλ

−CTλ

Ax+By + Cz − b

 , (3.3b)

θ(u) = θ1(x) + θ2(y) + θ3(z), Ω = X × Y × Z × Rm.
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à`z¯K(3.1)�O2.�KF¼êd§�.�KF¼ê(3.2)Ú�ª�5�å��

g¼ê β
2 ‖Ax+By + Cz − b‖2 |¤, =

L3
β(x, y, z, λ) = θ1(x)+θ2(y)+θ3(z)−λT(Ax+By+Cz−b)+ β

2 ‖Ax+By+Cz−b‖2. (3.4)

XJ·�Øò y Ú z ©l, ´r(y, z)'3�å, æ^ ADMM¦), S�úªÒ´
xk+1 = arg min

{
L3
β(x, yk, zk, λk)

∣∣ x ∈ X},
(yk+1, zk+1) = arg min

{
L3
β(xk+1, y, z, λk)

∣∣ y ∈ Y, z ∈ Z},
λk+1 = λk − β

(
Axk+1 +Byk+1 + Czk+1 − b

)
.

(3.5)

ù��{´Âñ�. ":´�¯K�5ä�� y Ú z ��©l5�vk��¿©|^.

3.2 ��í2� ADMM én��©l�f�¯KØU�yÂñ

<�g,����í2 ADMM 5¦)n��©l�f�¯K. XJ·�^��í

2�ADMM¦)¯K(3.1), k-gS�l���½�(yk, zk, λk)m©, ÏL

xk+1 = arg min
{
L3
β(x, yk, zk, λk)

∣∣ x ∈ X},
yk+1 = arg min

{
L3
β(xk+1, y, zk, λk)

∣∣ y ∈ Y},
zk+1 = arg min

{
L3
β(xk+1, yk+1, z, λk)

∣∣ z ∈ Z},
λk+1 = λk − β

(
Axk+1 +Byk+1 + Czk+1 − b

)
,

(3.6)

�Ñ#� (yk+1, zk+1, λk+1). �k?Ø��Ó�ó, ·�ïÆ�rØ\?ÛN\^���

{(3.6)¡� ADMM ���í2. 3?Û�:��{(3.6)ØÓ�, Ñ´,«?���ª.

�����ã�mS, <�Ø���{(3.6)´ÄÂñ. �ú4·�@�ØU�yÂ

ñ. �Ï´, ^�{(3.6)?nn��f�¯K, Ø%Cþ v = (y, z, λ)¥(y, z)´Ø%Cþ

��©Ü©, λ ´Ø%Cþ�éóÜ©. éØ%Cþ��©Ü©¥� y Ú z üÜ©, �

{(3.6)´Øú²�. 3¦) y-f¯K�, �U^(xk+1, zk, λk)�&E, Ï� zk ÿ��#;

3¦) z-f¯K�, Ï�#� yk+1 ®²k
, Ò^(xk+1, yk+1, λk)�&E. ^��í2

� ADMM 5¦)n��©l�f�¯K(3.1), éõ¢SO��´¤õ�. �én�½ö

n�±þ�f�¯KkØÂñ�~f[7].

4 UE ADMM ¤¦)n��f¯K�Âñ�{

Q,�{(3.6)é���n��f�¯K(3.1)ØU�yÂñ��Ï´§3¦)f¯K

�é�©Ø%Cþ¥� y Ú z üÜ©Øú², Ïd, ·��ÄUE ADMM ¤¦)n�

�f¯K�Âñ�{�´, Òg,¤
±eü^:

(i) ò�{(3.6)Jø� yk+1 Ú zk+1 UE, é�{(3.6)E¤�Øú²?1·�éÖ;

(ii) é�{(3.6)��?1UE, ¦�§?n�©Ø%Cþ¥ y Ú z üÜ©�ú².
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4.1 éÖ����{

1�^´´é�{(3.6))¤� yk+1 Ú zk+1 ?1éÖ(��). 5¿�, Ñ�f¯K¥

�~ê�, ��í2��O��{(3.6)�±�¤§��d/ª

xk+1 = arg min{θ1(x)− (λk)T(Ax) + β
2 ‖Ax+Byk + Czk − b‖2 |x ∈ X},

yk+1 = arg min{θ2(y)− (λk)T(By) + β
2 ‖Ax

k+1 +By + Czk − b‖2 | y ∈ Y},

zk+1 = arg min{θ3(z)− (λk)T(Cz) + β
2 ‖Ax

k+1 +Byk+1 + Cz − b‖2 | z ∈ Z},

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b).

(4.1)

lª(4.1)�±wÑ, m©�1 k-gS�I��´ (Byk, Czk, λk). Ïd, �e�gS

�·����Jø (Byk+1, Czk+1, λk+1). ù| (Byk+1, Czk+1)�±d(
Byk+1

Czk+1

)
:=

(
Byk

Czk

)
− µ

(
I −I
0 I

)(
B(yk − yk+1)

C(zk − zk+1)

)
, µ ∈ (0, 1] (4.2)

Jø. ù´CÄ��!�{ü��«��. 3¢SO�¥[8], ·�� µ = [0.9, 0.95], ¡ù

��{��pd£���O��{. �3ª(4.2)�mà���u 1 �~ê µ, ´Ï�l

ª(3.5)�ª(3.6), tµ
�´Ø%Cþ¥�©Ü©(y Ú z)�f¯K¦). ýÿ��
L

õ�gd, 3oNéÖ��ÿ, \�·�� �þ µ ∈ [0.9, 0.95]´Ün�.

4.2 r�²���{

Uì1�^´, é�{(3.6)?1UE, ¦�§ú²?n�©Ø%Cþ¥ y Ú z üÜ

©. ��{ü��{Ò´3¦) z-f¯K�, =¦ yk+1 ®²k
, ·��´�^ yk �&

E. ù�Ò��
e¡��{:

xk+1 = arg min
{
L3
β(x, yk, zk, λk)

∣∣ x ∈ X},
yk+1 = arg min

{
L3
β(xk+1, y, zk, λk)

∣∣ y ∈ Y},
zk+1 = arg min

{
L3
β(xk+1, yk, z, λk)

∣∣ z ∈ Z},
λk+1 = λk − β

(
Axk+1 +Byk+1 + Czk+1 − b

)
.

�Âñ��{(3.5)'�, ��uòª(3.5)¥�

(yk+1, zk+1) = arg min
{
L3
β(xk+1, y, z, λk)

∣∣ y ∈ Y, z ∈ Z},
U¤
 {

yk+1 = arg min
{
L3
β(xk+1, y, zk, λk)

∣∣ y ∈ Y},
zk+1 = arg min

{
L3
β(xk+1, yk, z, λk)

∣∣ z ∈ Z}.
ù��, �¯K��©l�5�|^
, é y Ú z �ú²
, ��k:Lugd. ·�3

²�²1?n y Ú z f¯K��ÿ, 8I¼ê�¡Ñ�	2\���K�, S�{C¤

xk+1 = arg min{L3
β(x, yk, zk, λk) |x ∈ X},

yk+1 = arg min{L3
β(xk+1, y, zk, λk) + τβ

2 ‖B(y − yk)‖2 | y ∈ Y},

zk+1 = arg min{L3
β(xk+1, yk, z, λk) + τβ

2 ‖C(z − zk)‖2 | z ∈ Z},

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

(4.3)
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Ù¥ τ > 1. \�K��¿ÂÒ´3LÝgd��¹e2\þ�g·�åÅ�. Ñ��

{(4.3)¥ y Ú z f¯K�~ê�, �{��±U�¤Xe�d/ª[9]:

xk+1 = arg min{L3
β(x, yk, zk, λk) |x ∈ X},

λk+
1
2 = λk − β(Axk+1 +Byk + Czk − b),

yk+1 =arg min{θ2(y)−(λk+
1
2 )TBy + µβ

2 ‖B(y − yk)‖2 | y ∈ Y},

zk+1 =arg min{θ3(z)−(λk+
1
2 )TCz + µβ

2 ‖C(z − zk)‖2 | z ∈ Z},

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

(4.4)

Ù¥ µ = τ+1 > 2. éùü��{�d5k,��Öö,���y§� y-f¯KÚ z-f¯

K��`5^��Ó=�. ·�3 2010 cÒJÑ
�{(4.4), �=� Stanley Osher[10]3

ü�¯Kþæ^. ù�!J��én��f¯KUEL� ADMM a�{, ´©z [8,9]

¥?nõ��f�{�A~. �[�Âñ5y²�©z [11].

5 Ú�µee��{£ãÚÂñ^�

·�ò�¦)�¯KÑw¤/Xª(3.3)�C©Ø�ª, �Ò´

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) > 0, ∀w ∈ Ω.

Ø%Cþ´ v, ´3 w ¥�K¥mCþ x ±��Ü©©þ. r�{Ñ8(�Xe�ý

ÿ-���{�Ú�µe:

[ýÿ] é�½� vk, ¦��� w̃k, ¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) > (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (5.1a)

Ù¥ Q Ø�½é¡, �´�¦ QT +Q �½.

[��] �Ñ#S�: vk+1 ���úª�

vk+1 = vk −M(vk − ṽk). (5.1b)

òÂñ5^��8B¤e¡ü^:

é�{(5.1a)Ú(5.1b)¥�Ý
 Q Ú M , k�½Ý
 H, ¦�

HM = Q. (5.2a)

¿�

G = QT +Q−MTHM � 0 (����½). (5.2b)

3ù�Ú�µeÚ�A�Âñ5^�e, U
�Ï·��E#�Âñ�{[12], y²

Âñ5ÒC�AON´, Âñ�Ç�©Û�HA). ù�!��y1 4 !¥?���

{, �±B\�{µe(5.1a)Ú(5.1b), ¿�÷vÂñ5^�(5.2a)Ú(5.2b). y²�1 6!.
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5.1 éÖ����{

·�^ª(4.1)�ÑÑ xk+1, yk+1, zk+1 ½Â9Ï�ýÿCþ w̃k = (x̃k, ỹk, z̃k, λ̃k), Ù

¥

(x̃k, ỹk, z̃k) = (xk+1, yk+1, zk+1), (5.3a)

λ̃k = λk − β(Ax̃k +Byk + Czk − b). (5.3b)

�â`z¯K��`5^�(0.1a)Ú(0.1b),^ x̃k = xk+1Úª(5.3b),�±òª(4.1)¥ x-f

¯K��`5^��¤

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T(−ATλ̃k) > 0, ∀x ∈ X . (5.4a)

�âÓ���n, é y-f¯KÚ z-f¯K��`5^�, ©Ok

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y− ỹk)T(−BTλ̃k) > (y− ỹk)TβBTB(yk − ỹk), ∀y ∈ Y, (5.4b)

Ú

z̃k ∈ Z, θ3(z)− θ3(z̃k) + (z − z̃k)T
(
−CTλ̃k

)
> (z − z̃k)T

(
βCTB(ỹk − yk) + βCTC(z̃k − zk)

)
, ∀z ∈ Z. (5.4c)

�â'Xª(5.3b), k

λ̃k ∈ Rm, (λ− λ̃k)T(Ax̃k +Bỹk + Cz̃k − b)

> (λ− λ̃k)T
{
−B(yk − ỹk)− C(zk − z̃k) + 1

β (λk − λ̃k)
}
, ∀λ ∈ Rm. (5.4d)

|^C©Ø�ª(3.3a)Ú(3.3b), ·��±òª(5.4a)∼(5.4d)¥�(JLã¤e¡�Ún.

Ún 5.1 � (xk+1, yk+1, zk+1) �â�½� vk dª(4.1))¤. @o, dª(5.3a)Ú

ª(5.3b)½Â�ýÿ: w̃k ÷v

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) > (v − ṽk)TQ(vk − ṽk), ∀ w ∈ Ω, (5.5)

Ù¥

Q =

βB
TB 0 0

βCTB βCTC 0

−B −C 1
β Im

 . (5.6)

·��X5�Ñ��Ý
. Äk, |^ª(5.3a)Úª(5.3b), d(4.1))¤ÃI���

λk+1 �±�¤

λk+1 = λk − β
(
Axk+1 +Byk+1 + Czk+1 − b

)
= λk −

[
−βB(yk − ỹk)− βC(zk − z̃k) + (λk − λ̃k)

]
. (5.7)

d	, Ý
 Q �±�¤©¬�/ª

Q =

(
βQ0 0

−A 1
β Im

)
, Ù¥ Q0 =

(
BTB 0

CTB CTC

)
, A = (B,C).
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·�P

D0 =

(
BTB 0

0 CTC

)
, Kk QT

0 +Q0 = D0 +ATA.

|^ù
ÎÒÚª(5.7), ��úªÒ´

vk+1 = vk −M(vk − ṽk),

Ù¥

M =

(
µQ−T0 D0 0

−βA I

)
. (5.8)

ù�, ·�é1 4.1 !¥�éÖ���{, B\
ýÿ-���{µe(5.1a)Ú(5.1b).

��·�5�yÂñ5^�. éª(5.5)¥�Ý
 M , §�_Ý
´

M−1 =

 1
µD
−1
0 QT

0 0

1
µβAD

−1
0 QT

0 I

 . (5.9)

´Äk�½Ý
 H ¦� HM = Q, ���yÝ


H = QM−1 =

(
βQ0 0

−A 1
β Im

)(
1
µD
−1
0 QT

0 0
1
µβAD

−1
0 QT

0 I

)
=

(
1
µβQ0D

−1
0 QT

0 0

0 1
β I

)

´Ä�½. ¯¢þ, Ý
 H ´�½�. ?·��yÝ
 G ��½5.

�âª(5.2b), |^ HM = Q Ú QT
0 +Q0 = D0 +ATA, ��

G =

(
(1− µ)β(D0 +ATA) 0

0 1
β Im

)
� 0 (Ï� µ ∈ (0, 1)).

�d, y²
éÖ����{B\µe(5.1a)Ú(5.1b), �A�Âñ5^�(5.2a)Ú(5.2b)�

��÷v.

��)ºéÖ���{���pd£���O��{��Ï.|^ª(5.9)¥ M−1 �

L�ª, �©Cþ����±�¤

QT0

(
yk+1 − yk

zk+1 − zk

)
= µD0

(
ỹk − yk

z̃k − zk

)
. (5.10)

5¿�ª(5.10)¥�Ý
 QT
0 ´��þn�Ý
, ù�k�¦� zk+1, yk+1 �L§·�r

§¡�pd£�. duª(5.10)�äN/ª´(
BT 0

0 CT

)(
I I

0 I

)(
B(yk+1 − yk)

C(zk+1 − zk)

)
= µ

(
BT 0

0 CT

)(
B(ỹk − yk)

C(z̃k − zk)

)
,

¿�m©e�gS���ýkk(Byk+1, Czk+1, λk+1), ù|(Byk+1, Czk+1)�±ÏL(
I I

0 I

)(
B(yk+1 − yk)

C(zk+1 − zk)

)
= µ

(
B(ỹk − yk)

C(z̃k − zk)

)
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¦�. §��d/ª´(
Byk+1

Czk+1

)
=

(
Byk

Czk

)
− µ

(
I −I
0 I

)(
B(yk − ỹk)

C(zk − z̃k)

)
.

�é{`, ��L§¥¿ØI�¦_Ý
.

5.2 r�²���{

�
|^Ú�µe(5.1a)Ú(5.1b)9Ù�A�Âñ5^�(5.2a)Ú(5.2b),·�±ª(4.4)

�ÑÑ xk+1, yk+1, zk+1 ½Â9Ï�ýÿCþ w̃k = (x̃k, ỹk, z̃k, λ̃k), Ù¥

(x̃k, ỹk, z̃k) = (xk+1, yk+1, zk+1), (5.11a)

λ̃k = λk − β(Ax̃k +Byk + Czk − b). (5.11b)

�â`z¯K��`5^�(0.1a)Ú(0.1b), ^ x̃k = xk+1Úª(5.11b), �±òª(4.4)¥

x-f¯K��`5^��¤

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T(−ATλ̃k) > 0, ∀x ∈ X . (5.12a)

du λ̃k = λk+
1
2 ,ª(4.4)¥ y-f¯KÚ z-f¯K´²1¦)�,§���`5^�©Ok

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y− ỹk)T(−BTλ̃k) > (y− ỹk)TµβBTB(yk− ỹk), ∀y ∈ Y (5.12b)

Ú

z̃k ∈ Z, θ3(z)− θ3(z̃k) + (z− z̃k)T(−CTλ̃k) > (z− z̃k)TµβCTC(z̃k− zk), ∀z ∈ Z. (5.12c)

Ó�, dª(5.11b)��

λ̃k ∈ Rm, (λk − λ̃k)T(Ax̃k +Bỹk + Cz̃k − b)

> (λk − λ̃k)T
{
−B(yk − ỹk)− C(zk − z̃k) + 1

β (λk − λ̃k)
}
, ∀λ ∈ Rm. (5.12d)

|^C©Ø�ª(3.3a)Ú(3.3b),·��±òª(5.12a)∼(5.12d)¥�(JLã¤e¡�Ún.

Ún 5.2 �(xk+1, yk+1, zk+1)�â�½� vk dª(4.4))¤. @o, dª(5.11a)Ú

ª(5.11b)½Â�ýÿ: w̃k ÷v

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) > (v − ṽk)TQ(vk − ṽk), ∀ w ∈ Ω, (5.13)

Ù¥

Q =

µβB
TB 0 0

0 µβCTC 0

−B −C 1
β Im

 . (5.14)

·��X5éÑ��Ý
. 3S�{(4.4)¥Ø¹��,�
^Ú�µey²�{�Â

ñ5, ·��âª(5.11a)Úª(5.11b)½Â
 w̃k = (x̃k, ỹk, z̃k, λ̃k). òù� w̃k w�ýÿ:,
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2éÑ^ vk = (yk, zk, λk)Ú ṽk = (ỹk, z̃k, λ̃k)L« vk+1 = (yk+1, zk+1, λk+1)�'Xª. d

u

yk+1 = ỹk, zk+1 = z̃k, (5.15a)

λk+1 = λk − β
(
Axk+1 +Byk+1 + Czk+1 − b

)
= λk −

[
−βB(yk − ỹk)− βC(zk − z̃k) + (λk − λ̃k)

]
, (5.15b)

ù���úª�±�¤ yk+1

zk+1

λk+1

 =

 yk

zk

λk

−
 I 0 0

0 I 0

−βB −βC Im


 yk − ỹk

zk − z̃k

λk − λ̃k

 .

�é{`, ·�k

vk+1 = vk −M(vk − ṽk), Ù¥ M =

 I 0 0

0 I 0

−βB −βC Im

 . (5.16)

ù�, ·�é1 4.2 !¥r�²���{, B\
ýÿ-���{µe(5.1a)Ú(5.1b).

��·�5�yÂñ5^�. �¯´Äk�½Ý
 H ¦� HM = Q, �±�y

H = QM−1 =

µβBTB 0 0

0 µβCTC 0

0 0 1
β I


´�½�. ?·��yÝ
 G ��½5. �â½ÂÚ Q = HM , ?1�
Ä��Ý


$�ÒU��

G =

 (µ− 2)βBTB 0 0

0 (µ− 2)βCTC 0

0 0 1
β I

+ β

 BTB −BTC 0

−CTB CTC 0

0 0 0

 . (5.17)

þªmà�����Ý
��½. ¤±, du µ > 2, Ý
 G ´�½�. ·�r1 4.2 !

¥�r�²���{, B\
ýÿ-���{µe(5.1a)Ú(5.1b)�, y²
§÷vÂñ5

^�(5.2a)Ú(5.2b).

6 Â 5�ÚÂñ�Ç�y²

é/Xª(3.3a)Ú(3.3b)�C©Ø�ª, ù�!|^Ú�µe(5.1a)Ú(5.1b)Ú^�

(5.2a) Ú(5.2b)y²Âñ5.

Ún 6.1 ¦)C©Ø�ª(3.3a)Ú(3.3b),XJ^�(5.2a)Ú(5.2b)÷v,d�{(5.1a)

Ú(5.1b))¤�:÷v

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

>
1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+

1

2
‖vk − ṽk‖2G, ∀w ∈ Ω. (6.1)
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y² dª(5.1b))¤#�S�:. du Q = HM , ù�ª(5.1a)Ò�±U�¤

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) > (v − ṽk)TH(vk − vk+1), ∀w ∈ Ω, (6.2)

éª(6.2)mà� (v − ṽk)TH(vk − vk+1), ^ð�ª

(a− b)TH(c− d) =
1

2

(
‖a− d‖2H − ‖a− c‖2H

)
+

1

2

(
‖c− b‖2H − ‖d− b‖2H

)
(6.3)

?1?n, Òk

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

>
1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+

1

2

(
‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H

)
, ∀w ∈ Ω. (6.4)

éª(6.4)mà����Ü©, |^ª(5.1b), HM = Q Úª(5.2b)¥éÝ
 G �½Â, ·

�k

1

2

(
‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H

)
=

1

2

(
‖vk − ṽk‖2H − ‖(vk − ṽk)−M(vk − ṽk)‖2H

)
=

1

2

(
(vk − ṽk)T(HM +MTH −MTHM)(vk − ṽk)

)
=

1

2
‖vk − ṽk‖2G.

òþã(J�\ª(6.4)mà, Ò��ª(6.1), Ún 6.1 �y.

½n 6.1 éC©Ø�ª¯K(3.3a)Ú(3.3b),d�{µe(5.1a)Ú(5.1b))¤�Ø%C

þS� {vk}, 3^�(5.2a)Ú(5.2b)÷v��ÿ, kÂ 5�

‖vk+1 − v∗‖2H 6 ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀ v∗ ∈ V∗. (6.5)

y² ^ w∗ O�ª(6.1)¥?¿� w ∈ Ω ¿|^üN5, Ò��½n�(Ø.

Ï� G �½, S� {vk} ´3 H-�eÂ �, ª(6.5)´�{Âñ�'�Ø�ª. d

	, |^ª(6.1), êþ�� O(1/t) Âñ�Ç�(Ø.

½n 6.2 éC©Ø�ª¯K(3.3a)Ú(3.3b),�{(5.1a)Ú(5.1b)3^�(5.2a)Ú(5.2b)÷

v��ÿkH{¿Âe� O(1/t) Âñ�Ç, =é?¿��ê t, Ñk

θ(ũt)− θ(u) + (w̃t − w)TF (w) 6
1

2(t+ 1)
‖v − v0‖2H , ∀w ∈ Ω, (6.6)

Ù¥ w̃t =
1

(t+ 1)

( t∑
k=0

w̃k
)
´ýÿS���â²þ.

y² Äk, |^ (w − w̃k)TF (w̃k) = (w − w̃k)TF (w), dª(6.1)�±��

θ(ũk)− θ(u) + (w̃k − w)TF (w) +
1

2
‖v − vk+1‖2H 6

1

2
‖v − vk‖2H , ∀w ∈ Ω. (6.7)

òþªl k = 0, 1, · · · , t \\, 2|^à¼ê�5�

θ
( 1

t+ 1

t∑
k=0

ũk
)
6

1

t+ 1

( t∑
k=0

θ(ũk)
)
,

Ò��ª(6.6). ½n�y.
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