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1. Introduction
We consider a structured convex minimization model with linear constraints and a separable objective function:

minzml 0;(x;)
i=1
i=1

xle%], i=1,...,m,

where 0;: R" — R (i=1,...,m) are convex functions and they are not necessarily smooth; %; CR" (i=1,...,m)
are closed-convex sets; A; € R (i=1,...,m) are given matrices with full column ranks; and b € Rlisa given
vector. Throughout, the solution set of (1) is assumed to be nonempty. Our discussion focuses on the particular
case of (1) where m > 3, see, e.g., Peng et al. [35], Ruszczyniski [39], Tao and Yuan [41], Tibshirani et al. [42], Zhou
et al. [48] for such applications.

Except for problems in very small dimensions, it is not wise to treat (1) as a generic convex programming
and ignore its favorable separable structure when we try to design efficient numerical algorithms for (1). One
obvious reason is that each single 0; could be simple, while the aggregation of all 0,’s is hard, to be minimized for
many concrete applications of the abstract model (1). This has inspired many interesting results in the literature,
e.g., a series of papers combining the augmented Lagrangian method (see Hestenes [23], Powell [36]), smoothing
technique and Lagrangian duality theory in Lan and Monteiro [28], Necoara and Suykens [30], Nedelcu et al. [31],
Tran-Dinh et al. [43, 44]. We are thus in favor of such an algorithm that can take advantage of the separable
structure of (1) effectively; or more precisely, can exploit the properties of all 0,’s fully by treating these functions
individually rather than aggregatively. In the literature, structure-exploited algorithms have been well studied, but
only for the special case of (1) where m =2. A fundamental method for this special case is the Douglas-Rachford
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alternating direction method of multipliers (ADMM) proposed in Glowinski and Marrocco [16] (see also Gabay
and Mercier [13]). More specifically, for solving (1) with m =2, the standard ADMM iterative scheme is

2t =argmin{ 0 (x;) = x] AT A* + Sl A + Ayxg = blIE | 3, € %1},
X = argmm{E)z(xz) GATA + HIAE + Aty ~ Bl | x, € %, @)
/\k+1 = - H(Alxllﬁ—l +A2xk+1 b)/

where AF e R! is the Lagrange multiplier and the penalty matrix H € R g positive definite. In applications, we
usually choose H as a diagonal matrix: H = I;,; with § > 0. The standard ADMM scheme (2) shows that ADMM
blends the benefits of the dual decomposition and the augmented Lagrangian method. It is thus possible to exploit
the properties of 0,’s individually. We refer to, e.g., Chan and Glowinski [4], Eckstein and Bertsekas [8], Fortin
and Glowinski [11], Fukushima [12], Glowinski [14], Glowinski and Le Tallec [15], He et al. [22], Kontogiorgis and
Meyer [27], Tseng [45] for some earlier articles in the areas of partial differential equations, convex programming
and variational inequalities. Moreover, recently ADMM has found many interesting applications in a broad
spectrum of areas such as imaging processing, statistical learning and engineering, see, e.g., Boyd et al. [2], Chan
et al. [3], Chen et al. [5], Esser [9], He et al. [21], Ng et al. [33, 32], Sun and Zhang [40], Tao and Yuan [41],
Zhang et al. [46] to mention a few. Essentially, the main reason ensuring ADMM’s efficiency for these concrete
applications (where the functions 0,’s usually have special properties) is that the decomposed subproblems in (2)
are often simple enough to have closed-form solutions or can be solved efficiently up to high precisions. In the
review paper on ADMM (Boyd et al. [2], p. 104), the authors complimented that “ADMM is at least comparable
to very specialized algorithms (even in the serial setting), and in most cases, the simple ADMM algorithm will be
efficient enough to be useful.”

To take advantage of each 8,’s properties individually, a natural idea for solving the general case of (1) with
m > 3 is to extend the ADMM scheme (2) straightforwardly—yielding the following scheme:

2

1x1+2Ax -b

1
Xk = argmm{@l(xl) xTATAR + =
j=2

2

xle%l};
2

1
~{|A T+ Ayx, + ZAJ-x;.‘ -b

xh = argmin{@z(xz) —xTATAR + 5
=

xze%z};
H

1 i-1 2
Xkl = argmin{@,-(x,») —xTATAR + = ZA Ml Ax, + Z A x —-b|| |x;€ %,-}; 3)
2|4
j=1 j=i+l H
1 m—1 2
Xk = argmm{Gm(xm) xI AT 2K+ Zij;‘” +A,x,—b| |x,¢€ %m};
p= H

Ak+l (Z A] xk+1 )

Just as the original ADMM scheme (2), the iterative scheme (3) can be easily derived by decomposing the aug-
mented Lagrangian function of (1) in the Gauss-Seidel fashion. In (3), the variables x;’s are minimized in alter-
nating order and the decomposed subproblems are much easier than the original problem (1) since only one
function 6, is involved in its x;-subproblem. Then, the step of updating the Lagrange multiplier coordinates all
these solutions to local small subproblems to find a solution to a global large problem. Note that the direct exten-
sion of the ADMM scheme (3) reduces to the augmented Lagrangian method in Hestenes [23], Powell [36], and
the standard ADMM scheme (2) when m =1 and m =2 in (1), respectively.

The convergence of the scheme (3), however, had perplexed authors for a long time. On one hand, the scheme (3)
empirically works well for some applications, see, e.g., Peng et al. [35], Tao and Yuan [41]. On the other hand,
in the literature, its convergence could be shown only under some further assumptions. For example, in Han
and Yuan [17], the convergence of (3) was shown under the conditions that all 6; are strongly convex and the
penalty parameter § (when H = $1,,;) should be chosen judiciously within a certain interval. Moreover, when each
function 6, in (1) is of particular structure and the update of A¥*! in (3) is required to adopt a new stepsize rather

than H = gl,,,, i.e.,
/\k+1 (Z A]xk+1 ) (4)
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where 7 > 0 is sufficiently small to fulfill certain error bound conditions, the resulting scheme was proved to be
convergent in Hong and Luo [24]; some linear convergent results were also analyzed in Hong and Luo [24]. In
fact, the scheme (3) but with the new update of A in (4) can be regarded as an implementation of the dual-ascent
method to the dual of (1) with a shrank stepsize. Most recently, a counterexample was given in Chen et al. [6]
showing that scheme (3) is not necessarily convergent without further assumptions; and a sufficient condition
ensuring the convergence of (3) was given therein.

In general, it is not easy to verify whether the stepsize 7 in (4) is small enough to satisfy the desired error bound.
We thus stick to the direct extension of ADMM (3) where the stepsize for updating A is taken as the same as the
penalty parameter (thus it is not necessarily very small) and the function 6,’s in (3) are only assumed to be generic
nonsmooth convex functions, and study in which way the convergence of (3) can be derived. In He et al. [19],
we have shown that the resulting sequence is convergent if the output of (3) is further corrected by a Gaussian
back substitution procedure. The numerical efficiency of the Gaussian back substitution procedure, together with
its superiority to some other relevant work based on (3), have been illustrated numerically in He et al. [19],
Ng et al. [34].

The Gaussian back substitution procedure in He et al. [19] still requires to compute the inverses of (AiTH A,) for
i=2,...,m—1 (see Equation (3.4) in He et al. [19]), which could be computationally expensive for generic A;’s
arising in some image processing applications. Some elaboration will be given in Section 7.1. This paper is a further
study on this theme, with the aim at proposing an algorithmic framework to combine an ADMM procedure with
a substitution procedure. This substitution procedure can be in either a forward (i.e., correcting the output of
the ADMM procedure in the order of x;*! — x5! — ... — x5 — A¥*1) or backward (i.e., correcting the output
of the ADMM procedure in the order of A¥*! — xkfl — xk+1 — ... — x&+1) faghion. Two concrete algorithms are
thus derived from the algorithmic framework. We will show that these two algorithms both reduce to the original
ADMM (2) for (1) with m = 2. The forward and backward substitution procedures require no computation of any
matrix’s inverse, and they are both much computationally cheaper than the Gaussian back substitution procedure
in He et al. [19] (see Sections 5.1 and 5.2 for elaboration). Moreover, we will show that the convergence of this
algorithmic framework can be easily proved from the contraction perspective, and its local linear convergence
rate is provable if a certain error bound condition is assumed. Without such an error bound assumption, we can
estimate their worst-case convergence rates measured by the iteration complexity for the new algorithms in the
nonergodic sense.

The rest of the paper is organized as follows. In Section 2, we provide some preliminaries that are useful
for further discussions; and summarize some notations, which will help us present our analysis simpler. In
Section 3, we propose an ADMM procedure inspired by (3) and prove an inequality for the sequence generated
by this ADMM procedure. In Section 4, we elaborate on the motivation of developing an appropriate substitution
procedure in combination with the ADMM procedure proposed in Section 3. Then, in Section 5, we specify the
general algorithmic framework in combination with an ADMM procedure and a substitution procedure into two
concrete algorithms; prove their global convergence and linear convergence rates in a unified framework from
the contraction perspective. In Section 6, we estimate the worst-case convergence rate measured by the iteration
complexity for the proposed algorithms in the nonergodic sense. In Section 7, we report some numerical results
when the new algorithms are applied to solve some applications of the model (1) arising in image processing.
Finally, we make some conclusions in Section 8.

2. Preliminaries
In this section, we first provide some preliminaries, which are useful for our further discussions and then sum-
marize some notations to be used.

2.1. A Variational Characterization of (1)
We first reformulate (1) as a variational form, which is useful for our subsequent analysis of convergence and the
estimate of worst-case convergence rate measured by the iteration complexity.

Let A € R! be the Lagrange multiplier associated with the linear constraints in (1). Then, the Lagrangian function
of (1) is

L(xy, Xy, .o, X, A) = D 6,(x,) = /\T(Z Ax;— b),
i=1 i=1
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and it is defined on
W=%xR', where X=X, XX X X%,.

Let (x},x5,...,x,

rrmr

A*) be a saddle point of the Lagrangian function. Then, we have the saddle point inequalities
Lyewi (X7, %5, -+, %0, A) SL(x], X5, -, X0, A) S Lyepict (X1, X0, -0, X0, A7) (5)
Fori=1,...,m, we set

(g, oo X X Xy, e X)) = (X, X, X Xy e, X)) €D,
in the second inequality in (5). Then, we have

x;€, 0i(x)—0;(x))+(x;—x))"(-AJA") >0, Vx; €%, i=1,...,m.

Moreover, it follows from the first inequality in (5) that
A e R, (A - A*)T(ZA,.x; - b) >0, VAeRl
i=1

Thus, finding a saddle point of L(x4, x5, ..., x,,, A) is equivalent to finding a vector
w'=(x],x5,...,%, A)eEW
such that

01(x1) = 0,(x3) + (x; —x})T(=ATA*) > 0, Yx, €%,
0,(x,) = 05(x3) + (x, — x3)"(=AJ A") 2 0, Vx, €%,

' (6)
Qm(xm) - Qm(x:n) + (xm - x*m)T(_AZ—nA*) >0, vxm € %m/
(A—A*)T{ZAixj—b}ZO, VAeRL
i=1
More compactly, the inequalities in (6) can be rewritten as the following variational inequality (VI):
VI(W,F, 0): w* €W, 0(x)—0(x) +(w—-w")"F(w) >0, YweW, (7a)
where
-ATA
X *1 i
xl . X, A A
X = .2 , O(x)= Z 0.(x;), w=| : and F(w)= : . (7b)
: i=1
X b ~Anh
iz1 AiX; = b

Note that the operator F(w) defined in (7b) is monotone because it is affine with a skew-symmetric matrix. Let %"
be the solution set of VI(%, F, 0). Since the solution set of (1) is assumed to be nonempty, %" is also nonempty.

2.2. Some Notations
In this subsection, we summarize some notations, which will be used in later analysis. These notations will make
the presentation of our theoretical analysis in later sections more compact.

First, revisit the iterative scheme of the direct extension of ADMM (3). It is easy to notice that the iterate x* is not
involved in the (k + 1)-th iteration of (3), just like the original ADMM (2). In other words, the input to execute the
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iteration of (3) is only the sequence {x£,...,x% , A*}. Therefore, following Boyd et al. [2], we call x, an intermediate

variable. It is thus natural to introduce the notations
X3

v=| - and V=% X X%, X R

to differentiate the variables, which are truly involved in the iteration from the intermediate variable x,. Obviously,
v is a subvector of w defined in (7b). The notations v* is thus clear from the context. Accordingly, we also use the
notation

V={(x,...,x,,A")

(x5, x5,..., %, A)eW}.

Taking a closer look at (3), we can easily find that the input to generate a new iterate is indeed {A,x5,...,
A, x*  AF}. Thus, it is convenient to define

Uy HY2A,x,

u=| - |= : 8)
U, H2A,x,,
u, H2)A

from which the notation u* = [u’z‘, couk, ul)‘\] is also clear. For some concrete applications of (1) such as those in
He et al. [19], Ng et al. [34], the matrices A,, ... A,, are all identity matrices. For these cases, u reduces to v if H =1.

Accordingly, we also use the notation

* 1/2 *
u HY2A,x;
W=[u=| * |= 1/2: w =(xj,...,x;, A)eW
u;, H'Y?A,x;,
uy H2)*

With these notations, the scheme (3) can be summarized as generating the new iteration w**! with the input u*.

Second, we introduce several matrices in blockwise form. With these matrices, our notation for theoretical
analysis will be much easier and more compact. Recall that the variable x, is an intermediate variable for the
scheme (3). We thus introduce the matrix

0 = diag(H'?A,, H'?A,, ..., H'?A,, H 1) )

m’s

to collect all the coefficient matrices with respect to the variables in (1), except for x; and the identity matrix
(corresponding to the Lagrange multiplier). With the definition (9), we obviously can relate the variables v and u as

u =dv. (10)
We also define the following block matrices:
F=,1,...,1,-1L) (11)
and
F=diag,I,,...,1,,1)). (12)

In addition, we define the following m X m-block matrices:

I, 0 0 I, 0 0
I I : 0, I,

P = , =] o , (13)
I, I, I, © 0, 00 I 0
0, 0 0 I - I I I
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and
I, 0 0
L
g= |, (14)
Il tee Il Il 0
SRR

which will be used in the substitution procedures to be proposed. Note that %, ./, and < are all well-structured
block lower triangular matrices, and they are related in the following equation:

L= (15)

Moreover, for (1) with m =2, we have %= . and N= <.
Finally, two more matrices are useful:

0 0 . . 0
A2TH1/2 0 . . 0
5 Try1/2 Try1/2 . .
e T )
AT Hl/z AT H1/2 . AT H1/2 0
_71'7_[—1/2 _rIn_I—l/z ... _’In_I—l/z H-1/2
and
A2TH1/2 0 0
A;"Hl/z Ang/z : .
a=| T (17)
AT H1/2 AT H1/2 . AT Hl/Z 0
_"11_171/2 _"f_lfl/z ... _}'irl/z H-1/2

As we shall show, these two matrices are mainly used to represent the accumulated iterative information in a
compact way and thus simplify our notation. In fact, @ is used as the associated matrix to left multiply a vector w*,
while @ is the associated matrix to left multiply a vector v¥. Note that the absence of the intermediate variable x*
in the iteration to be proposed also explains why the first row of @ is a zero vector. Nevertheless, despite that
the matrix @ can be obtained by easily removing the first row of @, we give the explicit expressions of these two
relevant matrices separately as we need to use both of them later.

Some relationships among the matrices defined above are summarized in the following lemmas. We omit their
proofs since they are elementary.

Lemma 2.1. Let the matrices &, .5, and £ be defined in (11), (12), and (14), respectively. Then, we have
' +L=F+F % (18)
Lemma 2.2. Let the matrices s, £, and @ be defined in (9), (14), and (17), respectively. Then, we have
a=s4"%. (19)

The identities (18) and (19) in Lemmas 2.1 and 2.2 will be used in our theoretical analysis.

3. An ADMM Procedure Based On (3)

We have mentioned that an efficient strategy to overcome the divergence of the scheme (3) is to supplement a
substitution procedure to the output of (3), as the algorithm in He et al. [19]. In this section, we propose an ADMM
procedure, which is slightly different from the scheme (3) only in the update of its Lagrange multiplier.

3.1. An ADMM Procedure
Since the notations x**’s will be used to denote the new iterate and the output of the proposing ADMM procedure
is only its predictor, we use ¥¥’s to denote the output of the proposing ADMM procedure. Our ADMM procedure
based on the scheme (3) is as follows, and it will be used as a subprocedure in the algorithms to be proposed.
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Algorithm 1 (An ADMM Procedure (prediction step) for (1))
2

. . 1 S
ik = argmm{@l(xl) —xTATAK + 5 A x, + Z;A/-x;? -b . X, € %1};
p
1 m 2
ik = argmin{@z(xz) —xTATAK + 5 A FE+ Ayx, + ZB]ijjf -b . X, € %2};
iz
1 i-1 m 2 (zoa)
ik = argmin{ei(xl—) —xTATAR + 5112 Al-f;‘ +A X+ Z A]-x;.‘ —b|| |x;€ %l—};
j=1 j=i+1 H
m—1 2
X = argmin{@m(xm) —xT AT AR+ 3 Z;Aja?;‘ +A,x,—b ; X, € %m}
]:
5\"=/\"—H(A132’1‘+2ijf—b). (20b)
j=2

Remark 3.1. The scheme (20) differs from the direct extension of ADMM (3) (also the method in He et al. [19])
only in the way of updating the Lagrange multiplier, i.e., (20b), and all the essential subproblems dominating the
computation (i.e., (20a)) at each iteration are the same as those in (3). For this reason, we still call the scheme (20) an
ADMM procedure. The only difference in its update of the Lagrange multiplier indeed provides us the possibility
to ensure the convergence for the combination of (20) with a desired substitution procedure. In fact, as we shall
show in Theorem 3.3, this particular update (20b) enables us to derive an estimate on the accuracy of @* in (21),
which is more succinct than the inequality (4.3) in He et al. [19]. To see the relationship between the outputs of
(20) and (3), we set

and .,
k+1 _ 3k k ~k
A= +H(Z;Aj(xj —x].)),
]:

then the output of (3) is recovered. More compactly, by using the notations u, v, and ., the outputs u**! generated
by (3) and ii* by (20) are related in the following way:

uk+l — Mk _ ./\/(uk _ ﬁk)

Remark 3.2. Taking a closer look at the iterative schemes (3) and (20), it is easy to find that, at each iteration, the
input to implement these schemes is actually (A,x%,..., A, xk, AF).

m-=m’

3.2. An Important Inequality

In the following theorem, we prove an important inequality for the output of the ADMM procedure (20), which
will be used often in our further discussions, including the analysis of the substitution procedure in Section 5 and
the analysis of the worst-case convergence rate in Section 6.

Theorem 3.3. Let @* be generated by the ADMM procedure (20) with given v* and u = siv. Then, we have
@ eW, O(x)-0(F)+ (w—-d")F(@") > (u - Lu*-i*), Ywew, (21)
where < is defined in (14).

Proof. Since if‘ is the solution of (20a), fori=1,2,...,m, we have

j=

j=i+1

Substituting A= Ak—H (Alf’{ + 2}":2 A jx;‘ —b) (see (20b)) into the above inequality, we obtain

wew, Gi(xi)—91»(3?5‘)+(x1»—if)T{—Ain\k+AfH(Z(AjJE;?—ij;?)}20, Vx; €%,
j=2
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Summarizing the above inequality over i =1, ..., m, we obtain w* € W and

o \T 5
x =3y _A1T4k T E)k k
X, —J?IZC —Ag)\k AZH(Azxz _A2x2)
ek e o .
O(x)—O(x") + X, - ff AT + A?H(Z}ZQ(A]'X? —A]-xj.‘)) >0, Vx;e%. (22)
x,, — XX —AT AR )\ ALH (DA% - Ajx))

Because A%} + 37, ij;.‘ —b+H (A% = A*¥) =0 (see (20b) again), we have
(zl] Al - b) +HY (AR = AR - ZZ](Ajf;f - A;xf)=0. (23)
= =

Combining (22) and (23), we get @* € ' and

X, — %F ! _AlT/:\k y
X, - % A7 A" A H(A:T - 42)
0(x) - (") +| x,— & —ATAE 4| ATH(Z,(A;35 - Axh) =0
e m "k _ g m >
Ak _ ik AE b )\ H (A= A8 - 2 (A% - Ak

for all w € “W. Using the notations of F (see (7b)), u (see (8)) and @ (see (16)), the above inequality can be rewritten as
w*eW, O(x)-0(F)+(w—-a"{F@")-au* -i*} >0, Ywew. (24)
Recall the definitions of @ and @. We then have
(w—@"Tau* - i*) = (v - 5T a(u* - i*).
Because @ = % and siv = u (see (19) and (10)), we have
(w - a(u* - i*) = (u - a")TLWu* - a*).

The assertion (21) thus follows from (24) and the last equality immediately. O

4. The Motivation of Finding a Substitution Procedure: From the Contraction Perspective
As we have mentioned, the output of (20) needs to be further corrected to yield convergence, and our strategy
for the correction is to propose a substitution procedure whose computation is cheap. The idea inspiring the
substitution strategy comes from the fact that the output of (20) can be corrected easily such that the corrected
sequence is contractive with respect to the set %". Note that we follow the classical definition of a contractive
sequence in Blum and Oettli [1]. Then, we show that the correction step on contraction purpose can be easily
executed in either a forward or backward substitution fashion, because of the particular structure of the matrix @.
We would emphasize that Theorem 3.3 plays an important role for the coming analysis.

First, with the respective definitions of s/ and & in (9) and (14), we can prove two obvious propositions regarding
the output of the ADMM procedure (20).

Proposition 4.1. Let @* be generated by the ADMM procedure (20) with given v* and u = siv. Then, we have
(u* —u)T LWk - %) > (Wb - a2 - %), vu e, (25)

where & is defined in (14).
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Proof. The proof is an immediate conclusion based on the assertion (21) and the monotonicity of F. In fact, for an
arbitrarily fixed w* € W, it follows from (21) that

(" — )T Lk — %) > (@F — w*) F(@*) + 6(F%) - 0(x"), Vw €.
Using the monotonicity of F and the optimality of w*, we have
(@* — w) F(@") + 0(F) - 0(x*) > (@* —w*) F(w*) + O(x") — O(x*) > 0.
The above two inequalities imply that

(@ —u)'Lwr ") >0, Yu e,

and the assertion (25) follows from the last inequality immediately. O

Proposition 4.2. Let @* be generated by the ADMM procedure (20) with given v* and u = stv. Then, we have
(= 1) L = %) = Lt = 2|+ L A - )P, (26)

where £ and & are defined in (14) and (11), respectively.

Proof. First, we have
(u* = a2k - %) = L - a") (" + L) (u* - 7).

Then, using the identity (18) in Lemma 2.1, the assertion (26) is proved immediately. O

Remark 4.3. The assertions (21) and (26) jointly imply that if ||u* — ii*|| =0, then we have
ke, O(x)-0F)+(w-d")F@)>0, Vwew,

which means that the output @* of the ADMM procedure (20) is a solution point of VI(%, F, 0) (see (7)). Therefore
the result (26) provides us an easy stopping criterion to terminate the iteration (20):

luf - <e,

where € is the tolerance set by users.

Now, with Propositions 4.1 and 4.2, we have
kT kK mky< 1k mkp2 o 1 Kk ~ky2 . g
(W —u") Lu" =) 2 sllu” =" [|” + 5| Au" - a")|*, Yu €U, (27)

and it becomes apparent how to correct the output of (20) in the contraction way. More specifically, whenever
||u* — ii*|| # 0, the assertion (26) shows the positivity of the term (u* — i1*)T £(u* — i1*), and thus the assertion (25)
indicates that the direction —#(u* — i) is beneficial for reducing the proximity to the solution set %" if the current
iterate ii* moves along this direction with an appropriate stepsize. That is, the spirit of contraction-type methods
(see Blum and Oettli [1]) is applicable. More explicitly, the new iterate u**! can be generated by

= uk — oG L(ur - "), (28)

where G is an arbitrarily symmetric positive definite matrix with the same dimensionality as & and a > 0 is an
undetermined stepsize. Then, with an appropriate choice of the stepsize a, we can prove that the sequence {u*}
generated by (28) is contractive with respect to the set %" under the G-norm. In other words, the scheme (28) can
be used to correct the output of (20).

To see why the scheme (28) yields a contractive sequence, we have the following easy fact:

llu* = ullE = 11" = ulld = flu* = ulld = 1" = u) = G L(u* - a")|I
= 2a(u* — u)"L(uk - %) - |G L(uk - 7|2 (29)

Set u = u* in (29), and use (25) and (26). Then, we get

lu* = g = 11 = w2 > 2a(u® - a")" 2(u* — 1*) - a?[| G L(u* — a")|IZ
= a(llu - a"|? + | Au* - )P - |G 2" = a)E, Yu ew. (30)
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Note that right-hand side of (30) is a quadratic function of «. To obtain the closest proximity to %", we wish to
maximize this quadratic function, and this desire inspires us to take the optimal value of o as

I (LT (e A e 0 [

a=aq.: 31
TG - e oy
With this choice of stepsize, it follows from (30) that
[t —ullg < Nl = wlIg = Jag(llu® = a2 + | Aut = ")), Ve (32)

Since o) > 0 whenever |[u* — ii*|| # 0, (32) shows that the sequence {u*} generated by the scheme (28) is contractive
with respect to %" if the stepsize is appropriately chosen.

Indeed, it is flexible to choose different positive definite matrices for G in the generic scheme (28) if our purpose
is only to ensure that the sequence {u*} is contractive with respect to %". To induce simple substitution procedures,
which are computationally inexpensive, two specific interesting choices are

G=9% and G=29.

In fact, these two choices yield two efficient substitution procedures to correct the output of (20), as we elaborate
below.
e If G = .9, then the scheme (28) reduces to

uk —yk = aP(i* - u"), (33)
and it can be rewritten as
Lt — by = (i - u"). (34)
Recall that the matrix & defined in (14) is a block unit lower triangular matrix and
I, 0 - - 0
_Il Il - :
F't=| o S
: . =L I, 0
O M 0 I] Il

Thus the implementation of (34) is essentially a forward substitution procedure where the new iterate u**!

is
yielded in the order of uf*! — uf*! — ... — k1l — A*1 Qverall, with the given u* and the output ii* of (20), the
new iterative u*! can be generated via the forward substitution procedure (33). The resulting sequence {u*} is
contractive with respect to the set %" provided that the stepsize « is chosen appropriately.

e If G=2%" in (28), because the inequality (27) can be written as
(Gu* —u) (G (" = ")) = Sllu* = a"|? + || Aw" = a)|?, Yuew, (35)

we can view G Z(ii* — u¥) as a descent direction of ||u — u||2 at the point u*. By using G = %" and (15), the
scheme (28) can be rewritten as

P (At — 4%y = a @ T L(0* — ub) = am@* — ub). (36)

Recall the definition of 2 in (13). We see that (36) is essentially a backward substitution procedure to yield the new
iterate u**! in the order of A¥*! — k1 — yf+ — ... — 351 Also, the resulting sequence {u*} is contractive with
respect to the set %", provided that the stepsize « is chosen appropriately.

Therefore, a unified algorithmic framework combining the ADMM procedure (20) with the substitution pro-
cedure (28) is proposed for solving (1). In particular, we can choose the specific substitution procedures (33)

and (36).

5. ADMM With a Substitution Procedure

As we have analyzed, the resulting algorithms, by combining the ADMM procedure (20) with the substitution
procedure (28), are contraction-type methods if the involving stepsizes are chosen appropriately; thus their con-
vergence analysis can be conducted from the contraction perspective. In this section, we specify the choices of
stepsize in (33) and (36), and thus derive two concrete algorithms for solving (1). Then, we prove their global
convergence in an unified way, by following the standard analytic framework of contraction methods.
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5.1. ADMM With a Forward Substitution
We first combine the ADMM procedure (20) with the forward substitution (33) for solving (1). The resulting
algorithm can be summarized as follows.

Algorithm 2 (ADMM with a forward substitution procedure)

Let y €(0,2), o4, ¥, and & be defined in (9), (11), and (14), respectively. Start with u°. With the given iterate u*,
the new iterate u**! is given as follows.

Step 1. ADMM procedure (prediction step). Execute the scheme (20) to generate @* and thus 5. Set i = s(5*.

Step 2. Forward substitution procedure (correction step). Generate the new iterate u**! via.

ubt — k=, 20" - u"), (37a)

where
[l — @ || + || Ak - a")|?

2[|(uk — k)|
Remark 5.1. The strategy of determining a; in (37b) is obtained by taking G = .7 in (31). As we have shown, it is
for the purpose of ensuring that the sequence {u*} is contractive with respect to the set %*. Recall we determine
the stepsize a by maximizing the quadratic function of « in the right-hand side of (30), which is merely a lower
bound of the true proximity progress. Thus the optimal value of a calculated based on this quadratic function
should be relaxed to some extent, and this is the role of the relaxation factor y. For restricting y into the interval
(0,2), it is to ensure the contractive property of the iterative sequence {u}, see (42).

ap=ya, witha, = (37b)

Recall that the proposed Algorithm 2 is gained by taking G = .7 in (28). Thus the contraction of the sequence
{u*} generated by Algorithm 2 is an immediate conclusion of the inequalities (30) and (32). For completeness,
we summarize these results in the following theorem for the special case of G = .7. First, we emphasize that the
forward substitution procedure with an undetermined stepsize a > 0 is

uk = k¢ ap(ik — ub). (38)

Theorem 5.2. Let @* be generated by the ADMM procedure (20) with given u* and ii* = (o*. If the new iterate u**! is
updated by (38), then we have
e —w|? = " — w2 g7 (o), Vuew, (39)

where
g7 (@) = a(llu® = a*|* + || Au* - 7")|1*) - a? | Lw* - 7*)|1>. (40)

Proof. This is a special case of (30) by taking G=.7. O

Now, we are ready to show that the sequence {u*} generated by the proposed Algorithm 2 is contractive with
respect to the set U, starting from the following lemma.

Lemma 5.3. Let a; be defined in (37b). Then, we have

1
af > ————. 41
o< @D

Proof. It is trivial from (37b). O

Theorem 5.4. Let the sequence {u*} be generated by the proposed Algorithm 2. Then, we have

2_
||uk+1 _u*Hz < ||uk _ M*HZ _ 7/(—T7/)||uk —ﬁk||2, Yu eu. (42)
4L Z||

Proof. Using (40), by a manipulation, we obtain
g7 () = yap(lu* = a1 + | A" = a)?) - y e (ap |2 = 7))
@y(l - %)a;(ﬂak — 1+ A = ) P)

41 (2_ ) ~
w Y _ Y Nl = ¥ |2
41z 2

The assertion (42) follows from (39) immediately. O
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Remark 5.5. For the special case where m = 2, if we determine the stepsize a; in a simpler way: a; =1, then the
forward substitution procedure (37a) becomes

uk+1 _ Mk — Ef(ﬁk _ Mk);

or more specifically,

H1/2A2(x12{+1 - xlz{) _ IZ 0 H1/2A2(j12( - x’z() 43
H—l/Z(AkH _/\k) - _II I[ H—l/Z(;\k —/Lk) . ( )

In this case, we have (see (40))
- (1) = [|u* = @) + | Ak = )P = || Lu® - "))

~ 2 ~
- HHl/zAZ(xIZC_xIZC) +||H1/2A2(x’2‘—f’2‘)—H1/2(/\]‘—;\")“2—”( I] O) (Hl/zAz(xlzc—xlzc))

2

H12(AK — JF) —I, I |\ H'2(Ak = AK)
= (1A% = AK|IZ, (44)

and thus g7 (1) > 0. Combining (39) with the last equality, we obtain

2
<

H'2A, (x5 - x3) ?

H'Y2A, (x5 = x3)
HA12(1F = A7)

H_l/z(AkH _ /\*)

— A= AR, Yurew

Because H124 40 i
X - X -
“°=( H—1/22AOZ)' "=( H-l/zﬁf), and A5 =A% (see (43)),

combining the definition of AF (see (20b)), the method is equivalent to

k1 = fk’
{ AR = AK — H(A xM1 + Apxk - b),
which is exactly the ADMM scheme (2). Therefore, for the case m =2, Algorithm 2 with a; =1 is exactly the
standard ADMM. Based on the above analysis, the proposed Algorithm 2 can be regarded as an extension of the
standard ADMM scheme (2) from the special case with m =2 to the general case with a generic m in (1).

Note that the computation of the stepsize a; in (37b) is cheap, because & and & are very simple (see (11)
and (14)). Moreover, in (41), we have shown a unified lower bound of this stepsize for any m. This bound is
certainly conservative because it holds for the general case with a generic m. For a specific m, we are interested
in a bound that is more accurate than this conservative bound. Also, one may ask the question if the stepsize
a; can be fixed as a constant, so that the computation of the forward substitution procedure (37a) can be further
alleviated. To answer these questions, we need to analyze how to ensure the positivity of the term gf (). In the
remark above, we has shown that a; could be fixed as 1 for the special case where m =2 in (1).

Moreover, according to (40), we have

g7(a) 20 &= [Ju’ = a"|? + | Au* - a)? > all2u* ~ ")

Hence we need only to take « such that
(F+FP—ad"%>0

to ensure gf(a) > 0 (thus to ensure the contraction and convergence). For any fixed m > 3, we define
af =sup{a | (F+F P —aP" ¥ >0}. (45)

We summarize how to choose a constant stepsize for Algorithm 2 in the following theorem.

Theorem 5.6. Let {u*} be the sequence generated by the proposed Algorithm 2 with a constant stepsize a € (0, at), where
ay is defined in (45). Then, we have
q*(a) 2 alat —a)|| 2" — "%, (46)

and consequently,
| — |2 < |uk = w2 - alar — )| L — %) |2, Vu'eu. (47)
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Proof. Using (40), we have
g7 (@) = a((lu* = a*|1? + | Au* = a")|1?) - all L@ - a")]?).

According to (45), we have
(Nlu* = a | + | A* = a)1?) = e[| Lu* - a")|1?
and thus (46) is proved. The assertion (47) follows from (39) and (46) immediately. O

Now, we take the case where m = 3 as an illustrative example. For this case, since

21 1 -1 31 21 -I
J+Ar=1 21 -I and LT¥=|21 21 -I],
-1 -1 2I -1 -1 I

we investigate the determinate of the matrix (. + % %) — a%" <,

2-3a 1-2a a-1
ANa):=|1-2a 2-2a a-1]. (48)
a-1 a-1 2-a
In fact, with a detailed manipulation, we have

Aa) = -2(a—1)(@—2)(Ba —2) +{(2(1 - 2a) + 2a - 2) + (3a —2))}(a — 1)* + (a = 2)(2a — 1)
2(a—-1)(a-2)Ba—2)+(a-2)(a—1)*+(a—2)(2a — 1)
=—(a-2){2(a-1)Ba-2)-(a-1)*-Qa-1)*}

—(a=2)(a*-4a+2)

—(a-2-V2))(a-2)(a-2+V2)).

Therefore we obtain
Ala)>0, Yae(0,2-V2).

In addition, for such a € (0,2 — \/ﬁ), it is easy to check that

2-3a 1-2a

1-20 2-2a|>"

2-3a>0 and ‘

Thus
(F+F P —aLl"%>0, Yae(0,2-V2).

For m =3, af =2 — V2. Therefore, to use the forward substitution in (37a), we can take fixed ¢, =a € (0,2 - \/E) if
m =31in (1).

Although it saves computation by taking a constant stepsize, we have found some applications where the
stepsize chosen by (37b) can accelerate the convergence of Algorithm 2, see the numerical results in Section 7.1.
To implement Algorithm 2, our recommendation is to use a constant stepsize if the computation of (37b) is
computationally expensive; or just use (37b) otherwise.

5.2. ADMM with a Backward Substitution
In this subsection, we combine the ADMM procedure (20) with the backward substitution (36) for solving (1). The
resulting algorithm can be summarized as follows.

Algorithm 3 (ADMM with a Backward Substitution)

Let y €(0,2), st, &, and & be defined in (9), (11), and (14), respectively. Start with u%. With the given iterate uk,
the new iterate u**! is given as follows.

Step 1. ADMM procedure (prediction step). Execute the scheme (20) to generate @* and thus 9. Set i = s(3*.

Step 2. Backward substitution procedure (correction step). Generate the new iterate u**! via

P (U - ub) = a, Mi* - uF), (49a)
where
P |l EA A ]
ap=ya; withaj = 2Nk — T2 . (49Db)
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To show how to choose the stepsize in the backward substitution procedure (49a), we first look at a backward
substitution procedure whose stepsize a is undetermined, and then investigate how to seek an appropriate value
for a on contraction purpose.

Theorem 5.7. Let @ be generated by the ADMM procedure (20) with given u* and ii* = si0*. If the new iterate u**! is
updated by (49a), then we have

Nlu* = w2 = [ = w2 > g% (a), VYu e, (50)
where G = 29", P is defined in (13) and
q* (@) = a(|Ju* = " |]* + || Au* = @) = P || Mu* = 7*)||. (1)

Proof. Recall that (49a) is a special case of (28) by taking G = %" . It follows from (30) that

k= w2

Z- ||1/lk+1 _

wllg > a(llut = a* | + | Au - a)|?) - a?l|o Lt = a)IP?, Vuew. (52)

Since 7' % = N (see (15)), (50)—(51) is an immediate conclusion of (52). O

Accordingly, the inequality (50) suggests us to choose a value of a such that g®(a) defined in (51) is maxi-
mized, i.e.,
P [ e A e

o, =
¢ 2|| Muk = ak)|12

Note that we can also take G = 22" in (31) and obtain the choice of a; as above. Similar as the forward substitution

procedure (37a), we attach a relaxation factor y € (0,2) to a}, and thus choose the stepsize as

ap=ya;
for the backward substitution procedure (49a).
Proposition 5.8. For the qt(«) defined in (51), we have
g*(a) = al|AF = A2, Yae(0,1] (53)
and
g*(a) > a(l—a)||Mur - a")|?, Vae(0,1]. (54)

Proof. Using the structures of W, u, and & (see (13), (8), and (11)), we have
M = a)1P = [l = a1 = AR = AN+ A = a1 (55)
According to the definition of g#(«), for any « € (0, 1], we have

g (ar) = af{(lu* = 2|1 + | A" = 7)) - all Mu* — a)]1%}
(using (55)) > a{([lMu" = @2 + [|A° = AF|E ) = [M* = 2|17}

al A= AR

Using (see (55))
[l = |12 + | A" = @) = || v® = a2 (56)

for any a € (0,1], we have

(= a* | + | A" = a)|?) - all Mu* — 7|2}
> a(l-a)l|Mu* = a2

7 (a)

%

The assertions are proved. 0O
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Moreover, to further alleviate the computation, the proposed backward substitution procedure (49a) is eligible
to simply take a constant
a,=pe(0,1)

as the stepsize. This is, in fact, a by-product of (55). From (49b) and (56), we have

ay > 5. (57)

N =

Therefore we have y - a} >y - 1 € (0,1). If we take a constant y € (0, 1) as the stepsize for the backward substitution
procedure (49a), instead of (49b), the convergence is still ensured. Again, although it saves computation by
taking a constant stepsize in (0, 1), we also have observed some applications where the stepsize chosen by (49b)
can accelerate the convergence of Algorithm 3. Thus, similarly as Algorithm 2, to implement Algorithm 3, our
recommendation is to use a constant stepsize if the computation of (49b) is computationally expensive; or just
use (49b) otherwise.

Now, we can show that the sequence {u*} generated by the proposed Algorithm 3 is contractive with respect to
the set %" under the (22" )-norm. Based on this fact, the reason why y should be restricted into the interval (0, 2)
is also clear.

Theorem 5.9. Let the sequence {u*} be generated by the proposed Algorithm 3. Then, we have
(2

k+1

VY (58)

I < -l - 2

llu

Proof. Since o, = ya?, it follows from (51) and af > 1 that
g2 () = yag(lu® = a1 + | Au" = a)1?) = y2ag (ag | Mu* — a*)|1?)
=y(1 - %)a;i(uuk =P+ [l = 2P

> 7/(24— ) !

The assertion follows from the above inequality and (50) directly. O

uk — k)2

Remark 5.10. Let us revisit the case of (1) with m = 2. For this special case, it follows from (13) and (14) that =7
and £ = /. We thus have g*(a) = g2(a) (see (40) and (51)). In Subsection 5.1, we have demonstrated that if the
stepsize is taken as @ =1, Algorithm 2 reduces to the standard ADMM scheme (2). Similarly, if « =1, the proposed
backward substitution procedure reduces to

g;T(ukH _ Mk) — ./\/(ﬁk _ Mk).

Because 2 is the identity matrix and & = ¥, Algorithm 3 also reduces to the standard ADMM scheme (2). In short,
for the case m =2 in (1), the proposed forward and backward substitutions are identical, and Algorithms 2 and 3
reduce to the standard ADMM scheme (2). Our proposed algorithms are thus able to recover the standard ADMM
scheme (2) when m =2 in (1).

5.3. Convergence Analysis
In the last subsections, we have shown that the sequences generated by Algorithms 2 and 3 are contractive
with respective to the set %". This fact thus enables us to establish the global convergence for both algorithms
simultaneously based on the analytic framework of contraction methods in Blum and Oettli [1]. Moreover, from the
contraction perspective, the local linear convergence of Algorithms 2 and 3 can be derived immediately provided
that certain error bounds (e.g., some analogous to those in Hong and Luo [24]) are assumed to be satisfied. As we
have mentioned, the input of the proposed algorithms at each iteration is u*. Thus, in the following analysis, we
investigate the convergence for the sequence {u*}.

In fact, the inequalities (42) and (58) in which the contraction of the sequences generated by Algorithms 2 and 3
are shown, can be unified as

”uk+1 _ u*||é < ||uk _ u*llé —c- ||uk — ﬁ"||2, Yu' e, (59)

where ¢ > 0 is certain constant. More precisely, G = .7 and ¢ = y(2 — y)/(4]| %" Z||) for Algorithm 2; and G = 2%"
and ¢ = y(2-y)/4 for Algorithm 3.
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Theorem 5.11 (Global Convergence). Let the sequence {u*} be generated by the proposed framework of ADMM with a
substitution (either Algorithm 2 or Algorithm 3). Then, there exists u® € U" such that

lim u* = u®.

k—o0

Proof. First, for an arbitrarily fixed u* € %", it follows from (59) that the sequence {u*} is bounded. Summarizing
the inequality (59) over k=0, 1, ..., we obtain

oo
ek =ak P <’ —uig,
k=0

and thus
]}im lu* - ii%))? = 0. (60)

Therefore the sequence {ii*} is also bounded. Since A ;'s are assumed to be full column rank, it follows from (20b)
that {@*} is bounded. Then, there exists a cluster point w™ and a subsequence {@"'} of {w*} converging to w™.
Recall the notation in (7b) and (8). We specify x*, w*, u*, respectively, as

x xy° H'2 A x5
x®=1 1, we=| * |, u® = : (61)
o X% HY2A, x2
m A% H—l/ZAoo
In addition, we have
lhm||az7—x;°||=o, j=1,...,m. (62)

Since H is assumed to be positive definite, it follows that lim,_,, ||@#* — u*|| = 0. Combining this with (60) and the
positive definiteness of G, we immediately have

]lim||uk1 —u®|lg=0. (63)

On the other hand, because of the continuity of 6, taking limit in (22) along the subsequence {@* } and using (60)
again, we obtain

Xy — X ! —ATA®
Xy = X —AJA%
O(x)—0(x*)+ x; - x° _ATA >0, Vxe XX -X%,. (64)
Xy —x) \=AT A®
Note that
ZA]-x;?"—b < ZAx - b||+ ZA]xj—ZA]x;"’
j=1 j=1 j=1 j=1
m m
< Z;A]azf b +le||A].||-||az]k.—x;°||. (65)
j= j=

It follows from (23) that

< [IHH (AR =291+

m m

<k Kk k
-21 Ajx;—b EZ(A]-xj —Ajx;
j= j=

< IHT- IR = A9+ D5 1A - 1% = Xl (66)
=2
Also, because of (60), we have
khm||Ak—ik||=0 and khm||az§—x§||=o, Vi=2,...,m. (67)
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Based on (62), (66), and (67), we take limit in (65) along the subsequence {@"} and obtain
D AXT =b. (68)
=1

Recall the VI reformulation (7). Then, it follows from (64) and (68) that
O(x) = 0(x™) +(w —w™) F(w®) >0, YweW, (69)

which means w® is a solution point of VI(%, F, 0). From (61), this also means u® € %". Furthermore, it follows
from (59) and (63) that lim,_,_, ||u* — u®||2 =0 and thus lim, _,, uk = u>. The proof is complete. O

Remark 5.12. Since the matrices A;’s are assumed to be full column rank, the convergence of {x’z‘,...,xﬁl,/\"}
follows from Theorem 5.11 immediately. We refer to He et al. [20], Zhang et al. [47] for how to derive the
convergence of {x5,...,x¥, A¥} from Theorem 5.11 without the full column rank assumption on the coefficient

matrices A;’s.

Now, we can show the local linear convergence of Algorithms 2 and 3 immediately under some error bound
assumptions similar as those in Hong and Luo [24].

Theorem 5.13 (Local Linear Convergence Rate). Let the sequence {u*} be generated by the proposed framework of ADMM
with a substitution (either Algorithm 2 or Algorithm 3). Assume that there is a constant T > 0 such that
k

—uwl| < tlluk=ak|, ueu. (70)

llu

Then, {u*} converges to u* on a linear rate.

Proof. Since {||u* — u*||c} is Fejér monotone with respect to %, the sequence {u*} is bounded. Then, the local
linear convergence rate of {u*} is an immediate assertion based on the assumption (70) and the fact (59). O

6. Worst-Case Convergence Rate in the Nonergodic Sense

In this section, our purpose is to show that without the error bound assumption in Theorem 5.13, we still can
estimate the worst-case convergence rates measured by the iteration complexity in the nonergodic sense for
Algorithms 2 and 3. The basis of the analysis in this section is the fact that the assertion (21) in Theorem 3.3 can
be rewritten as

Wk e, 0(x) — O(F") + (w — ") F(0*) + (u — i) L(@* —u*) >0, VYwew.

Since ¥ is a nonsingular matrix, the above inequality means that @* is a solution point in " if ||u* — @*||> = 0. Thus
we can view ||uf — ii*||? as a residual or an error bound to measure the accuracy of @ to a solution point in 7. In
this section, we will show that after ¢ iterations of the proposed Algorithms 2 and 3, we can ensure that

min{||u* - @*||*’} <e or |u'-di'|*<e,

0<k<t
where € = O(1/t). Thus, a worst-case O(1/t) convergence rate in the nonergodic sense is established for Algorithms 2
and 3.

We have shown that the stepsize for either the forward or backward substitution step (i.e., (37a) or (49a)) can be
simply taken as a constant in certain intervals. This could be useful for further accelerating Algorithms 2 and 3 for
the case where computing the stepsize via (37b) or (49b) is expensive. To show the worst-case O(1/t) convergence
rate in the nonergodic sense for Algorithms 2 and 3, we consider the cases with a constant and chosen stepsize,
respectively.

6.1. The Case with a Chosen Stepsize
We first establish a worst-case O(1/t) convergence rate in the nonergodic sense for Algorithms 2 and 3 when their
substitution stepsizes are taken as (37b) and (49b)), respectively.

For both algorithms, it follows from (59) that

[ee]
el —af P < -z, VYurear,
=0
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where ¢ = y(2 - y)/(4||Z"Z||) and G = .7 for Algorithm 2; and ¢ = y(2—y)/4 and G = %" for Algorithm 3. Thus,
for any integer ¢ > 0, we obtain

t
k=P < B, Ve,
k=0

and consequently, it follows that

min{||u* — i ]]?} < lu®—u*)2, Yu ew. (71)
0<k<t

c(t+1)
Recall %" is convex and closed under our assumptions (see Theorem 2.3.5 in Facchinei and Pang [10]). Let
d:=inf{||u’—u’||Z | u* € U}

For any given € > 0, the inequality (71) indicates that Algorithms 2 and 3 require at most |d/(ce)] iterations to
fulfill the requirement ||u* — ii¥||? < €. Thus, a worst-case O(1/t) convergence rate is established for Algorithms 2
and 3 in the nonergodic sense.

6.2. The Case with a Constant Stepsize
Then, we consider the case with a constant stepsize. We first show a lemma where an inequality regarding the
output of the ADMM procedure (20) is proved.

Lemma 6.1. Let @* be generated by the ADMM procedure (20) with given u* and ii* = s4*. Then, we have

(uk _ uk”)TiP((uk _ ﬁk) _ (uk+1 _ ﬁk*’l)) > %H(uk _ ﬁk) _ (uk+1 _ ﬁk+1)||(233T+$)‘ (72)

Proof. First, it follows from (21) that
wk e, 0(x) — O(F) + (w — ") F(@*) > (u — ") L(u* - %), Vwew. (73)
This inequality is also true for k := k + 1. Thus we have
Wt ey, O(x) — O(F" ) + (w — " F(@*) > (u — " H Lt - "), Vwew. (74)

Setting w = @**! and w = @* in (73) and (74), respectively, and then adding these two resulting inequalities, we
obtain

(ﬂk _ ﬁk+1)T3((uk _ ﬂk) _ (uk+1 _ ﬁk+1)) > ('ZZ)k _ wkH)T(F(ZDk) _ F(Zf)kﬂ)).
Using the monotonicity of F, we have
(ak _ ﬁkH)Tg((uk _ ﬂk) _ (ukﬂ _ akﬂ)) > 0. (75)
Adding the term
((uk _ ﬁk) _ (uk+1 _ ﬁkﬂ))Tg((uk _ ﬁk) _ (uk+1 _ ﬁk+1))
to both sides of (75) and by a simple manipulation, we get (72) and the lemma is proved. O

In the following, we analyze the worst-case O(1/t) convergence rate in the nonergodic sense for Algorithms 2
and 3 where their substitution stepsizes are constant.

6.2.1. Algorithm 2 with a Constant Stepsize. Recall that the stepsize in the substitution step of Algorithm 2 can
be taken as a constant in a € (0, a), where a! is defined in (45). We first show that the sequence {||Z(u* — @*)||*}
is monotonically nonincreasing and then derive the worst-case O(1/€) convergence rate.

Lemma 6.2. Let {u*} be generated by Algorithm 2 with o) = a € (0, a%). Then, we have

2™t =" h|? < | 2" - "I, Vk=o. (76)
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Proof. First, using (49a), we have
uf —u Tt = aP(u* - 0.

Then, substituting it into (72), we get
T . - 1 - -
(" =) L (= ) = (T = 1) 2 =l = ) = (= . 77)
Setting a = #(u* — ii*) and b = L(u**! — 71**1) in the identity
lall* = Il* =2a"(a = b) - lla - bI?,
and using the inequality (77) and the relationship (18), we obtain

(" = @) = ||t = a2

v

1 - . _ -
;Il(u" = 1) = (W = ) | g = 12" = 15) = L - a2

1 _ _
= i) = (= |2 78)

I+F P—aFT )"
Because a € (0,a%) and thus .7+ ¥ ¥ — a%"' ¥ > 0 (see (45)), the right-hand side of (78) is nonnegative and the
lemma is proved. O

Now, we are ready to estimate a worst-case O(1/t) convergence rate in the nonergodic sense for Algorithm 2
with a constant substitution stepsize.

Theorem 6.3. Let {u'} be the sequence generated by the proposed Algorithm 2 with o, = a € (0, a%). Then, we have
1

7 E_gh)12 < 0_ ,,*I2 7
' =0 S sy = I, 79)
< is defined in (14).
Proof. First, it follows from Theorem 5.6 (see (47)) that
alar —a) DLW = a")P < ||u - w|?, Yueu. (80)
k=0

Note that Lemma 6.2 shows that the sequence {||#(u* — @i*)||*} is monotonically nonincreasing. Thus we have
t
(E+ DIl 2’ —ah)|)” < D5 1%wh = a)|?, (81)
k=0

which implies the assertion (79) immediately. O

Recall %" is convex and closed under our assumptions (see Facchinei and Pang [10, Theorem 2.3.5]). Let
dy = inf{||u’ —u|* | u* € U}

For any given € > 0, Theorem 6.3 indicates that Algorithm 2 with o, = @ € (0, a%) requires at most | d, /(a(at — a)e)]
iterations to ensure that || #(u* — @1%)||? < €. A worst-case O(1/t) convergence rate in the nonergodic sense is thus
established for Algorithm 2 with a; = a € (0, af).

6.2.2. Algorithm 3 with a Constant Stepsize. Recall that the stepsize in the substitution step of Algorithm 3 can
be taken as a constant in a € (0, 1). First, it follows from (50) and (54) that

w2 < luF - ut

[ é_a(l_“)nj‘/(”k—ﬁk)”z, Yu*eUu. (82)

Then, we need to show that the sequence {||Mu* — ii*)||?} is monotonically nonincreasing before we derive the
worst-case O(1/t) convergence rate.

Lemma 6.4. Let {u*} be generated by Algorithm 3 with o, = p € (0,1). Then, we have

Mt = a2 < Mut = a2, Yk 0. (83)
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Proof. Using (49a), we have
uk —u = a T Mk — ).

Substituting it into (72) and using N = P 1L, we get
(k= YN = 1) = (7 = ) 2 S = 1) = (= ), (8)
In addition, setting a2 = Mu* — i1*) and b = Mu**! — 7**1) in the identity
llall* = 11]1* = 24" (a = b) - lla - b|%,

and using the inequality (84), we obtain

- - 1 - - - -
[ Mu* = a2 = M = a*h? > all(uk = 1) = (W = ) | gy = M = 75) = M = a2

> [|(uf = %) = @ =T gy = 1" =75 = @ = a2 (85)

The last inequality is due to « € (0, 1]. It follows from (13) and (14) that

21] I] et Il _Il 211 Il et Il _Il
I 21, .t L 21 .t
ag=| o oop| oand M=E D
_Il et _Il _I[ 211 _Il st _Il _Il I[

Thus the right-hand side of (85) is nonnegative and the lemma is proved. O

Now, we are ready to estimate a worst-case O(1/t) convergence rate in the nonergodic sense for Algorithm 3
with a constant substitution stepsize.

Theorem 6.5. Let {u'} be the sequence generated by the proposed Algorithm 3 with o, = € (0, 1). Then, we have
1

E_ a2 < 0_ . +2
where G = 29" and P is defined in (14).
Proof. First, it follows from (82) that
a(l—a) D IMu* = a)> < lu -z, Yu euw. (87)
=0

Note that Lemma 6.4 shows that the sequence {||/{(u* — ii*)||?} is monotonically nonincreasing. Thus we have

(E+ DI’ = a)|P < > law* ~ ab)|?, (88)
k=0

which implies the assertion (86) immediately. O

Recall %" is convex and closed under our assumptions (see Facchinei and Pang [10, Theorem 2.3.5]). Let

d, :=inf{||u’ - u*

Sluew.

For any given € > 0, Theorem 6.5 indicates that Algorithm 3 with a, = u € (0,1) requires at most |d,/(u(1 - u)e)]
iterations to ensure that ||AV(u* — @*)||?> < €. A worst-case O(1/t) convergence rate in the nonergodic sense is thus
established for Algorithm 3 with o, = 1 € (0,1).
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7. Numerical Experiments
In this section, we apply the proposed Algorithms 2 and 3 (denoted by “ADMM-Forward” and “ADMM-
Backward,” respectively) to solve some specific applications of the model (1) arising in image processing and
report the numerical results. For “"ADMM-Forward” and “ADMM-Backward,” we will test both cases where the
stepsize is chosen dynamically by the proposed strategies and fixed as a constant. We also compare them numer-
ically with the direct extension of ADMM (3) (denoted by “EADMM”) and the ADMM with Gaussian back
substitution in He et al. [19] (denoted by “ADMM-GB”).

Note that all the methods to be tested involve an ADMM procedure (3) or (20). For the penalty matrix H in (3)
or (20), we choose it as a block diagonal matrix in the following form for all the methods:

BL, 0 ... 0
0 B, ... 0
H = : : - : ’ (89)
o 0 .. pI,

where $; >0 and I, is the identity matrix in R*ni fori=1,2,...,m.
All the methods were coded by MarLas 7.1, and all numerical experiments were performed on a personal
Lenovo laptop computer with Intel Core i5-6300U processor @ 2.30 GHz and 8 GB memory.

7.1. Example 1—An Image Restoration Model for Mixed Noise Removal

Let x € R” represent a digital image with n =I; X I,. Note that a two-dimensional image can be represented by
vectorizing it as a one-dimensional vector in certain order, e.g., the lexicographic order. We consider the following
image restoration model for mixed noise removal in Huang et al. [25]:

min (<[]l + 5 lhx=yII + [IPa(By - X))l ©0)

where || - ||, and || - || denote the I, and I, norms, respectively; V = (d;, d,) denotes the gradient operator and |||V - |||;
is the total variation term (see, e.g., Rudin et al. [38]), which can induce sparse representation of a piecewise
smooth function; B is the spatially invariant convolutional matrix generating blur to the image; () represents the
set of pixels, which are corrupted by the impulsive noise (all the pixels outside Q) are corrupted by the Gaussian
noise); P, is the characteristic function of the set (), i.e., Py (x) has the value 1 for any pixel within Q and 0 for any
pixel outside Q; x° is the corrupted image with blurry and mixed noise; and 7 and p are positive constants.

We first show that the model (90) can be reformulated as a special case of (1). In fact, by introducing the auxiliary
variables u, v, and z, we can reformulate (90) as

min |[|ulll + §[IV]* + [|Po(2)l;
s.t. u=Vx,

vV=Xx-y, ©1)
z=By-x’,
which is a special case of the abstract model (1) with the following specification:
* x;:=X,X,:=yand x;:=(u,v,z); %, (i =1,2,3) are the whole real spaces in appropriate dimensionality;
* 0y(x1):=0, 65(x,) :=0 and 65(x3) := O5(u, v, z) = Tl [ulll, + (p/2lIVI* + [[Pa(2)]l1;
¢ and
\ 0 -1 0 0 0
Ap=111, Ay=|-11, A;=10 -1 0, b:=(0]{. 92)
0 B 0 0 -I x°

Thus the methods “EADMM,” “ADMM-GB,” “ADMM-Forward,” and “ADMM-Backward” are all applicable to
the model (91). Below we elaborate on the minimization subproblems arising in the ADMM procedure (3) or (20)
and show that they all have closed-form solutions.

¢ The ¥;-subproblem in (20), i.e., the X-subproblem for (91), can be formulated as

¥ = argmin{||A,x, + HV2(ub +uf) —b—u |13}
X1

e  (BVIV+RINEE =B VT (ul, +ul, —ub) - Bo(ul, +uk, —ut)), (93)

which can be solved efficiently by the fast Fourier transform (FFT) or the discrete cosine transform (DCT) (see,
e.g., Hansen et al. [18] for details).
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¢ The ¥,-subproblem in (20), i.e., the y-subproblem for (91), can be written as

%5 = argmin{||A, &5 + Ayx, + H2uk — b —uk |2}

X2
& (B + 3BT B)T) = BB (Byxo — uls + 1) + Poluz, — f, + BoXY),
which can also be solved by the fast transforms as that of (93).
¢ The X;-subproblem in (20), i.e., the (@i, ¥, Z)-subproblem for (91), reads as

2 2

bk ek o . p p
x = (v, 2" = argmm{flllullll + Ellvll2 +[Po(2)l; + 31

uv,z
N £
2

k
1

k
u
B X_ﬁ
v- Bs

%5 _ vk

§ v 2

.32

}
and it can be solved separably as follows:
—ii* = shrink, /ﬁﬁ(Vf(k - u’;l/ B1), where shrink (-) denotes the well-known shrinkage operator (see, e.g.,
Donoho [7]). That is,
shrink,(a) = sign(a) omax{|a| — 0,0}, VaeR",

// ”

with ¢ > 0, where sign(-) is the sign function and the operator “o
cation.
— V= Bl B (X = §) —ul, 1/ (p + B3).

—2* is given by

stands for the componentwise scalar multipli-

2}
whose closed-form solution can be obtained via

(). = {[shrink(l/ﬁg)(Byk -x"—uh,/Bs)];, ifi€Q,

2

k
7k = argmin{llPQ(z)ll1 + %

u

[By* —x° —uk,/Bs]; ifig Q.
In Table 1, we list the correction steps of ADMM-GB, ADMM-Forward, and ADMM-Backward, where they take

the constant « as the stepsize. From this table, we can see their difference in computation demand. In particular,
for ADMM-GB, the update of x5*! is computationally expensive when solving the model (91). More specifically,
by denoting r* := (ATHA,) ' ATA;(x} — %) and recalling that x; = (u, v, z) , we have
= (A HA,) 1A A5y - %3)
(821 + BBTB) [y — 7 — BT (2" - )]
| FyF —§5) = D* o F(2* - 2F)
B2+ B3ID

where 7 is FFT and 7! is its inverse; D includes the eigenvalues of the convolutional matrix B and D" is its
conjugate transform, and “o” is the multiplication in componentwise. Thus the auxiliary matrix D and the constant

=7

7

Table 1. Correction steps of ADMM-GB, ADMM-Forward, and ADMM-Backward
with a constant stepsize a.

Algorithm Correction step

ADMM-GB x5 =k 4 a(xg - xf)

AR = Ak 4 (A - AF)
{ uktt = 2 —a(uf — k)

{ Xt = x§ +a(¥ = x3) — a(AJAy) T AT AL (%5 - x3)

k+1 — k
uil ub —a(uf —ak +uk - af)
+

ADMM-Forward

k™t =k —a(uh — 0k —uk +af —ul + k)

ADMM-Backward ubtt = " —a(uf — k)
k+1

el _ gk K
ust' =u —a(uz—uz—u3+u3)

} Ky 7k _ gk ok
b =k — a(uk — 7% —uk + 0k —ub + k)
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Figure 1. Top row: Clean images. Bottom row: Degraded images by out-of-focus blur with radius r and mixed noise.

Shape - jpg(128) Cameraman - png(256) Barbara - png(512) Man - png(1024)

B3 + B3ID|?* can be computed once and then used for all iterations; but two FFT and one inverse FFT must be
executed iteratively. This is also the main reason why ADMM-GB performs less efficiently than ADMM-Forward
and ADMM-Backward, as the numerical results to be reported show.

For numerical comparisons, we test some images in different sizes varying from 128 to 1,024. All clean images
are corrupted by the out-of-focus blur with a radius r. The blurred images are further corrupted by both the
impulsive noise with an intensity 0.5 and the zero mean Gaussian noise with a variance 0.01. The clean and
degraded images are shown in Figure 1. As in Huang et al. [25], we first apply adaptive median filter (AMF) (see
Hwang and Haddad [26]) to identify the set () and then remove the impulsive noise within that set. The window
size for AMF is taken as 19. The parameters in (90) are fixed as 7 = 0.003 and p =1 for the model (90).

For the scalars g,’s in (89), we set them as §; = f, =0.1 and fB; =1 for all the methods to be tested. For the
relaxation parameter y appearing in (37b) and (49b), we set it as 1.5. In addition, to test the performance of
ADMM-Forward and ADMM-Backward with the constant stepsize a in their correction steps, we take @ = 0.5 as
an illustrative example. All the methods take the zero vector as the initial iterate.

To measure the quality of a restored image, we use the signal-to-noise ratio (SNR) in the unit of dB defined as
IIx

SNR =20 logm “)_(——X* P (94)

*

where X is the restored image and x* is the clean image. As we have shown in the theoretical analysis (see
Remark 4.3), it is reasonable to use ||u* — ii*||> to measure the accuracy of an iterate to a solution point. Thus the
stopping criterion for all the methods to be tested is taken as

_ et —at)?

TOL:=——— < 107*. 95
TS )

In Table 2, we report the numbers of iterations (“It”) and computing time in seconds (“CPU”) when the methods
under test are terminated by satisfying the criterion (95). In addition to the case with chosen stepsizes, the case

Table 2. Numerical results of the image restoration model (90).

Shape Cameraman Barbara Man
Algorithm It CPU SNR It CPU SNR It CPU SNR It CPU SNR
EADMM 55 0.61 1639 44 251 1738 44 11.78 1749 45 4898 16.97
ADMM-GB(0.5) 76 1.44(051) 1638 72 562(250) 1739 60 19.05(8.19) 1747 64 83.01(36.09) 16.99
ADMM-Forward 66 076 (0.11) 1638 42 245(0.66) 17.38 42 1095(3.03) 1750 37 42.03(10.33) 16.89
ADMM-Forward(0.5) 69 0.69(0.06) 1637 46 251(048) 1739 45 11.03(1.79) 1750 40 41.53(5.99) 16.88
ADMM-Backward 50 0.56(0.06) 1636 37 1.59(039) 17.32 30 791 (2.64) 1750 30 31.34(7.34) 16.87

ADMM-Backward(0.5) 67 0.80(0.08) 1638 41 1.98(0.41) 1712 39 9.86(1.44) 1747 38  39.31 (4.66) 16.68
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where all the methods take 0.5 as the constant stepsize is reported. The SNR values of the images restored by
these methods when the criterion (95) is satisfied are also reported. Since the methods under test mainly differ
in their correction steps, we also report the computing time required by their correction steps (accumulated
for all iterations), see the data in parenthesis of the CPU columns in Table 2. According to this table, we see
that ADMM-Forward and ADMM-Backward are more efficient than ADMM-GB for the tested model—they can
achieve solutions in the same level of quality (only having a difference at the first or second digit) measured
by the SNR values within shorter time. As we have mentioned, this is mainly because some Fourier transforms
are inevitable in the correction steps of ADMM-GB. For the comparison between ADMM-Forward and ADMM-
Backward, it seems that ADMM-Backward is slightly faster than ADMM-Forward for most of the scenarios we
tested. Moreover, for the tested scenarios, it seems that the constant stepsize 0.5 sometimes can accelerate ADMM-
Forward for the tested scenarios. But, in general, it is not conclusive that a constant stepsize must be better
than a chosen stepsize—using a constant stepsize saves computation, while the chosen stepsize requiring extra
computation can accelerate the contraction to the solution set.

To see the comparison among different methods clearly, we also plot the evolutions of the SNR values of the
restored images with respect to iterations and computing times in Figure 2, respectively. In Figure 3, for ADMM-
Forward and ADMM-Backward, we plot the evolutions of the SNR values with respect to iterations when different
constant stepsizes are chosen. For succinctness, only the Cameraman and Barbara images are tested. Finally, we
display the images restored by ADMM-Forward after 50 iterations in Figure 4.

7.2. Example 2—An Image Decomposition Model
Image decomposition is an important problem in image processing and it plays a significant role in many realms
such as object recognition and biomedical engineering. A useful image decomposition problem is to decompose
a target image into two meaningful components: One is its geometrical part or sketchy approximation, which is
called cartoon component, and the other is its oscillating part or small-scale special patterns, which is called texture
component. Mathematically, the cartoon component can be described by a piecewise smooth (or a piecewise
constant) function and the texture component is commonly oscillating. Because of their different properties, it is
usually required to separate them for further tasks in image processing or image analysis.

We test the model in Ng et al. [34] for decomposing an image with corruptions (e.g., blurry and/or missing
pixels):

i ATl + 3Kk divg) — 6P + gl 96)
where || -||;, || - ]| and || - ||, denote the I, ,, and I, norms, respectively; f € R" is a target image; div := =V' denotes
the divergence operator where V is the gradient operator as mentioned in (90); K: R" — 9 R" is a linear operator;
7 >0 and u > 0 are trade-off constants to balance the target image f into the cartoon x and the texture v=divg,
respectively. Different choices of K correspond to different corruptions in the observed image. For instance, K =S,
where S is a binary matrix (also the so-called “mask” operator) means decomposing an image with missing pixels,
see Ng et al. [34] for more details. In Ng et al. [34], ADMM-GB was used to solve the model (96).

First, we show that the model (96) can be formulated as a special case of (1). In fact, by introducing the auxiliary
variables u, y, and z, the model (96) can be rewritten as

min t|l[ulll; + 3Ky — £l + | |zlll

s.t. u=Vx
y=x+divg ©7)
z=g,

which is a special case of (1) with the following specifications:
® X=X, X,:=8,X%;:=(1,y,2), % :=R", % :=R"XR"and %, := (R" x R") x R" x (R" x R");
* 01(x1):=0, 0,(x,) =0 and 05(x3) := 7[[ullly + 3IKy — fI* + pl|zlllc;

e and
\Y% 0 -1 0 0
A=|11, A,:=|div |, A= 0 -1 0], b:=0.
0 I 0 0 -I

Then, we elaborate on the minimization subproblems in the ADMM procedure (2) or (20) for solving the
model (97).
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Figure 2. (Color online) Model (90). Evolutions of SNR w.r.t. to iterations (left column) and computing time (right column).
From top to bottom: For Shape, Cameraman, Barbara, and Man images.
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e The ¥,-subproblem, i.e., the X*-subproblem for (97), corresponds to the following optimization problem:

x} = argmin{||Ax, + H'?(uf + uf) —uf|7},

X1

o (BVV+pIDX = .BlvT[,Bl”])(\l —uby —uf ] + ﬁz(.32”§2 —uby —ufy),

which can be easily solved as that of (93).
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Figure 3. (Color online) Model (90). Evolutions of SNR w.r.t. iterations for ADMM-Forward and ADMM-Backward with

different constant stepsizes «. Left: For Cameraman. Right: For Barbara.
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Figure 4. Restored images by ADMM-Forward after 50 iterations for the model (90).

il
i
i

P4

I

* The %,-subproblem, i.e., the §*-subproblem for (97), is equivalent to

%5 = argmin{||A, & + A,x, + H2ubk —uk |13}
Ry

A (ﬁg div’ div +:3§1)gk =p, div’ [ﬁz(”’iz - 9?]1() - ”§2] - ﬁs(”é(s - ﬁs”ﬁa)r

and the FFT or DCT can be used as that for solving (93) because div =-V7.
* The %;-subproblem, i.e., the (@*, §*, 2)-subproblem for (97), corresponds to

% = (@, 5,2) = argmin{ellfulll, + §IKy - 67 + plllzll, + LA + A8 + Ay, - H2ub [,
wy,z
and each variable can be solved separably as shown below.
—The @i-subproblem can be solved explicitly by the shrinkage operator:
“h

P1

u-Vxh+

2
= argrnin{’c|||u|||1 +=
N 2

—The y-subproblem is equivalent to

k

2 uk
} =shrink, (Vf(k - i)
' P
2
u
}~,k = argmm{%lle—f”; + & %k +dngk -y- A2
y

2
z il

&  (K'K+p3Dy =K"f+B,[Bo(X* +divg") —uk,],

Downloaded from informs.org by [116.6.49.94] on 31 October 2017, at 23:22 . For personal use only, all rights reserved.

whose computational effort is dependent on the operator K (see Ng et al. [34] for details).
—The Z-subproblem is equivalent to

2

3

2

k
~k_ Has
g

2 uk
~k A3

= ProX,, 5. (g + —),
ﬁs } (/BN oo 53

where proxC”l.”lm(-) denotes the proximal operator of the function c|||-|||, for ¢ > 0, see, e.g., Martinet [29],
Rockafellar [37]. Thus, z* is giving by computing the projection onto the [* ball.

z—

(98)

7 = argmin{mnzmw +
z
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The correction steps for ADMM-GB, ADMM-Forward, and ADMM-Backward can be summarized similarly as
Table 1. For succinctness, we omit them.

For numerical comparison, we test the images with different sizes displayed in Figure 5. For simplification, we
only report the cases when K = I in the model (96). The parameters in (96) are taken as 7 = 0.5 and p =5 in our
experiments.

The scalars in (89) are chosen as 3, = f, = f; = 1 for all the methods to be tested. Again, for the relaxation
parameter y appearing in (37b) and (49b), we set it as 1.5. All the methods take the zero vector as the initial iterate.
The stopping criterion for all methods is

[lu* — ">

TOL="————
[[uk]>+1

<107 (99)

In Table 3, we report the numbers of iteration (“It”), computing time in seconds (“CPU”) and the obtained
objective function values (“Obj”) when the stopping criterion (99) is satisfied for all the methods under test. Note
that this example is an image decomposition model; we thus report the objective function values rather than the
SNR values as for image restoration models. Again, the data in parenthesis in Table 3 are the accumulative time
in seconds of the correction steps for each method. For succinctness, we only report the case where the constant
stepsize is chosen as 0.5. Other choices of constant can also be shown similarly as Figure 3; but omitted. Based on
the data in Table 3, some conclusions similar as those in the last subsection can be claimed. For example, ADMM-
Forward and ADMM-Backward with a chosen or constant stepsize are both more efficient than ADMM-GB,
because the latter requires significantly more time for computing the correction steps. For this example, ADMM-
Backward is also more efficient than ADMM-Forward for the tested scenarios. In particular, we found that ADMM-
Backward is even very competitive with EADMM, which is not necessarily convergent as proved in Chen et al. [6]
but usually performs very well numerically.

To see the comparison among these methods clearly, in Figures 6 and 7, we plot the evolutions of the objective
function values with respect to iterations and computing time, respectively. For each figure, we zoom in a particular
area to display the difference of these methods more clearly. Finally, we display the images recovered by ADMM-
Forward after 250 iterations in Figure 8.

8. Conclusions

In this paper, by further studying the combination of the Douglas-Rachford alternating direction method of mul-
tipliers (ADMM) with a substitution procedure, we proposed an algorithmic framework for solving a convex
minimization model with a general separable structure in its objective function. The proposed forward and back-
ward substitution procedures are computationally inexpensive and thus numerically implementable. Two new
algorithms were derived from this algorithmic framework. One of the common features of these two algorithms is

Table 3. Numerical results for the image decomposition model (96).

Barbara Weave
Algorithm It CPU Obj It CPU  Obj
EADMM 223 30.95 131.24 190 76.30 352.29
ADMM-GB(0.5) 351 66.91 (29.00) 132.88 334 174.39 (65.94) 360.05
ADMM-Forward 283 53.48 (20.98) 131.36 234 120.71 (45.80) 352.30
ADMM-Forward(0.5) 295 47.33 (16.65) 132.73 246 106.35 (33.85) 358.56
ADMM-Backward 205 32.14 (9.02) 131.02 173 74.69 (16.72) 350.84

ADMM-Backward(0.5) 243 36.46 (10.42) 132.49 209 88.28 (18.80) 357.16
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Figure 6. (Color online) Model (96). Evolutions of the objective function value w.r.t. iterations and computing times for

Barbara. Right column: Zoom in of the dashed boxes in the left column.
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Figure 7. (Color online) Model (96). Evolutions of the objective function value w.r.t. iterations and computing time for
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Figure 8. (Color online) Decompositions of cartoons and textures by ADMM-Forward after 250 iterations for model (96).
From left to right: Cartoons of Barbara, textures of Barbara, cartoons of weave, and textures of weave.
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that they both reduce to the original ADMM for the case of (1) where m = 2. For these two algorithms, we proved
their global convergence under the analytic framework of contraction methods and derived their local linear con-
vergence rate under some error bound assumptions. Under general settings without additional assumptions, we
also estimated some worst-case convergence rates measured by the iteration complexity for the new algorithms.
The new algorithms were applied to solve some applications arising in image processing and they were compared
with some existing methods of the same kind in the literature. The efficiency of these new algorithms was well
demonstrated by the tested examples.
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