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Abstract. In this paper we propose a new iterative method for solving a class
of linear complementarity problems:

u20, Mu+qg=20, u'(Mu+q=0,

where M is a given | x | positive semidefinite matrix (not necessarily sym-
metric) and ¢ is a given [-vector. The method makes two matrix-vector
multiplications and a trivial projection onto the nonnegative orthant at each
iteration, and the Euclidean distance of the iterates to the solution set
monotonously converges to zero. The main advantages of the method pre-
sented are its simplicity, robustness, and ability to handle large problems with
any start point. It is pointed out that the method may be used to solve general
convex quadratic programming problems. Preliminary numerical experiments
indicate that this method may be very efficient for large sparse problems.

Key Words. Projection, Féjer-contraction, Linear complementarity problem,
Linear programming, Convex quadratic programming.

Introduction

Let M be an ! x ! matrix and g € R, where R denotes the I-dimensional Euclidean
space. The problem of finding a u e R’ satisfying

(LCP) u>0, Mu+4>0, u'(Mu + q) =0, 6

*On leave from the Department of Mathematics, University of Nanjing, Nanjing, People’s

Republic of China.



248 Bingsheng He

is known as a linear complementarity problem (abbreviated to LCP). Let
L={1,2,...,1} and I < L. In this paper we consider the following generalized
linear complementarity problem, which is an LCP with equality restrictions and
unrestricted variables: Find a vector u € R’ such that

u; 20, Mu+4q);20, u{Mu+q),=0, for iel,

2
(Mu + gq); =0, otherwise. @)

(GLCP) {

Here u; denotes the ith component of u. Let
Q={ueRu;>0foriel},
Q* = {ue R"u solves (GLCP)}.

Throughout this paper we assume that M is positive semidefinite (but not
necessarily symmetric) and Q* # .

Some computational methods have been developed for solving LCPs. Most
of them are direct and use a sequence of pivoting operations to the system of
linear equations w = Mu + g [7], [8], [27]. Recently, Kojima et al. [25] proposed
a polynomial-time method for LCP. The method is an extension of the new
polynomial-time methods for linear programming, which originated with Kar-
markar [23] and have been developed by many researchers. Besides the above-
mentioned finite methods, several iterative methods for solving LCPs are known
[17, [29], [31]. These iterative methods can be viewed as an extension similar to
the SOR method for solving Mu + g = 0. Even though the iterative methods are
not finite, they are considerably simpler and well suited for large sparse problems.

Our objective in this paper is to develop a new iterative method for solving
problem (2). The method makes a trivial projection onto Q at each iteration and
generates a sequence {u®} satisfying

dist(u®*+ D, Q%) < dist(u®, Q*), 3)
where
dist(u, Q*) = inf{[|u — u*|,|u* e Q*}. @

Using the terminology of [5], we call this method a projection and contraction
method.

The outline of this paper is as follows. In Section 2 we illustrate some
equivalent expressions of (GLCP). Section 3 describes the details of the projection
and contraction method, and in Section 4 we show the global convergence and
give an error analysis for it. In Section 5 we illustrate how our iterative method
is applied to general convex quadratic programming problems. The relationship
of this method to other projection methods is described in Section 6. In Section
7 we give a variant of the method—the scaled projection and contraction method.
Finally, we give some numerical results for solving the Dirichlet problem with
obstacles. In what follows, Po(-) denotes the (trivial) projection onto the set Q and
I- 12, I -l denote the Euclidean and the max-norm, respectively.
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2. The Projection Equation and Measure Functions
It is easy to see that ue Q* if and only if u satisfies the following projection
equation:

Polu — (Mu + q)] = u (5)
See [29] for a proof.

Lemma 1. ForallueQ,

{u ~ Po[u — (Mu + g)1}"(Mu + q) > |u — Po[u — (Mu + g)]|%. (6)

Proof. Since Q = R' is a closed convex set, we know by the properties of a
projection on a closed convex set [5] that, for any ve R' and ueQ,

[v — Po@)]"[u — Pov)] < 0. ()
For v:=u — (Mu + g) we obtain the assertion of the lemma. O

Let

@)= {u — Polu — (Mu + )1} "(Mu + g), @)

Y(w):= |u — Po[u — (Mu + g)]||> )

Actually, by (5) and (6), we have proved the following.

Theorem 1. Let @(u) and y(u) be defined as in (8) and (9), respectively. Then
) @u) = yY(u) =0 for all ue Q.
() ueQ and p(u) = 0<yY(u) = 0> ucQ*

For u e Q, the functions ¢(u) and y(u) can be viewed as measures for the distance
of u from the solution set Q*.

3. A Search Direction and the Algorithm

For any u* e Q*, the search direction of the contraction method should be a
descent direction of F(u) = 3|u — u*|/%. From (6) and (8), if we put

gw) = M™{u — Po[u — (Mu + q)1} + (Mu + g), (10)

then we have

Theorem 2. Let u* e Q* and ueQ, then
(u — u*)"g(u) = o(u), (11)
ie., for ue Q\Q*, —g(u) is a descent direction of F(u) at u.
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Proof. Since u* € Q*, we have

(Mu* + ¢)Tu* =0 (12)
and, for any ve R,
(Mu* + q)"Po(v) 2 0. (13)

As M is positive semidefinite, we get
(u— u*)Tg(w) = {u — Polu — (Mu + @)1} [(Mu + q) — (Mu* + g)]
+ (u — u*)(Mu + q)
= @(u) + {Polu — (Mu + ¢)]}"(Mu* + g)
—uf(Mu* + q) + (u — v (Mu + q)
= o(u) + (u — u*) M(u — u¥)

> o). O
For ueQ, let
N@) = {iel|u; =0 and g; > 0}, (14)
B(u) = L\N(u). (15)

Correspondingly, denote

u= (“) glu) = (g> galw) = (g) gt} = <° ) (16)
Uy gn 0 gn

Then

(u — u*)Tgnw) < 0. 17
Therefore

(u — u*)7gpW) = (u — u*)g(u) > p(u). (18)

Thus, we have the same algorithm as in [21].

Algorithm PC (Projection and Contraction Method)
Given u® e Q.
Fork=0,1,..., if u® ¢ Q*, then

1. Calculate o(u®) and g(u®) by (8) and (10), respectively.
2. Determine gg(u®) by (14)-(16) and calculate the step size

oy _ M
P = g™ "
3. Update
A = u® — p(uP)gau®), (20)

W+ = Po[a]. @)
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In the practical computation, we use
o®) <&
or
llu — Po[u — (Mu + g)]||
gl

as the termination criterion.

4. Convergence

Theorem 3. Let u* e Q* and {u®} be the sequence generated by Algorithm PC.
Then

PHu®)

D — )2 < Ju® — ) —
g

22)

Proof. Since u* €Q, we have, by the well-known projection property, for any
ve R},

1Po(v) — u*|| < |lo — u*|, (23)
so that
Ju+ D — x| < a® — u¥]. (24)

By means of (18)~20), we get
@* (")
lgau®)?

and thus the theorem is proved. |

179 — w1 < 0 - w¥|? -

25

Because (22) is true for any u* € Q*, by Theorem 3 we have actually shown
o)
lga®)1*’

ie., the sequence {u®} is Féjer-monotone with respect to the solution set Q*.

[dist(u®* 1, Q¥]* < [dist®, Q*)]* — (26)

Theorem 4. If QF is nonempty, then the algorithm is globdlly convergent, i.e.,
lim dist(u®, Q¥) = 0. 27
k—
Proof. Let u* be a solution of problem (2). It is easy to check that every
Féjer-monotone sequence is bounded. Suppose

lim distu®, Q*) = 5, > 0, (28)

k—w
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then
{u""} c S:= {ueQ|dy < dist(u, Q*), |u — u*|| < [[u® — u*||} (29)

and S is a closed bounded set. Moreover, from the assumption, S N Q* = @, then
on S

Hu
||Z(a£)n)2 >0
Since T(u) is continuous on S, we have
min{T(u)|ue S}:= ¢, > 0. (30
From (28), there is a k, > 0, such that, for all k > k,,

T(u):=

[distw®, Q*)]* < 52 + %" G1)
On the other hand, from (26), (30), and ||ggw)|| < |g(w)l],

[dist(u®* Y, Q¥)]? < [dist®, Q*]* < 62 — %" (32)
This contradicts (28). |

The reason that we use p(u™) < ¢* as our termination criterion in practice is
the following.

Theorem 5. Let i Q and ¢(l) < &, then we can find i such that i — 4| < € and
i is a solution of the perturbed problem

Polu — (Mu + §)] = u, (33)
where § satisfies
14— ql <(IM] + 1. (34)

Proof. Put & = M# + g. By the assumption and Theorem 1

14 — Polt — D)l <e. (35)
Let
0 if iel and 4; <1,
ﬁi = {A . (36)
1 otherwise.

By the construction of #, if #; # 4;, then
ih; — [Pn(a - 5)]i =0,
hence

(@ — ) L (@ — Po(ii — ). (37)
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Similarly, if 4 # 4, then

[Polit — 0)]; = [Po(@ — D).

Therefore

(G — &) + [6i — Po(ii — D)) =it — Pg(ti — D). (38)
From (37) and (38) we get

Il — dil|* + |l — Po(ii — 9)1* = |1t — Pg(d — 9)]*. 39)
It follows that |# — @] < ¢ and

lit ~ Polii — )] <. (40)

From (40) we can easily find a o satisfying |[§ — 0| < ¢ and |&i — Po(ii — 7)|| = 0.
Let § = & — Mii, then

1g — gl =17 — Mii — gl| = | — 0 — M@ — @) <(IM] + De. |

5. Application to Convex Quadratic Programming

We have constructed a projection and contraction algorithm PC for problem (2).
The principal formulas in this method are

o) = {u — Polu — (Mu + ¢)1} " (Mu + q)
and
g(u) = M™{u — Po[u — (Mu + q)1} + (Mu + g).

If we let v = u — Pgo[u — (Mu + g)], then the main work in each iteration is the
computation of Mu and M”v. The algorithm can start at any u‘” € Q, and (26)
shows that the method is robust and stable.

Our primary interest, however, is the efficient solution of convex quadratic
problems:

(CQP) Minimize ixTHx + c¢"x
subjectto A (x;+ A%y = by,
Azyxp + Azp Xy = by,
Xy > O, (41)

where
A A b
A=< 1 12>ER"’X", b=< I>eR"‘, c=<cl>eR",
Ay Ayl by Crr
and

H= (H“ H“)eR"X"
H21 HZZ

is a symmetric positive semidefinite matrix. Problems of this type arise very often
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in applications of numerical analysis, in optimal control and operations research,
as well as subproblems in general nonlinear optimization problems via successive
quadratic programming methods [20], [33], [35]. Many existing algorithms [2],
[71, [83, [13], [15], [16], [17], [27], [36] use active set strategies and are direct
extensions of the simplex method for linear programming. Under certain condi-
tions most of these algorithms generate the same sequence of points, as shown by
Pang [30] and Best [4]. We simultaneously consider the dual problem of (CQP):

(DQP) Maximize —3xTHx + b7y
subjectto  Hyyx; + Hypxy — Af1y; — A3y + ¢ 2 0,
Hyyxp + Haypxgr — Ay — ALy + ¢ =0,
yr=0. (42)

Let
Q,={xeR"x;>20}, Q,={yeR"y;=20}, Q=Q,xQ,.

By the duality of convex programming [8], if x* is a solution of (CQP), then there
exists a y* such that u* = (x*, y*) is a solution of (DQP). Let

Q* = {u* = (x*, y¥)|x* solves (CQP), (x*, y*) solves (DQP)}.
Then a necessary and sufficient condition for u = (x, y) € Q* is the following:

((Ayxp+ Apxy —br =0,

ApyXp+ AzaXyp — by =0,

Xy > 0

(primal feasibility);

J Hyyxp+ Hypxpp — Ail)’l — Apyn+ e =0,

Hyyxp + Hypxyp — Ay — ALy + e = 0,

yr=0

(dual feasibility);

x{[Hyxr + Hypxpp — ALy — ALy + ¢1 =0,

yil[Asxy + Appxyr — b1 =0
\_(complementarity).

Let

H —AT ¢
u=(i o) e=(5) “

then it is easy to see that the necessary and sufficient condition for u € Q* can be
written as

Polu — (Mu + q)] = u.

Note that in this case M, although nonsymmetric, is also positive semidefinite. It
is a generalized linear complementarity problem of type (2) and may be solved by
Algorithm PC. If H = 0, then (41) reduces to a linear program. In particular, for
a linear program in standard form, the corresponding formulas become

@) = | Ax — b|* + [(x + (ATy ~ )+ — x]"(4"y — 9) (44)
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and

AN AT(Ax — b) — (ATy —¢) ) 45
oy = (g) - (A[(x F ATy =)y —x] 4 (Ax — b)) )

which have already been introduced in [21]. Because u* = (x*, y*) is the saddle
point of the Lagrangean, sometimes we call the method a saddle-point algorithm

[21], [22].

6. Relationship to Other Projection Methods

Let
f(x) =3xTHx + ¢"x, (46)
C = {x|Ay1x; + Aypxyr 2 by, AyyXp + Ay Xy = byy, X 2 0} 47
Other known projection methods use the iteration
XD = Po[x® — o g(x¥)]. (48)

An example is the Goldstein-Levitin—-Polyak gradient projection method [3], [6],
[10], [11], [18], [28] and the related projected Newton method [12]. In the
original algorithms of Goldstein [18] and Levitin and Polyak [28] the step size
o, was chosen to be constant for all k. An alternative method for selecting the
step size o, was proposed by Bertsekas [3]. His method, using a modified Armijo
line search, was a significant contribution to making the gradient projection
method useful in practice. As C is a general polytope, however, in order to
determine x** 1 we have to solve a minimum norm problem (possibly more than
one),

min{|x — [x* — ag(x®)]||x e C}, (49)

at each iteration, which is almost as expensive as solving (CQP) itself. Therefore,
the overall efficiency of the gradient projection method is seriously affected by the
complexity of problem (49).

Uzawa’s method [33] is a gradient projection method using the iterative
scheme (48) for solving (CQP) without line search. Suppose that x* is a solution
of (CQP) and g(x) is the gradient of f(x). Since f(x) is convex, then, for any x € C,

(x — x*)7g(x) = f(x) — f(x*) > 0. (50)
His ideal step size o, in (48) is defined by
_fx®) = f(x%)
T lgx®)
and the generated sequence {x®} satisfies

XD k)2 < x® — x*|2 = o[ £(x) — f(x*)]. (52)

51
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This method is a beautiful iterative scheme for (CQP), but in practice there are
some drawhacks, especially

(a) because f(x*) is usually unknown and then oy in (51) is not computable,
and
(b) we have to solve a minimum norm problem (49) at each iteration.

The difficulties of these projection methods for solving (CQP) are overcome
by Algorithm PC. In the PC method we first transform (CQP) to a (GLCP), define
a measure function ¢(u) (note that ¢(u) is not differentiable) and a search direction
g(u), which is not a gradient of ¢(u). Nevertheless, similarly as in Uzawa’s method
(see (50)), we have

(u — u*)Tgp(u) = o(u) > 0
and can take

o(u)
llgp(u)

as the step size. Here ¢(u) and p(u) are computable and the projection onto Q
is trivial. However, the algorithm usually generates an infinite sequence {u®} =
{(x®, y¥)}, and {x®} is not necessarily contained in the feasible set C, but,
as is shown in Section 4, the sequence {x®} will be asymptotically feasible as
dist(u®, Q*) - 0, and, in fact, converges to a solution of (CQP).

The extra gradient method, which was proposed by Korpelevich [26], is
another projection and contraction method for finding saddle points of problem
(CQP). His iterative scheme is the following:

plu) = 7

0% = Po[u® — aW(u®)], (53)
uHD = PoLut — W], (549)

where W(u) = Mu + ¢q and o is a constant. For all 0 < o < 1/||M]||, the iterates
satisfy

D — w2 < u® — w2 = (L= 22| M) e — 29 (55)

If |M{ < 1 and we take o = 1, then the formula may be written as

uk* b = Po[u® — agy(u®)], (56)
where
gxw) = —M{u — Polu — (Mu + q)1} + (Mu + q), (57)

but our search direction for (CQP) is
glw) = M™{u — Po[u — (Mu + @)1} + (Mu + 9).

For linear programming only, because in this case M7 = — M, the directions are
equal (but not the step lengths).
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7. An Extension—The Scaled PC Method

Let G bean ! x [ diagonal positive definite matrix.! It is easy to see that u solves
Polu —(Mu+q)l =u

if and only if it is a solution of the following projection equation:

Polu — G™Y(Mu + g)] = u. (58)
Based on (58), similarly as (8) and (10) we let

@u, G) = {u — Polu — G~ '(Mu + g)1}"(Mu + q) (59)
and

Gu, G) = M™{u — Po[u — G~ Y(Mu + ¢)]} + (Mu + q). (60)

Note that, for any ve R,
Po(G™1%0) = G™12Pg(v),
and if ue Q, so is G''*u. Then using Lemma 1 we have, for any ueQ,
3 G) = {G*%u — Po[G'2u — G~ "%(Mu + 91}[G(Mu + g)]
> [|GY?*u — Po[GY?u — G~ Y2 (Mu + ¢)]||?
= |lu — Polu — G™'(Mu + 9)]II3,
where || - | denotes a norm in R'induced by G. Similarly as in Theorem 2, we have
(u — u*)7§(u, G) = {u — Polu ~ G™'(Mu + q))} "[(Mu + g) — (Mu* + g)]
+ (u — u*)T(Mu + q)
> G(u) — uT(Mu* + q) + (u — u*)T(Mu + q)
= o) + (u — u*)"M(u — u*)
> o(u, G).
Instead of taking ¢(u) and g(u) as in Algorithm PC, we now use ¢(u, G) and j(u, G)

and refer to the related method as a scaled projection and contraction method
(the SPC algorithm). Then, as indicated in Theorem 3, the sequence {u®} satisfies

¢*u®, G)

WD — w2 < — 2 = R
1556®, G2

Moreover, the scaling matrix G may vary with the iteration index, ie., G = G,.
With minor modifications, the results of this paper are true for variable G, as well
as for fixed G. The best choice of the matrices G, is the topic of further research.

! In fact, the results of this section are true for more general matrices G of the form

(" o)
G= )
G,

where G, G, > 0, G, is diagonal, and G, acts on the indices ie I and G, on L\IL
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Another modification of the PC method is the following: For any I x /
diagonal positive definite matrix Q, let

g, G, Q) = Q7 '4(u, G),
PG
151, G, Q)G
it = Polu — p(w)gs(u, G, Q)]
Since
( — u¥)T0gs(u, G, Q) = (u — u*)"Gu, G) = ¢(u, G),
then
i — u*|3 < llu — u* ~ s, G, Qg
= 10"*(u — u*) — pWQ'*gu(u, G, Q)|
= llu — u*[[g ~ 2p)u — u*)"gs(u, G) + p*(W)lgsu, G, QI3
¢*(u, G)
155, G, QI3

We call the above method a scaled metric projection and contraction method.
Again, the best choice of Q is the topic of further research.

plu) =

< llu—u*lg —

8. Numerical Results

In this section we present some numerical experiments with the PC algorithms
(with G = O = I). We consider the Dirichlet Problem with obstacles [24], which
can be set in a complementary form:

Given continuous functions f, I, and h on D = [0, 1] x [0, 1] and w on 8D,
find u: [0, 1] x [0, 1] — R such that

max{u(p) — h(p), min{u(p) — Up), —Au(p) — f(p)}|pe(0, 1) x (0, 1)} =0

" (61)

w(p) = w(p), pedD.
To solve (61) by means of a difference method, we put

xiZiT, yj-_—jT, i,j=0, 1,...,N+1,

i
T=—"", N =1 an integer
N+1

uij = u(xb yj)a
which leads to a linear complementarity problem of the type (5)

u = Po[u— (Mu + ¢)], (62)

where Q@ = [ull;; <u; < by, i, j =1, ..., N} is defined by box constraints and M

ij = Hjs
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is a block N? x N? matrix of the form

-1 B -—I :
o —-I B - - :
M=y -0 0 e 0 e ) (63)
: . . . . 0
: Lo -
and B is an N x N matrix of the following form:
-1 4 —1 ’ :
0 -1 4 . . :
B={ : "0 0 T T T . ! (64)
: . . . . 0
: S

It is well known that M is positive definite. To investigate the convergence
behaviour of Algorithm PC, we form random test problems (62) with matrix (63)
and (64) as follows: First, we set [;; = 0, and choose h;; randomly in (10, 20), and
t;; randomly in (0, 1). Then let

0 if t;<0.25,

uf =< hy; x (2t; — 0.5) if 025<1t;<0.75,
h; otherwise,
randomly in (0, 10) if t;<0.25,

v; =<0 if 025<1,;<0.75,
randomly in (— 10, 0) otherwise,

and
q:=v — Mu*.

In this way we get a random test problem with a given solution u*.

The code was written in FORTRAN and run on a VAX-8810 computer of
the Computing Center of the University of Wiirzburg. We stop the iteration as
soon as

lu — Polu — (Mu + @)1l
9] o B

for some & > 0. The numerical results are given in Tables 1 and 2. Here, n = N2
is the number of variables. The CPU time and the number |ju — u*|| , refers only
to the runs with the highest accuracy ¢ = 10~ 7. We used the following starting
points: 4 = 0 and (Y = h;;/2 for the problems in Table 1 and Table 2, respec-
tively.
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Table 1

Number of iteration for ¢ =

CPU
N n E-3 E-5 E-7 (seconds) flu — u*||,
10 100 40 85 130 0.25 048E — 5
20 400 60 85 125 0.98 0.48E — 5
30 900 60 80 120 2.13 038E —5
40 1600 45 85 135 441 0.67E — 5
50 2500 55 90 165 9.16 0.79E — 5
60 3600 50 90 135 10.49 0.67E — 5
70 4900 60 95 160 17.64 091E — 5
80 6400 55 95 155 22.88 083E -5
Table 2
Number of iteration for & =
CPU
N n E-3 E-5 E~17 (seconds) ffu — w*f|
10 100 40 75 115 0.23 048E — 5
20 400 45 75 115 0.93 048E — 5
30 900 50 70 110 2.06 0.67E — 5
40 1600 45 95 150 4.67 067E — 5
50 2500 55 95 175 9.19 0.72E -5
60 3600 40 70 120 9.46 0.74E — 5
70 4900 55 95 165 17.07 0.62E — 5
80 6400 50 90 145 21.10 0.11E — 4

9. Conclusions

This paper decribes a new projection and contraction method for solving a class
of generalized linear complementarity problems, which may be used to solve
general convex quadratic programs. The related fundamental theory can be found
in [8], [291, [19], and [34]. The main advantages of the new method are its
simplicity and robustness. The numerical experiments in Section 8 show that the
algorithm is efficient in some important practical applications. For an iterative
method, however, we cannot expect it to be faster than other direct methods when
solving small problems. We believe that a scaled projection and contraction
method may also be a suitable method for general nonlinear programs and
nonlinear complementarity problems: if these problems are treated by the SQP
method, and, e.g., by the inexact Newton method [32], respectively, then the
resulting quadratic programs, respectively, the linear complementarity problems,
could be solved by Algorithm PC iteratively.
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