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Abstract Approximate proximal point algorithms (abbreviated as APPAs) are classi-
cal approaches for convex optimization problems and monotone variational inequal-
ities. To solve the subproblems of these algorithms, the projection method takes the
iteration in form of u**! = Pg[u¥ — axd¥]. Interestingly, many of them can be paired
such that ii* = Po[uf — B F (v0)] = Pgli* — (d5 — Gd})], where inf{f} > 0 and
G is a symmetric positive definite matrix. In other words, this projection equation
offers a pair of directions, i.e., d{‘ and d§ for each step. In this paper, for various
APPAs we present a unified framework involving the above equations. Unified char-
acterization is investigated for the contraction and convergence properties under the
framework. This shows some essential views behind various outlooks. To study and
pair various APPAs for different types of variational inequalities, we thus construct
the above equations in different expressions according to the framework. Based on
our constructed frameworks, it is interesting to see that, by choosing one of the di-
rections (d{‘ and d§ ) those studied proximal-like methods always utilize the unit step
size namely o = 1.
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1 Introduction

Let £2 be a nonempty closed convex subset of R” and F be a continuous point-to-
point mapping from R” into itself. The variational inequality problem is to determine
a vector u* € §2 such that

VI(£2, F) w—uHTFW*) >0, Vuef. (1.1)

VI(£2, F) problems include nonlinear complementarity problems (when 2 = R’})
and systems of nonlinear equations (when §£2 = R"), and thus have many important
applications. Notice that VI(§2, F) is invariant when we multiply F by some positive
scalar 8 > 0. For any g8 > 0, it is well known ([1], p. 267) that

u* is asolution of VI(2, F) <<= u* = Polu* — BFu™)], (1.2)
where Pg, (-) denotes the projection onto £2 with respect to the Euclidean norm, i.e.,
Po (v) = argmin{||u — v| | u € £2}.

Since £2 is convex and closed, the projection onto 2 is unique. We say the mapping
F is monotone with respect to £2 if

u—vI(Fu)— F(v) >0, Vu,vef.

The variational inequality VI(§2, F) is monotone when the mapping F is monotone.
For solving a monotone variational inequality, a classical method is the proximal
point algorithm (abbreviated as PPA) [17, 18]. For given uk € £2 and Br > 0, the new
iterate ¥ *1 of the exact PPA is the solution of the following variational inequality:

(PPA) ue, W —w'Fw)>0, Vu' e, (1.3a)

where
Fi(u) = (u — u®) + B F (u). (1.3b)

According to (1.2), solving problem (1.3) is equivalent to finding a solution of the
following projection equation

u = Polu* — B Fw)]. (1.4)

The sequence {u*} generated by the exact PPA satisfies
[ e L R [7an el (1.5)
where u™* is any solution point of VI(§2, F) (for a proof, see [10] or [18]). Since the
new iterate u**! is closer to the solution set than u¥, we say that the sequence {u¥}

is Fejér monotone with respect to the solution set. By using the terminology in [2],
such methods are called contraction methods in this paper.
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Proximal-like contraction methods for monotone variational inequalities 651

The ideal form (1.4) of the method is often impractical, since in many cases
solving problem (1.3) exactly is either impossible or expensive. Extensive develop-
ments on approximate proximal point algorithms (abbreviated as APPAs) are fol-
lowed [4, 5, 20].

Let v* be an approximate solution of the PPA’s subproblem (1.3) accepted by a
certain condition. In the sense of (1.4), we have

vk & Pouf — B F (M1 (1.6)
Define the right-hand-side of (1.6) by it*, we call
(Basic equation of APPAs) ik = Polu* — B F (V)] (1.7)

the basic equation of APPAs. It is clear that ii* is the exact solution of the subproblem
(1.3) if itk = v* or F(i*) = F(v%). In this paper, for constructing various methods
for VI(£2, F), we rewrite the basic equation of APPAs (1.7) as

ik = Po ik — [da (X, 5, %) — Gdy (X, V%, dD]) (1.8)

with the two directions namely d (uk, vk, ﬂk) and dz(uk, v¥, ﬁk), where G is a
symmetric positive definite matrix. In the following, we call d; (uk L ﬁk) and
dy (u¥, vk, %) the geminate directions.

Because (1.8) is derived from the basic equation of APPAs, the methods developed
in this paper are called proximal-like methods. Indeed, the reformulation (1.8) plays
the key role for constructing the unified framework in this paper. As readers can see
in this paper, many existing projection and contraction methods can be grouped as
primary methods (which take d; (u*, v¥, ii%) or d»(u*, v¥, i%) as the search direction
and adopt the unit step size) under the unified framework. Moreover, according to the
unified framework, we can construct some more efficient methods than the primary
ones with only minor extra computational loads. In this paper, however, we only
propose the unified framework and different explicit formulations of the equation
(1.8) inducing many existing methods for various kinds of monotone VIs. The further
studies on more efficient methods are put forth in the descendent paper ‘“Proximal-
like contraction methods for monotone variational inequalities in a unified framework
117, see [13].

Throughout this paper we assume that the operator F is point-to-point, monotone
and continuous; the solution set of VI(§2, F), denoted by £2*, is nonempty; and the
sequence {f} in (1.7) is bounded, i.e., 0 < B <infPZ Br < supp2, Br < Bu < +oo.
Note that under our assumptions the solution set £2* is closed and convex (see pp.
158 in [6]). The projection mapping is a tool for the analysis in this paper. It has
some important properties as shown in Lemma 1.1, which can be found in textbooks,
e.g., [2].

Lemma 1.1 Let 2 C R" be a closed convex set, then we have

W' — Po )T (u— Po@) <0, Yu' €eR", Vuef, (1.9)
| Po(u) — Po@)|l < llu—u'l, Vu, u €R", (1.10)
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lu — Po@)II*> < llu—u'|? = lu’ — Po@)|*, Vu' € R".VYueR2. (l.11)

The paper is organized as follows. In Sect. 2, we propose the unified framework
which consists of an effective quadruplet and an accepting rule. Under the frame-
work, a class of primary methods is defined, followed by detailed analysis on their
convergence.

For the rest of the paper, guided by the unified framework, we first find the ef-
fective quadruplets and their related accepting rules for symmetric linear VIs, asym-
metric linear VIs, symmetric nonlinear VIs (which equal to differentiable convex
optimization problems) and nonlinear VIs in Sects. 3, 4, 5 and 6, respectively. Fi-
nally, we illustrate how to construct effective quadruplets for two existing APPAs,
i.e., Solodov and Svaiter’s APPA (see Algorithm 2 in [20]) and the proximal alter-
nating directions method (see [11]), abiding by their own accepting rules, in Sects. 7
and 8, respectively.

2 The unified framework and the primary methods
2.1 The unified framework

Derived from the basic equation (1.7), the unified framework consists of an accepting
rule and a related effective quadruplet described as follows.

Definition 2.1 (Accepting rule and effective quadruplet) For the triplet (1, vk, ii*)
in the basic equation (1.7) and a designed constraint condition, say X, vk, a5y e
Ak, vk, by, a quadruplet (dy(uF, o5, @5), do (uk, vk, %), ok, vk, i%),
@ (uk, v¥, i%)) is called an effective quadruplet for contraction methods if the fol-
lowing conditions are satisfied:

1. for the geminate directions d (uk, vk, 12]‘), dz(uk, vk, ﬁk) € R", it holds that
i* = Poli* — [dy(u*, v*, ") — Gdy(u* oF, 7)1} (2.1a)

where G is symmetric and positive definite;
2. there is a continuous function <p(uk, vk, ﬁk) such that, for any u™ € 2%,

@ —uHTdry(, oF, %) = b ok, ib) — @b =i Gdy o ab); (2.1b)
3. under the given condition Wk, vk, ik e Ak, vk, ik,

a1 i i
ICARART B Slldy Wk, ok, aNE + ok, ok, b)), (2.1¢)

where ¢(uk, vk, ﬁk) is a non-negative continuous function;
4. there is a positive constant ¥ > 0 such that

o, ok, ik = i ut —at 2. (2.1d)
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Proximal-like contraction methods for monotone variational inequalities 653

According to the above four conditions (2.1a)—(2.1d), APPAs can be derived, in
which v¥ is an approximate solution of the subproblem (1.3) in the sense of (1.7).
Thus, we call the condition (uk, vk, itk) € A(uk, vk, ﬁk) the accepting rule in the in-
dividual APPAs.

Remark 2.1 The condition (2.1a) gives two directions d; and d» for the projection
contraction methods, whilst conditions (2.1b)—(2.1d) guarantee the convergence. The
reader can see the details in the following two sub-sections.

Remark 2.2 Strongly speaking, the effective quadruplet are also depends usually on
(see (1.7)). We omit the 8 in their expressions for convenience. The parameter f is
adjusted mainly for satisfying the accepting rule, as can be seen in the following
analyses.

For the convenience of analysis, in what follows we ignore the index k. Namely,
instead of B, uk, v¥ and ﬁk, we write 8, u, v and u. From (1.2), the condition (2.1a)
implies that

ie2, W —i){dbw, v, i) —Gdi(u,v,i)}>0, Y e (2.2)

Remark 2.3 The exact PPA is a special case of APPAs (1.7) in which &# = v, and
thus its accepting rule is ||[v — i] = 0. Indeed, there is an effective quadruplet
(dy(u,v,u),dr(u, v, i), p(u,v,u), d(u,v,u)) which satisfies conditions (2.1) with
G = 1. According to (1.2), we have

u=Polu—[BF@u)— (u—iu)l}

The above expression is a form of (2.1a) in which

di(u,v,u)=u—u and dr(u,v,u)=pFu). 2.3)
Since u € §2, using the monotonicity of F, we have

@ —uTdo(u,v,it) =i —u®TBF@) > (4 —u™)T BFW*), Vu*e Q*.
Because u™* € 2%, we have
(G —uTBFW*) >0  andthus (i —u®) da(u,v, i) > 0.
By setting
P, v, i) = du, v, i) = lu — i), Q2.4

it is easy to check that conditions (2.1b), (2.1c) and (2.1d) (with « = 1) are satisfied.

2.2 The descent directions and the primary methods

For any u* € 2%, G(u — u™) is the gradient of the unknown distance function %Hu —
u* ||ZG at the point u. A direction d is called the descent direction of %Hu —u* ||ZG if
and only if (G(u — u*))Td < 0. The following lemmas reveal that both —d (u, v, i)
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and —d>(u, v, u) in the effective quadruplet are descent directions of the unknown
distance function %Hu —u* ||%; and %Hu —u*||> when u € 22\ 2%, respectively. The
assertions are similar to Lemmas 3.1 and 3.2 in [14]. For completeness, the proofs
are provided.

Lemma 2.1 [f conditions (2.1a) and (2.1b) are satisfied, then
(u—uTGdy(u,v,0) > @, v, i), Yu*e2* (2.5)
Proof Since u* € £2, it follows from (2.2) that
@ —u*" Gdy(u, v, i) > (@ — u) do(u, v, @), Yu*eQ*.
Substituting the right-hand-side of the above inequality by (2.1b), we obtain
(i —u)TGdy(u,v, i) > u, v, i) — u — i) Gdy(u, v, @), Vu*e . (2.6)
Assertion (2.5) follows from the above inequality directly. g
Lemma 2.2 [f conditions (2.1a) and (2.1b) are satisfied, then
u—uTdoy(u,v,it) > @u,v, i), YueR, u*e* 2.7)
Proof Adding (2.2) and (2.1b), we obtain

' —uHTdyu,v,0) > o, v,0) + ' —uw) Gdy(u, v, i), Yu' €2, u*eR*.
(2.8)
Assertion (2.7) follows from the above inequality directly by setting u’ = u. g

From Lemmas 2.1 and 2.2, the geminate descent directions (dj(u,v,u) and
dr(u,v,u)) provided by the effective quadruplet have similar properties (see (2.5)
and (2.7)). However, there are two important differences:

— The condition (2.1c) implies that ||d;(u, v,#)|| — 0 as ¢(u, v, ) — 0, while it
does not ensure the same property for ||dy(u, v, ut)].

— The assertion holds for all # € R” in Lemma 2.1, while it is only true for all u € §2
in Lemma 2.2.

Definition 2.2 According to the effective quadruplet, a method is called primary (or
elementary) method when the new iterate u™" is generated by one of the following
equations. The first kind updating form is

™V =u—dy(u,v,it), for all positive definite G in (2.1). (2.9a)
And the other two kinds are,
u"™¥ = Polu —di(u,v,u)], when G in (2.1)is the identity matrix,  (2.9b)
and

u"" = Polu —dp(u,v,i1)], when G in (2.1) is the identity matrix.  (2.9¢)
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Proximal-like contraction methods for monotone variational inequalities 655

Note that, in the primary methods, we use the different search directions offered by
the framework. The new iterates are updated with the unit step length 1 (with or
without additional projection).

Remark 2.4 In the exact PPA, the new iterate u**! is given by ii*. Note that
it =uf — W* =" = Polu* — B F ().

With the directions d (u, v, i) and d»(u, v, it) defined in Remark 2.3, the new iterate
of the exact PPA method is generated by one of the primary methods.

For the primary methods, the following results are straightforward consequences
of Lemmas 2.1 and 2.2.

Proposition 2.1 Let conditions (2.1a)—(2.1c¢) be satisfied and the new iterate be gen-
erated by (2.9a) or (2.9b). Then we have

™Y — G < llu—u|IG — p(u, v, @), Vu* e 2%, (2.10)
Proof 1Tt follows from (1.10), (2.9a) and (2.9b) that
|| new

u™™ —u* 1% < llu—dy(u, v, @) — u*|%.

Consequently, applying (2.5) and (2.1c), we have

™™ — (|G < llu —di(u, v, @) — u*|g
= |lu—u*|% = 2(u —u*) Gdy(u, v, @) + ||dy (u, v, D) |5
< llu—u*|g — ¢, v, i).
The assertion is proved. d

Proposition 2.2 For G = I, let conditions (2.1a)—(2.1¢) be satisfied and the new
iterate be generated by (2.9c). Then we have

”unew_u*”2§ ||M_M*||2_¢(M, U,ﬁ), VM*GQ* (211)

Proof Since u* € £2, it follows from (2.9c) and (1.11) that

new __ new ”2

u*|1? < llu —dau, v, it) — u*||* — u — da(u, v, ) — u

= Jlu — w*|> = 2™ — ) dy(u, v, i) — |lu — u""|?. (2.12)

[

Since u™V € £2, it follows from (2.8) that
@™ —u* dy(u, v, ) > @(u, v, @) + @ — ) dy (u, v, D).

Substituting it in the right-hand-side of (2.12), we get
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™ — ¥ < = P = 200, 0, i) = 2" — ) dy (0, i) — u— ™)
= llu — 1> =20, v, @) + ||di (u, v, @) |
=l = u™ —dy v, )
< =¥ = 20, v, @) + |l u, v, )]
< llu—u*|* = pu, v, ).
The last inequality is followed from (2.1c) and the assertion is proved. g
2.3 Convergence of the primary methods
For the convergence of the primary methods, we need the following additional condi-

tions: The geminate directions dj (u, v, ) and da(u, v, i) in the effective quadruplet
satisfy

lim dy (X, %, 5% =0 (2.13a)
k—o00
and
Jim {da(u¥, V%, %) — B F (%)} = 0. (2.13b)
— 00

Theorem 2.1 For given u* € 2 and By > Br > 0, let v* € 2 be an approxi-
mate solution of (1.3) with a certain accepting rule. Assume that the quadruplet
(dy (u*, vk, i*y, da(uk, vk, ik, (p(uk, vk, ik, ¢(uk, vk, i*y) is effective and the se-
quence {u*} is generated by one of the primary methods. If the additional conditions
(2.13) are satisfied, then {u*} converges to some u™ which is a solution point of
VI(£2, F).

Proof According to Propositions 2.1 and 2.2, for the sequence generated by the pri-
mary methods, we have

b — w12 < |luf —u* )% — gk ok db),  vut e 2%, (2.14)
where G is a positive definite matrix or the identity matrix. It follows from (2.14) that
klingo¢(uk, KL ik =0

and {u¥} is bounded. Together with the condition (2.1d), it holds that

lim |lu* —a*) =o0. (2.15)
k—00

So, {iiF} is bounded also. Let u> be a cluster point of {ii*} and {i*/} is a subsequence
which converges to u®°. The condition (2.1a) means that

e, W —dNTday@hi Wi k) — Gadywhi b Ak >0, vl e 2.
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Table 1 The mapping F () in T - -
VIs of the different types Typel Hu+q H' =H Linear & Symmetric

Type2 Mu+q M T+m Linear & Asymmetric
Type3 V f(u) v?2 f(u) is symmetric Nonlinear & Symmetric
Type 4 F(u) V F(u) is asymmetric Nonlinear & Asymmetric

Since 0 < infp2 ; B < suppZ, Bx < 400, it follows from the continuity of F and the
additional condition (2.13) that

u® e 2, u —u®)TFu®) >0, Vi ef.

The above variational inequality indicates that u*° is a solution of VI(£2, F). By
using (2.15) and limj_>ooﬁkf = u®, the subsequence {uki} converges to u*°. Due
to (2.14), we have

! —uXlg < flu* —u|g
and {u*} converges to u. O
Remark 2.5 For the exact PPA which can be viewed as a primary method with the

quadruplet defined in Remark 2.3, it is easy to check that the additional conditions
are satisfied.

We divide the variational inequality (1.1) in four types according to the mapping
F(u) in VI(£2, F) as shown in Table 1.

From Sect. 3 to Sect. 6, we will investigate the applications of the unified frame-
work for VIs of the four different types with G = I. We construct the effective
quadruplet in the following procedure:

1. First, according to the basic equation of APPAs (1.7), we find the geminate direc-
tions d; (u¥, v, %) and d» (u*, v¥, #%) which satisfy condition (2.1a).
2. After getting this pair of directions, we try to find an w (u*, v¥, ii*) € R" such that

(i —u") dy(u, v, it) > w(u, v, ii) (2.16)
and then let
o, v, i) =w@,v, i)+ u—i) d(u,v,i). (2.17)

In this way condition (2.1b) is satisfied straightforwardly.
3. Finally, we find the accepting rule to guarantee conditions (2.1¢) and (2.1d) in the
unified framework.

3 Application to symmetric monotone linear VIs

From the basic equation of APPAs, this section derives the unified framework for the
symmetric linear variational inequality

ue, ' —w(Hu+¢)>0, Vu' e, (3.1
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where H € R™*" is symmetric positive semi-definite and ¢ € R". This symmetric
linear variational inequality is equivalent to the constrained quadratic programming

. lT T
min 2u Hu+q uluesf2;. 3.2)

Since F(u) = Hu + g, the basic equation of form (1.7) is
u=Polu—B(Hv+q)] 3.3)

Under the unified framework, we will find an effective quadruplet (d(u, v, i),
do(u,v,u), p(u,v,it), ¢(u,v,i)) and its related accepting rule which satisfy con-
ditions (2.1) with G = 1.

Condition (2.1a): The basic equation (3.3) can be rewritten as

u=Polu—[B(Hv+q) — (u—u)].
By setting
di(u,v,i)=u—u (3.4
and

dr(u,v,u)=BF(Hv+q), (3.5)

the geminate directions (d; (u, v, i), d>(u, v, it)) satisfy condition (2.1a).
Condition (2.1b): Since & € §2 and H is positive semi-definite, we have

(@ —uTBHu* +q) >0, Vu*e2*
and it can be rewritten as
(i —uTB(Hv+q) > @ —u" BHW —u*), Vu*e 2.

Note that the left-hand-side of above inequality is (it —u*)7 d (u, v, ii). Because H is
symmetric, using x” Hy > —1(x — y)T H(x — y) to the right-hand-side of the above
inequality, we get!

1
@ —uTdo(u, v, it) > —E(v —)BHW —i), Vu*eR* (3.6)
By defining

1
Qu, v, i) = [lu— i) - E(v—ﬁ)TﬁH(v — i), (3.7)

the triplet (dy (u, v, 1), da(u, v, it), p(u, v, u)) satisfies the condition (2.1b).
Condition (2.1¢): Since d; (u, v, 1) = u — u, using the following accepting rule

(Acceptingrule)  (v—i) BHW —i) <pllu—il>, we©,1)  (3.8)

I'The more tight inequality x” Hy > — }{lx — y[|3, may lead (i —u*)T B(Hv +q) = — 1 Bllv — |13,
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and defining
G, v, i) = (1 — pllu—ill?, (3.9)
we get
20, v, i) > |ldyu, v, @) ||* + ¢ (u, v, ii),

thus the condition (2.1c) is satisfied.
Condition (2.1d): This follows from (3.9) directly with k = (1 — ).
Based on the above verification, we have proved the following theorem.

Theorem 3.1 For solving problem (3.1), let the triplet (u, v, it) be defined in (3.3)
and the accepting rule (3.8) be satisfied. Then the quadruplet (dy (u, v, u), da(u, v, i),
o(u,v,u),d(u,v,in)) given by

di(u,v,it) =u—u,

dy(u,v,u) =B(Hv +q),

o, v, i) = lu—il*—3w—i)T BHW — i),
G, v, @) =1 —plu—al?

is an effective quadruplet which fulfills conditions (2.1) with G = I.

(The quadruplet) (3.10)

According to Theorem 2.1, for the convergence of the primary methods, we need
only to verify the additional conditions (2.13).

Theorem 3.2 Let the conditions in Theorem 3.1 be satisfied. Then the sequence {u*}
generated by the primary methods converges to some u® which is a solution point of
problem (3.1).

Proof Since ¢ (u¥, vk, %) = (1 — w)||lu* — @*|2, it follows from Propositions 2.1
and 2.2 that

T —w*)? <k — w1 = (4= ) e - @)
and thus
lim [|u* — %) =0. (3.11)
k— 00
Because d; (u¥, vk, %) = (u* — %), it follows that
lim d; (X, 0%, @) =0
k—o00
and condition (2.13a) holds. Note that
dr (kW i) — BF @) = do(uF, 05, %) — B(HEY + q) = BH W — ).

From the symmetry and the positive semi-definiteness of H, the accepting rule (3.8)
and (3.11), we obtain

lim HoF —if =0
k—o00

and thus condition (2.13b) is satisfied. The proof is complete. Il
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Remark 3.1 Instead of (3.3) and (3.8), in the k-th iteration, we can set
i* = Polu* — Br(HuF + ¢)] (3.12a)
by choosing a suitable S, such that
@' =i peH @t =) < plu* = a7, pe© . (3.12b)
Note that
@ —a" BeH " — i) < Brdmaxlu* — ¥,

where Amax 1S the maximal eigenvalue of the symmetric positive semi-definite
matrix H. Therefore, to satisfy (3.12b), Br can always be selected as long as
Br < 1t/Amax With a certain positive lower bound (e.g. 0.1/ Amax). In other words, if
the parameter S is small enough, the accepting rule will be satisfied even if v* = u*
is taken as the approximate solution in the k-th iteration. In this case, the geminate
directions are given by

dy@F o5 i =uk —d* and  da(u®, V8, %) = B H WF + g). (3.12¢)

A small 8 will guarantee that the accepting rule (3.12b) is satisfied. However, a too
small positive parameter 8 will lead to slow convergence. It should be noticed that,
in practical computation, the increase of parameter § is necessary when

Wk — 7 B H (u* — i) < ||lu* — a2

Hence, we suggest to use the following procedure for finding a suitable parameter fy.

Procedure 3.1 Finding B to satisfy (3.12b). Bo=1,u=0.09.

REPEAT: ¥ = Polu* — Br(Hu* + ¢)].

@t — ") peH @k — i) i
If ry:= I >u,  PBr :=,8k*0.7>km1n{1,rik}.

UNTIL:  (uf — 0T B H uk — k) < pulluk — 5|12, (Accepting rule (3.12b))
Brxu*x0.9/ry, ifrp <0.3;
Brs otherwise.

ADJUST:  Bi41 = {

Remark 3.2 When §2 = R", problem (3.2) is reduced to an unconstrained convex
quadratic optimization problem. In this case, the recursion of the steepest descent
method is

Wkt = uk — P (HUk 4 ¢), (3.13)
where
SD _ |Hut +q]?
% = k T k
(Hu*+q)' H(Hu* 4 q)
is the step size in the steepest descent method. Most recently, from numerous tests
we are surprised that the numerical performance is improved significantly via scaling

(3.14)
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the step-sizes oz,fD simply by a multiplier in [0.3, 0.9]. The experiments coincide with

the observations of Dai and Yuan [3].
For unconstrained convex quadratic programming, the recursion of the method
with selected parameter S in this section is (see (3.12a))

u = uk — B (HUF + ). (3.15)
Since Sy satisfies the condition (3.12b). By a simple manipulation,
nlHu* +q|

Pe= HaF + T HHE + )

The restriction 0.3 < r; < 0.9 in Procedure 3.1 leads to

(3.16)

Br € [0.305P,0.905P].

Therefore, the methods can be viewed as the extension of the steepest descent meth-
ods with shortened step size to constrained convex quadratic optimization.

4 Application to asymmetric monotone linear VIs

From the basic equation of APPAs, this section turns to the linear variational inequal-
ity (without symmetry)

ues, W —w) (Mu+q)>0, Vu' e, 4.1)

where M € R™ " is positive semi-definite (but not necessarily symmetric) and g €
R"™. Since F(u) = Mu + g, the basic equation of form (1.7) is

ii = Polu — B(Mv + q)]. 4.2)

For the triplet (u, v, &) in (4.2), under the unified framework, we will find an effective
quadruplet (d(u, v,u),d>(u,v,u), p(u,v,u),¢(u,v,u)) and its related accepting
rule which satisfy conditions (2.1) with G = 1.

Condition (2.1a): Equation (4.2) can be written as

ii = Polii —{[B(Mv+q) + BM" (v — )] — [(u — i) + BM" (v —D]}}.  (4.3)
By defining
di(u,v,it) = (u — ity + BM" (v — it) (4.4)
and
dy(u, v, ) = B(Mv +q) + BMT (v — i), (4.5)

the geminate directions (d (u, v, i) and d(u, v, it)) satisfy condition (2.1a).
Condition (2.1b): Since u € 2, we have

(i —u*) B(Mu* +q) >0, Yu*e2*
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and consequently
@@ —u*) B(Mv +q) = (i —u*)" BM (v — u*)
=@—uTBMT (1 —u*), Vu*eR*. (4.6)
Adding the identity
@—ut)' BM (v —it) = —u""BM (v —it) — (v — )" M (v — 1)

to the both sides of (4.6), and using the definition of d> (u, v, &) and (v — u*)TﬂMT X
(v —u™) > 0, we obtain

@ —u* dy(u, v, i) > —(v — i) BMT (v — ). 4.7
By defining
o, v, @) = —i) d(u,v,i) — —i) pM" (v —id), (4.8)
the inequality (4.7) becomes
@ —u*) dy(u, v, 1) > o, v, i) — (u— i) dy(u, v, i)
and thus the triplet (dy (u, v, i), d2(u, v, ), ¢(u, v, u)) satisfies condition (2.1b).
Condition (2.1¢): For d; (u, v, i) defined in (4.4) and ¢(u, v, i) defined in (4.8),

by a straightforward manipulation, we get
20(u, v, i) = |ldy (u, v, D)
=2 — i) dy(u,v,it) — |dy(u, v, D) |*> =2 — )T BMT (v — i)
=diu, v, )" (2 — i) —dy(u,v, @) =2 — )" BM” (v — @1)
= (w—i)+ M  w =) ((u—ii) — BM" (v — D)) — 2 — )" BM” (v — )
=llu—il® =2 —a)" M (v — i) + |BM (v — D) |I*}. (4.9)
Let the approximate solution v be accepted when the accepting rule
(Acceptingrule) 2w —i)" BMT (v — i) + IBM" (v — D) ||* < pllu — @],
we(0,1) (4.10)
is satisfied. Then, we denote
¢, v, i) = (1= p)llu— il (4.11)
It follows from (4.9), (4.10) and (4.11) that
20(u, v, i) = ||dy (u, v, DI* + ¢ (u, v, i)

and thus condition (2.1c) is satisfied.
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Condition (2.1d): From (4.11) condition (2.1d) holds with x = (1 — ) .
Based on the above verification, we have proved the following theorem.

Theorem 4.1 For solving problem (4.1), let the triplet (u,v,u) be defined in
(4.2) and the accepting rule (4.10) be satisfied. Then the quadruplet (dy(u, v, i),
do(u, v, i), (u, v, i), ¢ (u, v, i) given by

di(u,v,id)=w—a)+ M (v—1i),

dy(u, v, 1) = B(Mv +q) + BMT (v — i),

e, v,i)=w—i)Tdi(u,v, i) — (v—i) BMT (v —0),
G, v, i) = (1 —p)lu—il?

(The quadruplet)

(4.12)
is an effective quadruplet which fulfills conditions (2.1) with G = 1.

According to Theorem 2.1, for the convergence of the primary methods, we need
only to verify the additional conditions (2.13).

Theorem 4.2 Let the conditions in Theorem 4.1 be satisfied. Then the sequence {u*}
generated by the primary methods converges to some u® which is a solution point of
problem (4.1).

Proof We need only to verify the additional conditions (2.13). Since ¢ (u*, v, ii*) =
(1 — w)|luk — |2, it follows from Propositions 2.1 and 2.2 that

[ T R e T R S | A
and thus
lim [uf — ¥ =o0. (4.13)
k—00
Since M is positive semi-definite, it follows from the accepting rule (4.10) that
IBMT (* — )| < plu® — 7P (4.14)

Because d; (uX, vk, ii*) = (X — i*) + pMT (v* — %), it follows from (4.13) and
(4.14) that

lim d;@*, %, i%) =0
k— 400
and the condition (2.13a) holds. Note that
do (b, o8, %) — B(Mi* + q) = BM + MTH(0F — i),

It follows from the accepting rule (4.10)

Bk — T (M + MT)r — %) =280F — i) MT (vF — i*) < wllu® —i*)%.
4.15)
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From the symmetry and positive semi-definiteness of (M + M Ty, (4.13) and
(4.15), we obtain

lim (M +MDH* -5 =0
k—o00
and thus the condition (2.13b) is satisfied. Il

Remark 4.1 Similar to Remark 3.2, we can take v* = ¥ as the approximate solution
in the k-th iteration. The accepting rule

20t — @) BeM” (uf — )+ 1peM” F = d? < plut =@ P, e © )
(4.16)
will be satisfied when the parameter B is small enough.

Reconsidering that a too small positive parameter 8 will lead to slow convergence,
similar to Procedure 3.1, we will increase the parameter 8 when

2k — @) BMT W — i) + 1B MT @ — ) < pollut — a2,

where (g is relative smaller than w. In order to find a suitable parameter Sy, the fol-
lowing procedure is recommended, in which we set ;o = 0.3 based on our numerical
experiments.

Procedure 4.1 Finding By to satisfy (4.16). Bo=1,u=0.09.

REPEAT: ¥ = Po[uX — Br(MuF + ¢)1.
2k =M f i)+ gemT t — a1

e luk — k|2 =

Bi := Pi 0.7« min{1, 1}.
UNTIL: 20k — iF) B M T (k- i) + (1B MT @k — b)) < plluk — ak)2.
(Accepting rule (4.16))

B xux0.9/r if rp <0.3,
B otherwise.

ADJUST:  Bgy1 = {

5 Application to symmetric monotone nonlinear VIs

In VI(£2, F), when F(u) is the gradient of a certain function, say f(u), the Jacobian
of F(u) (if it exists) is symmetric. In this sense, we call the related VI(§2, F) as
the symmetric VIs. In other words, the symmetric monotone nonlinear variational
inequality is equivalent to the differentiable convex optimization

min{%f(uﬂueﬂ}. 5.1)
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Since F(u) =V f(u), a basic property of the differentiable convex function is
f = fu)+ @w—u) F(u), Vu,veR" (5.2)
The basic equation of form (1.7) is
i = Polu— BF()]. (5.3)

Under the unified framework, we will find an effective quadruplet (dy(u, v, &),
do(u,v,u), o, v,u),¢(u,v,u)) and its related accepting rule which satisfy con-
ditions (2.1) with G = 1.

Condition (2.1a): The basic equation (5.3) can be rewritten as

iu=Polu—[BF()— (u—i)l}
By setting
di(u,v,u)=u—u 54
and
da(u,v,u) =BF(v), (5.5)

the geminate directions (d (u, v, i), d(u, v, i)) satisfy the condition (2.1a).
Condition (2.1b): Using the basic property of the differentiable convex function
(5.2), we have f(u*) > f(v) 4+ (u* — v)T F(v) and thus

(v—uMF@)> f(v) — f@®).

Since i € 2 and u* is a solution of the convex optimization problem (5.1), thus
f (@) > f(u*) and consequently

(Ww—uHF)> f)— f@)> w—a) F@@), Yu*e2*

Again, the last inequality follows from (5.2). Adding (&t — v)” F (v) to the both sides
of the above inequality and multiplying the positive factor 8, we get

(@ —uTBF) > - —i) B(F(v) — F(@)), Vu*eQ*. (5.6)
Note that the left-hand-side of (5.6) is (i — u*)T dy(u, v, ii), by defining
o, v,it) = |lu—il* — (v — i) B(F(v) — F(@)), (5.7

the triplet (dy (u, v, i), d>(u, v, i), (u, v, u)) satisfies the condition (2.1b).
Condition (2.1¢): Since d; (u, v, i) = u — u, using the following accepting rule

(Accepting rule) (v — ﬁ)T2ﬂ(F(v) —F@) < ullu— ﬁ||2, we,1)
(5.8)
and defining

¢, v, i) = (1 — wllu—al? (5.9)
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we get
20, v, i) > ||dy(u, v, i) ||> + ¢ (u, v, i),

thus the condition (2.1c¢) is satisfied.
Condition (2.1d): This follows from (5.9) directly with k = (1 — ).
Based on the above verification, we have proved the following theorem.

Theorem 5.1 For solving problem (1.1) whose mapping F is the gradient of a certain
convex function, let the triplet (u,v, ) be defined in (5.3) and the accepting rule
(5.8) be satisfied. Then the quadruplet (dy(u, v, i), da(u, v, it), p(u, v, i), d(u, v, it))
given by

di(u,v,i0) =u —1u,

dr(u, v, i) = BF (v),

@, v, i) = |lu—il* - (v—i)T B(F () — F(ir)),
Gu, v, i) =(1— p)llu— il

(The quadruplet)

(5.10)
is an effective quadruplet which fulfills conditions (2.1) with G = 1.

According to Theorem 2.1, for the convergence of the primary methods, we need
only to verify the additional conditions (2.13).

Theorem 5.2 Let the conditions in Theorem 5.1 be satisfied. Then the sequence {u*}
generated by the primary methods converges to some u® which is a solution point of
problem (1.1) when F is the gradient of certain convex function.

Proof Since ¢ (u*, v*, k) = (1 — p)|lu* — @*||?, it follows from Propositions 2.1
and 2.2 that

[ T R 7 T R S | A
and thus
lim || — %) =o. (5.11)
k—o00
Because d; (uf, v¥, ii%) = (u* — @%), it follows that
lim dy*, v, i%) =0
k—+o00
and the condition (2.13a) holds. Note that
dy(uf, V*, @) — BF (%) = B(F(W*) — F(i")).
From the accepting rule (5.8) and (5.11), we obtain
lim B(F(*) — F@@*) =0
k—00

and thus the condition (2.13b) is satisfied. The proof is complete. Il
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Remark 5.1 Instead of (5.3) and (5.8), in the k-th iteration, we can set
i* = Polu* — B F(u*)] (5.12a)
by choosing a suitable S, such that
@ =@ 2B (F W) — F@)) < pllud —a* |7, we© 1. (5.12b)

In other words, if F is Lipschitz continuous, by setting a suitable small By, the ac-
cepting rule will be satisfied even if v* = u is taken as the approximate solution in
the k-th iteration. In this case, the geminate directions are given by

di@®, ok iy =uk —dF and  da(F, ok, %) = B Fb). (5.12¢)

A small g will guarantee that the accepting rule (5.12b) is satisfied. However, a
too small positive parameter 8 will lead to slow convergence. It should be noticed
that, in practical computation, the increase of parameter § is necessary when

Wk — @28 (F by — F (%)) < |lu — )2,

Hence, we suggest to use the following procedure for finding a suitable parameter .

Procedure 5.1 Finding B to satisfy (5.12b). Bo=1,u=009.

REPEAT: iif = Po[uX — By Fub)].

Wk — i) 2B (F(u¥) — F (@) .
If rp:= ik k2 > U, ﬁkzzﬁk*0.7*mm{1,%}.

UNTIL: (k= a2 (F(uk — F (%)) < pulluf — )2, (Accepting rule (5.12b))
Brxu*0.9/ry if rp <0.3,
Br otherwise.

ADJUST:  Bi41 :={

6 Application to nonlinear monotone VIs

We consider the nonlinear monotone variational inequality (1.1). The mapping F
in this section is nonlinear and VF (if it exists) is asymmetric. For the triplet
(u,v,u) in (1.7), under the unified framework, we will find an effective quadruplet
(dy(u,v,u),dr(u, v, i), p(u,v,u), d(u,v,u)) and its related accepting rule which
satisfy conditions (2.1).

Condition (2.1a): The basic equation (1.7) can be written as

u= Pofu—{BF@u)—[(u—u)—B(F()— F@)}} (6.1)
By setting
di(u, v, u) = (u—u) — B(F(v) — F()) (6.2)
and
da(u,v,u)=BF®), (6.3)

the geminate directions (d; (u, v, i) and d>(u, v, u)) satisfy condition (2.1a).
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Condition (2.1b): Since it € £2, we have (it —u*)” F (u*) > 0. Using (6.3) and the
monotonicity of F' we have
(i —u) T dy(u, v, ) = (i —u®T BF (@) > (@ —u*)T BFu*) > 0. (6.4)
By letting
o, v, @) = (u—i) dy(u,v, i) (6.5)

the triplet (dy (u, v, i), d2(u, v, ), (u, v, u)) satisfies condition (2.1b).
Condition (2.1¢): For d; (u, v, it) defined in (6.2) and ¢(u, v, i) defined in (6.5),
we have

20, v,@)  lldi e, v, D) = llu — | — B2 Fv) = F@I*.  (6.6)
Let the approximate solution v be accepted when the following rule
(Acceptingrule) — BIIF(v) — F)| < pllu —ull, we@©,1)  (6.7)
is satisfied. Define
¢, v, @) = (1 - p?)llu —a|*. 6.8)
Therefore,

20, v, i) > ||dy u, v, @) ||> + ¢ (u, v, ii)

and thus the condition (2.1c¢) is satisfied.
Condition (2.1d): From (6.8) the condition (2.1d) holds with x = (1 — u2).
Based on the above verification, we have proved the following theorem.

Theorem 6.1 For solving problem (1.1), let the triplet (u, v, it) be defined in (1.7)
and the accepting rule (6.7) be satisfied. Then the quadruplet (dy(u, v, it), d»(u, v, it),
o, v, i), ¢(u,v,u)) given by

di(u,v,u) =u—u— B(F(v)— Fu)),
dr(u, v, u) = BF(u),

o, v, i) =w—i) di(u,v, i),

P, v,i)=(1—p?)u—il?

(The quadruplet) (6.9)

is an effective quadruplet which fulfills conditions (2.1) with G = I.

Remark 6.1 1f F is Lipschitz continuous, instead of (1.7) and (6.7) in the k-th itera-
tion, we can set

i* = Polu* — B F(u)] (6.10a)

by choosing a suitable S, such that
Bell F (") — F@)| < ullu® — |l e, ). (6.10b)
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That is, if the parameter S is small enough, the accepting rule will be satisfied even
if v¥ = u* is taken as the approximate solution in the k-th iteration. In this case, the
geminate directions are given by

di(u* vk iy =uk — ik — B(FW) — F@%)) and  da(u¥, 0%, %) = BF@").

There are many primary methods in the literature which can be generated by the
quadruplet (dy (u, v, i), do(u, v, it), p(u, v, i), ¢ (u, v, u)) in (6.9). To mention a few,
see [9, 16, 19, 21].

— In fact, the updating form of the prediction-correction methods in [9] can be written
as

uk+1:uk—d1(uk,vk,ljk). (611)

— The method proposed in [19] is designed mainly for the point-to-set variational
inequality which includes the point-to-point variational inequalities considered in
this paper. When F is a point-to-point mapping, the hybrid projection-proximal
point algorithm [19] can be interpreted as the primary method

ukt = Poluk — dy (u*, v, %))

For v = u, the accepting rule (6.7) can be satisfied with a suitable 8 if F is Lipschitz
continuous.

— By setting Jg4 = Pg, the forward-backward splitting method [21] generates the
new iterate via

(FB)  upg’ = Peli+ B(Fu) — F(i))] (6.12)

and it can be viewed as the primary method
W = Poluf — dy(uk,VF, 0] (6.13)

— The extra-gradient method [15, 16] produces the new iterate by

(EG) ugg = Polu — BF ()] (6.14)

and it can be viewed as the primary method
W = Poluf — dy (i, V5, )] (6.15)
The convergence results of these primary methods are consequences of Theorem 2.1.

Theorem 6.2 Let the conditions in Theorem 6.1 be satisfied. Then the sequence {u*}
generated by the primary method (6.13) or (6.15) converges to some u® which is a
solution point of VI(£2, F).
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Proof Due to Theorem 6.1 the quadruplet (di(u,v,u),dr(u,v,u),pu,v,i),
¢ (u,v,u)) in this section satisfies the condition (2.1). We only need to verify the
additional conditions (2.13). It follows from Propositions 2.1 and 2.2 that
T — P <k — )P = (= ) ek = a )

and thus

lim || — %) =o. (6.16)

k—o00
From the accepting rule (6.7) and (6.16), it follows that

lim ||dy u*, oF, @) < Tim {lu* — @* ) + Bell F ) — F @)1
k— 00 k— 00

< lim (1 4+ ) Jlu* — | =o0.
k—o00

The last additional condition holds because da (u*, v, ii¥) = B F (ii¥) (see (6.3)). All
the conditions in Theorem 2.1 are satisfied and thus {u*} converges to a solution point
of VI(£2, F). O

For the same reason of achieving faster convergence as mentioned in the previous
three sections, in practice, we increase the parameter 8 when

Bl F(u®) — F@*) | < llu* — " ).

The following procedure is recommended to find a suitable parameter Sy.

Procedure 6.1 Finding S to satisfy (6.10b). Po=1,u=009.

REPEAT: ik = Pouk — B F b))
o Bl FH - PG|

If r ] >u, P ::ﬂk*o.nmmu,i}.

UNTIL: Bl FF) — F@)| < uluk —ak|.  (Accepting rule (6.10b))
) ) Bexmx09/r if ry <0.3,
ADJUST: - Bt = {ﬂk otherwise.

Indeed, for the different types of monotone VIs in Table 1, we have constructed
their respective effective quadruplets and accepting rules. The key idea is to find
the geminate directions d (uk, vk, 12") and dz(uk, vk, ﬂk) which satisfy the condition
(2.1a) and to show that

@ —u) do(u, v,0) = o (u, v, ).

Table 2 lists the function w (u, v, i) in Sects. 3—6 for the different types of VIs.
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Table 2 The function

w(u, v, i) in Sects. 3-6 for Section 3 w(u,v,u) =—1/2(v — ﬁ)TﬂH(v — i) pointed in (3.6)

different types of Vls Section4 w(u,v,i)=—@—i)T BMT (v —i)  pointed in (4.7)
Section 5 w(u, v, i) =—(v — L?)T/S(F(v) — F(u)) pointed in (5.6)
Section 6 w(u,v,u)=0 pointed in (6.4)

7 Effective quadruplet for Solodov-Svaiter’s APPA

For some existing APPAs and their accepting rules, we will find the effective quadru-
plets and point out that the existing methods are primary methods of the form (2.9a).
As in Sect. 6, the mapping F in this section is nonlinear and VF (if it exists) is
asymmetric. In the APPA for (1.1) proposed by Solodov and Svaiter, see Algorithm 2
in [20], the triplet (u, v, &) in (1.7) is accepted when

(Accepting rule) A(u,v, i) < ullu— v||2, wne,1), (7.1a)
is satisfied, where
A, v,i) =2 —i) {(v —u) + BF ()} — v —ii]*. (7.1b)

Under the accepting rule (7.1), the point ii* was accepted as the new iterate u**! by
Solodov and Svaiter (see [20], pp. 385). For the triplet (u, v, i) in (1.7) satisfying
the accepting rule (7.1), we define the quadruplet (dy (u, v, i), d2(u, v, ut), (u, v, it),
¢ (u, v, u)) by setting

di(u,v,i0) =u —1u,
dy(u, v, i) = BF (v),

o, v, i) = llu—il* - (v—i)T BF(v),
P, v, it)=(1—plu—v|?>

(The quadruplet) (7.2)

In the following, we show that this quadruplet is effective which satisfies conditions
2.1) with G =1.
Condition (2.1a): The basic equation (1.7) can be written as

u=Polu—[BF)— (u—u)l} (7.3)
Using (7.2), the geminate directions (d;(u, v, u) and da(u, v, it)) satisfy the condi-
tion (2.1a).
Condition (2.1b): Since v € §2 and u* € 2*, we have (v — u®)T F(u*) > 0. From
the monotonicity of F we have
w—u*)TBF(v)>0.
Adding (it — v)T BF (v) to both sides of the above inequality, we get

(@ —u*)"BF@) > (@ —v) BF(v). (7.4)
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Note that the left-hand-side of (7.4) is
(@ —u*) T dy(u, v, ii)
while the right-hand-side of (7.4) is
o, v,0) — w—i) dy(u, v, D).

Thus the triplet (dy (u, v, it), d>(u, v, it), p(u, v, i)) satisfies the condition (2.1b).
Condition (2.1c¢): It follows from (7.1) and the definition of ¢ (u, v, &) in (7.2)
that

2w —i) {(w—w) + BF)} = llv—iill* + ¢, v, &) < [lu—v|
and consequently
2w—i) BF) + ¢ (u, v, i0) < lu—i]*.
An equivalent form of the above inequality is
20u—il* =2 — D) BF ) = lu—il* + ¢, v, i). (1.5)

Note that the left-hand-side of (7.5) is 2¢(u, v, i) (see (7.2)), while the right-hand-
side of (7.5) is ||d1 (u, v, it) ||2 + ¢ (u, v, ). Therefore, the condition (2.1¢) is satisfied.
Condition (2.1d): Since # = Po[u — SF (v)] and v € £2, it follows from (1.9) that

(= BFW] -} (v—i) <0
and thus
=) {(v—u)+BF@)} = v —al*.
From (7.1b) and the above inequality we obtain
Au, v, i) > Jlv— >
Together with the accepting rule (7.1), we get

v —ill < Villu —vll
and thus
lu — il <llu—vll+llv—al <1+ J/wllu—vll. (7.6)
Finally, from (7.6) and the definition of ¢ (u, v, &) in (7.2), we obtain
||u—ﬁ||25(1+*/’7)¢(u,v,ﬁ>
N

and the condition (2.1d) holds with x = (1 — /) /(1 + /1).
Based on the above analysis, we have proved the following theorem.
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Theorem 7.1 For solving problem (1.1), let the triplet (u, v, it) be defined in (1.7)
and the accepting rule (7.1) be satisfied. Then the quadruplet (dy (u, v, u), d2(u, v, i),
o(u, v, u),d(u,v,n)) defined in (7.2) is an effective quadruplet which fulfills condi-
tions (2.1).

The convergence of this primary method is a consequence of Theorem 2.1.

Theorem 7.2 Let the conditions in Theorem 7.1 be satisfied. Then the sequence {u*}
generated by the primary methods converges to some u® which is a solution point of
VI($2, F).

Proof Due to Theorem 7.1 the quadruplet (di(u,v,u),dr(u,v,i), p(u,v,iu),
¢ (u, v, u)) in (7.2) satisfies the condition (2.1). We need only to verify the additional
conditions (2.13). It follows from Propositions 2.1 and 2.2 that

R — ) < b — )P = (= )k = oF)?
and thus
lim || — %) =0. (1.7)
k—o00
From (7.6) we know that
e — ] <t =M+ ok =@ < 4+ et =L (7.8)

Because d; (uX, v, i¥) = u* — i* (see the form in (7.2)), it follows from (7.7) and
(7.8) that

lim d; WX, o5, i =o.
k—+o00

From (7.6), (7.7) and the continuity of F, we get

lim {do(u¥, v¥, i) — B F (")} = Br Jim (F(b) = F@*y) =o.

k— 00

All the conditions in Theorem 2.1 hold, and {1*} converges to a solution point of
VI($2, F). O

For the accepting rule (7.1) in APPAs for nonlinear VIs, the method proposed by
Solodov and Svaiter, see Algorithm 2 in [20], adopts ii* as the new iterate. Using
di (u*, v, %) = u* — ¥ defined in (7.2), it can be rewritten as

uk = Poluf — B F(V)] =i = uh — dy (¥, ok, idb).

Thus, using the unified framework, Solodov-Svaiter’s APPA is the primary me-
thod (2.9a).

Remark 7.1 As long as the parameter B is small enough, the accepting rules in the
last four sections (see (3.8), (4.10), (5.8) and (6.7)) will be satisfied even if v = u*
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is taken as the approximate solution. In this way we get i* by
i = Polu* — B F )], (7.9)

However, the accepting rule (7.1) cannot be satisfied by setting v¥ = u¥ for any
Br > 0.Foru € 2\ 2* and u = Po[u — BF (u)] # u, it follows from (1.9) that

{lu—BF )] -} (u—i) <0
and thus
(u—i)" BF (u) = l|u — ]|,
From the above inequality and (7.1b) we obtain
AQu,u, i) > |lu— i > 0.

Thus the accepting rule A(u, u, 1) <0 (see (7.1a)) can never be satisfied.

8 Effective quadruplet for proximal alternating directions methods

In this section, we define the effective quadruplet of the unified framework for prox-
imal alternating directions methods. Consider the variational inequality problem:

(x —xHT f(x*) >0,

A
b —y)Tghy" =0, "VED

(x*,y") €D, {

where
D={(x,yxeX, ye), Ax —y=0},

Ae R™" X C R"and Y C R™ are given nonempty closed convex sets, f : X —
R" and g : Y — R™ are monotone operators. By attaching a Lagrange multiplier
vector A € R™ to the linear constraints Ax — y = 0, this problem can be explained
equivalently as the following form: Find

o« =0T fx)—ATA} >0,
ues2, o' =g+ >0, Yu' e 2 8.1
Ax —y=0,

where
=XxYxR".

The problem (8.1) is referred as a structured variational inequality (SVI for
short) [12]. The compact form is

ues2, W -—w'Fu)>0, Vu' e,
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where
fx)— AT,
Fuy=| gm+r |. (8.2)
Ax —y

From the current point u = (x, y, A), the new iterate u of the proximal point algorithm
is the solution of the following variational inequality:

T

x —x f& —ATx r(x —x)
€S, y' =y g +r | +| sG-» >0, Vu'eg,
A =2 AZ —F B0 — 1)

where r,s, 87! > 0 are called the proximal coefficients. By using the notation of
F(u) (see (8.2)) and 2 = X x J x R™ (in particular, (AX — ) + B~ (A — 1) =0),
(8.3) can be rewritten as

fex, - fE-ATh-BAT-P]+rEF-x}=0, Vx'eX,
(8.4a)

5ey, O -»{e® +I-BAT—P]+s5G -} =0, vy e,
(8.4b)

r=x—B(AX — ). (8.4¢)

The shortcoming of (8.4) is that subproblems (8.4a) and (8.4b) need to be solved
jointly. In order to overcome this disadvantage, the proximal alternating directions
method [11] generates ii* = (¥, 3%, 1K) € £2 via the following procedure: First find
an ¥* € X such that

ex,
' =T — ATK — BATF — YO+ r@F — x5 ) >0,
Vx' e X. (8.5a)

Then find a ﬁk € Y such that

ey, O =) {eGH+ = BAT =3 +sGF -y} =0, vy e.
s (8.5b)
Finally, update A* via

=1k — gazk — 5. (8.5¢)

The only difference between (8.4) and (8.5) is to substitute j/k (in (8.4a)) by yk
(in (8.5a)). Since (8.4) is a PPA updating form, the proximal alternating directions
method (8.5) can be viewed as an approximate proximal point algorithm for the struc-
tured variational inequality (8.1). Note that the alternating directions method in [7, 8]
is an extreme case of (8.5) which does not have the proximal terms r(#k — x¥) and
s = yh).
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By a simple manipulation, (8.5) can be written as: u = (¥, y, ;\) €S2,

X =i\ ([ fG) — AT —AT(y —¥) r(F — x)

Y =3 sH+i |+8] 0-» |+|B+0G-»|}=0
No= AX — ¥ 0 B~ —1)
Vu' e 2.

By using the notation of F(u), a compact form of the proximal alternating directions
method is

ie2, @ -"{(F@+nw n)+Gi—uw}>0, VYu'e, (8.6)

where
—AT(y—3)
n(u,u)=p y— (8.7)
0
and
rl,
G= B+, . (8.8)
B~ In

To force G to be positive definite, r, 8 and (8 + s) should be positive. For conve-
nience, however, we set r, s and 8 > 0.
According to (1.2), since u is a solution of (8.6), we have

= Polu—[F@@)+nu, i)+ G —uwl} (8.9)

Although v is degenerated, we can still regard (F (u) +n(u, ) + G —u)) + (u — i)
as F(v). Then, we can follow the unified framework to construct the accepting rule
and the effective quadruplet for this proximal alternating directions method. The con-
vergence analysis is also a descendant to Theorem 2.1 with verifying the two addi-
tional conditions (2.1a) and (2.1b) under our following proposed accepting rule and
effective quadruplet.

(Accepting rule): (u, in) satisfies (8.6) with r, s and 8 > 0.
And, we define the effective quadruplet

di(u,v,i)=u—1u,

dy(u, v, it) = F(it) + n(u, D),

o, v,i)=lu—il%— -0 -7),
P, v,i) = lu—ially -2 — VT (v - ),

(The quadruplet) (8.10)

which involves v in expressions to be coincident with Definition 2.1. In the follow-
ing we show that the quadruplet is effective which satisfies conditions (2.1) with G
defined in (8.8).
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Condition (2.1a): Note that u and # in sub-problem (8.6) can be written as
iu=Polu—[(F@)+n(u,u) —Gu—iu)l}. (8.11)
By combining (8.10) with (8.11), the geminate directions (d; (u, v, ) and d> (u, v, ))
satisfy the condition (2.1a).
Condition (2.1b): Using the monotonicity of F and (it — u*)T F (u*) > 0 we have
@ —usHTF@) > 0. (8.12)
Since Ax* — y* =0 and B(AX — §) = A — A, we obtain
@ —u) @)= (y = )T B(=AT + Ax"+5 = y")
= =-»"G-n.
Thus, it follows from d (u, v, #) in (8.10) and the above two inequalities that
@ —u*) dy(u, v, @)= (y = ' O =N =@, v, @) — |diw,v,Dg. (8.13)

Thus, the triplet (dy (u, v, i), d2(u, v, i), ¢(u, v, u)) satisfies the condition (2.1b).
Condition (2.1c¢): For d; (u, v, i) and ¢(u, v, i) defined in (8.10), we have

20, v,@) = ldi (u, v, DG = llu —dlg =20 =D (v = 7) = pu, v, ). (8.14)
Thus the condition (2.1c) follows from (8.14) directly.

Condition (2.1d): Because (8 +s) - % > 1, there exists a constant ¢ > 0 such that

1 ~ - .
B+ )y =517 + E”A — AP =200 =T =5 =c(ly = 517 + A = &lI%).

It follows from (8.8) and the definition of ¢ (u, v, ) (8.10) that
¢, v, i) >rllx —Z1* + ¢(Ily — FI* + 1A — A)?) > min{r, ¢}Hu — a|*.

The condition (2.1d) holds with x = min{r, ¢}.
Based on the above analysis, we have proved the following theorem.

Theorem 8.1 For solving problem (8.1), let the duplet (u,u) be defined in (8.6).
Then the quadruplet (dy(u, v, i), dr(u, v, ), p(u,v,u),d(u,v,u)) given by (8.10)
is an effective quadruplet which fulfills conditions (2.1) with G defined in (8.8).

Theorem 8.2 Let the conditions in Theorem 8.1 be satisfied. Then the sequence {u*}
generated by the primary methods converges to some u® which is a solution point of
problem (8.1).

Proof We need only to verify the additional conditions (2.13). Since

¢k, vk, @*) > min{r, g}|lu* — a*|?

k]
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it follows from Propositions 2.1 and 2.2 that
! —u*1G < = u*11g — mingr, o}llu* —a*)?
and thus
lim [u* — ¥ =o0. (8.15)
k— 00

Because d; (uX, v¥, %) = (u* — %), it follows that

lim d; @k, o5, =0
k—+00

and the condition (2.13a) holds. Note that
do(uF, 05, i) — F @) = n@*, a).
It follows from (8.7) and (8.15) that
kl_i)n;o{dz(uk, v k) — F@i*)) =0

and thus the condition (2.13b) is satisfied. The proof is complete. Il

9 Concluding remarks

In this paper, we introduce a unified framework for proximal-like contraction meth-
ods. The framework is based on an effective quadruplet along with an accepting rule.
For different types of monotone VIs in Sects. 3—6, we have constructed their respec-
tive effective quadruplets and accepting rules. With these effective quadruplets and
rules, various existing APPAs can be viewed as primary methods deduced by the
framework. By setting v = u, the important formulae are grouped in Tables 3 and 4.

Table 3 The mapping F and the geminate directions dy (u, u, &) and d (u, u, it)

Sections F(u) dy (u, u, i) and which is given in dy(u, u, i) and which is given in

Section 3 Hu+q (u—1) (3.4) B(Hu+ q) 3.5)
Section4  Mu+q  (u—i)+BMT (u—i) 44  BMu+q)+BMT(w—0)  (45)
Section 5 Vfu) (u—1) 5.4) BF(u) (5.5)
Section6  F(u) (u—i)—B(Fw)—F@@) (62) BF@@) 6.3)

Table 4 The functions w(u, u, i) and ¢(u, u, it)

Section3  —%(u—i)T BH(u — i) G0  u—dil? =S - BH W~ i) 3.7
Section4  —(u—i)T BMT (u —it) @7  u-—al? (4.8)
Section5  —u - B(Fw)—F@) (.6) lu—all>—@w—-idlBFw -F@) (6.7)
Section 6 0 64  u—all?-w—-n)TBFu)— F@)  (6.5)
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For the two exiting popular methods, i.e., Solodov and Svaiter’s APPA and the
proximal alternating directions method, we present their respective effective quadru-
plets and accepting rules.

For our final remark, under our new unified framework, many existing proximal-
like methods can be generated directly and therefore viewed as a class of the primary
methods. At the same time, many new efficient methods (which can be viewed as the
extension of the primary ones) could be also constructed. In Part II of this paper [13],
we will show that those more efficient corresponding methods (called general or ex-
tended methods) can be constructed with only minor extra costs under the same effec-
tive quadruplet and accepting rule for each method. A set of numerical experiments
are tested. From the numerical results, the efficiencies of the general methods are
significant and convincing.
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