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A. Splitting and contraction methods for convex optimization
Optimization, VI, Algorithmic framework and Generalized-PPA © Bingsheng He

1 Convex optimization and its related variational inequality

We consider the linearly constrained convex optimization

min{f(u) | Au=0b, u € U}. (1.1)
The Lagrangian function of the problem (1.1) is
L(u, \) = 0(u) — AT (Au —b), (1.2)

which is defined on U x R™. A pair of (u*,\*) € U x R™
is called a saddle point of the Lagrangian function (1.2), if

Lueu(m )\*) Z L(U*7 )\*) Z L)\e%m <U*? )\) (13)

The two inequalities in (1.3) can be written as (u*, \*) € U x R™,

L(u, \*) — L(u*, \*) >0, Yu e U, — O(u)—0(u*)+(u — u)T(—ATN*) >0, Yu U, (14)
L(u*, A*) — L(u*,\) >0, YA e R™. A=) (Au* —b) >0, VAeR™.
Combining the above two inequalities, the saddle point is described as the solution of the following VI :
(VD) w* e, Ou)—0u*)+ (w—w)'Fw)>0, Vweq, (1.5) I
U —AT ) m
where w-(/\), F(w)_<.,4u—b> and Q=UxR™. (1.6)
Please notice that (w — ) (F(w) — F(w)) = 0. The problem (1.1) is translated to VI (1.5).
For the multi-block separable convex optimization, we take the three-block problem
min{6,(z) + 02(y) + 05(2) | Ax + By+ Cz=bx € X,y € Y,z € Z} (1.7)

as an example. Its corresponding variational inequality has the form (1.5), where Q@ = X x Y x Z x ™, and

T —AT )
v y ~BT)\
U= vy, a(u) = 01(1') + 02(2/) + 93(2), w = PR F(w) = —CT) . (1.8)
z A Az +By+Cz—b

For the F'(w) in (1.8), we still have (w — @)% (F(w) — F(w)) = 0, for any w and 1 in the space containing (2.

2 Algorithmic unified framework for monotone variational inequalities

We focus on how to solve the variational inequality (1.5), following is our algorithmic framework.
Algorithms in a unified framework (Each iteration of the method consists of a prediction and a correction)

[Prediction Step]. Start from a given v*, find a predictor @w* € Q, which satisfies
" € Q, Ou) — 0@ + (w— T F(@F) > (v — ") TQM* — %), Vw e Q, (2.1a)

where the prediction matrix () is not necessarily symmetric, but the kernel of Q7 + @ is positive definite.

v is called the essential variable in the iteration which can be equal to w, or a part of the whole vector of w.

[Correction Step]. Find the correction matrix M which satisfies (2.2). The new iteration v**1 is given by
P = ok — M(F — o). (2.1b)

Convergence Conditions (It is easy to find the matrix M which satisfies the conditions, see the details in §4)

[Convergence Conditions]. For the prediction matrix @ in (2.1a) and the correction matrix M in (2.1b),
there is a positive definite matrix H, such that

HM=Q and G=QT+Q-MTHM > 0. (2.2)




3 Convergence proof of the methods in the algorithmic framework

Theorem A. For solving the VI (1.5), let {v*}, {@w"} be the sequences generated by (2.1). If the conditions
(2.2) are satisfied, then we have
@* € Q, 0(u)—0(@")+(w—a")TF(@*) > 2 (lo—o" 5 — lv—v" () + [0 "%, Vw e Q. (B.1)
and
e 7 L [ ARl PR (AR 4 (3:2)

Proof. Treating the term Q(v’~c — T)k) in the RHS of (2.1a) by using Q = HM (see (2.2)) and the correction
formula (2.1b), we obtain Q(v* — o) = HM (v* — ©%) = H(vF — v**1). Thus we get

o* e Q, Ou) —0@") + (w — ") F@@*) > (v —*)THO —oF ), vwe Q. (3.3)
Applying the identity
(a=0)"H(c—d) = §(lla—dllf — lla = cllz) + 5 (16— cllF — 16— dll?) (34

to the RHS of (3.3) with a = v, b = ¢F, ¢ = v* and d = v**1, we obtain
(0= PTHE — o5 = 3o — 0P — o — o) + 3 (10k — 41 — o = ). G5
To the second part of the RHS of (3.5), by using HM = @ and 207 Qv = vT(QT + Q)v, it follows that
R A e e e l ad [CAE O B VA G [
~ ey (22) .
= (" —"T(QT +Q — MTHM)(* — o%) "= ||o* — o%||2. (3.6)

Substituting (3.6) in (3.5), and then in (3.3), we get the assertion (3.1) directly. Setting the w € €2 in (3.1) by any
fixed w*, then using (% — w*)T F(@F) = (0F — w*)T F(w*) and §(a*) — O(u*) + (@* — w*)T F(w*) > 0,
we obtain (3.2) and the theorem is completely proved. O

’This theorem is proved under weak conditions: Q7 +Q =0, H >0, HM =Q, G=Q" +Q — MTHM > 0. ‘

‘ Assertion (3.1) is useful for the convergence rate proof of ADMM, see STAM Numer. Anal. 2012, 50:700-709. ‘

4 The equivalent convergence conditions and the generalized PPA

Under the condition that the prediction matrix () is nonsingular, it is easy to construct the correction matrix M
which satisfies the convergence conditions (2.2). In fact, because QT + @ = 0, we can take

D >0, G-0 and D+G=Q"+Q. 4.1)
Afterwards, we let
HM=Q and MTHM =D. 4.2)
HM=Q, Q™ =D, M=Q "D, .
Because - e we get the matrices M, H and G,
M*HM=D. HM=Q. H=QDQ",

which satisfy the conditions (2.2). ’ There are infinite combinations of D and GG which satisfy conditions (4.1). ‘

Choosing matrix D that satisfies condition (4.1), we get M = Q=7 D, and H = QD~'Q7 is positive definite.
The correction v**1 = v* — M (v* — ©¥) (can be achieved by solving QT (v**! — v*) = D(a% — vF).

The generalized PPA by choosing a special D. We can take a special pair of D and G in (4.1) by

D=G=3Q"+Q). 4.3)

In this case, M = :Q~7(QT + Q). Because D = G, the contractive inequality (3.2) becomes

1

3
[0 — ol < [k — ot — ok — 5, Wt eV @

Moreover, since D = MT HM (see (4.2)) and M (v* — %) = v% — vk*1 (see (2.1b)), it follows that

||Uk+1 . ’U*H%{ < ”,Uk N U*H%I - Hvk N ’U’H—l”%], Vo* € V. 4.5)

The inequality (4.5) is just the main convergence result of the classical PPA, a favorable formula ! Because the
each iteration consists of a prediction and a correction, we call the related method as a generalized PPA.

In practice, in the generalized PPA, we suggest to take D = a(QT + Q) and o € [0.5,1).
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B. PPA belongs to the algorithmic unified framework

Proximal Point Algorithm, Algorithmic unified framework © Bingsheng He

1 Preliminary theorem for convex optimization

Theorem B. Let X C R™ be a closed convex set, f(z) and f(z) be convex functions and f(x) be differentiable.
Assume that the solution set of the minimization problem min{f(x) + f(z) |z € X'} is nonempty. Then,
. ) z* € argmin{f(x) + f(z) |z € X} (L.1)
if and only if

z* e X, 0(x) —0(z*) + (x — ") TVf(z*) >0, Vo € X. (1.2)

2 Convex optimization and its related variational inequality
1). min-max problem. Let (z*,y*) be the solution of the min-max problem

min, max, {®(z,y) = 01 (z) — y"Azr — 0s(y) |z € X,y € V}. 2.1
Using the notation of ®(x, y), we have
{x* €X, Oi(x) —01(x*) + (x —2")T(=ATy*) >0, Vzxe X,

yr e, bay) —0a(y") + (y—y) (Az*) >0, Vye).
Furthermore, it can be written as a variational inequality in the compact form:

(VD w e Q, 0u)—0u)+ (u—u)TFu*)>0, VYVueQ, (2.2)'

where u = ( z ) O(u) = 01(z) + Oo(y),  F(u) = ( ‘ﬁy ) and Q=XxY. (23)

Please notice that for the F'(u) in (2.3), we have (u — @) (F(u) — F(a)) = 0.

2). Linearly constrained convex optimization The Lagrangian function of the linearly constrained convex
optimization problem min{f(u) | Au =b, u € U} is

L(u, \) = 0(u) — AT (Au — b), which defined on U x R™.

The saddle point (u*, \*) € U x R™ of the Lagrangian function can be characterized as

{u* eU, L(u,\*)—L{u*,\*)>0, Vuel, (2.4a)
A*e R, L(u*,\*) — L(u*,\) >0, YAeR™. (2.4b)
Using a more compact form, the saddle-point can be characterized as the solution of the following VI:
(VD w* e, Ou)—0u*)+ (w—w)'Fw)>0, VweqQ, (2.5)'
U —AT X m
where w—</\> F(w)_<Au—b> and Q=UxR™. (2.6)

Please notice that (w — )T (F(w) — F(w)) = 0. We focus on solving the variational inequalities (2.2) and (2.5).

3 Algorithmic unified framework for monotone variational inequalities

Algorithms in a unified framework (Each iteration of the method consists of a prediction and a correction)

[Prediction Step]. Start from a given v, find a predictor w* € Q, which satisfies
a* e Q, Ou) — 0@ + (w— " TF@F) > (v - ") TQMW* — %), vYw e Q, (3.1a)
where the prediction matrix @ is not necessarily symmetric, but the kernel of Q" + @ is positive definite.

’ v can be equal to w, or a part vector of the whole vector of w. In this note, v is the whole vector w.

k

[Correction Step]. Find the correction matrix M which satisfied (3.2). The new v**1! is given by

P = ok — M(WF — o). (3.1b)

_
Convergence Conditions

[Convergence Conditions]. For the prediction matrix ¢ in (3.1a) and the correction matrix M in (3.1b),

there is a positive definite matrix H, such that
HM=Q and G=QT" +Q—-M"HM = 0. (3.2)




4 Proximal point algorithm for monotone variational inequalities

Definition (k-th iteration of the relaxed PPA) H - 0. Start with a given w”, find a ", such that
[Prediction] @ € Q, O(u) — O(a") + (w — ") T F (") > (w — o) TH(w" — @), Yw € Q. (4.1a)

[Correction] w" ™! =w" — a(w® —@*), o€ (0,2). (o € [1.2,1.8] is suggested). (4.1b)

The relaxed PPA is a special algorithm of (3.1) with Q = H and M = «l. By setting H = é?—[, we have
HM=H=Q and G=Q"+Q-M"HM =(2—a)H 0. (4.2)

Taking o = 1, we get the classical PPA.  PPA belongs to (3.1) and satisfies the convergence conditions (3.2).

5 PPA (Customized PPA and Balanced PPA) for VI

The main task of the each iteration of the relaxed PPA is to find a predictor @" which satisfies (4.1a).
1). PPA for VI (2.2) (Bingsheng He and Xiaoming Yuan, SIAM Imaging Science 5, (2012) 119-149)
Start with given u*, find a @*, such that (4.1a) is satisfied, where

A _ [ —ATy _(rI, AT T
u(y), w = u, F(w)< Ax >, H(A slm>’ rs > ||A" Al 5.1
The concrete formula of (4.1a) with ' and H given in (5.1) is ’ the uwave parts is F' (wk) ‘

gF ey, 0u(y) —02(5%) + (y—g")T{ Az + A@@F —2F) + sL.(g" —yF)} >0, wyed.

According to Theorem B, to complete the PPA iteration, we need only to solve the following sub-problems:

{ e X, 01(x) = 01(FF) + (2 — ) {=ATGF + 1L (FF —ah) + AT(FF —yF)} >0, Ve eX,

#* = argmin{6, (z) — 2T ATy"* + irfle — )%z € &Y, (5.2a)
§* = argmin{0s(y) +y A(27" — 2*) + Lslly — y*|? |y € V}. (5.2b)

2). Customized PPA and Balanced PPA for VI (2.5)
Start with given w”, find a @*, such that (4.1a) is satisfied, where

_ AT T T T
F(w)< A A), HHl(ﬁA A+ol, A ) or HHQ(TI” A > (5.3)

Au—b A 51m A TAAT 461,
Customized PPA for VI (2.5) (For customized PPA, see He, Yuan, Zhang 2013 COA, Gu, He, Yuan 2014 COA)
The concrete formula of (4.1a) with H = H; given in (5.3) is ’ the uwave parts is F'(w") ‘
a* e, (u) —0(@F) + (u—a")T{=ATN* + (BAT A+ 6I,) (7" — uP) + AT (N — AF)} >0, Vu € U,
AF e jm, A= MT{(AT* —b)+ A@F —u*) + (1/8)(AF =M} >0, VAerm™
According to Theorem B, to complete PPA iteration, we need only to solve the following sub-problems:
k= argmin{6(u) — uT AT 4 T(u— uM)T(BAT A +61,) (u — u®) |u € uj, (5.4a)
A= AP — B(A[2aF —u] —b). (5.4b)

Balanced PPA for VI (2.5) (For balanced PPA, see He and Yuan, arXiv:2108.08554; S.J. Xu, 2023, JAMC)

The concrete formula of (4.1a) with H = Ho given in (5.3) is ’ the uwave parts is F(u?k ) ‘
@t e, Ou) —0@") + (u—a")T{=ATN*  + rL(@" —uF) + AT (W —AF)} >0, Vuel,
Me |jm (A = M)T{(AT" = b) + A(@* — uP) + (LAAT +61,,)(N\F — M)} >0, VA€ R™

According to Theorem B, to complete PPA iteration, we need only to solve the following sub-problems:

@" = argmin{0(u) — T ATNF + L{ju — o[ |u € U}, ’Primal problem is easier than(5.4a) ‘ (5.52)
A= \k (LAAT +61,) " (A2a" — uF] —b). ’ Only once Cholesky-Decomposition ‘ (5.5b)

Algorithm (5.5) is called the balanced algorithm, because its two subproblems share the difficulties.
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C. Explaining ADMM as an algorithm within the framework

The convergence rate proof benefit from this explanation © Bingsheng He

1  Two block convex optimization and its related VI and ADMM
We consider the two block separable convex optimization problem
min{f;(xz) + 02(y) | Av + By =b, x € X,y € V}, (1.1)

where 01 (x), 62 (y) are convex function, A, B, b are the corresponding matrices and vector. X and ) are closed
convex set. The saddle point of the Lagrangian function of the problem (1.1), say w* = (z*, y*, \*), can be
characterized as the solution of the following variational inequality:

w*€Q, Ou)—0u)+ (w—w)TFw*) >0, YweQ, (1.2a)
where
T —AT)\
w=|1y |, u= ( ”” ) . 0(u) = 01(z) + 0s(y), Flw)= —BT) . (1.2b)
A 4 Az + By —b

The k-th iteration of ADMM begins with a given v* = (3%, A¥), produces (z¥*+1, y#+1 \k+1) via

" € argmin{0; (z) — 2T ATAF + 18] Az + By —b|)* | x € X}, (1.3a)
y*t! € argmin{0a(y) — y" BTA" + 18]|Az"T + By — b|* | y € V], (1.3b)
AL = AP B(AxM T 4 Byt —b). (1.3¢c)

2 Split ADMM iteration into prediction and correction of the unified framework
We intentionally split ADMM (1.3) into a prediction-correction method.

The prediction of the k-th iteration begins with given v* = (y*, \¥), produces (Z*, 7%, \¥) via

i* € argmin{0;(z) — 2" ATA* + 8| Az + By —b|]* | x € X}, (2.1a)
[Prediction] g € argmin{0s(y) — y" BTAF + 18| Az* + By — b|)? |y eV}, (2.1b)
M= \F — B(AZF + ByF —b). (2.1¢)

According to the optimality of the convex optimization, the VI forms of three subproblems of (2.1) are
e X, 0,(x) - 0.3+ (xz — ik)T{—AT/\k + BAT (Az* + By —b)} >0, Vo € X,
g e, 0a(y) —02(5") + (y — g*)" {—B" N + BB (AZ" + ByF —b)} >0, Yy e,

MFe jm (A= X)TL(AZ* + ByF —b) + L(\F =AM} >0, VA e R™
By using \¥ = \¥ — B(AZ* + By* — b), the above inequalities can be written as
i e X, 01(z) — 0.(F") + (x — )T {=ATIF }>0, VeeX, (2.2a)
7 e, Oa(y) — 02(5") + (y — 7 {BIN + BBTB(I —yF) 120, WyeY,  (22b)
Merm, (A= M)T{(4#* + BF* —b) — BI" — ") + 5(\F =AM} >0, vAeR™. (2.2¢)
_
Furthermore, by using the notations of VI (1.2), we get the compact VI form of the prediction (2.1) :
0(u) — 0(a*) + (w — W*)TF (%) > (v — )T QM — %), Yw € Q, (2.3a)
where
BTB 0
Qz(ﬁ_B 1y ) (2.3b)
ﬂ m
_
Let wh*t = (xF+1 y*+1 \*+1) be the output of the classical ADMM (1.3), then we have
Pl = gk yF = g% and AT = NF 4 BB(yF - 7). (2.4)

where w* = (#*, %, \¥) are generated by the prediction (2.1). According to (2.4)

[Correction] Pt = oF — M(vF - 5F), where M = I 0 ) (2.5)
BTB
BysettingH(ﬁO 1? ) we have HM = ) and GQT+QMTHM<8 1? )(2.6)
5lm A AR AN 5lm



ADMM (1.3) is split into the prediction-correction method (2.3)-(2.5). According to the framework, we have

W — o3 < lo* = v |E = 0" = oM, vt e V. @7

Theorem C1. Let the sequences {v*} and {©*} be generated by the prediction-correction method (2.3)-(2.5),
then we have k_ ~kn2 _ 1iyk _ 3k||2 k_ k412

0" = 8%l = FIA" = A > lo* — o™ G, (2.8)
and consequently,

”vk—i-l

— 0" [[3 < lo* =t = [lo* — oM, vt eV (2.9)

Proof. From (2.2b), we know that the optimal condition of the y-subproblem is

7t eV, baly) = 025" + (y —§"){=B"N + BBTB(F* —y")} 20, Vyey. (210
According to (2.4), \FT1 = PLE BB(y* — §*) and §* = y**1, the inequality (2.10) can be written as
Y eV, Oa(y) = (4 + (y — =BT 20, vye . (2.11)
The above inequality is hold also for the last iteration, i. e., we have
v eV, baly) = O:2(y") + (y —y"){-BTN} 20, Vye. (2.12)
Setting y = y* and y = y**! inin (2.11) and (2.12), respectively, and then adding them, we get
()\k . >\k+1)TB(yk _ yk+1) > 0. (2.13)

Using \F — AF = (AF — AFH1) 4 BB(yF — y*+1) (see (2.4)) and the inequality (2.13), we obtain
FINT =X = SO =AY + BBy — F )P
> BIB" —y" P+ SN = AP = o — oM (2.14)

The assertion (2.8) follows from (2.14) directly. Consequently, the assertion (2.9) follows from (2.7) and (2.8).
The theorem is proved. O

Note that from (2.9) we have Sy 0F = oF g < |00 — v*||%, Vo* € V*. (2.15)

V

3 Important property of ADMM by using the algorithmic framework

Theorem C2. Let the sequences {v*} and {#*} be generated by the prediction (2.3) and correction (2.5), then

we have
[0 — R 2| < ok — o, Yot e VR 3.1

Proof. According to (2.3), we have

; O(u) — 0(a*) + (w — ") TF(@*) > (v — ") TQ*F — %), Yw e Q (3.2)

O(u) — O(@" ) + (w — " HTF(0F ) > (v — FTHT QM — %), vw € Q. (3.3)
Setting the w in (3.2) and (3.3) by @w**! and w", respectively, and then adding the resulting inequalities together
and using (@" — @* )T (F (@) — F(w**1)) = 0, we obtain
(@ = T — %) — (W ="} > 0. (34
Adding {(vF — o%) — (P — SFHINTQ{(vF — F) — (vFFT1 — 5F 1)} to the both sides of (3.4), we get
(’Uk _ karl)TQ{(vk _ ’LN)k) _ (,UkJrl _ @k+1)} > %H(Uk _ 2~)k) _ (,Uk?+1 _ f)k+1)||%QT+Q)'
Because HM = @ and M (v* — ©%) = (v¥ — vF*+1) (see (2.5)), the above inequality becomes
(’Uk _ vk+1)TH{(,Uk _ Uk+1) _ (Uk+1 _ Uk+2)} > %H(’Uk _ f)k) _ (karl _ ’LN}kJrl)”%QTJrQ)' (3.5)
Using the identity ||a||%; — ||b||% = 2aT H(a — b) — ||a — b||% and (3.5), we get

k_ Uk+1 k+1 ’Uk+2||§{

7 — Il
— Q(Uk _ UIH—I)TH{(UIC _ ,Ulc-H) _ (Uk+1 _ vk+2)} _ H(vk _ vk+1) _ (Uk+1 _ vk-‘rQ)H%{

> [J(wF =) = (W = D) [fgr gy — I(0F =0t = (T = M) (3.6)

Since (vF —vk*l) = M (vF—5*) and QT +Q—MTHM = G, the RHS of (3.6) is || (v* —5F) — (vF+1 —gh+1) |2,
The assertion (3.1) follows immediately. O

[v

Theorem C3. Let {v*} be the sequence generated by ADMM, then for any integer ¢ > 0, we have

t
v = o™ I < g Yo 107 — 0" Il < 7 3020 IV — oMl < gl — o, Yot e V.

Proof. The assertion follows from (3.1) and (2.15) directly. O See H and Yuan, Numer. Math. 130 (2015) 567-577.
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D. Constructing SC methods for three block convex optimization

Different corrections based on the same prediction © Bingsheng He

1  The variational inequality and the algorithmic framework
Finding the saddle point of the Lagrangian function is reduced to solving the variational inequality
| VD w e, 0(u)—0u)+ (w—w) Fw*) >0, YweQ. (1.1)'

For solving VI (1.1), we have proposed the following algorithmic unified framework:

[Prediction Step]. Start from a given v, find a predictor wk e Q, which satisfies

" € Q, O(u) — 0(@") + (w — ") TF@@") > (v - TQW* — %), Yw e Q, (1.2a)
where the matrix @ is not necessarily symmetric, but the kernel of Q7 + @ is positive definite.

[Correction Step]. The new iteration (corrector) v¥+1

P =k — M(F — "), (1.2b)
where M = Q~TD, D is chosen which is satisfied D = 0, G =0, D+ G = QT + Q.

is given by

Because M = Q~TD, the correction (1.2b) can be achieved by Q7 (v**+1 — v¥) = D(3F — oF). I

2 Prediction We take the three block separable convex optimization as an example for explanation.
The problem and the VI are described in A. We take the direct extension of ADMM for producing its prediction.

i* € argmin{6; (z) — 2" ATN" + 18| Az + By* + C2F —b|)? | 2 € X}, (2.1a)
. g* € arg min{HQ(y) —yTBT)\F 4 %BHA:i'k +By+C2"—b)?|ye y}, (2.1b)
[Prediction] ¢ . TATE o 1 k K 9
z* € argmin{f0s(z) — 2" CTN* + 38|/ AZ* + Bg* + Cz - b||* | z € 2}, (2.1¢)
N =2k — B(AZ* + By" + C2F —b). (2.1d)
According to the basic theorem of optimization, it follows from (2.1) that
i* e X, 01(x) — 01(3") + (v — )T {=ATNF }>0, Ve e X, (22a)
7 €Y, O2(y) — 0:(5") + (y — §*)T{=BTA" + BBTB(7* ~/") } 20,y e, (2.2b)
2F e 2, 05(2) — 05(FF) + (2 — 2M)T{=CT N + BCTB(§* —y*) + BCTC (2 —2%)} > 0, Vz € 2, (2.20)
(AZ* + By* + C2* —b) = B(§" —y*) - C(2" = %) + (A = \F) = 0. (2.2d)
_

The inequalities (2.2) * y BBTB 0 0
can be written together | where w = ‘Z o= 2z |and Q= | BCTB BCTC 0 |@23)

as the prediction (1.2a) X A -B e %I

3 Correction by using the kernel matrix Note that the matrix

BT 0 0 28I pI -1 B 0 0
QT+@Q=| o cT o pI 21 —I 0 C 0
0 0 I -1 -1 2I 0 0 I
is positive definite (whenever B and C are both full column rank) and
BT 0 0 BgI pr —I B 0 0
Q= 0 ¢ o 0 BI -I|[l0 C 0
0 0 I 0 0 I 0 0 I
The center part of the matrices Q7 + @ and Q7' are called the kernel matrices, and denoted respectively by
281 BI —I BI BI —I 51 =31 0
Q" +9=| BI 280 —I|andQ"=| 0 pBI —I | NotethatQ "=| 0 I I |.3.1)
-1 -1 3I 0 0 g4I 0 0 AI

QT has the simple form because the kernel matrix Q7' is a upper triangular matrix ! Since the k-th iteration
begins with a given (By", C'z* \¥), for starting the next iteration, the correction of the k-th iteration needs
only to offer (By**!, Cz*+1 \F+1)  This is very simple ! See some examples !




3.1 Constructing method I D has a simple form

BT 0 0 vl 0 0 B 0 0
D= 0 CT 0 0 vpI 0 0 C 0], ve(o,1). (3.2)
0 0 I 0 0 IJ\0o 0 I
Since the kernel matrix of Q7 + @ can be decomposed as
261 pI -1 vBI 0 O (2—-v)BI BI —1I
61 28I -1 | = 0 wvBI 0 |+ BI 2-v)pI —-I |,
-1 -1 3I 0 0 5l I —I 51

the kernel matrices of D and G in the right hand side of the above equation are positive definite. The solution of
the system of equation Q7' (v¥*+1 — v*) = D(%¥ — v¥) can be obtained by solving

gI pI —I Byr+l — By¥ vBlI 0 0 Bij* — By*
0 pI —I CHHl—Ck | = 0 vpl 0 Czk — CzF
0 0 41 AL Nk 0 0 gI AR — Ak
By using the inverse of the kernel matrix of Q7 in (3.1), the correction form can be simplified to
Byk+1 By vl —vl 0 B(y* — %)
czHt ) =(Ck |- 0 v 3I C(zF-2%) ). (3.3)
ARFL A o 0 I AR — \F

3.2 Constructing method II G has a simple form

BT 0 0 (2—v)pI BI -1 B 0 0
D= 0 CT o BI (2—-v)pl —I 0 C 0], ve(o1). (3.4)
0 0 I —1 ~1 51 0 0 I
Since the kernel matrix of Q7 + @ can be decomposed as
26I pI -1 (2—-v)pI BI —1I vl 0 0
B8I 28I —I| = BI 2—-v)pI -1 |+ 0 wvpl 0 |,
-1 -1 ZI —I —1 51 0 0 I

the kernel matrices of D and G in the right hand side of the above equation are positive definite. The solution of
the system of equation Q7' (v¥*+! — v¥) = D(o* — v*) can be obtained by solving

s8I pI —I ByFt! — ByF (2—-v)BI BI —1I Bij* — By*
0 BI -I Chtl k| = BI 2-v)BI —I Czk — CZF
0 0 g4I NEFL _ Ak ~I —I 51 e Ak
By using the inverse of the kernel matrix of Q7 in (3.1), the correction form can be simplified to
Byttt By* (1-v)I —(1-w)I 0\ [(B(y" 3"
Ckl | = | C2F | - 0 (1—-v)I 0 C(* —Nék) . (3.5)
Akl AE —pI —pI I e — \F

3.3 Constructing method III D is proportional to (QT + Q)

BT 0 o\/28I pBI —IN/B 0 0
D=alQ"+Q]=a| 0 CT 0 BI 28I —I 0 C 0], ac(0,1). (3.6)
0o 0 I -1 I %I 0 0 I

k

The solution of the system of equations Q7 (v**! — v¥) = D(#* — v*) can be obtained by solving

BI BI —I\ [Byt+' - By 28I BI I\ [B(y" -3
0 BI —I CHHL—CoF | =a| BT 28I —1 || CEF=2F) ], ac(01).
0 0 4I ARFHL Nk -1 -1 3I Ak — Xk
By using the inverse of the kernel matrix of Q7 in (3.1), the correction form can be simplified to
By*t! By* I -1 0 B(y" — ")
o — | ok —al o I 51 CF =25 ], ae(0). (3.7)
pan AE —BI —BI 2I e — \F




E. Generalized PPA for multi-block convex optimization

Application of the generalized Proximal Point Algorithm © Bingsheng He

1  The variational inequality and the algorithmic framework
Consider the multi-block convex optimization problem

IHiIl{Zf=1 01(.%1) | Zf:l Az = b, xT; € Xl} (1.1)
The Lagrangian function of the problem (1.1)is  L(21,...,2p, \) = > b, 0;(x;) — AT (3F_, A;x; —b), which
is defined on 2 = [[?_, X; x R™. Note tha the saddle point of the Lagrangian function, say (z7, . . ., Ty, ) € Q,
can be described the solution of the following variational inequality:
| VD w eQ, 0(z)—0a")+ (w—w) Fw) >0, YweQ, (1.2)'
where Q = []7_, X x A, 6(x) = >0, 6;(x;),

X1 —A,{A

T
w=| 1|, z=]| |, Flw)= : (1.3)
Zp x fAZ)\
A p ‘le Alfl'z —-b

We still use 2* to represent the solution set of the variational inequality (1.2). For solving VI (1.2), we have
proposed the following algorithmic unified framework which consists a prediction and a correction.

[Prediction]. Start from a given w”, find a predictor @* € Q, which satisfies
a* eQ, O(x)—0E") + (w—d"TF@F) > (w— ") T Qw* — %), VYweQ, (1.4a)
where the matrix @ is not necessarily symmetric, but the kernel of Q7 + @ is positive definite.

[Correction]. The new iterate (corrector) w”t!

wht = wk — M(w* — o). (1.4b)
where M = Q~T D, D is chosen which is satisfied D = 0, G =0, D+ G = Q7 + Q.

is given by

_
Because M = QT D, the correction can be achieved by QT (w**! — wk) = D(@* — w"). (1.5) I

2 Prediction [24] B.S.He, S.J.Xu, X.M. Yuan, Handbook of Numerical Analysis, 24 (2023) 511-557.
Start from a given (Ayz}, Asak, - -+, Apzl, AF), obtain 0% = (2}, 25, , &}, AF) via:
% € argmin{6y (v1) — 2T ATA* + 1B||As (21 — 2

> |21 € X1}
75 € argmin{fy(ws) — 23 AN + JB[| AL (B} — o) + Aa(zg — 25)[? | 22 € Xa};

k
1
k
1

~—_ —

: (2.1)
ik € argmin{0, (x,) — 2T ATN® + L8| STPZ1A; (8% — ab)+ Ay (a, — 2B)|? | 2 € X, )
A= Nk — B(3F_ Ak D).

The optimal condition of the x; subproblem is
i e Xy, Oi(wi) — 0;(3F) + (wi — B)T{—ATN + B30 _ Ay (3 — ak) + AT(N = M)} > 0, Va; € &,

7

The formula which yields AF can be rewritten as
e R (A= MTL(XF_, A% —b) + 5(AF —AF)} >0, vaeR™
By using the notations 6(x) and F'(w), we obtain the following variational inequality for the prediction.

Lemma 2.1 Let @w* € Q be generated by (2.1) with given (Ayz¥, Ayzk, - ,Apas’;, AF). Then we have
a* € Q, 0(x) -0 + (w— T F(@F) > (w— ") 1Q(w"” — w*), Yw e Q, (2.2a)
where
BAT A, 0 e 0 AT
BATAL BATAy T : A7
Q= : 0 : (2.2b)
ﬂAgAl /BAZ;AQ e BAZA,, Ag
0 0 e 0 %Im




3 Correction (1.5) by using the kernel matrix also see arXiv:2107.01897v2[math.OC].

AF- 0 o0 0 261 pI -+ pI I A0 -+ 0
0o AT . i 0 BI 28I . : 0 Ay .
QA H+e=| COR N | I gr 1 || CO
0o 0 - AT 0 gr .- pI 28I I o 0 - A, 0
o 0 - 0 Iy, I I 1 21 o 0 - 0 I,
is positive definite (whenever each A;,7 = 1,..., p, is full column rank matrix) and
AT 0 -~ 0 0 Bl pBI B8I 0 A 0 -+ 0
0o AY . o0 0o pr .o 0 Ay :
QU= : o0 Do B0 i 0
0 o - Ag 0 o -~ 0 pBI O 0 0 A, O
0 0 0 I, I A 0 0 0 I,
_
The center part of the matrices Q7 + Q and Q7 are called their kernel matrix and denoted
281 pBI 61 1 gr g1 --- BI 0
BI 28I L 0 BI Do
Q" +Q=| : . . g | ad Q"= 1 . g o | GD
gr .- pI 281 I 0o --- 0 pI O
I - I I 21 I - I I %I

respectively. Note that Q7 has the simple form because Q7 is a nonsingular upper triangular matrix !
JA k) )\k), for starting the next iteration, the

Since the k-th iteration begins with a given (A2}, Aoz, ...
correction this iteration needs only to offer (Alka A2$k+1, ey Ap:vz"j“, AF+1). There are infinite combi-

nations of D and G that meet the conditions, we only take the following example for illustration.

D:a(QT+Q) and G = (1—a)(QT+Q),a€ (0,1)

D is proportional to G
AT 0 0 0 281 pBI -+ BI I A, 0 - 0
0 AT . 0 BI 28I . : 0 A, . 1 0
0o 0 - AT 0 I - BI 28I I o o0 --- A, O
0 0 - 0 In - 1 1 21)\o o0 - 0 I,
The solution of the system of equations Q7 (v**! — v¥) = D(#* — v*) can be obtained by solving
BI BI --- BI 0 Ayt — Ak 28I pBI - BI I Ayzk — Aab
0 pI i i || Ayt - Asd BI 281 Do || AxE — Asal
7 : =al BI 1 :
0 -~ 0 BI 0 A a:%‘“ Apak pr .- 51 261 1 Apty — Ay,
I .- I I %[ ARHL N\ I ... I I %] 3 K
-1 1 1
o BL0 1 i1 0 0
PR 0 3I
Because . BI 0 = : 7%1 o | finally, we get
0 BI 0 0O - 0 %I 0
1
I I BI -I 0 0 Bl
Ayt Ayah I -1 0 0 Ak — A3
A xl2€+1 AQZ‘S 0 A2x2 A2$2
Sl 0o 0o 1 -1 o0 : . ae(0,1). (33)
Apak I 120 ST | Ay — Apdy
Ak+1 AP - 0 0 I AF— NP
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