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A1-lllCCC©©©ØØØ���ªªª���ÝÝÝKKKÂÂÂ   ���{{{���ààà`̀̀zzz���©©©���ÂÂÂ   ���{{{VVVØØØ
2013cò>co(�Ì�ïÄó�

(
ë�©z[3, 4, 1, 2, 7]

)
1 CCC©©©ØØØ���ªªª���ÝÝÝKKKÂÂÂ   ���{{{ (ë� [3, 4],C©Ø�ª�d5ïÆë�X�ùÂ[8]�1�ù)

� Ω ⊂ ℜn´����4à8, F ´ ℜn → ℜn ���N�. �Ä¦)üNC©Ø�ª

(VI) u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω. (A1.1)

�Ω = ℜn,¯K(A1.1)Ò´��5�§|F (u) = 0.
·�`��C©Ø�ªüN, ´�Ù¥��fF ÷
v (u−v)T (F (u)−F (v)) ≥ 0.3¦)C©Ø�ª (A1.1)
�ÝKÂ �{¥,é�½��c:ukÚ~êβk > 0,
·�|^ÝK

ũk = PΩ[u
k − βkF (uk)] (A1.2)

'

&

$

%q p
p

PΩ(v) -vQ
Q

Q
Q

Q
QQk
u

u− PΩ(v)

v − PΩ(v)Ω

)¤��ýÿ: ũk,bX ũk = uk, ukÒ´ (A1.1)�) (ë�A2¥�½nA19Ùy²). ÄK,Ò�Äu
±e©Û?1#�S�. Äk, à8þÝKkXmþã¤«�­�5�: é?¿� v ∈ ℜn, ^PΩ(v)L
« v�Ωþ�ÝK,k

(v − PΩ(v))
T (u− PΩ(v)) ≤ 0, ∀u ∈ Ω. (A1.3)

y²��A2 §2¥ÚnA.·�b�^ÝK (A1.2)�) ũk�À��βkU¦�ýÿ: ũk÷v

βk∥F (uk)− F (ũk)∥ ≤ ν∥uk − ũk∥, ν ∈ (0, 1). (A1.4)

3 (A1.3)¥- v = uk − βkF (uk),d (A1.2)K�PΩ(v) = ũk, (A1.3)w�·�

(u− ũk)T {ũk − [uk − βkF (uk)]} ≥ 0, ∀u ∈ Ω. (A1.5)

3þ¡� (A1.5)ªü>Ñ\þ (u− ũk)T d(uk, ũk),Ù¥

d(uk, ũk) = (uk − ũk)− βk[F (uk)− F (ũk)]. (A1.6)

dÝK (A1.2)·���
e¡I��ýÿúª

[ýÿ] (u− ũk)TβkF (ũk) ≥ (u− ũk)T d(uk, ũk), ∀u ∈ Ω. (A1.7)

òþª¥�uÀ¤Ω¥�u∗,k (ũk − u∗)T d(uk, ũk) ≥ (ũk − u∗)TβkF (ũk). 2düN5ÚVI½Â,��

(ũk − u∗)T d(uk, ũk) ≥ 0. Ïd (uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk). (A1.8)

d d(uk, ũk)�L�ªÚb� (A1.4),|^Cauchy-SchwarzØ�ª,í�

(uk − ũk)T d(uk, ũk) = (uk − ũk)T
{
(uk − ũk)− βk[F (uk)− F (ũk)]

}
≥ (1− ν)∥uk − ũk∥2. (A1.9)

�uk ̸= ũk�, (A1.8)(Ü (A1.9)`² d(uk, ũk)´ål¼ê 1
2∥u− u∗∥23uk?���þ,��.·�

�±^ [ü Ú����] uk+1 = uk − d(uk, ũk) )¤lu∗�C�S�:. (A1.10)

l (A1.10)ÏL{üO���

∥uk − u∗∥2 − ∥uk+1 − u∗∥2 = 2(uk−u∗)T d(uk, ũk)− ∥d(uk, ũk)∥2 (|^(A1.8))

≥ 2(uk−ũk)T d(uk, ũk)− ∥d(uk, ũk)∥2 (|^(A1.6)Ú (A1.4))

= ∥uk − ũk∥2 − β2
k∥F (uk)− F (ũk)∥2 ≥ (1− ν2)∥uk−ũk∥2. (A1.11)

��^ [O�Ú����] uk+1 = uk − α∗
kd(u

k, ũk) �)lu∗�C�S�:. (A1.12)

Ù¥Ú� α∗
k d α∗

k = (uk − ũk)T d(uk, ũk)/∥d(uk, ũk)∥2 �Ñ. (A1.13)

|^ (A1.12)Ú (A1.13)ÏL{üO�=�

∥uk − u∗∥2 − ∥uk+1 − u∗∥2 = ∥uk − u∗∥2 − ∥(uk − u∗)− α∗
kd(u

k, ũk)∥2 (|^
 (A1.12))

= 2α∗
k(u

k−u∗)T d(uk, ũk)− (α∗
k)

2∥d(uk, ũk)∥2 (|^ (A1.8)Ú (A1.13))

≥ (α∗
k)

2∥d(uk, ũk)∥2 = ∥uk − uk+1∥2. (����ª2g|^
 (A1.12)) (A1.14)

Â Ø�ª (A1.11)Ú (A1.14)´y²�{Âñ�'�ªf.Ø�ª (A1.7)üà� βkF (ũk)Ú d(uk, ũk)¡
��éÌ)��.ò3á�B3¥y²�{©�?´µæ^�� βkF (ũk)Ú (A1.13)¥�Ñ�Ú� α∗

k,^

[ÝK��] uk+1 = PΩ[u
k−α∗

kβkF (ũk)] �)uk+1��{' (A1.12)k�Ð�Âñ�J,��B3.

✠ Ì)��,�ÓÚ�. W~�{,æ^ÝK���J�Ð�ý¤¢ 73à%,Ù|ä7� ✠

1 ⋆ [A1∗1]



2 ���555���åååààà`̀̀zzz©©©���ÂÂÂ   ���{{{���ÚÚÚ���µµµeee
(
ë�©z[5, 1, 2, 6]

)
·�3C©Ø�ªµee?Ø�5�åà`z�©�Â �{,±n��©l¬�à`z¯K

min{θ1(x) + θ2(y) + θ3(z) | Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z} (A1.15)

�~�0�.¯K (A1.15)�.�KF¼ê´ L(x, y, z, λ) = θ1(x)+θ2(y)+θ3(z)−λT (Ax+By+Cz−b).
�.�KF¼ê�Q:´

(
x∗, y∗, z∗, λ∗) (Ù¥ (x, y, z)��©Cþ, λ�éóCþ),KÙ÷v

Lλ∈ℜm(x∗, y∗, z∗, λ) ≤ L(x∗, y∗, z∗, λ∗) ≤ Lx∈X ,y∈Y,z∈Z(x, y, z, λ
∗).

rQ:w∗ = (x∗, y∗, z∗, λ∗)�4�4�5��Ñ5 (äN�ë�C1),§ÒLã�XeC©Ø�ª�)::

(VI) w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (A1.16)

Ù¥, Ω = X × Y × Z × ℜm, θ(u) = θ1(x) + θ2(y) + θ3(z), ¿�

u =

 x
y

z

 , w =


x
y
z
λ

 , F (w) =


−ATλ
−BTλ
−CTλ

Ax+By + Cz − b

 . (A1.17)

5¿�, (A1.17)¥�F (w)Tk (w − w̃)T (F (w)− F (w̃)) ≡ 0 (��w�≥ 0). Ïd,ù�F �´üN�.
\� θ(u)´à¼ê£Ø�½��¤,·�¡ (A1.16)�üN(·Ü)C©Ø�ª,{¡üNC©Ø�ª.

·�Äk0��ÝKÂ �{aq�¦)üNC©Ø�ª¯K (A1.16)�ýÿ-��Â �{Ú�µe.

[ýÿ] d�½� vk (w�Ø%Ü©,3ADMM¥ v = (y, λ),k
�{¥ v = w),¦�: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (A1.18)

XJÝ
 QT +Q�½ (QØ�½é¡),·�¡ (A1.18)�Ü��ýÿ. ½�á�G1� (G1.2)

|^ (A1.18)���ýÿ:,ÏL±e����#�Ø%Cþ. C2¥¬w�, ADMM�±)º�ù��ýÿ-��

�æ^ [ü Ú����] #S�:���úª� ½�á�G1� (G1.3)

vk+1 = vk −M(vk − ṽk). (A1.19)

dÜ�ýÿ (A1.18)Úü Ú���� (A1.19),|¤��5ýÿ-���{Ú�µe6,ÙÂñ5^�´µ

[Âñ5^�] �3�½Ý
 H ,U
¦� ½�á�G1� (G1.4)

HM = Q ¿� G = QT +Q−MTHM ≻ 0. (�½) (A1.20)

ò (A1.18)�wÀ¤áuΩ�):w∗,|^(w̃ − w∗)TF (w̃) = (w̃ − w∗)TF (w∗)Úw∗ ∈ Ω∗,��

(ṽk − v∗)TQ(vk − ṽk) ≥ 0. ?
k (vk − v∗)TQ(vk − ṽk) ≥ (vk − ṽk)TQ(vk − ṽk). (A1.21)

∥vk − v∗∥2H − ∥vk+1 − v∗∥2H = ∥vk − v∗∥2H − ∥(vk − v∗)−M(vk − ṽk)∥2H (|^HM = Q)

≥ (vk − ṽk)T (QT +Q)(vk − ṽk)− ∥M(vk − ṽk)∥2H
(A1.20)
= ∥vk − ṽk∥2G. (A1.22)

Ø�ª (A1.22)`²e^� (A1.20)÷v,Ú�µe�{)¤�S� {vk}kÂ 5�

∥vk+1−v∗∥2H ≤ ∥vk−v∗∥2H −∥vk− ṽk∥2G.
(
ù´y²�{Âñ5�'�Ø�ª

)
(A1.23)

(Ø:dýÿ (A1.18)Ú�� (A1.19)�¤�¦)VI (A1.16)��{µe,^� (A1.20)÷v��{Âñ !
::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

�â (A1.18),��±XÓ §1¥�ÄH-�eO�Ú����,ùp�H�?¿��½Ý
 (��±´
ü 
). d (A1.21)Ú (vk − ṽk)TQ(vk − ṽk) > 0,�þH−1Q(vk − ṽk)´ål¼ê 1

2∥v− v∗∥2H3 vk ?�
��þ,��.XÓ §1�ÝKÂ �{¥k
 (A1.8),�±^ (A1.12)-(A1.13)@�¢1O�Ú����:

��^ [O�Ú����] À½���½Ý
 H ,,�d±e{K)¤#�S�::

vk+1 = vk − α∗
kM(vk − ṽk), Ù¥ M = H−1Q, � (A1.20)¥HM = Q (A1.24)

Ú� α∗
k d α∗

k = (vk − ṽk)TQ(vk − ṽk)/∥M(vk − ṽk)∥2H �Ñ. (A1.25)

|^þ¡ü�ªf,Ò�±��e¡�'u�{Âñ�'�Ø�ª

∥vk − v∗∥2H − ∥vk+1 − v∗∥2H=∥vk − v∗∥2H − ∥(vk − v∗)− α∗
kM(vk − ṽk)∥2H (|^HM = QÚ (A1.21))

≥ 2α∗
k(v

k−ṽk)TQ(vk−ṽk)−(α∗
k)

2∥M(vk−ṽk)∥2H
)(A1.25)

= (α∗
k)

2∥M(vk − ṽk)∥2H
(A1.24)
= ∥vk − vk+1∥2H .

✠lC©Ø�ª�ÝKÂ �{� à`z�©�Â �{,�^Ì�,Ó�«g� ! ✠

2 ⋆ [A1∗2]



A2-CCC©©©ØØØ���ªªª���`̀̀zzz¯̄̄KKK���'''XXX999CCC©©©ØØØ���ªªª������


­­­���555���
C©Ø�ªpÖ¯K9`z¯K�C©Ø�ªL«Û])

1 CCC©©©ØØØ���ªªª���������ààà`̀̀zzz999pppÖÖÖ¯̄̄KKK���'''XXX
(
ïÆë��<Ì�X�ùÂcnù

)
� Ω ⊂ ℜn´����4à8, F ´ ℜn → ℜn ���N�. �Ä¦)üNC©Ø�ª

VI(Ω, F ) u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω. (A2.1)

·�`��C©Ø�ªüN,´�Ù¥��fF ÷v

(u− v)T (F (u)− F (v)) ≥ 0.

�Ä��à`z¯K min{f(x) | x ∈ Ω}. (A2.2)

x∗´¯K (A2.2)��`) ⇐⇒ x∗ ∈ Ω ¿�

l x∗Ñu�?Û�1��ÑØ´eü��.

P�1��8: Sf (x
∗) = {s ∈ ℜn | s = x− x∗, x ∈ Ω}.

eü��8: Sd(x
∗) = {s ∈ ℜn | sT∇f(x∗) < 0}. Ïd

'

&

$

%
HHH

HHH
HHY

� @
@

@
@I

�����

J��Ø
�1��

��
p���

@@ p
@@R

p p- •q
x∗

x ∈ Ω

∇f(x∗)

Ω

Differential Convex Optimization and VI

x∗ ∈ Ω∗ ⇐⇒
{
x∗ ∈ Ω & Sf (x

∗)∩ Sd(x
∗) = ∅.

}
⇐⇒

{
x∗ ∈ Ω, (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ Ω.

}
þ¡�m>�Ò´��à`z�`)�C©Ø�ªL«. ��à`zk (x− y)T (∇f(x)−∇f(y)) ≥ 0.
FÝ∇f(x)e��KÙä�'Ý
�½´é¡�,
���fF (u)�ä�'Ý
(�3)�Ø�½é¡.
Ïd,��à`z�±z¤�A�üNC©Ø�ª,�´C©Ø�ªØ�½U=z¤��`z¯K.

[C©Ø�ª�pÖ¯K�'X].�K%� ℜn
+ þC©Ø�ª�/ª´

VI(ℜn
+, F ) x ≥ 0, (x′ − x)TF (x) ≥ 0, ∀x′ ≥ 0. (A2.3)

�`znØ��{¥�a�~­��¯K –��5pÖ¯K�êÆ/ª´

(NCP) x ≥ 0, F (x) ≥ 0, xTF (x) = 0. (A2.4)

¯¢þ,pÖ¯KNCP��K%�þ�C©Ø�ªVI(ℜn
+, F )´�d�.

• (A2.3)⇒(A2.4). XJ x´VI(ℜn
+, F ) (A2.3)���),@ox ≥ 0. ò x′ = 2xÚ x′ = 0�\

(x′ − x)TF (x) ≥ 0,·��� ±xTF (x) ≥ 0. Ïd xTF (x) = 0. ��e F (x) ≥ 0I�y².

édæ^�y{. eF (x)�,�©þFj(x) < 0,·��x′,¦� x′
i =

{
xi, if i ̸= j
xj + 1, if i = j

ù�� x′ ≥ 0. � (x′ − x)TF (x) = Fj(x) < 0,ù�x´VI(ℜn
+, F )�)gñ.

• (A2.4) ⇒ (A2.3). XJx´NCP (A2.4)�),@okx ≥ 0ÚF (x) ≥ 0. éu?¿�x′ ≥ 0,
duF (x) ≥ 0,ü��K�þ�SÈ�K,k (x′)TF (x) ≥ 0. qÏ xTF (x) = 0,�

(x′ − x)TF (x) = (x′)TF (x) ≥ 0. ¤± x´VI(ℜn
+, F ) (A2.3)���).

2 CCC©©©ØØØ���ªªª���ÝÝÝKKK���§§§ (¦)C©Ø�ª�Óu¦ØÄ::u = PΩ[u− βF (u)])

·�I�ïÄ�4à8Ωþî¼�eÝK PΩ(v) = argmin{∥v − u∥ |u ∈ Ω} �5�.

ÚnA�Ω ⊂ ℜn�4à8,é?¿� v ∈ ℜn Ñk

(v − PΩ(v))
T (u− PΩ(v)) ≤ 0, ∀u ∈ Ω. (A2.5)

y². Äk,�âPΩ(v)�½Â,k

∥v − PΩ(v)∥ ≤ ∥v − w∥, ∀w ∈ Ω. (A2.6)

5¿�é?¿� v ∈ ℜn,Ñk PΩ(v) ∈ Ω.

'

&

$

%s q
q

PΩ(v)
-vQ

Q
Q

Q
Q

QQk
u

u− PΩ(v)

v − PΩ(v)Ω

duΩ⊂ℜn´4à8,Kéu ∈ ΩÚα∈(0, 1),Ñkw := PΩ(v)+α(u−PΩ(v)) ∈ Ω. �\ (A2.6),

∥v − PΩ(v)∥2 ≤ ∥v − PΩ(v)− α(u− PΩ(v))∥2.
éþªÐm,é?¿�u ∈ ΩÚα ∈ (0, 1),Ñk ùp�Ø�ª (A2.5)Ò´á�A1¥� (A1.3)

[v − PΩ(v)]
T [u− PΩ(v)] ≤ α

2 ∥u− PΩ(v)∥2. - α → 0+,ÝK5� (A2.5)�y.

3 ⋆ [A2∗1]



½nA1 � β > 0, e(u, β) = u− PΩ[u− βF (u)], u∗ ´ VI(Ω, F )�)��=� e(u∗, β) = 0.

�é{`,¦)C©Ø�ªVI(Ω, F )�±8(�¦ e(u, β) = u− PΩ[u− βF (u)���":.

y² ky7�5. e u∗ ´ VI(Ω, F )�),Ku∗ ∈ Ω. duΩ ⊂ ℜn´4à8,|^ (A2.5) ·���(
v − PΩ(v)

)T (
u∗ − PΩ(v)

)
≤ 0, ∀v ∈ ℜn.

þª¥� v := u∗ − βF (u∗),Kk
(
e(u∗, β)− βF (u∗)

)T
e(u∗, β) ≤ 0 ,=

∥e(u∗, β)∥2 ≤ βe(u∗, β)TF (u∗). (A2.7)

duPΩ[u
∗ − βF (u∗)] ∈ Ω,
� u∗ ´C©Ø�ª�),�â (A2.1)�±��

{PΩ[u
∗ − βF (u∗)]− u∗}TF (u∗) ≥ 0, = e(u∗, β)TF (u∗) ≤ 0. (A2.8)

dØ�ª (A2.7)Ú (A2.8)�� e(u∗, β) = 0.
2y¿©5. 3 (A2.5)¥� v = u∗ − βF (u∗),¿|^ e(u∗, β) �L�ª,k

{e(u∗, β)− βF (u∗)}T {u− PΩ[u
∗ − βF (u∗)]} ≤ 0, ∀u ∈ Ω. (A2.9)

�â^� e(u∗, β) = 0,ku∗ = PΩ(·) ∈ ΩÚ PΩ[u
∗ − βF (u∗)] = u∗. �\Ø�ª (A2.9),�±��

u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω,

= u∗ ´VI(Ω, F )�). ½n�y. □

½nA2 é¤k� u ∈ ℜn Ú β̃ ≥ β > 0,·�k |�f3^Ð�êÆy²T½n¥å
'��^ [44]

∥e(u, β̃)∥ ≥ ∥e(u, β)∥ Ú
{
∥e(u, β̃)∥/β̃

}
≤
{
∥e(u, β)/β

}
. (A2.10)

�é{`: ∥e(u, β)∥´β�Ø~¼ê,
 {∥e(u, β)∥/β}´β�ØO¼ê. y²ë� [8]¥1�ù½n 1.2.

3 ààà`̀̀zzz���CCC©©©ØØØ���ªªªLLL««« (©�Â �{�êÆÄ:: .�KF¼ê�Q:5�+½nA3)

½nA3 �X ⊂ ℜn ´4à8, θ(x)Ú f(x)Ñ´à¼ê, Ù¥ f(x)3�¹X ���m8þ��.
@o

x∗ ∈ argmin{θ(x) + f(x) |x ∈ X} (A2.11)
�¿©7�^�´

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (A2.12)

y² Äk,XJ (A2.11)ý,@oé?¿�x ∈ X Ú xα = (1− α)x∗ + αx, ∀α ∈ (0, 1],Ñk

θ(xα)− θ(x∗)

α
+

f(xα)− f(x∗)

α
≥ 0, (A2.13)

Ï� θ(x)´x�à¼ê,�âxα�½ÂÚà¼ê�5�k

θ(xα) ≤ (1− α)θ(x∗) + αθ(x) ¿�Ïd θ(x)− θ(x∗) ≥ θ(xα)− θ(x∗)

α
, ∀α ∈ (0, 1].

òd(J�\ (A2.13)��>,·�Òk

θ(x)− θ(x∗) +
f(xα)− f(x∗)

α
≥ 0, ∀α ∈ (0, 1].

5¿�þª¥ f(xα) = f(x∗ + α(x− x∗)),du f(x)��,-α → 0+,��

θ(x)− θ(x∗) +∇f(x∗)T (x− x∗) ≥ 0, ∀x ∈ X .

ù�Òl (A2.11)��
à`z�C©Ø�ª/ª (A2.12). 2�Äl (A2.12)� (A2.11). f´à¼ê,Òk

f(xα) ≤ (1− α)f(x∗) + αf(x), ù�±�¤ f(xα)− f(x∗) ≤ α(f(x)− f(x∗)).

Ïd,é¤k�α ∈ (0, 1],·�k

f(x)− f(x∗) ≥ f(xα)− f(x∗)

α
≡ f(x∗ + α(x− x∗))− f(x∗)

α
.

3þª¥�α → 0+,|^ f(x)���5,k

f(x)− f(x∗) ≥ ∇f(x∗)T (x− x∗).

òd�\ (A2.12)��>,� e¡�ªf`²x∗´ (A2.11)�)

x∗ ∈ X , θ(x)− θ(x∗) + f(x)− f(x∗) ≥ 0, ∀x ∈ X ,

ùÒl (A2.12)�� (A2.11). �¤
�Üy². 2 ©�Â �{Ñ�â½nA3¥�éA'X�O`zf¯K

4 ⋆ [A2∗2]



B1-üüüNNNCCC©©©ØØØ���ªªª¥¥¥���nnn���ÄÄÄ���ØØØ���ªªªÚÚÚÄÄÄ������ÝÝÝKKKÂÂÂ   ���{{{
Ä�Ø�ª�|ÜJøÏ��� maths.nju.edu.cn/˜hebmaÛ])

1 dddÝÝÝKKK���������nnn���ÄÄÄ���ØØØ���ªªª
(
VI�A^9PC�{ïÆë��<Ì�X�ùÂcÊù

)
� Ω ⊂ ℜn´����4à8, F ´ ℜn → ℜn ���N�. �Ä¦)üNC©Ø�ª

(VI) u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω. (B1.1)

·�`��C©Ø�ªüN,´�Ù¥��fF ÷v

(u− v)T (F (u)− F (v)) ≥ 0.

3¦)C©Ø�ª (B1.1)�ÝKÂ �{¥,é�½�
�c:ukÚ~êβ > 0,·�|^ÝK

ũk = PΩ[u
k − βF (uk)] (B1.2)

'

&

$

%q p
p

PΩ(v) -vQ
Q

Q
Q

Q
QQk
u

u− PΩ(v)

v − PΩ(v)Ω

)¤��ýÿ: ũk. 3á�A2¥®²y²: bX ũk = uk, ukÒ´ (B1.1)�).
d	,á�A2¥Ó�®²y²
à8þÝKkXmþã¤«�­�5�: é?¿� v ∈ ℜn,k

(PΩ(v)− u)T (v − PΩ(v)) ≥ 0, ∀u ∈ Ω. (B1.3)

du ũk ∈ Ω,�âC©Ø�ª (B1.1)�½Â,é?¿�β > 0,Ñk

(FI-1) (ũk − u∗)TβF (u∗) ≥ 0, ∀u∗ ∈ Ω∗. (B1.4)

3 (B1.3)¥- v = uk − βkF (uk),@od (B1.2)�� ũk = PΩ(v),ò@�áuΩ�u�¤u∗,��

(FI-2) (ũk − u∗)T
(
uk − βF (uk)− ũk

)
≥ 0, ∀u∗ ∈ Ω∗. (B1.5)

�âüN5,·�k

(FI-3) (ũk − u∗)Tβ
(
F (ũk)− F (u∗)

)
≥ 0, ∀u∗ ∈ Ω∗. (B1.6)

·�¡§��ÝKÂ �{¥�n�Ä�Ø�ª.

2 ddd (FI-1)+(FI-2))))¤¤¤¦¦¦)))���555CCC©©©ØØØ���ªªª���ÏÏÏ���������
�5C©Ø�ª¥, F (u) = Mu+ q,Ù¥M��
, q��A��þ. (FI-1)Ú (FI-2)Ò©O¤


(ũk − u∗)Tβ(Mu∗ + q) ≥ 0, ∀u∗ ∈ Ω∗ (B1.7)
Ú

(ũk − u∗)T
{
(uk − ũk)− β(Muk + q)

}
≥ 0, ∀u∗ ∈ Ω∗. (B1.8)

òùüª�\¿ò�>� (ũk − u∗)
)¤ {(uk − u∗)− (uk − ũk)},Òk

{(uk − u∗)− (uk − ũk)}T {(uk − ũk)− βM(uk − u∗)} ≥ 0, ∀u∗ ∈ Ω∗.

·��Ä�´üNC©Ø�ª,|^�f�üN5,k (uk − u∗)TM(uk − u∗) ≥ 0,lþª��

(uk − u∗)T {(I + βMT )(uk − ũk)} ≥ ∥uk − ũk∥2, ∀u∗ ∈ Ω∗. (B1.9)

Ø�ª (B1.9)L²d (FI-1) + (FI-2)�Ñ� (I+βMT )(uk− ũk)´ål¼ê ∥u−u∗∥23uk?�þ,��.
·��±ÀJ·��α > 0,ÏLeª)¤î¼�e'uk��C)8�,�6uÚ�α�#�S�:

uk+1(α) = uk − α(I + βMT )(uk − ũk). (B1.10)

XÛÀ�Ú�αºÜn��{´ÏLÀJα��zS�ÂÃ

ϑk(α) = ∥uk − u∗∥2 − ∥uk+1(α)− u∗∥2. |^ (B1.10)O�

ϑk(α) = ∥uk − u∗∥2 − ∥uk − u∗ − α(I + βMT )(uk − ũk)∥2

= 2α(uk−u∗)T (I + βMT )(uk − ũk)

−α2∥(I + βMT )(uk − ũk)∥2 (|^(B1.9))
≥ 2α∥uk − ũk∥2 − α2∥(I + βMT )(uk − ũk)∥2

= qk(α). (B1.11)
α ∗ 2α ∗

q(α)

γα ∗

ϑ(α)

0 α

ϑk(α)Ú qk(α)Ñ´α��g¼ê,�cö¹k���u∗. �ö´cö�e.¼ê,O� qk(α)�����

� α∗
k = ∥uk − ũk∥2∥(I + βMT )(uk − ũk)∥2, ,�^ þã`² (B1.12)¥��oéα∗�¦·�� γ > 1.

uk+1 = uk − γα∗
k(I + βMT )(uk − ũk), γ ∈ [1.2, 1.8] ⊂ (0, 2) )¤#�S�:. (B1.12)

5 ⋆ [B1∗1]



XJ�Ä�^ (FI-1),é�5C©Ø�ª5`�Ò´�^ (B1.7),�±��

{(uk − u∗)− (uk − ũk)}T {β(Muk + q)− βM(uk − u∗)} ≥ 0. (B1.13)

2|^�f�üN5,k (uk − u∗)TM(uk − u∗) ≥ 0,?
ÒUl (B1.13)��

(uk − u∗)T {β[(Muk + q) +MT (uk − ũk)]} ≥ (uk − ũk)Tβ(Muk + q), ∀u∗ ∈ Ω∗. (B1.14a)

bXuk ∈ Ω,3 (B1.3)¥- v = uk − βkF (uk),du ũk = PΩ(v),·�Òk

(uk − ũk)Tβ(Muk + q) ≥ ∥uk − ũk∥2. (B1.14b)

'� (B1.14)Ú (B1.9),¦)�5üNC©Ø�ª,du�^��Ä�Ø�ª (FI-2),
q�Jø
��' (I + βMT )(uk − ũk)�Ð�Ï��� β[(Muk + q) +MT (uk − ũk)].

3á�B2¥,·�òy²: æ^ (B1.12)¥Ó��α∗
k,d

uk+1 = PΩ

{
uk − γα∗

kβ[(Muk + q) +MT (uk − ũk)]
}
, γ ∈ [1.2, 1.8] ⊂ (0, 2) (B1.15)

)¤#�S�:��{,'�{ (B1.12)�k`³. � γ ∈ [1.2, 1.8]´�6O�²�.

3 ddd (FI-1)+(FI-2)+(FI-3))))¤¤¤¦¦¦)))������555CCC©©©ØØØ���ªªª���ÏÏÏ���������
é��5üNC©Ø�ª,3)¤ýÿ: ũk�ÝK (B1.2)¥,�¦ëêβk��÷v

βk∥F (uk)− F (ũk)∥ ≤ ν∥uk − ũk∥, ν ∈ (0, 1). (B1.16)

éÀ½�βk > 0,d (FI-1)+(FI-2)+(FI-3),·���

{(uk − u∗)− (uk − ũk)}T {(uk − ũk)− βk(F (uk)− F (ũk))} ≥ 0, ∀u∗ ∈ Ω∗.

|^PÒ
d(uk, ũk) = (uk − ũk)− βk(F (uk)− F (ũk), (B1.17)

·��� (uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk), ∀u∗ ∈ Ω∗. (B1.18)

�â (B1.16)ÚCauchy-SchwarzØ�ª, (B1.18)mà� (uk − ũk)T d(uk, ũk) ≥ (1 − ν)∥uk − ũk∥2,ù
L² d(uk, ũk)´d (FI-1) + (FI-2) + (FI-3))¤�î¼�eål¼ê ∥u− u∗∥23uk?�þ,��.·��
±ÏLÀJ·��α,)¤'uk��C)8�#�S�:

uk+1(α) = uk − αd(uk, ũk). (B1.19)

�Ä��zϑk(α) = ∥uk − u∗∥2 − ∥uk+1(α)− u∗∥2,duϑk(α)¥¹kI¦�u∗,|^ (B1.18),·���

ϑk(α) = ∥uk − u∗∥2 − ∥uk+1(α)− u∗∥2 = ∥uk − u∗∥2 − ∥uk − u∗ − αd(uk, ũk)∥2

= 2α(uk − u∗)T d(uk, ũk)− α2∥d(uk, ũk)∥2 (|^ (B1.18))
≥ 2α(uk − ũk)d(uk, ũk)− α2∥d(uk, ũk)∥2 =: qk(α). (B1.20)

5¿�ϑk(α)Ú qk(α)Ñ´ α��g¼ê,�cö¹k���u∗. �ö´cö�e.¼ê,O� qk(α)�
�����α∗

k = (uk − ũk)T d(uk, ũk)∥d(uk, ũk)∥2,,�^

uk+1 = uk − γα∗
kd(u

k, ũk), γ ∈ [1.2, 1.8] ⊂ (0, 2) )¤#�S�:. (B1.21)

XJ�Ä�^ (FI-1)+(FI-3),é��5C©Ø�ª5`�±��

{(uk − u∗)− (uk − ũk)}TβkF (ũk) ≥ 0, ∀u∗ ∈ Ω∗.

?
k (uk−u∗)TβkF (ũk) ≥ (uk− ũk)TβkF (ũk), ∀u∗ ∈ Ω∗. (B1.22a)

bXuk ∈ Ω,3 (B1.3)¥- v = uk − βkF (uk),du ũk = PΩ(v),·�Òk

(ũk − uk)T {uk − βkF (uk)− ũk} ≥ 0,

l
��
(uk − ũk)TβkF (uk) ≥ (uk − ũk)T (uk − ũk)

23þªüà\þ (uk − ũk)Tβk[F (ũk)− F (uk)],¿|^ d(uk, ũk) (� (B1.17)),Ò��

(uk − ũk)TβkF (ũk) ≥ (uk − ũk)T d(uk, ũk). (B1.22b)

'� (B1.22)Ú (B1.18),¦)��5üNC©Ø�ª,du�^��Ä�Ø�ª (FI-2)q�Jø
��
' d(uk, ũk)�Ð�Ï��� βkF (ũk). 3á�B3¥,·�òy²: æ^ (B1.21)¥Ó��α∗

k,d

uk+1 = PΩ

{
uk − γα∗

kβkF (ũk
}
, γ ∈ [1.2, 1.8] ⊂ (0, 2) (B1.23)

)¤#�S�:��{,'�{ (B1.21)�k`³. Ó�,� γ ∈ [1.2, 1.8]´�6O�²�.
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B2-���555CCC©©©ØØØ���ªªªÝÝÝKKKÂÂÂ   ���{{{¥¥¥���ÌÌÌ)))������ÚÚÚWWW~~~���{{{
¤��Ì)��ÚW~�{ I (ë�©z[3, 4, 1, 2, 7])

1 ���555VI¥¥¥���ÌÌÌ)))������ÚÚÚ���ÓÓÓÚÚÚ������WWW~~~���{{{ (ë� [3, 4, 1, 7]ÚX�ùÂ [8]�cÊù)
� Ω ⊂ ℜn´����4à8, M ∈ ℜn×n, q ∈ ℜn. �Ä¦)�5üNC©Ø�ª

(LVI) u∗ ∈ Ω, (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω. (B2.1)

XJþª¥ Ω = ℜn
+, LVI (B2.1) Ò´���5pÖ¯K (Linear Complementarity Problem):

(LCP) u∗ ≥ 0, Mu∗ + q ≥ 0, (u∗)T (Mu∗ + q) = 0. (B2.2)

�é{`, LCP´Ω = ℜn
+�LVI.`��LVIüN,´�Ù¥Ø�½é¡�Ý
M÷v (MT +M) ⪰ 0.

3¦)�5C©Ø�ª (B2.1) �ÝKÂ �{¥, é
�½��c:ukÚ~êβ > 0,·�|^ÝK

ũk = PΩ[u
k − β(Muk + q)] (B2.3)

)¤ýÿ: ũk. 3ÝK (B2.3)¥,éëêβ > 0nØþ
vk�¦,����N¤ β∥M(uk − ũk)∥ ≈ ∥uk − ũk∥.

'

&

$

%q p
p

PΩ(v) -vQ
Q

Q
Q

Q
QQk
u

u− PΩ(v)

v − PΩ(v)Ω

bX ũk = uk, ukÒ´ (B2.1)�),ù3½nA2¥®²y². ÄK,Ò�Äu±e©Û?1#�S�.

à8þÝKkXmþã¤«�­�5�: é?¿� v ∈ ℜn,^PΩ(v)L« v�Ωþ�ÝK,k

(u− PΩ(v))
T (v − PΩ(v)) ≤ 0, ∀u ∈ Ω. (B2.4)

3 (B2.4)¥- v = uk − β(Muk + q),@od (B2.3)�� PΩ(v) = ũk,¿l (B2.4)��

ũk ∈ Ω, (u− ũk)T {(uk − ũk)− β(Muk + q)} ≤ 0, ∀u ∈ Ω. (B2.5)

þªü>Ñ\þ (u− ũk)Tβ[MT (uk − ũk) + (Muk + q)],dd·�ÄuÝK (B2.3)��ýÿúª

[ýÿ] (u− ũk)T (I+βMT )(uk− ũk) ≤ (u− ũk)Tβ[MT (uk− ũk)+(Muk+q)], ∀u ∈ Ω. (B2.6)

½Â 1 (�5VI¥�Ì)��) 3ÄuÝK (B2.3)�ýÿC©Ø�ª (B2.6)¥,©?üà�

(I + βMT )(uk − ũk) Ú β[MT (uk − ũk) + (Muk + q)] ¡��éÌ)��. (B2.7)

P d(uk, ũk) = (I + βMT )(uk − ũk), g(uk, ũk) = β[MT (uk − ũk) + (Muk + q)]. (B2.8)

½Â 2 (�5VI¥�W~�{) ¡æ^ (B2.7)¥�éÌ)��?1����{µ

uk+1
I (α) = uk − αd(uk, ũk) Ú uk+1

II (α) = PΩ[u
k − αg(uk, ũk)] (B2.9)

��éW~�{. Ù¥α´�Ó��½Ú�.

½Â 3 (�Ã¼ê)�A/,é?¿�½�):u∗ ∈ Ω∗,·�P

ϑk(α) = ∥uk − u∗∥2 − ∥uk+1
I (α)− u∗∥2 Ú ζk(α) = ∥uk − u∗∥2 − ∥uk+1

II (α)− u∗∥2. (B2.10)

§�´�6uÚ�α� kgS��ÂÃ,´Ú�α�¼ê.

·�ØU��4�zϑk(α)Ú ζk(α),Ï�§¹k���u∗. e¡òy²�g¼ê

qk(α) = 2α∥uk − ũk∥2 − α2∥d(uk, ũk)∥2 (B2.11)

´§��e.. 3 §2¥,·�òy²,éÓ��α, ζk(α)`uϑk(α). ^W~�{¥�1�«�{�Ð�
ù�(J�y²JÝ'B3¥��5�/�y²���
. d ũk ∈ Ω,�âLVI�½Â (B2.1),·�k

(ũk − u∗)Tβ(Mu∗ + q) ≥ 0, ∀u∗ ∈ Ω∗. (B2.12)

þª�±U�¤ {(uk − u∗)− (uk − ũk)}Tβ{(Muk + q)−M(uk − u∗)} ≥ 0. dMT +M ⪰ 0,�n��

(uk − u∗)Tβ[MT (uk − ũk) + (Muk + q)] ≥ (uk − ũk)Tβ(Muk + q), ∀u∗ ∈ Ω∗. (B2.13)

ò (B2.5)¥?¿�u ∈ Ω�¤u∗,Kk

(ũk − u∗)T {(uk − ũk)− β(Muk + q)} ≥ 0, ∀u∗ ∈ Ω∗. (B2.14)

ò (B2.12)Ú (B2.14)�\�� {(uk − u∗)− (uk − ũk)}T {(uk − ũk)− βM(uk − u∗)} ≥ 0,?�Úz{,

|^ (B2.8)¥PÒ d(uk, ũk)�� (uk − u∗)T d(uk, ũk) ≥ ∥uk − ũk∥2, ∀u∗ ∈ Ω∗. (B2.15)

7 ⋆ [B2∗1]



2 WWW~~~���{{{���ÂÂÂ   555���yyy²²² (ë� [1, 7, 9, 10]ÚX�ùÂ [8]¥1nù)

½nB1 �uk+1
I (α)Úuk+1

II (α)dW~�{)¤. éd (B2.10)½Â�ϑk(α)Ú ζk(α),k

ϑk(α) ≥ qk(α) Ú ζk(α) ≥ qk(α) + ∥uk+1
I (α)− uk+1

II (α)∥2, (B2.16)

Ù¥ qk(α)d (B2.11)�Ñ.

y² �â (B2.10)éϑk(α)�½Â,|^ (B2.15)Òk
ϑk(α) = ∥uk − u∗∥2 − ∥uk+1

I (α)− u∗∥2

= ∥uk − u∗∥2 − ∥(uk − u∗)− αd(uk, ũk)∥2

= 2α(uk−u∗)T d(uk, ũk)− α2∥d(uk, ũk)∥2

≥ 2α∥uk − ũk∥2 − α2∥d(uk, ũk)∥2

= qk(α). (see(B2.11)) (B2.17)

'

&

$

%

quH
HHH

HHquk−αg(uk, ũk)
uk+1
II (α) q
qu∗









�
���

����

Ω

·�y²
½n(Ø�1�Ü©. é½n�1�Ü©,Ï� uk+1
II (α) = PΩ[u

k − αβkF (ũk)]Ú u∗ ∈ Ω,�
âÝK�5�Ú{u½n (ë�mþã),k

∥uk+1
II (α)− u∗∥2 ≤ ∥uk − αg(uk, ũk)− u∗∥2 − ∥uk − αg(uk, ũk)− uk+1

II (α)∥2. (B2.18)

Ïd,|^ ζk(α)�½Â(� (B2.10)),·�k

ζk(α) ≥ ∥uk − u∗∥2 − ∥(uk − u∗)− αg(uk, ũk)∥2 + ∥(uk − uk+1
II (α))− αg(uk, ũk)∥2

= ∥uk − uk+1
II (α)∥2 + 2α(uk+1

II (α)− u∗)T g(uk, ũk). (B2.19)

e¡�²Lü�©
L§. 1). Äkò (B2.19)¥mà���� (uk+1
II (α)− u∗)T g(uk, ũk)©
¤

(uk+1
II (α)− u∗)T g(uk, ũk) = (uk+1

II (α)− ũk)T g(uk, ũk) + (ũk − u∗)T g(uk, ũk). (B2.20)

kw (B2.20)mà�1�Ü©,Ï�uk+1
II (α) ∈ Ω,ò (B2.6)¥áuΩ�u�¤uk+1

II (α),·���

(uk+1
II (α)− ũk)T g(uk, ũk) ≥ (uk+1

II (α)− ũk)T d(uk, ũk)

= (uk+1
II (α)− uk)T d(uk, ũk) + (uk − ũk)T d(uk, ũk). (B2.21)

2)2é (B2.20)mà�1�Ü©, (ũk − u∗)T g(uk, ũk),UY©


(ũk − u∗)T g(uk, ũk) = (uk − u∗)T g(uk, ũk)− (uk − ũk)T g(uk, ũk). (B2.22)

|^PÒ g(uk, ũk)Ú (uk − u∗)T g(uk, ũk) ≥ (uk − ũk)Tβ(Muk + q) (� (B2.13)),·���

(ũk − u∗)T g(uk, ũk) = (uk − u∗)T g(uk, ũk)− (uk − ũk)T g(uk, ũk)

≥ (uk − ũk)Tβ(Muk + q)− (uk − ũk)Tβ[MT (uk − ũk) + (Muk + q)]

= −β(uk − ũk)TMT (uk − ũk). (B2.23)

ò (B2.20), (B2.21)Ú (B2.23)�\,Òk

(uk+1
II (α)− u∗)T g(uk, ũk) ≥ (uk+1

II (α)− uk)T d(uk, ũk) + ∥uk − ũk∥2. (B2.24)

3)��,ò (B2.24)�\ (B2.19),?�ÚÒ�±z�

ζk(α) ≥ ∥uk − uk+1
II (α)∥2 + 2α(uk+1

II (α)− uk)T d(uk, ũk) + 2α∥uk − ũk∥2

= ∥(uk − uk+1
II (α))− αd(uk, ũk)∥2 − α2∥d(uk, ũk)∥2 + 2α∥uk − ũk∥2

= ∥(uk − αd(uk, ũk))− uk+1
II (α)∥2 + qk(α).

5¿����ª¥� (uk − αd(uk, ũk))Ò´uk+1
I (α),ù�Ò�¤
½n(Ø (B2.16)���y². 2

ù�½n`², qk(α)´ϑk(α)Ú ζk(α)�e.. éÓ��α, ζk(α)`uϑk(α). du qk(α)3

α∗
k = argmax{qk(α)} = ∥uk − ũk∥2

/
∥d(uk, ũk)∥2 (B2.25)

?�����(ù�´á�A § 1¥Ú�α∗
k��{). 3¢SO�¥,·�æ^��úª

uk+1 = uk − γα∗
kd(u

k, ũk) ½ uk+1 = PΩ[u
k − γα∗

kg(u
k, ũk)] (B2.26)

�)#�S�: uk+1,Ù¥� α∗
kÑd (B2.25)�Ñ,tµÏf γ ∈ (0, 2),·�  � γ ∈ [1.2, 1.8].

B2¥é�5VI5��y²,'B3¥��5��IE|,Ï�ýÿ(B2.3)��¦β > 0,'��5�^�°t.
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B3-������555CCC©©©ØØØ���ªªªÝÝÝKKKÂÂÂ   ���{{{¥¥¥���ÌÌÌ)))������ÚÚÚWWW~~~���{{{
¤��Ì)��ÚW~�{ II (ë�©z[3, 4, 1, 2, 7, 8, 9, 10])

1 ������555VI¥¥¥���ÌÌÌ)))������ÚÚÚ���ÓÓÓÚÚÚ������WWW~~~���{{{ (ë� [3, 4, 1, 7]ÚX�ùÂ [8]cÊù)

� Ω ⊂ ℜn´����4à8, F ´ ℜn → ℜn ���N�. �Ä¦)üNC©Ø�ª

(VI) u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω. (B3.1)

XJþª¥ Ω = ℜn
+ (�K%�),C©Ø�ª (B3.1)Ò´��pÖ¯K (Complementarity Problem):

(CP) u∗ ≥ 0, F (u∗) ≥ 0, (u∗)TF (u∗) = 0. (B3.2)

�é{`,pÖ¯K´C©Ø�ª¥ Ω = ℜn
+ �fa.

·�`��C©Ø�ªüN, ´�Ù¥��fF ÷
v (u−v)T (F (u)−F (v)) ≥ 0. 3¦)C©Ø�ª (B3.1)
�ÝKÂ �{¥, é�½��c:ukÚ~êβk > 0,
·�|^ÝK

ũk = PΩ[u
k − βkF (uk)] (B3.3)

'

&

$

%q p
p

PΩ(v) -vQ
Q

Q
Q

Q
QQk
u

u− PΩ(v)

v − PΩ(v)Ω

)¤��ýÿ: ũk. bX ũk = uk, ukÒ´ (B3.1)�) (T(Ø��½nA1,y²��ë�[8]�1�ù).
ÄK,Ò�Äu±e©Û?1#�S�.

é��5üNC©Ø�ª,3)¤ýÿ: ũk�ÝK (B3.3)¥,�¦ëêβk��÷v

βk∥F (uk)− F (ũk)∥ ≤ ν∥uk − ũk∥, ν ∈ (0, 1). (B3.4)

à8þÝKkXmþã¤«�­�5�: é?¿� v ∈ ℜn,^PΩ(v)L« v�Ωþ�ÝK,k

(u− PΩ(v))
T (v − PΩ(v)) ≤ 0, ∀u ∈ Ω. (B3.5)

ùÒ´ÚnA�(Ø.3 (B3.5)¥- v = uk − βkF (uk),@od (B3.3) PΩ(v) = ũk,¿l (B3.5)��

ũk ∈ Ω, (u− ũk)T {[uk − βkF (uk)]− ũk} ≤ 0, ∀u ∈ Ω. (B3.6)

þªü>Ñ\þ (u− ũk)TβkF (ũk),dd·�ÄuÝK (B3.3)��ýÿúª

[ýÿ] ũk ∈ Ω, (u− ũk)T d(uk, ũk) ≤ (u− ũk)TβkF (ũk), ∀u ∈ Ω. (B3.7)

Ù¥ d(uk, ũk) = (uk − ũk)− βk[F (uk)− F (ũk)]. (B3.8)

½Â 1 (��5VI¥�Ì)��) ÄuÝK (B3.3)���ýÿC©Ø�ª (B3.7)¥,©?üà�

d(uk, ũk) Ú βkF (ũk), ¡��éÌ)��. (B3.9)

ò (B3.7)¥�áuΩ�uÀ¤?¿�):u∗,|^F (u)�üN5Ú (B3.1),k

(ũk − u∗)T d(uk, ũk) ≥ (ũk − u∗)TβkF (ũk) ≥ (ũk − u∗)TβkF (u∗) ≥ 0.
Ïd,?
k

(uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk). (B3.10)

½Â 2 (W~�{) æ^ (B3.9)¥�éÌ)�� d(uk, ũk)Ú βkF (ũk)©O?1��

uk+1
I (α) = uk − αd(uk, ũk), (B3.11)

Ú

uk+1
II (α) = PΩ[u

k − αβkF (ũk)], (B3.12)

��{¡��éW~�{. Ù¥α´�Ó��½Ú�.

½Â 3 (�Ã¼ê)é?¿�½�):u∗ ∈ Ω∗,·�P

ϑk(α) = ∥uk − u∗∥2 − ∥uk+1
I (α)− u∗∥2 (B3.13)

Ú

ζk(α) = ∥uk − u∗∥2 − ∥uk+1
II (α)− u∗∥2. (B3.14)

§�´�6uÚ�α� kgS��ÂÃ,´Ú�α�¼ê.

·�ØU��4�z�Ã¼êϑk(α)Ú ζk(α),Ï�§¹k���u∗. e¡òy²�g¼ê

qk(α) = 2α(uk − ũk)T d(uk, ũk)− α2∥d(uk, ũk)∥2 (B3.15)

´§��e.. �
�y qk(α) > 0,·�3)¤ýÿ: ũk�ÝK (B3.3)¥,�¦ëêβk¦� (B3.4)¤á.
3ù�5P� §2,·�ò¬y²,éÓ��α, ζk(α)`uϑk(α).

9 ⋆ [B3∗1]



2 WWW~~~���{{{���ÂÂÂ   555���yyy²²² (ë� [1, 9, 10]ÚX�ùÂ [8]¥1nù)

½nB2 �uk+1
I (α)Úuk+1

II (α)dW~�{)¤. é©Od (B3.13)Ú (B3.14)½Â��Ã¼
êϑk(α)Ú ζk(α),·�k

ϑk(α) ≥ qk(α) Ú ζk(α) ≥ qk(α) + ∥uk+1
I (α)− uk+1

II (α)∥2, (B3.16)

Ù¥ qk(α)d (B3.15)�Ñ.

y² �â (B3.13)¥éϑk(α)�½Â,|^ (B3.10)·�k

ϑk(α) = ∥uk − u∗∥2 − ∥uk+1
I (α)− u∗∥2

= ∥uk − u∗∥2 − ∥uk − u∗ − αd(uk, ũk)∥2

= 2α(uk−u∗)T d(uk, ũk)− α2∥d(uk, ũk)∥2

≥ 2α(uk−ũk)T d(uk, ũk)− α2∥d(uk, ũk)∥2

= qk(α). (B3.17)

'

&

$

%

quH
HHH

HHquk−αβkF (ũk)
uk+1
II (α) q
qu∗









�
���

����

Ω

·�y²
½n(Ø�1�Ü©. é½n(Ø�1�Ü©,Ï� uk+1
II (α) = PΩ[u

k−αβkF (ũk)]Ú u∗ ∈ Ω,
�âÝK�5�Ú{u½n (ë�mþã),k

∥uk+1
II (α)− u∗∥2 ≤ ∥uk − αβkF (ũk)− u∗∥2 − ∥uk − αβkF (ũk)− uk+1

II (α)∥2. (B3.18)

Ïd,|^ ζk(α)�½Â(� (B3.14)),·�k

ζk(α) ≥ ∥uk − u∗∥2 − ∥(uk − u∗)− αβkF (ũk)∥2 + ∥(uk − uk+1
II (α))− αβkF (ũk)∥2

= 2α(uk − u∗)TβkF (ũk) + 2α(uk+1
II (α)− uk)TβkF (ũk) + ∥uk − uk+1

II (α)∥2

= ∥uk − uk+1
II (α)∥2 + 2α(uk+1

II (α)− u∗)TβkF (ũk). (B3.19)

ò (B3.19)¥mà����� (uk+1
II (α)− u∗)TβkF (ũk)©
¤

(uk+1
II (α)− u∗)TβkF (ũk) = (uk+1

II (α)− ũk)TβkF (ũk) + (ũk − u∗)TβkF (ũk).

|^üN5, (ũk − u∗)TβkF (ũk) ≥ (ũk − u∗)TβkF (u∗),þªmà1�Ü©�K.�\ (B3.19),?
��

ζk(α) ≥ ∥uk − uk+1
II (α)∥2 + 2α(uk+1

II (α)− ũk)TβkF (ũk). (B3.20)

Ï� uk+1
II (α) ∈ Ω,^§O� (B3.7)¥�?¿ u ∈ Ω,��

(uk+1
II (α)− ũk)TβkF (ũk) ≥ (uk+1

II (α)− ũk)T d(uk, ũk). (B3.21)

ò (B3.21)�\ (B3.20)�mà,Òk

ζk(α) ≥ ∥uk − uk+1
II (α)∥2 + 2α(uk+1

II (α)− ũk)T d(uk, ũk). (B3.22)

éþªmà,|^ qk(α)�/ª (�(B3.15)),Ò�±?�Úz¤

ζk(α) ≥ ∥uk − uk+1
II (α)∥2 + 2α(uk+1

II (α)− ũk)T d(uk, ũk)

= ∥uk − uk+1
II (α)∥2 + 2α(uk+1

II (α)− uk)T d(uk, ũk) + 2α(uk − ũk)T d(uk, ũk)

= ∥(uk − uk+1
II (α))− αd(uk, ũk)∥2 − α2∥d(uk, ũk)∥2 + 2α(uk − ũk)T d(uk, ũk)

= ∥(uk − uk+1
II (α))− αd(uk, ũk)∥2 + qk(α).

|^ (B3.11),þªmà�1�Ü©Ò´ ∥uk+1
I (α)− uk+1

II (α)∥2. ùÒ�¤
(Ø (B3.16)��Üy². 2

ù�½n`², qk(α)´ϑk(α)Ú ζk(α)�e.. éÓ��α, ζk(α)`uϑk(α). du qk(α)3

α∗
k = argmax{qk(α)} = (uk − ũk)T d(uk, ũk)

/
∥d(uk, ũk)∥2 (B3.23)

?�����(ù�´á�A § 1¥Ú�)α∗
k��{). 3¢SO�¥,·�æ^��úª

(Â �{–1) uk+1 = uk − γα∗
kd(u

k, ũk) (B3.24)
½ö

(Â �{–2) uk+1 = PΩ[u
k − γα∗

kβkF (ũk)] (B3.25)

�)#�S�: uk+1,Ù¥� α∗
kÑd (B3.23)�Ñ,tµÏf γ ∈ (0, 2),·�  � γ ∈ [1.2, 1.8].

æ^��úª (B3.24),Ð?´)¤uk+1Ø^2�ÝK.¢S¯K¥,�Ωþ�ÝK�d  Øp (~
XΩ´���%�½öµ/),Ïd~æ^��úª (B3.25). nd3·Ì�X�ùÂ�cnù¥k��[
�`². �'�Âñ�Ç�(ØÚy²�±ë�1Êù. [%�Öö¬5¿�B3�y²'B2�w{ü.
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C1-|||^̂̂CCC©©©ØØØ���ªªªyyy²²²¦¦¦fff���OOO������{{{ (ADMM)���'''���ÂÂÂñññ555���
±C©Ø�ª�óä�y²�{

(
ë�[12, 13, 14, 15]ÚùÂ [8]�1 11ù

)
1 ü��©l¬�à`z¯KÚ�A�C©Ø�ª

(
ë� [12, 13]Ú [8]� 11-15ù

)
¦f�O��{ (ADMM)?n�´�ª�å�ü��©l¬�à`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}, (C1.1)

Ù¥ θ1(x), θ2(y)´à¼ê, A, B, b´�A�Ý
Ú�þ, X ,Y´4à8. T¯K�.�KF¼ê
´

L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b). (C1.2)

·��åu¦¯K (C1.1)�.�KF¼ê�Q:
(
x∗, y∗, λ∗). Q:÷v

(x∗, y∗, λ∗) ∈ Ω, L(x, y, λ∗) ≥ L(x∗, y∗, λ∗) ≥ L(x∗, y∗, λ), ∀(x, y, λ) ∈ Ω, (C1.3)

Ù¥ Ω = X × Y × ℜm. Q:¥� (x∗, y∗)Ò´�¯K (C1.1)�):.

�±r�xQ:�Ø�ª (C1.3)¥©O'ux, y, λ�Ü©©m5�¤: (x∗, y∗, λ∗) ∈ X ×Y ×ℜm,
L(x, y∗, λ∗)− L(x∗, y∗, λ∗) ≥ 0, ∀x ∈ X ,

L(x∗, y, λ∗)− L(x∗, y∗, λ∗) ≥ 0, ∀y ∈ Y,

L(x∗, y∗, λ∗)− L(x∗, y∗, λ) ≥ 0, ∀λ ∈ ℜm.

⇔


θ1(x)− θ1(x

∗) + (x− x∗)T (−ATλ∗) ≥ 0, ∀x ∈ X ,

θ2(y)− θ2(y
∗) + (y − y∗)T (−BTλ∗) ≥ 0, ∀y ∈ Y,

(λ− λ∗)T (Ax∗ +By∗ − b) ≥ 0, ∀λ ∈ ℜm.

±þ��d'X´d.�KF¼êL(x, y, λ)�L�ª�5�. mý�;nL«Ò´C©Ø�ª

(VI) w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (C1.4a)

Ù¥

w =

 x
y

λ

 , u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), F (w) =

 −ATλ
−BTλ

Ax+By − b

 . (C1.4b)

2 ¦¦¦fff���OOO������{{{999ÙÙÙCCC©©©ØØØ���ªªªLLL«««
(
à�¦�C©Ø�ª (C1.4)�)

)
ADMM� kÚS�l�½�Ø%Cþ vk = (yk, λk)Ñu,Ue¡�^S¦� (xk+1, yk+1, λk+1):[
T�{^�`z¥UC

8I¼ê¥�~ê�¿

ØUC¯K)ù�5�

]
xk+1 ∈ argmin

{
θ1(x)− xTATλk + 1

2β∥Ax+Byk − b∥2
∣∣ x ∈ X

}
, (C1.5a)

yk+1 ∈ argmin
{
θ2(y)− yTBTλk + 1

2β∥Axk+1 +By − b∥2
∣∣ y ∈ Y

}
, (C1.5b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (C1.5c)

du kÚS�l�½� (yk, λk)m©, xk+1´O��5�,·�r (y, λ)¡�Ø%Cþ. ¡x�¥mCþ.

�âà`z��`5�n (½nA3), ADMM kÚS� (C1.5)�n�f¯K��`5^�©O´
xk+1 ∈ X , θ1(x)− θ1(x

k+1) + (x− xk+1)T
{
−ATλk + βAT (Axk+1 +Byk − b)} ≥ 0, ∀x ∈ X ,

yk+1 ∈ Y, θ2(y)− θ2(y
k+1) + (y − yk+1)T

{
−BTλk + βBT (Axk+1 +Byk+1 − b)} ≥ 0, ∀y ∈ Y,

λk+1 ∈ ℜm, (λ− λk+1)T {(Axk+1 +Byk+1 − b) + 1
β (λ

k+1 − λk)} ≥ 0, ∀λ ∈ ℜm.

�?Û���þSÈÑ�K�´"�þ,���1��u (Axk+1+Byk+1−b)+ 1
β (λ

k+1−λk) = 0.

|^ λk+1 = λk − β(Axk+1 +Byk+1 − b),þ¡�ªf�±�nU�¤
xk+1 ∈ X , θ1(x)− θ1(x

k+1) + (x− xk+1)T
{
−ATλk+1 + βATB(yk − yk+1)} ≥ 0, ∀x ∈ X , (C1.6a)

yk+1 ∈ Y, θ2(y)− θ2(y
k+1) + (y − yk+1)T

{
−BTλk+1 } ≥ 0, ∀y ∈ Y, (C1.6b)

λk+1 ∈ ℜm, (λ− λk+1)T {(Axk+1 +Byk+1 − b) + 1
β (λ

k+1 − λk)} ≥ 0, ∀λ ∈ ℜm. (C1.6c)

3Ø�ª (C1.6b)��à�¡\þÚ�"� (βBTB(yk − yk+1) + βBTB(yk+1 − yk)),þªU�¤
θ1(x)− θ1(x

k+1)
::::::::::::::

+ (x− xk+1)T
{
−ATλk+1
::::::::

+ βATB(yk − yk+1)
}
≥ 0,

θ2(y)− θ2(y
k+1)

::::::::::::::
+ (y − yk+1)T

{
−BTλk+1
::::::::

+ βBTB(yk − yk+1) + βBTB(yk+1 − yk) } ≥ 0,

(λ− λk+1)T {(Axk+1 +Byk+1 − b
:::::::::::::::::

) + 1
β (λ

k+1 − λk)} ≥ 0.
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éþª?1�Ü (Ó�a.�¿3�å),|^C©Ø�ª (C1.4)¥�PÒ,��ADMM�VIL«

θ(u)− θ(uk+1)
::::::::::::

+ (w − wk+1)TF (wk+1)
:::::::

©Orþª¥eÅ«�Ü©Úey�Ü©|C3�å

+

(
x− xk+1

y − yk+1

)T

β

(
AT

BT

)
B(yk− yk+1)+

(
y − yk+1

λ− λk+1

)T(
βBTB 0

0 1
β I

)(
yk+1 − yk

λk+1 − λk

)
≥ 0, ∀w ∈ Ω.(C1.7)

3 ÄuC©Ø�ªL«��O��{Âñ5'�5�y²

òADMM�C©Ø�ªL« (C1.7)¥áuΩ�w,�¤,�(½�):w∗,Bk
θ(u∗)− θ(uk+1) + (w∗ − wk+1)TF (wk+1)

+

(
x∗ − xk+1

y∗ − yk+1

)T

β

(
AT

BT

)
B(yk − yk+1) +

(
y∗ − yk+1

λ∗ − λk+1

)T(
βBTB 0

0 1
β I

)(
yk+1 − yk

λk+1 − λk

)
≥ 0.(C1.8)

e^PÒ v =

(
y

λ

)
Ú H =

(
βBTB 0

0 1
β Im

)
, (C1.9)

Ø�ª (C1.8)Ò�±U�¤

(vk+1 − v∗)TH(vk − vk+1) ≥
(
xk+1 − x∗

yk+1 − y∗

)T

β

(
AT

BT

)
B(yk − yk+1)

+{θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1)}
:::::::::::::::::::::::::::::::::::::

. (C1.10)

e¡·�y² (C1.10)ªmàüÜ©Ñ�K.du (wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗),

θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1) = θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0.

�¡�Ø�ª
uw∗´¯K�). ùÒ´`, (C1.10)ªmà1�Ü© (eÅ«�@Ü©)�K.

Ïd,l (C1.10)�� (vk+1− v∗)TH(vk − vk+1) ≥
(
xk+1 − x∗

yk+1 − y∗

)T

β

(
AT

BT

)
B(yk − yk+1). (C1.11)

·��Xé (C1.11)�màz{,5¿� í����^��ªβ
(
Axk+1 +Byk+1 − b

)
= (λk − λk+1)(

xk+1 − x∗

yk+1 − y∗

)T

β

(
AT

BT

)
B(yk − yk+1) = (yk − yk+1)TBTβ

(
A,B

)(xk+1 − x∗

yk+1 − y∗

)
= (yk − yk+1)TBTβ

(
Axk+1 +Byk+1 − (Ax∗ +By∗)

)
|^(Ax∗ +By∗ = b)

= (yk − yk+1)TBTβ
(
Axk+1 +Byk+1 − b

)
::::::::::::::::::::

= (yk − yk+1)TBT (λk − λk+1)
::::::::::

. (C1.12)

e¡y² (C1.12)ª�mà (yk − yk+1)TBT (λk − λk+1) ≥ 0,d?�^��:�E|.

|^ (C1.6b)k
θ2(y)− θ2(y

k+1) + (y − yk+1)T (−BTλk+1) ≥ 0, ∀ y ∈ Y,

Ú θ2(y)− θ2(y
k) + (y − yk)T (−BTλk) ≥ 0, ∀ y ∈ Y.(

òþ¡üª¥?¿�

y©O�¤ ykÚ yk+1

)
Òk

θ2(y
k)− θ2(y

k+1) + (yk − yk+1)T (−BTλk+1) ≥ 0.

θ2(y
k+1)− θ2(y

k) + (yk+1 − yk)T (−BTλk) ≥ 0.

(òþ¡üª�\,Òk) (yk − yk+1)BT (λk − λk+1) ≥ 0. ((C1.12)ªmà�K)

þ¡y²
 (yk − yk+1)TBT (λk − λk+1) ≥ 0,d (C1.12)�� (C1.11)ªmà�K.l
��I��

(vk+1 − v∗)TH(vk − vk+1) ≥ 0. (C1.13)

5¿�ek bTH(a− b) ≥ 0 Òk ∥b∥2H = ∥a∥2H − 2bTH(a− b)− ∥a− b∥2H ≤ ∥a∥2H − ∥a− b∥2H .

� a = (vk − v∗) Ú b = (vk+1 − v∗),�â (C1.13)Ò��ADMMÂñ5�'�Ø�ª

∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − ∥vk − vk+1∥2H , ∀v∗ ∈ V∗. (Ø%Cþ�Â 5�) (C1.14)
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C2-ýýýÿÿÿ-������ÚÚÚ���µµµeeeeee¦¦¦fff���OOO������{{{ (ADMM)���ÂÂÂñññ555yyy²²²
3©�Â �{Ú�µeey²ADMMÂñ5 (ë�[17, 18])

1 üüü������©©©lll¬¬¬���ààà`̀̀zzz¯̄̄KKKÚÚÚ���AAA���CCC©©©ØØØ���ªªª (ë� [2, 12, 13]Ú [8]� 11-15ù)

¦f�O��{ (ADMM)?n�´ü��©l¬�à`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}, (C2.1)

Ù¥ θ1(x), θ2(y)´à¼ê, A, B, b´�A�Ý
Ú�þ, X ,Y´4à8. lá�C1·�®²�
�: ¯K (C2.1)�.�KF¼ê�Q:w∗ = (x∗, y∗, λ∗)�duC©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (C2.2a)
�):,Ù¥

w =

 x
y

λ

 , u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), F (w) =

 −ATλ
−BTλ

Ax+By − b

 . (C2.2b)

ADMM� kÚS�´l�½� vk = (yk, λk)Ñu,Ue¡�^S¦�wk+1 = (xk+1, yk+1, λk+1):[
T�{^�`z¥UC

8I¼ê¥�~ê�¿

ØUC¯K)ù�5�

]
xk+1 ∈ argmin

{
θ1(x)− xTATλk + 1

2β∥Ax+Byk − b∥2
∣∣ x ∈ X

}
, (C2.3a)

yk+1 ∈ argmin
{
θ2(y)− yTBTλk + 1

2β∥Axk+1 +By − b∥2
∣∣ y ∈ Y

}
, (C2.3b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (C2.3c)

2 ¦¦¦fff���OOO������{{{©©©


¤¤¤ÚÚÚ���µµµeeeeee���ýýýÿÿÿ-������
3A1� §2¥·�®²J9�5�åà`z©�Â �{�Ú�µe,¿y²
Âñ'��Â Ø�

ª. ù��,·�3Ú�µeeüÌADMM�{. �â (C2.3)�)�wk+1,·�½Âýÿ: w̃k:

x̃k = xk+1, ỹk = yk+1, λ̃k = λk − β(Axk+1 +Byk − b). (C2.4)

ù�Ò�±r�O��{ (C2.3)�¿©
¤��ýÿ-���{. Äk,�â (C2.3)Ú (C2.4),ýÿÒ´

ADMM� kÚS��ýÿ´l�½� vk = (yk, λk)Ñu,U^S¦�ýÿ: w̃k = (x̃k, ỹk, λ̃k):

[ýÿ]


x̃k ∈ argmin

{
θ1(x)− xTATλk + 1

2β∥Ax+Byk − b∥2
∣∣ x ∈ X

}
, (C2.5a)

ỹk ∈ argmin
{
θ2(y)− yTBTλk + 1

2β∥Ax̃k +By − b∥2
∣∣ y ∈ Y

}
, (C2.5b)

λ̃k = λk − β(Ax̃k +Byk − b). (C2.5c)

�âà`z��`5�n (ë�½nA3),1 kS�ýÿ (C2.5)�n�f¯K�C©Ø�ª/ª´
x̃k ∈ X , θ1(x)− θ1(x̃

k) + (x− x̃k)T
{
−ATλk + βAT (Ax̃k +Byk − b)} ≥ 0, ∀x ∈ X ,

ỹk ∈ Y, θ2(y)− θ2(ỹ
k) + (y − ỹk)T

{
−BTλk + βBT (Ax̃k +Bỹk − b)} ≥ 0, ∀y ∈ Y,

λ̃k ∈ ℜm, (λ− λ̃k)T {(Ax̃k +Byk − b) + 1
β (λ̃

k − λk)} ≥ 0, ∀λ ∈ ℜm.

|^ λ̃k = λk − β(Ax̃k +Byk − b),þ¡�ªf�±�nU�¤
x̃k ∈ X , θ1(x)− θ1(x̃

k) + (x− x̃k)T
{
−AT λ̃k
::::::

} ≥ 0, ∀x ∈ X , (C2.6a)

ỹk ∈ Y, θ2(y)− θ2(ỹ
k) + (y − ỹk)T

{
−BT λ̃k
::::::

+ βBTB(ỹk − yk) } ≥ 0, ∀y ∈ Y, (C2.6b)

λ̃k ∈ ℜm, (λ− λ̃k)T {(Ax̃k +Bỹk − b)
::::::::::::::

−B(ỹk − yk) + 1
β (λ̃

k − λk)} ≥ 0, ∀λ ∈ ℜm. (C2.6c)

òÓa.�¿3�å,¿|^C©Ø�ª (C2.2)¥�PÒ,��ýÿ (C2.5)�VIL«: w̃k ∈ Ω,

θ(u)− θ(ũk) + (w− w̃k)TF (w̃k)
:::::

≥ (v− ṽk)TQ(vk − ṽk), ∀w ∈ Ω, Ù¥ Q =

(
βBTB 0
−B 1

β I

)
. (C2.7)

d (C2.3)Ú (C2.4)�m�'X, yk+1 = ỹk, λk+1 = λ̃k + β(yk − ỹk), Ïd#�Ø%Cþ vk+1d

[��] vk+1 = vk −M(vk − ṽk) )¤, Ù¥ v =

(
y
λ

)
, M =

(
I 0

−βB I

)
. (C2.8)

ùp� (C2.7)Ú (C2.8)©O��uá�A1 §2¥Ú�µe¥�ýÿ (A1.18)Ú�� (A1.19).
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3 ýÿ-��©
�ADMMÂñ5�y²

½nC1 æ^ýÿ-���{ (C2.7)-(C2.8)¦)C©Ø�ª (C2.2),�)�S� {wk}, {w̃k}÷v

θ(u)− θ(ũk)+ (w− w̃k)TF (w̃k) ≥ 1
2 (∥v− vk+1∥2H −∥v− vk∥2H)+ 1

2∥v
k − ṽk∥2G, ∀w ∈ Ω, (C2.9)

Ù¥ H =

(
βBTB 0

0 1
β I

)
, G = QT +Q−MTHM. (C2.10)

?
S� {∥vk − v∗∥2H}äkÂ 5�
∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − ∥vk − ṽk∥2G, ∀v∗ ∈ V∗. (C2.11)

y²é (C2.10)¥�HÚ (C2.8)¥�M ,TkHM = Q (� (C2.7)). Ïd,dýÿ��� (C2.7)�U�¤

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)THM(vk − ṽk), ∀w ∈ Ω.

duM(vk − ṽk) = (vk − vk+1) (���úª (C2.8)),þª�±U�¤

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − vk+1). (C2.12)
òð�ª

(a− b)TH(c− d) = 1
2{∥a− d∥2H − ∥a− c∥2H}+ 1

2{∥c− b∥2H − ∥d− b∥2H}
^uØ�ª (C2.12)�mà,¿� a = v, b = ṽk, c = vk Ú d = vk+1, ��

(v − ṽk)TH(vk − vk+1) = 1
2 (∥v − vk+1∥2H − ∥v − vk∥2H) + 1

2 (∥v
k − ṽk∥2H − ∥vk+1 − ṽk∥2H). (C2.13)

é (C2.13)�mà,|^ HM = QÚ 2vTQv = vT(QT +Q)v,·�k

∥vk − ṽk∥2H − ∥vk+1 − ṽk∥2H = ∥vk − ṽk∥2H − ∥(vk − ṽk)− (vk − vk+1)∥2H
= ∥vk − ṽk∥2H − ∥(vk − ṽk)−M(vk − ṽk)∥2H |^ HM = Q

= (vk − ṽk)T (QT +Q−MTHM)(vk − ṽk) = ∥vk − ṽk∥2G. (C2.14)

þª�����ª^
 (C2.10)¥Ý
G�½Â.ò (C2.14)�\ (C2.13),2�\ (C2.12),Ò��½n�(
Ø (C2.9). ò (C2.9)¥?¿�w ∈ Ω�¤��):w∗,Ò��

∥vk − v∗∥2H − ∥vk+1 − v∗∥2H − ∥vk − ṽk∥2H ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k).

du (w̃k − w∗)TF (w̃k) = (w̃k − w∗)TF (w∗),þªmà�K,Ïd��Â (Ø (C2.11). 2

½nC2 ^ýÿ-���{ (C2.7)-(C2.8)¦)C©Ø�ª (C2.2),�)�S� {vk}Ú {ṽk}k5�

∥vk − ṽk∥2G ≥ ∥vk − vk+1∥2H . (C2.15)
?
�â (C2.11)k (C2.16)´ADMMÂñ�'�Ø�ª

∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − ∥vk − vk+1∥2H , ∀v∗ ∈ V∗. (C2.16)

y² du G = QT +Q−MTHM ,�âd (C2.7)Ú (C2.10)©O�Ñ�QÚH ,·�k

G = QT +Q−MTQ =

(
0 0
0 1

β I

)
, Ïd ∥vk − ṽk∥2G = 1

β ∥λ
k − λ̃k∥2. (C2.17)

d (C2.6),·��� y-f¯K��`5^�´

ỹk ∈ Y, θ2(y)− θ2(ỹ
k) + (y − ỹk)T {−BT λ̃k + βBTB(ỹk − yk)} ≥ 0, ∀ y ∈ Y. (C2.18)

�â��úª (C2.8),·�k
λk+1 = λ̃k − βB(ỹk − yk) Ú yk+1 = ỹk,

ÏdC©Ø�ª (C2.18)�±�¤

yk+1 ∈ Y, θ2(y)− θ2(y
k+1) + (y − yk+1)T {−BTλk+1} ≥ 0, ∀ y ∈ Y. (C2.19)

þãC©Ø�ªéc�gS�Ó�¤á,¤±·�Ó�k

yk ∈ Y, θ2(y)− θ2(y
k) + (y − yk)T {−BTλk} ≥ 0, ∀ y ∈ Y. (C2.20)

ò (C2.19)Ú (C2.20)¥� y©O�¤ y = yk Ú y = yk+1, ,�2ò§��\,l
��

(λk − λk+1)TB(yk − yk+1) ≥ 0. (C2.21)
|^'Xªλk − λ̃k = (λk − λk+1) + βB(yk − yk+1)ÚØ�ª (C2.21),±9 (C2.10)¥H�L�ª,��

1
β ∥λ

k − λ̃k∥2 = 1
β ∥(λ

k − λk+1) + βB(yk − yk+1)∥2

≥ 1
β ∥λ

k − λk+1∥2 + β∥B(yk − yk+1)∥2 = ∥vk − vk+1∥2H . (C2.22)
l (C2.17)Ú (C2.22)����(Ø (C2.15). 2d (C2.11)Ú (C2.15)��(Ø (C2.16). ½n�y. 2
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C3-ýýýÿÿÿ-������ÚÚÚ���µµµeeeeee���OOO������{{{(ADMM)ÂÂÂñññ���ÇÇÇ���'''���555���
©�Â �{Ú�µee�Âñ�Ç'�5�y² (ë�©z[3, 4, 1, 2, 7])

1 ADMM333ýýýÿÿÿ-������©©©


eee���555��� (ë� [2, 17, 18])

¦f�O��{(ADMM)?n�´ü��©l¬�à`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}, (C3.1)

Ù¥ θ1(x), θ2(y)´à¼ê, A, B, b´�A�Ý
Ú�þ, X ,Y´4à8. á�C1¥®²`²¯
K (C3.1)�.�KF¼ê�Q:w∗ = (x∗, y∗, λ∗)�duC©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (C3.2a)
�):,Ù¥

w =

 x
y

λ

 , u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), F (w) =

 −ATλ
−BTλ

Ax+By − b

 . (C3.2b)

á�C2¥®²`²: ò²;�ADMM)¤�wk+1,ÏL

x̃k = xk+1, ỹk = yk+1, λ̃k = λk − β(Axk+1 +Byk − b) (C3.3)
½Âýÿ: w̃k = (x̃k, ỹk, λ̃k),Ò�±r²;��O��{�¿©
¤��ýÿ-���{.

[ýÿ] w̃k ∈ Ω, θ(u)− θ(ũk) + (w− w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (C3.4)

[��] vk+1 = vk −M(vk − ṽk). (C3.5)

Ù¥ v =

(
y
λ

)
, Q =

(
βBTB 0
−B 1

β Im

)
, M =

(
I 0

−βB I

)
.

C2¥�Ì�(Ø: æ^ýÿ-���{ (C3.4)-(C3.5)¦)C©Ø�ª (C3.2),�)�S�äk5�

θ(u)− θ(ũk)+ (w− w̃k)TF (w̃k) ≥ 1
2 (∥v− vk+1∥2H −∥v− vk∥2H)+ 1

2∥v
k − ṽk∥2G, ∀w ∈ Ω, (C3.6)

Ù¥

H =

(
βBTB 0

0 1
β I

)
, G = QT +Q−MTHM =

(
0 0
0 1

β I

)
.

d	�k (� (C2.16))

∥vk − vk+1∥2H ≤ ∥vk − v∗∥2H − ∥vk+1 − v∗∥2H , ∀ v∗ ∈ V∗. (C3.7)

2 H{¿ÂeÂñ�Ç�'�5� (ë�[2]Ú[17] He,Yuan 2012 SIAM Numr. Analysis)

·�y²ADMM3H{¿Âe�Âñ5�.÷v w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w̃) ≥ 0, ∀w ∈ Ω
::::::::::::::::::::::::::::::::::::::::::::

� w̃´ (C3.2)�). du (w − w̃)TF (w) = (w − w̃)TF (w̃),Ïd÷v

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ 0, ∀w ∈ Ω (C3.8)

� w̃�´ (C3.2)�). âd,é�½� ϵ > 0,XJ w̃÷v

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ −ϵ, ∀w ∈ D(w̃) (C3.9)
Ù¥ D(w̃)={w ∈ Ω | ∥w − w̃∥ ≤ 1},@o w̃Ò�±w�C©Ø�ª (C3.2)��� ϵ-Cq). ±ey²: é
�½� ϵ > 0,²L tgS�,�O��{U
Jø�� w̃ ∈ W ,¦�

sup
w∈D(w̃)

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ ϵ. (C3.10)

y²��âÒ´ (C3.6). |^ (w − w̃k)TF (w) = (w − w̃k)TF (w̃k)ÚG ⪰ 0,l (C3.6)·���

w̃k ∈ Ω, θ(u)−θ(ũk)+(w − w̃k)TF (w) + 1
2∥v − vk∥2H ≥ 1

2∥v − vk+1∥2H , ∀w ∈ Ω. (C3.11)

½nC3 � {w̃k}, {vk}´dýÿ-���{ (C3.4)-(C3.5)�)�S�. -

w̃t =
1

t+ 1

t∑
k=0

w̃k. (C3.12)

@o,é?Û��ê t > 0,·�Ñk w̃t ∈ ΩÚ

θ(ũt)− θ(u) + (w̃t − w)TF (w) ≤ 1

2(t+ 1)
∥v − v0∥2H , ∀w ∈ Ω. (C3.13)
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y² Äk,éz� k > 0Ñk w̃k ∈ Ω. duX ÚY´4à8, (C3.12)Û¹
 w̃t ∈ Ω. ò k = 0, 1, . . . , t�
Ø�ª (C3.11)�\,·���

(t+ 1)θ(u)−
t∑

k=0

θ(ũk) +
(
(t+ 1)w −

t∑
k=0

w̃k
)T

F (w) +
1

2
∥v − v0∥2H ≥ 0, ∀w ∈ Ω.

|^ w̃t�½Â,lþª��
1

t+ 1

t∑
k=0

θ(ũk)− θ(u) + (w̃t − w)TF (w) ≤ 1

2(t+ 1)
∥v − v0∥2H , ∀w ∈ Ω. (C3.14)

Ï� θ(u)´à¼ê¿�

ũt =
1

t+ 1

t∑
k=0

ũk, ·�k θ(ũt) ≤
1

t+ 1

t∑
k=0

θ(ũk).

òÙ�\ (C3.14),Ò����½n�(Ø. 2

�ÃuC2ýÿ-�����Ø�ª (C3.11),y²ADMMH{¿ÂeÂñ�Ç(C3.13)´Xd{ü !

3 ADMM:::���¿¿¿ÂÂÂeeeÂÂÂñññ555���'''���555��� (ë� [2]Ú [18] He and Yuan 2015 Numer Math.)

½nC4 � {wk}, {w̃k}´dýÿ-���{ (C3.4)-(C3.5)�)�S�. ·�k

∥vk+1 − vk+2∥H ≤ ∥vk − vk+1∥H , ∀ k > 0. (C3.15)

y² Äk,·�y²±e9Ï(Ø:

(vk − vk+1)TH{(vk − vk+1)− (vk+1 − vk+2)} ≥ 1
2∥(v

k − ṽk)− (vk+1 − ṽk+1)∥2(QT+Q). (C3.16)

3 (C3.4)¥-w = w̃k+1,·�k

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk). (C3.17)

ò (C3.4)¥� kO�¤ k + 1,Òk

θ(u)− θ(ũk+1)+(w − w̃k+1)TF (w̃k+1) ≥ (v − ṽk+1)TQ(vk+1 − ṽk+1), ∀w ∈ Ω.

3þ¡�Ø�ª¥�w�¤ w̃k,·���

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1). (C3.18)

ò (C3.17)Ú (C3.18)\3�å¿|^(w̃k − w̃k+1)T (F (w̃k)− F (w̃k+1)) ≡ 0,·�Òk

(ṽk − ṽk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 0. (C3.19)

3Ø�ª (C3.19)�ü>Ñ\þ {(vk − ṽk)− (vk+1 − ṽk+1)}TQ{(vk − ṽk)− (vk+1 − ṽk+1)}
::::::::::::::::::::::::::::::::::::::::::::::::::::

, ¿|^

ð�ª vTQv = 1
2v

T (QT +Q)v, ·���

(vk − vk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 1
2∥(v

k − ṽk)− (vk+1 − ṽk+1)∥2(QT+Q).

éþª�à¦^Q = HMÚM(vk − ṽk) = (vk − vk+1),Ò���¡�^��(Ø (C3.16).

3ð�ª ∥a∥2H − ∥b∥2H = 2aTH(a− b)− ∥a− b∥2H
:::::::::::::::::::::::::::::::::::

¥� a = (vk − vk+1)Ú b = (vk+1 − vk+2),��

∥vk − vk+1∥2H − ∥vk+1 − vk+2∥2H
= 2(vk − vk+1)TH{(vk − vk+1)− (vk+1 − vk+2)} − ∥(vk − vk+1)− (vk+1 − vk+2)]∥2H .

ò®²y²
�(Ø (C3.16)^�þªmà�1�Ü©,·���

∥vk − vk+1∥2H − ∥vk+1 − vk+2∥2H
≥ ∥(vk − ṽk)− (vk+1 − ṽk+1)∥2(QT+Q) − ∥M [(vk − ṽk)− (vk+1 − ṽk+1)]∥2H
= ∥(vk − ṽk)− (vk+1 − ṽk+1)∥2(QT+Q−MTHM) ≥ 0,

Ù¥����Ø�ª¤á´Ï�Ý
 (QT +Q)−MTHM ⪰ 0. (Ø(C3.15)�y. 2

|^ ∥vk − vk+1∥2H ≤ ∥vk − v∗∥2H − ∥vk+1 − v∗∥2HÚ ∥vk − vk+1∥2H ≤ ∥vk−1 − vk∥2H ,N´��

∥vk − vk+1∥2H ≤ 1
k+1∥v

0 − v∗∥2H , ∀v∗ ∈ V∗. (C3.20)

�ÃuC2�ýÿ-��(Ø(C3.6)Ú(C3.7),´y²ADMM:{¿ÂeÂñ�Ç5��Ì�óä.
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D1-ààà`̀̀zzz¯̄̄KKKéééAAA���CCC©©©ØØØ���ªªªÚÚÚÏÏÏIII½½½������PPA���{{{
à`z¯K�VIÚÏI½��PPA (ë� [23, 24, 25]Ú [26])

1 ýýý���½½½nnnÚÚÚÚÚÚnnn (½nD®²3á�A2¥��½nA3y². ��ë� [8]¥X�ùÂ18ù)

½nD �X ⊂ ℜn´4à8, θ(x)Ú f(x)´à¼ê, f(x)3�¹X �,�m8þ��.@o

x∗ ∈ argmin{θ(x) + f(x) |x ∈ X}
��=�

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X .

ÚnD ��þ a, b ∈ ℜn, H ∈ ℜn×n´��½Ý
. XJ bTH(a− b) ≥ 0,Kk

∥b∥2H ≤ ∥a∥2H − ∥a− b∥2H .

ØäUl ∥a∥2H = ∥b+ (a− b)∥2H = ∥b∥2H +2bTH(a− b) + ∥a− b∥2HÚ bTH(a− b) ≥ 0��í�.

2 ààà`̀̀zzzÚÚÚ���éééAAA���CCC©©©ØØØ���ªªª (ë� [23, 24, 25]Ú [26])

1). min-max¯K.� θ1(x), θ2(y)´à¼ê, X , Y´4à8, (x∗, y∗)´ min-max¯K (Q:¯K)

minx maxy{Φ(x, y) = θ1(x)− yTAx− θ2(y) |x ∈ X , y ∈ Y} (D1.1)

�). |^Φ(x, y)�L�ª,±þ'X�±�¤{
x∗ ∈ X , θ1(x)− θ1(x

∗) + (x− x∗)T (−AT y∗) ≥ 0, ∀x ∈ X ,

y∗ ∈ Y, θ2(y)− θ2(y
∗) + (y − y∗)T ( Ax∗) ≥ 0, ∀ y ∈ Y.

?�Ú,�±�¤üNC©Ø�ª/ª:

u∗ ∈ Ω, θ(u)− θ(u∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω, (D1.2)

Ù¥ u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), F (u) =

(
−AT y
Ax

)
Ú Ω = X × Y. (D1.3)

5¿� (D1.3)¥�F (u)äk5� (u− ũ)T (F (u)− F (ũ)) ≡ 0,ÏdC©Ø�ª (D1.2)´üN�.

2). ���555���ååå���ààà`̀̀zzz¯̄̄KKK
�Ä�5�å�à`z¯K

min{θ(u) | Au = b, u ∈ U}. (D1.4)

§�.�KF¼ê´½Â3U × ℜmþ�

L(u, λ) = θ(u)− λT (Au− b). (D1.5)

XJ�é (u∗, λ∗) ∈ U × ℜm÷v

L(u, λ∗) ≥ L(u∗, λ∗) ≥ L(u∗, λ), (u∗, λ∗) ∈ U × ℜm,

K¡�.�KF¼ê (D1.5)�Q:. þ¡�'Xª�±�¤(u∗, λ∗) ∈ U × ℜm,{
L(u, λ∗)− L(u∗, λ∗) ≥ 0, ∀u ∈ U ,
L(u∗, λ∗)− L(u∗, λ) ≥ 0, ∀λ ∈ ℜm.

⇐⇒

{
θ(u)−θ(u∗)+(u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U ,

(λ− λ∗)T (Au∗ − b) ≥ 0, ∀λ ∈ ℜm.
(D1.6)

|^�;���ª,Q:�±L«¤eãC©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (D1.7)

�), Ù¥ w =

(
u
λ

)
, F (w) =

(
−ATλ
Au− b

)
Ú Ω = U × ℜm. (D1.8)

ùp�F (w)Ó�äk5� (w − w̃)T (F (w)− F (w̃)) ≡ 0. à`z¯K (D1.4)=�¤
C©Ø�ª (D1.7).

¯K (D1.1)Ú (D1.4)©O=�¤
C©Ø�ª (D1.2)Ú (D1.7). PPAà�u¦)ù
�A�C©Ø�ª.
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3 üüüNNNCCC©©©ØØØ���ªªª������CCC::: (PPA)���{{{ (ë� [5, 23, 26])

½ÂD (PPA�{� kgS�) �H��½é¡�½Ý
. l�½�wkm©,¦�wk+1,¦�

wk+1 ∈ Ω, θ(u)−θ(uk+1)+(w−wk+1)TF (wk+1) ≥ (w−wk+1)TH(wk−wk+1), ∀w ∈ Ω. (D1.9)

ò(D1.9)¥�w��w∗,¿|^(wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗),·���

(wk+1 − w∗)TH(wk − wk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0. (D1.10)

þ¡����Ø�Ò´Ï�w∗ ∈ Ω∗. ^ÚnD,� a = (wk−w∗)Ú b = (wk+1−w∗),l (D1.10)Ò��

(PPAÂñ�Â Ø�ª) ∥wk+1−w∗∥2H ≤ ∥wk−w∗∥2H−∥wk−wk+1∥2H , ∀w∗ ∈ Ω∗. (D1.11)

^ PPA�{¦)VI,ïÆæ^?�Útµ��{ wk+1 := wk − α(wk − wk+1), α ∈ [1.2, 1.8] ⊂ (0, 2).

4 ¦¦¦)))CCC©©©ØØØ���ªªª���ÏÏÏIII½½½������PPA(C-PPA)ÚÚÚþþþ(((���PPA(B-PPA) (XÛ¢y(D1.9))

1). ¦)VI (D1.2)�Customized-PPA (ë� [23])
l�½�ukÑu,¦�÷v (D1.9)�uk+1,Ù¥ (Ý
 H �Àe¡� H1 ½ H2)

u=

(
x
y

)
, w=u, F (w)=

(
−AT y
Ax

)
, H1 =

(
rIn AT

A sIm

)
, H2 =

(
rIn −AT

−A sIm

)
, rs > ∥ATA∥.(D1.12)

é (D1.12)�Ñ��fF Ú1���½Ý
H , PPA�{ (D1.9)�äN�ª´ eÅ«�Ü©´F (wk+1){
θ1(x)− θ1(x

k+1) + (x− xk+1)T {−AT yk+1

::::::::
+ rIn(x

k+1 − xk) +AT (yk+1 − yk)} ≥ 0, ∀x ∈ X ,

θ2(y)− θ2(y
k+1) + (y − yk+1)T {Axk+1

:::::
+A(xk+1 − xk) + sIm(yk+1 − yk)} ≥ 0, ∀y ∈ Y.

�â½nD,�¤þ¡�1 k-g PPAS�,�±ÏL¦)e¡�f¯K�¤:{
xk+1 = argmin{θ1(x)− xTAT yk + r

2∥x− xk∥2 |x ∈ X}, (D1.13a)
yk+1 = argmin{θ2(y) + yTA[2xk+1 − xk] + s

2∥y − yk∥2 | y ∈ Y}. (D1.13b)

2). ¦)VI (D1.7)�Customized-PPAÚBalanced-PPA (ë� [28, 29])
l�½�wkÑu,¦�÷v (D1.9)�wk+1,Ù¥ (Ý
 H �Àe¡� H1 ½ H2)

F (w) =

(
−ATλ

Au− b

)
, H1=

(
βATA+ δIn AT

A 1
β Im

)
, H2=

(
rIn AT

A 1
rAAT + δIm

)
. (D1.14)

ÏI½��C-PPA.|^H = H1 (�(D1.14))�PPA (D1.9)�äN�ª´ eÅ«�Ü©´F (wk+1){
θ(u)− θ(uk+1) + (u− uk+1)T {−ATλk+1

::::::::
+ (βATA+ δIn)(u

k+1 − uk) +AT (λk+1 − λk)} ≥ 0,

(Auk+1 − b
:::::::::

) +A(uk+1 − uk) + (1/β)(λk+1 − λk) = 0.

�â½nD,�¤þ¡�1 k-g PPAS��±ÏL¦)e¡�{
uk+1 = argmin

{
θ(u)− uTATλk + 1

2 (u− uk)T (βATA+ δIn)(u− uk) |u ∈ U
}
, (D1.15a)

λk+1 = λk − β
(
A[2uk+1 − uk]− b

)
. (D1.15b)

þ(©)((J)�B-PPA.|^H = H2 (�(D1.14))�PPA (D1.9)�äN�ª´ eÅ«�Ü©´F (wk+1){
θ(u)− θ(uk+1) + (u− uk+1)T {−ATλk+1

::::::::
+ rIn(u

k+1 − uk) + AT (λk+1 − λk)} ≥ 0,

(Auk+1 − b
:::::::::

) +A(uk+1 − uk) + ( 1rAAT + δIm)(λk+1 − λk) = 0.

�â½nD,�¤þ¡�1 k-g PPAS�,�±ÏL¦)e¡�f¯K�¤:{
uk+1 = argmin

{
θ(u)− uTATλk + r

2∥u− uk∥2 |u ∈ U
}
, �©Cþf¯K' (D1.15a){ü (D1.16a)

λk+1 = λk − ( 1rAAT + δIm)−1
(
A[2uk+1 − uk]− b

)
. ¦)¥�I��gCholesky©) (D1.16b)

� (D1.15)�',�{ (D1.16) ü$
�©Cþf¯K�S�JÝ,
Ñ�O\
éóCþ�#�ó�þ.
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D2-üüü¬¬¬���©©©lllààà`̀̀zzz¯̄̄KKK²²²111¦¦¦)))���©©©fff¯̄̄KKK���PPA���{{{
²1?n PRIMEf¯K� PPA (ë� [23, 24, 25, 26, 5]Ú [27])

1 üüü������©©©lll¬¬¬���ààà`̀̀zzz¯̄̄KKKÚÚÚ���AAA���CCC©©©ØØØ���ªªª

ü��©l¬�à`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (D2.1)

á�C1¥®²y²,à`z¯K (D2.1)�Lagrange¼ê�Q:�±L«¤��C©Ø�ª:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (D2.2a)
Ù¥

u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), w =

 x
y

λ

 , F (w) =

 −ATλ
−BTλ

Ax+By − b

 , (D2.2b)

Ω = X × Y × ℜm. éùp�F ,·�k (w − w̃)T(F (w)− F (w̃)) ≡ 0.

ùa¯K�±^C1¥0��ADMM�{¦),T�·�0�x, yf¯K�±²1¦)� PPA�{.

2 ¦¦¦)))CCC©©©ØØØ���ªªª (D2.2)���PPA���{{{

½ÂD (PPA�{� kgS�) �H��½Ý
. l�½�wkm©,¦�wk+1,¦�

wk+1 ∈ Ω, θ(u)−θ(uk+1)+(w−wk+1)TF (wk+1) ≥ (w−wk+1)TH(wk−wk+1), ∀w ∈ Ω. (D2.3)

ò (D2.3)¥�w��w∗,¿|^ (wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗),·���

(wk+1 − w∗)TH(wk − wk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0. (D2.4)

þª¥���Ø�ª´Ï�w∗´):. 3á�D1�ÚnD¥� a = (wk −w∗)Ú b = (wk+1 −w∗),��

(PPAÂñ�Â Ø�ª) ∥wk+1−w∗∥2H ≤ ∥wk−w∗∥2H−∥wk−wk+1∥2H , ∀w∗ ∈ Ω∗. (D2.5)

^ PPA�{¦)VI,ïÆæ^?�Útµ��{ wk+1 := wk − α(wk − wk+1), α ∈ [1.2, 1.8] ⊂ (0, 2).

3 ¦¦¦)))CCC©©©ØØØ���ªªª(D2.2)���½½½������C-PPA (ë� [24, 25])�â PPA�{� k-gS��½Â,l�½�wkÑu,¦�÷v (D2.3)�wk+1,Ù¥

u =

(
x
y

)
, w =

 x
y

λ

, F (w) =

( −ATλ
−BTλ

Ax+By − b

)
, H = H1 ½ H2. (D2.6)

H1 Ú H2Ñ´é¡�½Ý
. �¦¢yPPAS��f¯KN´¦),·��±e�äN/ªµ

H1 =

βATA+ δIn1 0 AT

0 βBTB + δIn2
BT

A B 2
β I

, H2 =

βATA+ δIn1 0 −AT

0 βBTB + δIn2
−BT

−A −B 2
β I

. (D2.7)

1). æ^ (D2.7)¥�H = H1�PPA�{. UI½�� (Customized) PPA¦)C©Ø�ª(D2.2).

æ^ (D2.7)¥�H = H1, PPAS� (D2.3)�äN/ª´: eÅ«�Ü©|Ü3�å´F (wk+1)
θ1(x)− θ1(x

k+1) + (x− xk+1)T {−ATλk+1
::::::::

+ (βATA+ δIn1
)(xk+1 − xk) +AT (λk+1 − λk)} ≥ 0,

θ2(y)− θ2(y
k+1) + (y − yk+1)T {−BTλk+1

::::::::
+ (βBTB + δIn2)(y

k+1 − yk) +BT (λk+1 − λk)} ≥ 0,

(Axk+1 +Byk+1 − b
:::::::::::::::::

) +A(xk+1 − xk) +B(yk+1 − yk) + (2/β) (λk+1 − λk) = 0.

�âá�D1¥�½nD,þ¡�1 k-gPPAS�,�I�ÏL¦)e¡�f¯K¢y: k�©,�éó
xk+1 = argmin

{
θ1(x)− xTATλk + 1

2 (x− xk)T (βATA+ δIn1)(x− xk)|x ∈ X
}
, (D2.8a)

yk+1 = argmin
{
θ2(y)− yTBTλk + 1

2 (y − yk)T (βBTB + δIn2
)(y − yk)|y ∈ Y

}
, (D2.8b)

λk+1 = λk − 1
2β
[
2(Axk+1 +Byk+1 − b)− (Axk +Byk − b)

]
. (D2.8c)
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2). æ^ (D2.7)¥�H = H2�PPA�{ UI½�� (Custormized) PPA¦)C©Ø�ª(D2.2).

æ^ (D2.7)¥�H = H2, PPAS� (D2.3)�äN/ª´: eÅ«�Ü©|Ü3�å´F (wk+1)
θ1(x)− θ1(x

k+1) + (x− xk+1)T {−ATλk+1
::::::::

+ (βATA+ δIn1)(x
k+1 − xk)−AT (λk+1 − λk)} ≥ 0,

θ2(y)− θ2(y
k+1) + (y − yk+1)T {−BTλk+1

::::::::
+ (βBTB + δIn2

)(yk+1 − yk)−BT (λk+1 − λk)} ≥ 0,

(Axk+1 +Byk+1 − b
:::::::::::::::::

)−A(xk+1 − xk)−B(yk+1 − yk) + (2/β) (λk+1 − λk) = 0.

�âá�D1¥�½nD,þ¡�1 k-gPPAS�,�I�ÏL¦)e¡�f¯K¢y: kéó,��©
λk+1 = λk − 1

2β(Axk +Byk − b), (D2.9a)

xk+1 = argmin
{
θ1(x)− xTAT (2λk+1 − λk) + 1

2 (x− xk)T (βATA+ δIn1
)(x− xk)|x ∈ X

}
, (D2.9b)

yk+1 = argmin
{
θ2(y)− yTBT (2λk+1 − λk) + 1

2 (y − yk)T (βBTB + δIn2)(y − yk)|y ∈ Y
}
. (D2.9c)

4 ¦¦¦)))CCC©©©ØØØ���ªªª(D2.2)���þþþ(((���B-PPA (ë� [24, 25]Ú [28, 29])

� (D2.8)Ú (D2.9)¥ y-f¯K¦)'�(J��ÿ,æ^þ(�{,rÜ©¦)(J=£�¦f�#þ.

�â PPA�{� k-gS��½Â,l�½�wkÑu,¦�÷v (D2.3)�wk+1,Ù¥

u =

(
x
y

)
, w =

 x
y
λ

, F (w) =

( −ATλ
−BTλ

Ax+By − b

)
, H = H1 ½ H2, (D2.10)

H1 Ú H2Ñ´é¡�½Ý
. �¦¢yPPAS��f¯KN´¦),·��±e�äN/ªµ

H1=

βATA+δI 0 AT

0 (s+δ)I BT

A B 1
β Im + 1

sBBT

, H2=

βATA+ δI 0 −AT

0 (s+ δ)I −BT

−A −B 1
β Im + 1

sBBT

. (D2.11)

1). æ^ (D2.11)¥�H = H1 �B-PPA�{. þ(©)((J)� (Balanced) PPA¦)C©Ø�ª(D2.2).

æ^ (D2.11)¥�H = H1, PPAS� (D2.3)�äN/ª´: eÅ«�Ü©|Ü3�å´F (wk+1)
θ1(x)− θ1(x

k+1) + (x− xk+1)T {−ATλk+1
::::::::

+ (βATA+ δIn1
)(xk+1 − xk) +AT (λk+1 − λk)} ≥ 0,

θ2(y)− θ2(y
k+1) + (y − yk+1)T {−BTλk+1

::::::::
+ (s+ δ)(yk+1 − yk) + BT (λk+1 − λk)} ≥ 0,

(Axk+1 +Byk+1 − b
:::::::::::::::::

) +A(xk+1 − xk) +B(yk+1 − yk) +
(
1
β Im + 1

sBBT
)
(λk+1 − λk) = 0.

�âá�D1¥�½nD,þ¡�1 k-gPPAS�,�I�ÏL¦)e¡�f¯K¢y: k�©,�éó
xk+1 = argmin

{
θ1(x)− xTATλk + 1

2 (x− xk)T (βATA+ δIn1)(x− xk)|x ∈ X
}
, (D2.12a)

yk+1 = argmin
{
θ2(y)− yTBTλk + 1

2 (s+ δ)∥y − yk∥2|y ∈ Y
}
, (D2.12b)

λk+1 = λk −
(
1
β Im + 1

sBBT
)−1[

2(Axk+1 +Byk+1 − b)− (Axk +Byk − b)
]
. (D2.12c)

2). æ^ (D2.11)¥�H = H2 �B-PPA�{. þ(� (Balanced) PPA¦)C©Ø�ª(D2.2).

æ^ (D2.11)¥�H = H2, PPAS� (D2.3)�äN/ª´: eÅ«�Ü©|Ü3�å´F (wk+1)
θ1(x)− θ1(x

k+1) + (x− xk+1)T {−ATλk+1
::::::::

+ (βATA+ δIn1
)(xk+1 − xk)−AT (λk+1 − λk)} ≥ 0,

θ2(y)− θ2(y
k+1) + (y − yk+1)T {−BTλk+1

::::::::
+ (s+ δ)(yk+1 − yk) − BT (λk+1 − λk)} ≥ 0,

(Axk+1 +Byk+1 − b
:::::::::::::::::

)−A(xk+1 − xk)−B(yk+1 − yk) +
(
1
β Im + 1

sBBT
)
(λk+1 − λk) = 0.

�âá�D1¥�½nD,þ¡�1 k-gPPAS�,�I�ÏL¦)e¡�f¯K¢y: kéó,��©
λk+1 = λk −

(
1
β Im + 1

sBBT
)−1

(Axk +Byk − b), (D2.13a)

xk+1 = argmin
{
θ1(x)− xTAT (2λk+1 − λk) + 1

2 (x− xk)T (βATA+ δI)(x− xk)|x ∈ X
}
,(D2.13b)

yk+1 = argmin
{
θ2(y)− yTBT (2λk+1 − λk) + 1

2 (s+ δ)∥y − yk∥2|y ∈ Y
}
. (D2.13c)
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E1-¦¦¦)))üüü������©©©lll¬¬¬ààà`̀̀zzz¯̄̄KKK���PPAaaaADMM���{{{
��ADMM�{¥ y�λ¢y^S��{ (ë�[2, 30])

1 ü¬�©là`z¯K¤éA�C©Ø�ª

lá�C1,·�®²��ü��©l¬��5�åà`z¯K (Ù¥ θ1, θ2´à¼ê, X ,Y´4à8)

min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y} (E1.1)

�.�KF¼ê´ L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b),¿®²ò§�Q:z¤C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (E1.2)

�):,Ù¥ w =

 x
y

λ

 , u =

(
x
y

)
, F (w) =

 −ATλ
−BTλ

Ax+By − b

 . (E1.3)

²;�ADMM¥,·�± v = (y, λ)��Ø%Cþ. ù�á�0���{,�´± v = (y, λ)�Ø%Cþ.

2 ������^̂̂SSS���ADMM���{{{ (ë� [30] Science China Mathematics 2013)

?���«g,��{´��²;ADMMS�¥ yÚλ�#�^S.Ò´`,·�Ó�l�½�Ø%
Cþ vk = (yk, λk)Ñu,ÏL

[
x-λ-y^S
�ADMM

] 
xk+1 ∈ argmin{θ1(x)− xTATλk + 1

2β∥Ax+Byk − b∥2 |x ∈ X},
λk+1 = λk − β(Axk+1 +Byk − b),

yk+1 ∈ argmin{θ2(y)− yTBTλk+1 + 1
2β∥Axk+1 +By − b∥2 | y ∈ Y}

(E1.4)

��¦�wk+1,T�{�á�C1¥²;�ADMMê�LyA���. N\üÑ (E1.8)�²wJp�Ç.

�âà`z��`5�n (ë�½nA3),1 kS�ýÿ (E1.4)�n�f¯K�C©Ø�ª/ª´
xk+1 ∈ X , θ1(x)− θ1(x

k+1) + (x− xk+1)T
{
−ATλk + βAT(Axk+1 +Byk − b)} ≥ 0, ∀x ∈ X ,

λk+1 ∈ ℜm, (λ− λk+1)T {(Axk+1 +Byk − b) + 1
β (λ

k+1 − λk)} ≥ 0, ∀λ ∈ ℜm,

yk+1 ∈ Y, θ2(y)− θ2(y
k+1) + (y − yk+1)T

{
−BTλk+1 + βBT (Axk+1 +Byk+1 − b)} ≥ 0, ∀y ∈ Y.

|^ λk+1 = λk − β(Axk+1 +Byk − b),þ¡�ªf�±�nU�¤wk+1 ∈ Ω,
θ1(x)− θ1(x

k+1) + (x− xk+1)T
{
−ATλk+1
::::::::

} ≥ 0, ∀x ∈ X , (E1.5a)

θ2(y)−θ2(y
k+1) + (y−yk+1)T

{
−BTλk+1
:::::::

+βBTB(yk+1−yk)−BT (λk+1−λk)} ≥ 0, ∀y ∈ Y, (E1.5b)

(λ− λk+1)T {(Axk+1 +Byk+1 − b)
::::::::::::::::::

−B(yk+1 − yk) + 1
β (λ

k+1 − λk)} ≥ 0, ∀λ ∈ ℜm. (E1.5c)

éþ¡�ªf?1�Ü (rÓ�a.�¿3�å,5¿�ey�Ü©´ θ(u) − θ(uk+1),eÅ«�
Ü©´F (wk+1)),¿|^C©Ø�ª (E1.2)¥�PÒ,��;n�/ª

θ(u)− (uk+1) + (w − wk+1)TF (wk+1) ≥ (v − vk+1)TH0(v
k − vk+1), ∀w ∈ Ω, (E1.6a)

Ù¥

H0 =

(
βBTB −BT

−B 1
β I

)
. (E1.6b)

ùp�H0´��½�,�ü�D¥� PPA��, (E1.4)�)� {wk}¥�Ø%Cþ�S� {vk}ä�5�

∥vk+1 − v∗∥H0 ≤ ∥vk − v∗∥2H0
− ∥vk − vk+1∥2H0

, ∀v∗ ∈ V∗. (E1.7)

O�¢�`², ADMM�{ (E1.4)Ú²;�ADMM�{O��J����. duH0´é¡��½�,�
±é�{ (E1.4)�)� vk+1�Xe�òÿµ

vk+1 := vk − α(vk − vk+1), α ∈ [1.2, 1.8] ⊂ (0, 2), (E1.8)

�Ç'²;�ADMM�{��k 30%�Jp. Ö�T�Ò¬��òÿÚ�α�nd
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éx-λ-y^S�ADMM�{ (E1.4),·���ÑÂñ5�'�ªf. dH0��½,l (E1.7)ª��
∞∑
k=0

∥vk − vk+1∥2H0
< +∞ Ú lim

k→∞
∥vk − vk+1∥2H0

= 0. (E1.9)

|^ H0�L�ª (�(E1.6b))Ú (E1.4)¥�λk+1 = λk − β(Axk+1 +Byk − b),��

∥vk − vk+1∥2H0
= β∥B(yk − yk+1)− 1

β (λ
k − λk+1)∥2 = β∥Axk+1 +Byk+1 − b∥2.

XJ ∥vk−vk+1∥2H0
= 0,lþª�� B(yk−yk+1)− 1

β (λ
k−λk+1) = 0 Ó��´ Axk+1+Byk+1−b = 0,

òd�\ (E1.5)Ò���� wk+1 = (xk+1, yk+1, λk+1)´C©Ø�ª (E1.2)�)ù�(Ø.

3 ÑÑÑ���???���������H���½½½���PPA���{{{
�
4c�!��{î�ä�Âñ5�,·�ò�{ (E1.4)��UE,¿òÑÑP�ýÿ: w̃k.

[ýÿ]


x̃k ∈ argmin{θ1(x)− xTATλk + 1

2β∥Ax+Byk − b∥2 |x ∈ X}, (E1.10a)

λ̃k = λk − β(Ax̃k +Byk − b), (E1.10b)
ỹk ∈argmin{θ2(y)− yTBT λ̃k + 1

2β∥Ax̃k +By − b∥2 + 1
2δ∥y − yk∥2 | y ∈ Y}. (E1.10c)

� (E1.4)�',ùp� y-f¯K�8I¼ê¥õ
�K� 1
2δ∥y − yk∥2,¿òÑÑlwk+1UP� w̃k.

|^ (E1.10b)¥ λ̃k�L�ª,¯K(E1.10c)��d/ª `z¯K¥�±�¿UC8I¼ê¥�~ê�

ỹk ∈ argmin{θ2(y)− yTBT λ̃k + 1
2β∥(Ax̃k +Byk − b) +B(y − yk)∥2 + 1

2δ∥y − yk∥2 | y ∈ Y}
= argmin{θ2(y)− yTBT λ̃k + yTBTβ(Ax̃k +Byk − b) + 1

2∥y − yk∥2(δI+βBTB) | y ∈ Y}

= argmin{θ2(y)− yTBT [2λ̃k − λk] + 1
2∥y − yk∥2(δI+βBTB) | y ∈ Y}.

|^ λ̃k = λk − β(Ax̃k +Byk − b),d (E1.10)��� w̃k = (x̃k, ỹk, λ̃k) ∈ Ω�C©Ø�ª/ª´:
θ1(x)− θ1(x̃

k) + (x− x̃k)T
{
−AT λ̃k
::::::

} ≥ 0, ∀x ∈ X , (E1.11a)

θ2(y)− θ2(ỹ
k) + (y − ỹk)T

{
−BT λ̃k
::::::

+(δI + βBTB)(ỹk−yk)−BT (λ̃k−λk)} ≥ 0, ∀y ∈ Y, (E1.11b)

(λ− λ̃k)T {(Ax̃k +Bỹk − b)
::::::::::::::

−B(ỹk − yk) + 1
β (λ̃

k − λk)} ≥ 0, ∀λ ∈ ℜm. (E1.11c)

éþª�Ü (rÓ�a.�¿3�å),|^C©Ø�ª (E1.2)¥�PÒ,�� (E1.11)�;nL«

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)
:::::

≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω, (E1.12a)
Ù¥

H =

(
δI + βBTB −BT

−B 1
β Im

)
≻ 0. (E1.12b)

3 (E1.12a)¥-w = w∗,¿|^ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w̃k) = θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗) ≥ 0,
��

(ṽk − v∗)TH(vk − ṽk) ≥ 0, ∀v∗ ∈ V∗.
Ï


(vk − v∗)TH(vk − ṽk) ≥ ∥vk − ṽk∥2H , , ∀v∗ ∈ V∗. (E1.13)

[òÿ��] vk+1(α) = vk − α(vk − ṽk), α ∈ [1.2, 1.8] ⊂ (0, 2) (E1.14)

é?¿�½�): v∗ ∈ V∗,·�½Â

ϑk(α) = ∥vk − v∗∥2H − ∥vk+1(α)− v∗∥2H . (E1.15)

��6uÚ�α� kgS��ÂÃ(?Ú).|^ (E1.13)��

ϑk(α) = ∥vk − v∗∥2H − ∥vk+1(α)− v∗∥2H
= ∥vk − v∗∥2H − ∥(vk − v∗)− α(vk − ṽk)∥2H
= 2α(vk − v∗)TH(vk − ṽk)− α2∥vk − ṽk∥2H
≥ α(2− α)∥vk − ṽk∥2H =: qk(α). (E1.16) α ∗ =1 2

q(α)

γα ∗

ϑ(α)

0 α

·�Ã{4�z�g¼êϑk(α),Ï�§¹k��� v∗. d (E1.16), ϑk(α)�e.¼ê qk(α)3α∗ = 1�
�4��.mþã¤«,´·�3òÿ�� (E1.8)Ú (E1.14)¥���α = γα∗, γ ∈ [1.2, 1.8]��Ï.
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E2-¦¦¦)))üüü������©©©lll¬¬¬ààà`̀̀zzz¯̄̄KKK���ééé¡¡¡...ADMM���{{{
ADMM¥¦)x, yf¯K�Ñ���g¦fλ��{ (ë�[2, 31, 32])

1 üüü¬¬¬���©©©lllààà`̀̀zzz¯̄̄KKK¤¤¤éééAAA���CCC©©©ØØØ���ªªª

lá�C1,·�®²��ü��©l¬��5�åà`z¯K (Ù¥ θ1, θ2´à¼ê, X ,Y´4à8)

min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y} (E2.1)

�.�KF¼ê´ L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b),¿®²ò§�Q:z¤C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (E2.2)

�):,Ù¥ w =

 x
y

λ

 , u =

(
x
y

)
, F (w) =

 −ATλ
−BTλ

Ax+By − b

 . (E2.3)

2 ©©©���ÂÂÂ   ���{{{���ýýýÿÿÿ-������ÚÚÚ���µµµeee (ë� [2] 2018$ÊÆ�nã©Ù)

·� 2015c3 [5]¥ÄgJÑ, 2018cnã©Ù¥2gJ9��{Ú�µezÚS��)ýÿ���.

[ýÿ] 1 kÚS�l�½�Ø%Cþ vkm©,¦�ýÿ: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (E2.4)

¤á. Ù¥Ý
QT +Q´�½�. XJ (E2.4)¥ vk = ṽk, w̃k��u (E2.2)�w∗,Ò´¯K�).

3ùp?n�ü¬�©là`z¯K�C©Ø�ª¥, u = (x, y), w = (x, y, λ), v = (y, λ).

[��] �âýÿ��� ṽk,�ÑØ%Cþ v�#S�: vk+1�úª�

vk+1 = vk −M(vk − ṽk). (E2.5)

·�¡ (E2.4)¥�Q�ýÿÝ
, (E2.5)¥�M���Ý
.

[Âñ5^�]é�½�ýÿÝ
Q,Âñ�{�¦�O���Ý
M÷vXe^�µ

�3�½Ý
 H ≻ 0 ¦� HM = Q, ¿� G := QT +Q−MTHM ≻ 0. (E2.6)

ýÿ (E2.4)Ú�� (E2.5)©O´A1¥� (A1.18)Ú (A1.19). Âñ5^� (E2.6)�A1¥� (A1.20)�Ó.
Ïd,�âA1§2��£,��^� (E2.6)¤á,Òk eª¥�HÚG©O¡��êÝ
Ú�ÃÝ


∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − ∥vk − ṽk∥2G. (E2.7)

3�¡�G-Hü�¥,kÚ�µe�{Âñ5���[y². EÚF¥�á��´^�{µe�yÂñ5.

3 ééé¡¡¡���ADMMaaa���{{{ (ë� [2]Ú [31] He, Liu, Wang and Yuan, 2014 SIAM Opt.)

?�ADMM�,�«g,��{´©O¦)x, yf¯K�, �g�Ó(é¡)/���gLagrange¦
f. �é{`,l�½�µ ∈ (0, 1)Ú vk = (yk, λk)Ñu,Uìeã�ª¦�wk+1 = (xk+1, yk+1, λk+1):

[é¡�ADMM]


xk+1 = argmin{θ1(x)− xTATλk + 1

2β∥Ax+Byk − b∥2 |x ∈ X}, (E2.8a)

λk+ 1
2 = λk − µβ(Axk+1 +Byk − b),

(
µ ∈ (0, 1)

)
(E2.8b)

yk+1 = argmin{θ2(y)− yTBTλk+ 1
2 + 1

2β∥Axk+1 +By − b∥2 | y ∈ Y}, (E2.8c)

λk+1 = λk+ 1
2 − µβ(Axk+1 +Byk+1 − b). (E2.8d)

·�e¡�?Ö´r�{ (E2.8)©
¤ýÿ (E2.4)Ú�� (E2.5),,�^^� (E2.6)��y�{Âñ5.
1).Äk?Øýÿ. ü¬�©l�à`z¯K (E2.1),zgS�lØ%Cþ vk = (yk, λk)m©,�¦ý

ÿ (E2.4)�mà�k v���,¥mCþxýÿ��`5^��U�¤

x̃k ∈ X , θ1(x)− θ1(x̃
k) + (x− x̃k)T (−AT λ̃k) ≥ 0, ∀x ∈ X (E2.9)

ù«/ª, x̃kI�^

x̃k ∈ argmin
{
θ1(x)− xTATλk + 1

2β∥Ax+Byk − b∥2 | x ∈ X
}

)¤,¿- λ̃k = λk − β(Ax̃k +Byk − b)
:::::::::::::::::::::::::

â1. ò (E2.8))¤�#�S�:wk+1,�¿^

w̃k = (x̃k, ỹk, λ̃k)
:::::::::

= (xk+1, yk+1, λk − β(Axk+1 +Byk − b))
:::::::::::::::::::::::::::::::::

L«��ýÿ:,�Ò´
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[ýÿ]


x̃k ∈ argmin

{
θ1(x)− xTATλk + 1

2β∥Ax+Byk − b∥2 | x ∈ X
}
, (E2.10a)

ỹk ∈ argmin
{
θ2(y)− yTBTλk+ 1

2 + 1
2β∥Ax̃k +By − b∥2 | y ∈ Y

}
, (E2.10b)

λ̃k = λk − β
(
Ax̃k +Byk − b

)
, (E2.10c)

�X?Øλk+ 1
2 . |^ x̃k = xk+1Ú (E2.10c)¥� λ̃k, (E2.8b)¥� λk+ 1

2 �±L«¤

λk+ 1
2 = λk − µβ(Ax̃k +Byk − b) = λk − µ(λk − λ̃k) = λ̃k − (1− µ)(λ̃k − λk). (E2.11)

|^ (E2.11)Ú (E2.10c)¥� λ̃k, (E2.10b)¥ ỹk�±L«¤

ỹk ∈ argmin
{
θ2(y)− yTBTλk+ 1

2 + 1
2β∥(Ax̃k +Byk − b) +B(y − yk)∥2 | y ∈ Y

}
= argmin

{
θ2(y)− yTBT [λ̃k − (1− µ)(λ̃k − λk)]

+yTBTβ(Ax̃k +Byk − b) + 1
2β∥B(y − yk)∥2

∣∣∣∣ y ∈ Y

}
= argmin

{
θ2(y)− yTBT [λ̃k + µ(λ̃k − λk)] + 1

2β∥B(y − yk)∥2 | y ∈ Y
}

��.

ù�,dýÿ (E2.10)���ù
�`5^�Ò´: 5¿eª¥ey�Ü©´ θ(u)− θ(ũk),Å«�Ü©´F (w̃k).
x̃k ∈ X , θ1(x)−θ1(x̃

k) + (x−x̃k)T
{
−AT λ̃k
::::::

} ≥ 0, ∀x ∈ X , (E2.12a)

ỹk ∈ Y, θ2(y)−θ2(ỹ
k) + (y−ỹk)T

{
−BT λ̃k
::::::

+ βBTB(ỹk−yk)− µBT (λ̃k−λk)} ≥ 0, ∀y ∈ Y, (E2.12b)

λ̃k ∈ ℜm, (λ− λ̃k)T {(Ax̃k +Bỹk − b)
::::::::::::::

−B(ỹk − yk) + 1
β (λ̃

k − λk)} ≥ 0, ∀λ ∈ ℜm. (E2.12c)

éþ¡�ªf?1�Ü (rÓ�a.�¿3�å,5¿�ey�Ü©´ θ(u) − θ(uk+1),eÅ«�
Ü©´F (wk+1)),¿|^C©Ø�ª (E2.2)-(E2.3)¥�PÒ,�� (E1.11)�;nL«

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (E2.13a)
Ù¥

Q =

(
βBTB −µBT

−B 1
β I

)
. (E2.13b)

2). ,�?Ø��. rdé¡�ADMM (E2.8))¤�wk+1w�d (E2.10))¤� w̃k²���5�.
du (E2.10)¥� x̃Ú ỹk�u (E2.8)¥�xk+1Ú yk+1. é (E2.8d)¥�λk+1,·�k

λk+1 = λk+ 1
2 − µβ

[
−B(yk − ỹk) + (Ax̃k +Byk − b)

]
= λk − µ

[
−βB(yk − ỹk) + 2β(Ax̃k +Byk − b)

]
. (E2.14)

2|^ (E2.10c),kµβ(Ax̃k +Byk − b) = µ(λk − λ̃k),Ïd��

λk+1 = λk −
[
−µβB(yk − ỹk) + 2µ(λk − λ̃k)

]
.

�é{`, wk+1¥�Ø%CþÜ© vk+1 = (yk+1, λk+1)d

[��]
(
yk+1

λk+1

)
=

(
yk

λk

)
−
(

I 0
−µβB 2µI

)(
yk − ỹk

λk − λ̃k

)
�). (E2.15)

3). ���yÂñ5^�.éu (E2.15)¥���Ý


M =

(
I 0

−µβB 2µI

)
, - H =

(
(1− 1

2µ)βB
TB − 1

2B
T

− 1
2B

1
2µβ I

)
, (E2.16)

�±�y�µ ∈ (0, 1)�,H�½¿kHM = Q (Ý
Q� (E2.13b)). d	,Ý


G = (QT +Q)−MTHM = (QT +Q)−MTQ

=

(
2βBTB −(1 + µ)BT

−(1 + µ)B 2
β I

)
−
(

I −µβBT

0 2µI

)(
βBTB −µBT

−B 1
β Im

)

=

(
2βBTB −(1 + µ)BT

−(1 + µ)B 2
β I

)
−

(
(1 + µ)βBTB −2µBT

−2µB 2µ
β I

)
= (1− µ)

(
βBTB −BT

−B 2
β I

)
.

�²;�ADMM��,�B�÷��, HÚGÑ�½,d�¡§���þ�½. Âñ5^� (E2.6)÷v.

dg,Ün��{ïá��{,N´�âýÿ-��Ú�µe�yÂñ^�,�ªäk5� (E2.7).
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F1-¦¦¦)))nnn������©©©lll¬¬¬ààà`̀̀zzz¯̄̄KKK���Gauss£££���...ADMM���{{{
��í2�ADMM�ýÿ2�£�����{ (ë�©z[2, 34, 36, 37])

1 ������ííí222���ADMM¦¦¦)))nnn¬¬¬���©©©lll¯̄̄KKKØØØUUU���yyyÂÂÂñññ (ë� [33] 2016 Math. Program.)

·�r����5�ån�©l¬�à`z¯K (θ1, θ2, θ3´à¼ê, X ,Y,Z´4à8)

min{θ1(x) + θ2(y) + θ3(z)|Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z} (F1.1)
�.�KF¼ê L(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b)�Q:z�C©Ø�ª

(VI) w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (F1.2a)

�),Ù¥

w =

 x
y
z
λ

 , u =

 x
y
z

 , F (w) =


−ATλ
−BTλ
−CTλ

Ax+By + Cz − b

 . (F1.2b)

��í2�ADMM?nn��©l¬à`z¯K (F1.1)��{´µ

��í2�ADMM¦)
¯K(F1.1)




xk+1 = argmin{θ1(x)− xTATλk + 1
2β∥Ax+Byk + Czk − b∥2 |x ∈ X}, (F1.3a)

yk+1 = argmin{θ2(y)− yTBTλk + 1
2β∥Axk+1 +By + Czk − b∥2 | y ∈ Y}, (F1.3b)

zk+1 = argmin{θ3(z)− zTCTλk + 1
2β∥Axk+1 +Byk+1 + Cz − b∥2 | z ∈ Z}, (F1.3c)

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b). (F1.3d)

·�3 2016c�©Ù [33]¥�Ñ, ��í2�ADMM¦)à`z¯K (F1.1), �Ý
A,B,C¥kü�
Ý
��p���,=ATB=0, ATC=0½öBTC=0��{�½Âñ. 3���/e,ØU�yÂñ.

2 ���±±±^̂̂555���yyy���{{{ÂÂÂñññ���ÚÚÚ���µµµeee (ë� [36], 2015c$ÊÆ�)

ýÿ-���Ú�µe·� 2015c3“$ÊÆÆ�”©Ù¥ÄgJÑ, 2018cnã©Ù¥2gJ9.

[ýÿ] 1 kÚS�l�½�Ø%Cþ vkm©,¦�ýÿ: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (F1.4)

¤á. Ù¥Ý
QT +Q´�½�. XJ (F1.4)¥ vk = ṽk, w̃k��u (F1.2)�w∗,Ò´¯K�).

3á�F1ÚF2¥?nn¬��©l¯K�,Ñ^ u = (x, y, z), w = (x, y, z, λ), v = (y, z, λ).

[��] �âýÿ��� ṽk,�ÑØ%Cþ v�#S�: vk+1�úª�

vk+1 = vk −M(vk − ṽk). (F1.5)

·�©O¡ (F1.4)¥�Q�ýÿÝ
, (F1.5)¥�M���Ý
.

[Âñ5^�]é�½�ýÿÝ
Q,�¦�O���Ý
M÷vXe^�µ

�3�½Ý
 H ≻ 0 ¦� HM = Q, ¿� G := QT +Q−MTHM ≻ 0. (F1.6)

['�5Â 5�] Ø%Cþ�S� {vk}ä�Â 5�: eª¥�HÚG©O¡��êÝ
Ú�ÃÝ


∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − ∥vk − ṽk∥2G, ∀v∗ ∈ V∗. (F1.7)

XJ^� (F1.6)÷v,�{Ò´Âñ�,3�¡�G-Hü�¥,kÚ�µe�{Âñ5���[y².

3 æææ^̂̂Gauss£££������ýýýÿÿÿ-���������{{{ (ë� [34] He, Tao and Yuan 2012 SIAM Opt. Ú [36])

n¬�©l�à`z¯K (F1.1),zgS�lØ%Cþ vk = (yk, zk, λk)m©,¥mCþx�ýÿI�^

x̃k ∈ argmin
{
θ1(x)− xTATλk + 1

2β∥Ax+Byk + Czk − b∥2 | x ∈ X
}

)¤. �¦ (F1.4)�mà�k v���,Ò�¦þãxýÿ��`5^�U
�¤

x̃k ∈ X , θ1(x)− θ1(x̃
k) + (x− x̃k)T (−AT λ̃k) ≥ 0, ∀x ∈ X

ù«/ª,¦fýÿ7L^ λ̃k = λk − β(Ax̃k +Byk + Czk − b). Ïd,·�k^
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[ýÿ]


x̃k ∈ argmin

{
θ1(x)− xTATλk + 1

2β∥Ax+Byk + Czk − b∥2 | x ∈ X
}
, (F1.8a)

ỹk ∈ argmin
{
θ2(y)− yTBTλk + 1

2β∥Ax̃k +By + Czk − b∥2 | y ∈ Y
}
, (F1.8b)

z̃k ∈ argmin
{
θ3(z)− zTCTλk + 1

2β∥Ax̃k +Bỹk + Cz − b∥2 | z ∈ Z
}
, (F1.8c)

λ̃k = λk − β
(
Ax̃k +Byk + Czk − b

)
. (F1.8d)

��ýÿ: w̃k. |^`z¯K��`5^�,��ýÿ:� w̃k� (F1.8)�C©Ø�ª/ª´:

x̃k ∈ X , θ1(x)− θ1(x̃
k)+(x− x̃k)T

{
−AT λ̃k
::::::

} ≥ 0, ∀x ∈ X , (F1.9a)

ỹk ∈ Y, θ2(y)− θ2(ỹ
k)+(y − ỹk)T

{
−BT λ̃k
::::::

+ βBTB(ỹk−yk) } ≥ 0, ∀y ∈ Y, (F1.9b)

z̃k ∈ Z, θ3(z)− θ3(z̃
k)+(z − z̃k)T

{
−CT λ̃k
::::::

+βCTB(ỹk−yk) + βCTC(z̃k−zk)} ≥ 0, ∀z ∈ Z, (F1.9c)

λ̃k ∈ ℜm, (λ− λ̃k)T

{
(Ax̃k +Bỹk + Cz̃k − b)
::::::::::::::::::::

−B(ỹk − yk)− C(z̃k − zk) + 1
β (λ̃

k − λk)

}
≥ 0, ∀λ ∈ ℜm. (F1.9d)

éþª�Ü (rÓa.�¿3�å),¿|^C©Ø�ª (F1.2)¥�PÒ,�� (F1.9)�;nL«

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)
:::::

≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (F1.10a)
Ù¥

Q =

 βBTB 0 0
βCTB βCTC 0
−B −C 1

β I

 . (F1.10b)

QT +Q´��þ�½� (�B, C�÷��´�½�). |^ù��ýÿ:,^��)¤#�Ø%Cþ.

[��] vk+1 = vk−M(vk−ṽk), Ù¥ M =

 νI −ν(BTB)−1BTC 0
0 νI 0

−βB −βC I

, ν ∈ (0, 1). (F1.11)

éu�½�ýÿÝ
QÚ��Ý
M ,�3�½Ý


H =


1
νβB

TB 1
νβB

TC 0

1
νβC

TB 1
νβ[C

TC + CTB(BTB)−1BTC] 0

0 0 1
β I

 (F1.12)

÷v HM = Q. d	,� ν ∈ (0, 1)�,Ý


G = (QT +Q)−MTQ =

 (1− ν)βBTB 0 0
0 (1− ν)βCTC 0
0 0 1

β I

 ≻ 0, (F1.13)

Âñ5^� (F1.6)÷v. Âñ5'�Ø�ª (F1.7)¤á. O�L§¥,��±;���¥�Ý
¦_.

¯¢þ,duýÿ (F1.8)�I� (Byk, Czk, λk)Ò�±m©,�� (F1.11)��±ÏL(
Byk+1

Czk+1

)
=

(
Byk

Czk

)
−
(
νI −νI

0 νI

)(
B(yk − ỹk)

C(zk − z̃k)

)
, λk+1 = λk − β

(
Ax̃k +Bỹk + Cz̃k − b

)
(F1.14)

¢y,ù�Ò�m©e�gýÿ (F1.8)Jø
 (Byk+1, Czk+1, λk+1). ·�òù
nd���{��`².
ò (F1.10)¥� v�� v∗,Ò�� (ṽk − v∗)TQ(vk − ṽk) ≥ 0. 2�C�,�

ξ =

 By
Cz
λ

, ���A� (ξ̃k − ξ∗)TQ(ξk − ξ̃k) ≥ 0, Ù¥ Q =

 βI 0 0
βI βI 0
−I −I 1

β I

 . (F1.15)

�
ù��C�±�,é (F1.15)¥�Q,^ �3¿Ý
QÚQ��O

H =


1
νβI

1
νβI 0

1
νβI

2
νβI 0

0 0 1
β Im

 , M =

 νI −νI 0

0 νI 0
−βI −βI I

 Ú G =

(1− ν)βI 0 0

0 (1− ν)βI 0
0 0 1

β I

 ,

Òk HM = QÚ G = QT +Q−MTHM ≻ 0. ù�,C�e���d ξk+1 = ξk −M(ξk − ξ̃k)¢y.

�� ξk+1 = ξk−M(ξk−ξ̃k) �m5�äN/ªÒ´ (F1.14). XÓ (F1.7),S� {ξk}ä�Â 5�
∥ξk+1 − ξ∗∥2H ≤ ∥ξk − ξ∗∥2H − ∥ξk − ξ̃k∥2G , ∀ξ∗ ∈ Ξ∗. (F1.16)
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F2-¦¦¦)))nnn������©©©lll¬¬¬ààà`̀̀zzz¯̄̄KKKÜÜÜ©©©²²²111���KKKzzz���ADMM���{{{
é yÚ zf¯K²1¦)¿\�K���{ (ë�©z [2, 35, 36])

1 ������ííí222���ADMM¦¦¦)))nnn¬¬¬���©©©lll¯̄̄KKKØØØUUU���yyyÂÂÂñññ (ë� [33] 2016 Math. Program)

·�r����5�ån¬��©là`z (Ø�¦ θ1, θ2, θ3¥?Û��rà)¯K

min{θ1(x) + θ2(y) + θ3(z)|Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z} (F2.1)

�.�KF¼ê L(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b)�Q:z�C©Ø�ª

(VI) w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (F2.2a)

�),Ù¥

w =

 x
y
z
λ

 , u =

 x
y
z

 , F (w) =


−ATλ
−BTλ
−CTλ

Ax+By + Cz − b

 . (F2.2b)

·�®²�� [33],^��í2�ADMM¦)n¬�©là`z¯K (F2.1),���/e,Ø�yÂñ.

2 ���±±±^̂̂555���yyy���{{{ÂÂÂñññ���ÚÚÚ���µµµeee (ë� [5] J. Oper. Res. Soc. China (2015))

ýÿ-���Ú�µe·� 2015c3“$ÊÆÆ�”©Ù¥ÄgJÑ, 2018cnã©Ù [2]¥2gJ9.

[ýÿ] 1 kÚS�l�½�Ø%Cþ vkm©,¦�ýÿ: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (F2.3)

¤á.Ù¥Ý
QT+Q´��þ�½�. XJþª¥ vk = ṽk, w̃k��u (F2.2)¥�w∗,Ò´¯K�).

[��]�âýÿ��� ṽk,�ÑØ%Cþ v�#S�: vk+1�úª�

vk+1 = vk −M(vk − ṽk). (F2.4)

Âñ5^�é�½�ýÿÝ
Q,�¦�O���Ý
M÷vXe^�µ

�3�½Ý
 H ≻ 0 ¦� HM = Q, ¿� G := QT +Q−MTHM ≻ 0. (F2.5)

ù�,S� {vk}ä�Â 5� ∥vk+1−v∗∥2H ≤ ∥vk−v∗∥2H−∥vk−ṽk∥2G, ∀v∗ ∈ V∗. (F2.6)

XJ^� (F2.5)÷v,�{Ò´Âñ�,�¡�á�G1¥�½nG,kÚ�µe�{Âñ5��[�y².

3 ÜÜÜ©©©²²²111¿¿¿\\\���KKK������ADMM���{{{ (ë� [35] IMA Numr. Analysis, 2015)

¦)n¬�©là`z¯K (F2.1)�Ü©²1¿\�K�� ADMM�{¥,E,± v = (y, z, λ)��
Ø%Cþ. zÚS�l�½� vk = (yk, zk, λk)m©,¦)xf¯K±�,²1?n yÚ zf¯K.ÏL

xk+1 ∈ argmin{θ1(x)− xTATλk + β
2 ∥Ax+Byk + Czk − b∥2 |x ∈ X}, (F2.7a)

yk+1 ∈ argmin{θ2(y)− yTBTλk + β
2 ∥Axk+1 +By + Czk − b∥2 + τβ

2 ∥B(y − yk)∥2 | y ∈ Y}, (F2.7b)

zk+1 ∈ argmin{θ3(z)− zTCTλk + β
2 ∥Axk+1 +Byk + Cz − b∥2 + τβ

2 ∥C(z − zk)∥2 | z ∈ Z}, (F2.7c)
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b) (F2.7d)

��¦�wk+1. � τ > 1�,·�y²ù��{´Âñ�. ePλk+ 1
2 = λk − β(Axk+1 +Byk + Czk − b)

�{ (F2.7)¥� yk+1�±ÏL

yk+1 ∈ argmin

{
θ2(y)− yTBTλk + 1

2β∥(Axk+1 +Byk + Czk − b) +B(y − yk)∥2
+ τ

2β∥B(y − yk)∥2
∣∣∣∣ y ∈ Y

}
= argmin

{
θ2(y)− yTBTλk + yTBTβ(Axk+1 +Byk + Czk − b)

+ 1
2β∥B(y − yk)∥2 + τ

2β∥B(y − yk)∥2
∣∣∣∣ y ∈ Y

}
= argmin

{
θ2(y)− yTBTλk+ 1

2 + 1+τ
2 β∥B(y − yk)∥2

∣∣ y ∈ Y
}

��.

Ón, (F2.7)¥� zk+1�±ÏL

zk+1 ∈ argmin
{
θ3(z)− zTCTλk+ 1

2 + 1+τ
2 β∥C(z − zk)∥2

∣∣ z ∈ Z
}

��.
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Pµ = τ + 1,�{ (F2.7)�±U�¤�d�Bu?§?n�

xk+1 ∈ argmin{θ1(x)− xTATλk + 1
2β∥Ax+Byk + Czk − b∥2 |x ∈ X}, (F2.8a)

λk+ 1
2 = λk − β(Axk+1 +Byk + Czk − b) (F2.8b)

yk+1 ∈ argmin{θ2(y)− yTBTλk+ 1
2 + µ

2β∥B(y − yk)∥2 | y ∈ Y}, (F2.8c)

zk+1 ∈ argmin{θ3(z)− zTCTλk+ 1
2 + µ

2β∥C(z − zk)∥2 | z ∈ Z}, (F2.8d)
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b). (F2.8e)

^A1 §2¥�Ú�µe,Âñ5y²â'�{ü,�d·�r�{ (F2.8)�¿
)¤�d�ýÿ-���{.

[ýÿ]


x̃k ∈ argmin

{
θ1(x)− xTATλk + 1

2β∥Ax+Byk + Czk − b∥2 | x ∈ X
}
, (F2.9a)

ỹk ∈ argmin
{
θ2(y)− yTBT λ̃k + µ

2β∥B(y − yk)∥2|y ∈ Y
}
, (F2.9b)

z̃k ∈ argmin
{
θ3(z)− zTCT λ̃k + µ

2β∥C(z − zk)∥2|z ∈ Z
}
, (F2.9c)

λ̃k = λk − β
(
Ax̃k +Byk + Czk − b

)
. (µ = τ + 1) (F2.9d)

�{ (F2.8)¥�wk+1Úýÿ (F2.9)¥ w̃k�m�'X´µ

xk+1 = x̃k, yk+1 = ỹk, zk+1 = z̃k, Ú λk+1 = λ̃k + βB(yk − ỹk) + βC(zk − z̃k) (F2.10)

ù�,dýÿ (F2.9)���ù
�`5^�Ò´:

x̃k ∈ X , θ1(x)− θ1(x̃
k) + (x− x̃k)T

{
−AT λ̃k
::::::

} ≥ 0, ∀x ∈ X , (F2.11a)

ỹk ∈ Y, θ2(y)− θ2(ỹ
k) + (y − ỹk)T

{
−BT λ̃k
::::::

+ µβBTB(ỹk − yk)} ≥ 0, ∀y ∈ Y, (F2.11b)

z̃k ∈ Z, θ3(z)− θ3(z̃
k) + (z − z̃k)T

{
−CT λ̃k
::::::

+ µβCTC(z̃k − zk)} ≥ 0, ∀z ∈ Z, (F2.11c)

λ̃k ∈ ℜm, (λ− λ̃k)T
{

(Ax̃k +Bỹk + Cz̃k − b)
::::::::::::::::::::

−B(ỹk − yk)− C(z̃k − zk) + 1
β (λ̃

k − λk)

}
≥ 0, ∀λ ∈ ℜm. (F2.11d)

rþª¥Ó�a.�¿3�å,ey��´ θ(ũk),eÅ«��´F (w̃k). �� (F2.11)�;nL«:

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)
:::::

≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (F2.12a)
Ù¥

Q =

 µβBTB 0 0
0 µβCTC 0

−B −C 1
β I

 . (F2.12b)

�â (F2.10),lýÿ (F2.9)��� w̃k2£� (F2.8)¥Ø%Cþ vk+1,��úª´

[��] vk+1 = vk−M(vk− ṽk), Ù¥ M =

 I 0 0
0 I 0

−βB −βC I

 . (F2.13)

5¿� (F2.12)¥�ýÿÝ
Ú (F2.13)¥���Ý
©O´

Q =

 µβBTB 0 0
0 µβCTC 0

−B −C 1
β I

 Ú M =

 I 0 0
0 I 0

−βB −βC I

 . (F2.14)

À�é¡Ý


H =

 µβBTB 0 0
0 µβCTC 0
0 0 1

β I

 , (F2.15)

�±�yHM = Q. �B,C�÷��H�½. d	,

G = (QT +Q)−MTQ =

 (µ− 1)βBTB −βBTC 0
−βCTB (µ− 1)βCTC 0

0 0 1
β I

 . (F2.16)

duµ = τ +1 > 2,Ý
G��þ�½. Âñ5^� (F2.5)÷v. 3 He and Yuan, Optimization Online 6325
¥ (d©�ªuL3 [38] Springer Proc. Math. Stat., 360, Springer, Singapore, 2021),·�®²y²:

¯¢þ,ò�{ (F2.8)¥ µ > 2U¤µ > 1.5 (¢SO�¥� µÑ�u1.5) ,Âñ�Ýk²wJp.
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G1-lllÐÐÐØØØNNN´́́nnnÑÑÑ���������{{{���¿¿¿ØØØ¤¤¤§§§���EEE���qqq���{{{
Ú�µeÂñ5^���dL« (ë�©z[39, 40, 41, 45])

1 UUU


^̂̂555���yyy���{{{���yyyÂÂÂñññ���ÚÚÚ���µµµeee (�Dco(Ñ��{Ú�µe[2, 6, 36])

·�r�5�åà`z¯K�Lagrange¼ê�Q:8(�C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (G1.1)

�). �¦)ù�C©Ø�ª,·�®²�O
e¡�ýÿ-���Ú�µe.

[ýÿ] 1 kÚS�l�½�Ø%Cþ vkm©,¦�ýÿ: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω (G1.2)

¤á. Ù¥Ý
QT +Q´�½�. XJ (G1.2)¥ vk = ṽk, w̃k��u (G1.1)�w∗,Ò´¯K�).

v�±�w�Ó,��±´w�Ü©©þ. ~X,3ADMM¥, u = (x, y), w = (x, y, λ), v = (y, λ).

[��] �âýÿ��� ṽk,�ÑØ%Cþ v�#S�: vk+1�úª�

vk+1 = vk −M(vk − ṽk). (G1.3)

·�¡ (G1.2)¥�Q�ýÿÝ
, (G1.3)¥�M���Ý
.

[Âñ5^�] é�½�ýÿÝ
Q,�¦�O���Ý
M÷vXe^�µ

�3�½Ý
 H ≻ 0 ¦� HM = Q, ¿� G := QT +Q−MTHM ≻ 0. (G1.4)

XJ^� (G1.4)÷v,�{Ò´Âñ�. Ööò¬3ù��� §3¥w�,'�Âñ5�y²��N´.
± ·�´r�{w¤(½�¿©
¤)ýÿ (G1.2)Ú�� (G1.3),,���yÂñ^� (G1.4)UÄ÷v.
¯¢þ,·���¦QT +Q, HÚG��þ�½,ù��u��¦§���½,
��A��©là`z
¯K��5�å¥�©l�©¬Ý
Ñ�÷����þ�½�Ý
Ò�½�½.
Ò�á�C1¥?nü¬�©l¯K�ADMM¥, H�½�¦�åÝ
B´�÷�,=BTB´�½�.

2 ÚÚÚ���µµµeee¥¥¥���{{{ÂÂÂñññ555'''���ÂÂÂ   555������yyy²²²

½nG æ^ýÿ-���{ (G1.2)-(G1.3)¦)C©Ø�ª (G1.1),XJ^� (G1.4)÷v,K�{)
¤�S�S� {vk}Ú {w̃k}äk5�
θ(u)− θ(ũk)+ (w− w̃k)TF (w̃k) ≥ 1

2

(
∥v− vk+1∥2H −∥v− vk∥2H

)
+ 1

2∥v
k − ṽk∥2G, ∀w ∈ Ω (G1.5)

Ú
∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − ∥vk − ṽk∥2G, ∀v∗ ∈ V∗. (G1.6)

y² 3 (G1.2)ª�mà,|^Q = HM (� (G1.4)¥�c�ª),Bk

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)THM(vk − ṽk).

duM(vk − ṽk) = (vk − vk+1) (���úª (G1.3)),þª�±�¤

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − vk+1). (G1.7)
òð�ª

(a− b)TH(c− d) = 1
2{∥a− d∥2H − ∥a− c∥2H}+ 1

2{∥c− b∥2H − ∥d− b∥2H} (G1.8)

^uØ�ª (G1.7)�mà,¿� a = v, b = ṽk, c = vk, Ú d = vk+1,·���

(v − ṽk)TH(vk − vk+1) = 1
2

(
∥v − vk+1∥2H − ∥v − vk∥2H

)
+ 1

2

(
∥vk − ṽk∥2H − ∥vk+1 − ṽk∥2H

)
. (G1.9)

é (G1.9)mà1�Ü©,|^ (G1.3), HM = QÚ 2vTQv = vT (QT +Q)v, ·�k

∥vk − ṽk∥2H − ∥vk+1 − ṽk∥2H
(G1.3)
= ∥vk − ṽk∥2H − ∥(vk − ṽk)−M(vk − ṽk)∥2H

= (vk − ṽk)T (HM +MTH)(vk − ṽk)− (vk − ṽk)TMTHM(vk − ṽk)

= (vk − ṽk)T (Q+QT −MTHM)(vk − ṽk) (|^ (G1.4)¥Ý
G�½Â)

= ∥vk − ṽk∥2G. (G1.10)
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± (G1.10)�(J�\ (G1.9),Ò��

(v − ṽk)TH(vk − vk+1) = 1
2

(
∥v − vk+1∥2H − ∥v − vk∥2H

)
+ 1

2∥v
k − ṽk∥2G

rù�(J�\ (G1.7),Ò��(Ø (G1.5).
�y²½n(Ø�1�Ü©,��ò (G1.5)¥�w��?¿):w∗,Òk

∥vk − v∗∥2H − ∥vk+1 − v∗∥2H ≥ ∥vk − ṽk∥2G + 2{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)}. (G1.11)

�â (w̃k − w∗)TF (w̃k) = (w̃k − w∗)TF (w∗)Ú�`5^�,·�k

θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k) = θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗) ≥ 0,

Ïdl (G1.11)��
∥vk − v∗∥2H − ∥vk+1 − v∗∥2H ≥ ∥vk − ṽk∥2G.

ùÒ´½n�(Ø (G1.6). 2 òADMM�ýÿ-��
),á�C2�½nC1y²
� (G1.5)Ó��5�.

Ò�á�C3¥�â½nC1��ADMMH{¿ÂeÂñ�Ç5��½nC3,l(Ø (G1.5)Ó�
�±í�Ú�µe�{H{¿Âe�Âñ�Ç5�. 'uADMM�H{¿ÂeÂñ�ÇÒ´Ä
uØ�ª (G1.5)y²�. �B. S. He and X. M. Yuan, SIAM J. Numer. Anal, 2012, 50: 700-709.
·�¡ (G1.6)¥�H��êÝ
, G��ÃÝ
. (Ø (G1.6)´y²�{oNÂñ�'�Ø�ª�

ly²L§�±��,½nG�(Ø�Âñ^� (G1.4)¥QT +Q, HÚGfz¤��½�E,¤á.

3 ���±±±^̂̂555���EEE���qqq���{{{������ddd���ÚÚÚ���µµµeee (�D�uy�d�µeU^5mu�{)

k
ýÿ (G1.2),'�´N��Ñ÷v^� (G1.4)�Ý
M ,âU�¢1�� (G1.3).

·�í�Ñ�����d��E��Ý
MÚH��{:
ýÿ (G1.2)Jø�Q÷vQT +Q ≻ 0.
Âñ^� (G1.4)�¦ÀÑ���Ý
M :
�3 H ≻ 0, ¦� HM = Q;

¿� G = QT +Q−MTHM ≻ 0.

⇐⇒


D ≻ 0, G ≻ 0,

D +G = QT +Q,

MTHM = D,

HM = Q.

⇐⇒


D ≻ 0, G ≻ 0,

D +G = QT +Q,

QTM = D,

HM = Q.

⇐⇒


D ≻ 0, G ≻ 0,

D +G = QT +Q,

M = Q−TD,

H = QD−1QT .

(G1.12)

À��Ý
M ,�¦�3H ≻ 0,¦HM = QÚ�yG ≻ 0. þª���HÚM÷vù
^�.

k
Ü��ýÿÝ
Q,±c´��{�nHÚM ,¦Ù÷v^� (G1.4),4<wå5q�k: �.
y3��{´: ��k
Ü��ýÿÝ
Q,Ò�±ÀJõ«õ��D,¦Ù÷v 0 ≺ D ≺ QT +Q.
,�dM=Q−TD��Ý
M ,¢1�� (G1.3),Âñ5^�g,÷v. 
QT �¦_  ´N´��

�� vk+1 = vk −M(vk − ṽk)��±ÏL QT (vk+1 − vk) = D(ṽk − vk)¢y, Q  äkAÏ(�.

4 lll���yyy���{{{ÂÂÂñññ���µµµeee���gggddd���OOO���{{{��������� (Ü�ýÿJø
v
õ����{)

½nG´ýÿ-���{(G1.2)-(G1.3)3^�(G1.4)ey²�. ^�(G1.12)Ú(G1.4)�d,��â (G1.12)�
E�{. �é{`, §1¥�^� (G1.4)^5�y�{Âñ5,
§3¥��d5^���{�OJø
��.

�O�{���. éýÿ (G1.2)¥÷v QT +Q ≻ 0�ýÿÝ
Q,ÀD,¦�

0 ≺ D ≺ QT +Q, ,�� M = Q−TD ��¤�� (G1.3).

ù�,ýÿ-���{ (G1.2)-(G1.3)�)�S� {vk}÷v½nG�(Ø,Ù¥

H = QD−1QT Ú G = QT +Q−D,

Ñ´�½Ý
. O�L§¥¿Ø�¦�Ñwª�H .

Ý
Q��´d��N´¦_�¬n�Ý
\þ��2Â��(½��)Ý
|¤.
���ÑM = Q−TD�¤�� (G1.3)½ö¦) QT (vk+1 − vk) = D(ṽk − vk)Ñ¿Ø(J�

�ü��G2, G3,±9Hü�¥�H2, H3¬kØ�~f`²XÛ^ùp�����O�{.
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G2-���âââÂÂÂñññ^̂̂���������dddLLL«««���EEE¦¦¦)))nnn���©©©lll¬¬¬¯̄̄KKK������qqq���{{{
±��í2�ADMM�ýÿ�ØÓ���{ (ë�©z[39, 40, 41, 45])

1 UUU


^̂̂555���yyy���{{{���yyyÂÂÂñññ���ÚÚÚ���µµµeee (�Dco(Ñ��{Ú�µe)

·�r�5�åà`z¯K�Lagrange¼ê�Q:8(�C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (G2.1)

�). �¦)ù�C©Ø�ª,·�®²�O
e¡�ýÿ-���Ú�µe.

[ýÿ] 1 kÚS�l�½�Ø%Cþ vkm©,¦�ýÿ: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (G2.2)

¤á. Ù¥Ý
QT +Q��þ´�½�.
[��] �âýÿ��� ṽk,�ÑØ%Cþ v�#S�: vk+1�úª�

vk+1 = vk −M(vk − ṽk). (G2.3)

[Âñ5^�] é�½�ýÿÝ
Q,�¦�O���Ý
M÷vXe^�µ

�3�½Ý
 H ≻ 0 ¦� HM = Q, ¿� G := QT +Q−MTHM ≻ 0. (G2.4)

ùp�^� (G2.4)Ì�^5�y�{Âñ5,
á�G1¥ §3��d5y²�mu�{�OJø
��.

�O�{�j+. éýÿ (G2.2)¥÷v QT +Q ≻ 0�ýÿÝ
Q,ÀD,¦� 0 ≺ D ≺ QT +Q,
,�� M = Q−TD ��¤�� (G2.3). ½ÏL¦) QT (vk+1 − vk) = D(ṽk − vk) �� vk+1.

Ý
Q��´d��N´¦_�¬n�Ý
\þ��2Â�� (½��)Ý
|¤,��þN´¦_.

2 nnn������©©©¬¬¬ààà`̀̀zzz¯̄̄KKKÄÄÄuuu������ííí222���ADMM���ýýýÿÿÿ
n��©l¬à`z¯K9Ù�A�VI3á�F1¥®²�
0�. ·�æ^Ù¥� (F1.8)�ýÿ.

[ýÿ]


x̃k ∈ argmin

{
θ1(x)− xTATλk + 1

2β∥Ax+Byk + Czk − b∥2 | x ∈ X
}
, (G2.5a)

ỹk ∈ argmin
{
θ2(y)− yTBTλk + 1

2β∥Ax̃k +By + Czk − b∥2 | y ∈ Y
}
, (G2.5b)

z̃k ∈ argmin
{
θ3(z)− zTCTλk + 1

2β∥Ax̃k +Bỹk + Cz − b∥2 | z ∈ Z
}
, (G2.5c)

λ̃k = λk − β
(
Ax̃k +Byk + Czk − b

)
. (G2.5d)

|^`z¯K��`5^�,��ýÿ (G2.5)�C©Ø�ª/ª (G2.2),ÙýÿÝ
Q� (ë� (F1.10))

[ýÿÝ
] Q =

 βBTB 0 0
βCTB βCTC 0
−B −C 1

β I

 . (G2.6)

3 ÄÄÄuuu(G2.6)���ýýýÿÿÿÝÝÝ


QÀÀÀ���ØØØÓÓÓ��������� (¼�÷vQT(vk+1 − vk) = D(ṽk − vk)� vk+1)

eP P =

 B 0 0
0 C 0
0 0 I

, Kk Q =

 βBTB 0 0
βCTB βCTC 0
−B −C 1

β I

 = PT

 βI 0 −I
βI βI 0
−I −I 1

β I

P. (G2.7)

Ó���n,éQT +Q,·�k

QT +Q =

 2βBTB βBTC −BT

βCTB 2βCTC −CT

−B −C 2
β I

 = PT

 2βI βI −I
βI 2βI −I
−I −I 2

β I

P. (G2.8)

·�ò (G2.7)Ú (G2.8)mà¥%Ü©�Ý
©O¡�Ý
 QÚ (QT +Q)�Ø,P¤ QÚ (QT +Q). =

Q =

 βI 0 0
βI βI 0
−I −I 1

β I

, QT +Q =

 2βI βI −I
βI 2βI −I
−I −I 2

β I

. 5¿� Q−T =

 1
β I − 1

β I 0

0 1
β I I

0 0 βI

. (G2.9)

k
 (G2.6)¥�½�ýÿÝ
Q, ·��±ÏLÀJØÓ�D, �EØ������{.
Ï� k-gS�l�½� (Byk, Czk, λk)?1ýÿ (G2.5), �
e�gS�, k-g����J
ø (Byk+1, Czk+1, λk+1). Äu (G2.6)�Ñ�ýÿÝ
�ØÝ
,·�Þ~`²ÀJØÓ�÷v^
��Ý
D,��÷v QT (vk+1 − vk) = D(ṽk − vk)� (Byk+1, Czk+1, λk+1),�¤�A���.
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3.1 òòòØØØÝÝÝ


QT +Q©©©)))¤¤¤üüü������½½½ÝÝÝ


���{{{ – I [�e�gS�ýÿO� (Byk+1, Czk+1, λk+1)]

QT+Q =

 2βI βI −I
βI 2βI −I
−I −I 2

β I

=

(1 + ν)βI βI −I
βI (1 + ν)βI −I
−I −I 1

β I

+
(1− ν)βI 0 0

0 (1− ν)βI 0
0 0 1

β I

, (G2.10)

Ù¥ 0 < ν < 1. ù�ÒrQT +Q�ØÝ
QT +Q©)¤ü��½Ý
.
·�r (G2.10)mà�1��Ý
� D,K D = PTDP ,�§

QT (vk+1 − vk) = D(ṽk − vk) (G2.11)
Ò�±�¤

PTQTP (vk+1 − vk) = PTDP (ṽk − vk). (G2.12)
ÏL

QTP (vk+1 − vk) = DP (ṽk − vk)

���Pvk+1Ò÷v (G2.12). rþªäN�m5Ò´ βI βI −I
0 βI −I
0 0 1

β I

Byk+1 −Byk

Czk+1 − Czk

λk+1 − λk

 =

 (1 + ν)βI βI −I
βI (1 + ν)βI −I
−I −I 1

β I

Bỹk −Byk

Cz̃k − Czk

λ̃k − λk

 . (G2.13)

|^ (G2.9)¥�Q−T Úùp� D,¦� (Byk+1, Czk+1, λk+1)�úª�µByk+1

Czk+1

λk+1

 =

Byk

Czk

λk

−

 νI −νI 0
0 νI 0

−βI −βI I

B(yk − ỹk)
C(zk − z̃k)

λk − λ̃k

 . (G2.14)

ùTÐ´á�F1��� (F1.14). éÓ�ýÿ,·��±ÏLÀJØÓ�ÎÜ^��D,�EØÓ��{.

3.2 òòòØØØÝÝÝ


QT +Q©©©)))¤¤¤üüü������½½½ÝÝÝ


���{{{ – II [�e�gS�ýÿO� (Byk+1, Czk+1, λk+1)]

QT +Q =

 2βI βI −I
βI 2βI −I
−I −I 2

β I

 =

 νβI 0 0
0 νβI 0
0 0 1

β I

+

 (2− ν)βI βI −I
βI (2− ν)βI −I
−I −I 1

β I

, (G2.15)

Ù¥ ν ∈ (0, 1). Ó� (G2.15)r QT +Q�ØÝ
 QT +Q©)¤
ü��½Ý
,rþªmà�1��
Ý
À�D. Ó��±ÏL

QTP (vk+1 − vk) = DP (ṽk − vk)

��÷v PTQTP (vk+1 − vk) = PTDP (ṽk − vk)�Pvk+1. äN�m5Ò´ βI βI −I
0 βI −I
0 0 1

β I

Byk+1 −Byk

Czk+1 − Czk

λk+1 − λk

 =

 νβI 0 0
0 νβI 0
0 0 1

β I

Bỹk −Byk

Cz̃k − Czk

λ̃k − λk

 . (G2.16)

|^ (G2.9)¥�Q−T Úùp� D,¦� (Byk+1, Czk+1, λk+1)�úª�µByk+1

Czk+1

λk+1

 =

Byk

Czk

λk

−

 νI −νI 0
0 νI 1

β I

0 0 I

B(yk − ỹk)
C(zk − z̃k)

λk − λ̃k

 . (G2.17)

3.3 òòòØØØÝÝÝ


QT +Q©©©)))¤¤¤üüü���¤¤¤'''~~~������½½½ÝÝÝ


 [�e�gS�ýÿO� (Byk+1, Czk+1, λk+1)]

QT +Q = α

 2βI βI −I
βI 2βI −I
−I −I 2

β I

+ (1− α)

 2βI βI −I
βI 2βI −I
−I −I 2

β I

 , α ∈ (0, 1). (G2.18)

·�r (G2.18)mà�1��Ý
�D,¦� (Byk+1, Czk+1, λk+1)��§� βI βI −I
0 βI −I
0 0 1

β I

Byk+1 −Byk

Czk+1 − Czk

λk+1 − λk

 = α

 2βI βI −I
βI 2βI −I
−I −I 2

β I

B(yk − ỹk)
C(zk − z̃k)

λk − λ̃k

 . (G2.19)

|^ (G2.9)¥�Q−T Úùp� D,¦� (Byk+1, Czk+1, λk+1)�úª�µByk+1

Czk+1

λk+1

 =

Byk

Czk

λk

− α

 I −I 0
0 I 1

β I

−βI −βI 2I

B(yk − ỹk)
C(zk − z̃k)

λk − λ̃k

 , α ∈ (0, 1). (G2.20)
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G3-nnn������©©©lll¬¬¬¯̄̄KKK©©©���ÂÂÂ   ���{{{���ýýýÿÿÿÝÝÝ


���OOOÚÚÚ���{{{¢¢¢yyy
l�OÜn�ýÿØÝ
Ñu�E�q�{ (ë�©z[39, 40, 41, 45])

1 ÚÚÚ���µµµeeeeeennn������©©©lll¬¬¬���©©©���ÂÂÂ   ���{{{

·�r����5�ån¬��©là`z (Ø�¦ θ1, θ2, θ3¥?Û��rà)¯K

min{θ1(x) + θ2(y) + θ3(z)|Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z} (G3.1)
�.�KF¼ê L(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b)�Q:z�C©Ø�ª

(VI) w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (G3.2a)

�),Ù¥

w =


x
y
z
λ

 , u =

 x
y
z

 , F (w) =

 −ATλ
−BTλ
−CTλ

Ax+By + Cz − b

 . (G3.2b)

·�®²��,^��í2�ADMM¦)n¬�©là`z¯K (G3.1),3���/e¿ØU�yÂñ.
�¦) (G3.2)ù��C©Ø�ª,·�®²�O
e¡�ýÿ-���Ú�µe.

[ýÿ] 1 kÚS�l�½�Ø%Cþ vkm©,¦�ýÿ: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (G3.3)

¤á. Ù¥Ý
QT +Q��þ´�½�.
[��]�âýÿ��� ṽk,�ÑØ%Cþ v�#S�: vk+1�úª�

vk+1 = vk −M(vk − ṽk). (G3.4)

[Âñ5^�] é÷v QT +Q ≻ 0�ýÿÝ
Q,�¦�O���Ý
M÷vXe^�µ

�3�½Ý
 H ≻ 0 ¦� HM = Q, ¿� G := QT +Q−MTHM ≻ 0. (G3.5)

�d�¢y. é÷v QT +Q ≻ 0�ýÿÝ
Q,ÀD ≻ 0, G ≻ 0,¦�D +G = QT +Q,2¦)

QT (vk+1 − vk) = D(ṽk − vk) �¤. (G3.6)

eýÿ(G3.3)l�½� (Byk, Czk, λk)Ò�±m©,����¦UJø÷v(G3.6)� (Byk+1, Czk+1, λk+1).

2 ØØØÓÓÓýýýÿÿÿÝÝÝ


������OOOÚÚÚ���������{{{���¢¢¢yyy

3¦)C©Ø�ª (G3.2)�L§¥,eE,± v = (y, z, λ)�Ø%Cþ,Ko�¦ýÿÓ�÷v

θ1(x)− θ1(x̃
k) + (x− x̃k)T (−AT λ̃k) ≥ 0 Ú λ̃k = λk − β

(
Ax̃k +Byk + Czk − b

)
.

ù�� x̃k�±ÏLé�½� (Byk, Czk, λk)¦)x-f¯K

x̃k ∈ argmin
{
θ1(x)− xTATλk + 1

2β∥Ax+Byk + Czk − b∥2 | x ∈ X
}
��.

2.1 ���½½½ØØØÝÝÝ


 Q÷÷÷vvvQT +Q ≻ 0 [ýÿU x, λ, y, z �^S?1]

�½[ØÝ
] Q =

 2βI 0 −I
βI 2βI −I
−I −I 1

β I

, �A�ýÿÝ
Q =

 2βBTB 0 −BT

βCTB 2βCTC −CT

−B −C 1
β I

.(G3.7)

|^C©Ø�ª (G3.2)Ú (G3.7)¥Ý
Q�L�ª,d�ýÿ (G3.3)�äN/ª´

θ1(x)− θ1(x̃
k) + (x− x̃k)T

{
−AT λ̃k
::::::

} ≥ 0, ∀x ∈ X , (G3.8a)

θ2(y)− θ2(ỹ
k) + (y − ỹk)T

{
−BT λ̃k
::::::

+ 2βBTB(ỹk − yk)−BT (λ̃k − λk)} ≥ 0, ∀y ∈ Y, (G3.8b)

θ3(z)− θ3(z̃
k) + (z − z̃k)T

{
−CT λ̃k
::::::

+ βCT [B(ỹk − yk) + 2C(z̃k − zk)]

−CT (λ̃k − λk)

}
≥ 0, ∀z ∈ Z, (G3.8c)

(λ− λ̃k)T
{

(Ax̃k +Bỹk + Cz̃k − b)
::::::::::::::::::::

−B(ỹk − yk)− C(z̃k − zk) + 1
β (λ̃

k − λk)

}
≥ 0, ∀λ ∈ ℜm. (G3.8d)

�â½nA3,ùp� w̃k = (x̃k, ỹk, z̃k, λ̃k)�±ÏL¦)e¡�f¯K)¤:
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[ýÿ]


x̃k ∈ argmin

{
θ1(x)− xTATλk + 1

2β∥Ax+Byk + Czk − b∥2 | x ∈ X
}
, (G3.9a)

λ̃k = λk − β
(
Ax̃k +Byk + Czk − b

)
, (G3.9b)

ỹk ∈ argmin
{
θ2(y)− yTBT (2λ̃k − λk) + β∥B(y − yk)∥2 | y ∈ Y

}
, (G3.9c)

z̃k ∈ argmin
{
θ3(z) + zTCT [βB(ỹk − yk)− (2λ̃k − λk)] + β∥C(z − zk)∥2 | z ∈ Z

}
. (G3.9d)

ò�½ØÝ
QT+Q (� (G3.7))©)¤ü��½Ý
�Ú,kÃ¡õ��U5.~X,·�òÙ©)¤

QT +Q =

 4βI βI −2I
βI 4βI −2I
−2I −2I 2

β I

 =

 9
4βI 0 −I
0 9

4βI −I
−I −I 1

β I

+

 7
4βI βI −I
βI 7

4βI −I
−I −I 1

β I

 . (G3.10)

Àþãmàü��½Ý
���D,Ò�±ÏLeª��e�gS�m©I�� (Byk+1, Czk+1, λk+1):Byk+1

Czk+1

λk+1

 =

Byk

Czk

λk

−Q−TD

B(yk − ỹk)
C(zk − z̃k)

λk − λ̃k

, Ù¥ Q−T =

 1
β I 0 I
1
β I

1
β I 2I

2I I 4βI

 . (G3.11)

2.2 ���½½½ØØØÝÝÝ


 Q÷÷÷vvvQT +Q ≻ 0 [ýÿU x, y, z, λ�^S?1]

[�½ØÝ
] Q =

 βI 0 I
βI βI I
−I −I 1

β I

, �A�ýÿÝ
 Q =

βBTB 0 BT

βCTB βCTC CT

−B −C 1
β I

. (G3.12)

|^C©Ø�ª (G3.2)Ú (G3.12)¥Ý
Q�L�ª,d�ýÿ (G3.3)�äN/ª´

θ1(x)− θ1(x̃
k) + (x− x̃k)T

{
−AT λ̃k
::::::

} ≥ 0, ∀x ∈ X , (G3.13a)

θ2(y)− θ2(ỹ
k) + (y − ỹk)T

{
−BT λ̃k
::::::

+ βBTB(ỹk − yk) +BT (λ̃k − λk)} ≥ 0, ∀y ∈ Y, (G3.13b)

θ3(z)− θ3(z̃
k) + (z − z̃k)T

{
−CT λ̃k
::::::

+ βCT [B(ỹk − yk) + C(z̃k − zk)]

+CT (λ̃k − λk)

}
≥ 0, ∀z ∈ Z, (G3.13c)

(λ− λ̃k)T
{

(Ax̃k +Bỹk + Cz̃k − b)
::::::::::::::::::::

−B(ỹk − yk)− C(z̃k − zk) + 1
β (λ̃

k − λk)

}
≥ 0, ∀λ ∈ ℜm. (G3.13d)

�â½nA3,ùp� w̃k = (x̃k, ỹk, z̃k, λ̃k)�±ÏL¦)e¡�f¯K)¤:

[��]


x̃k ∈ argmin

{
θ1(x)− xTATλk + 1

2β∥Ax+Byk + Czk − b∥2 | x ∈ X
}
, (G3.14a)

ỹk ∈ argmin
{
θ2(y)− yTBTλk + 1

2β∥B(y − yk)∥2 | y ∈ Y
}
, (G3.14b)

z̃k ∈ argmin
{
θ3(z) + zTCT [βB(ỹk − yk)− λk] + 1

2β∥C(z − zk)∥2 | z ∈ Z
}
, (G3.14c)

λ̃k = λk − β
(
Ax̃k +Byk + Czk − b

)
. (G3.14d)

ò�½ØÝ
QT +Q (� (G3.12))©)¤ü��½Ý
�Ú,kÃ¡õ��U5. ~X,·�òÙ©)¤

QT +Q =

 2βI βI 0
βI 2βI 0
0 0 2

β I

 =

 1
2βI 0 0
0 1

2βI 0
0 0 1

β I

+

 3
2βI βI 0
βI 3

2βI 0
0 0 1

β I

 . (G3.15)

Àþãmàü��½Ý
���D,Ò�±ÏLeª��e�gS�m©I�� (Byk+1, Czk+1, λk+1):Byk+1

Czk+1

λk+1

 =

Byk

Czk

λk

−Q−TD

B(yk − ỹk)
C(zk − z̃k)

λk − λ̃k

, Ù¥ Q−T =

 1
β I − 1

β I 0

− 1
2β I

1
β I

1
2I

− 1
2I 0 1

2βI

 . (G3.16)

2.3 �{ III �½ Q÷vQT +Q ≻ 0 [ýÿU x, λ,,� y, z ²1?n�^S?1]

[�½ØÝ
] Q =

 3
2βI 0 0
0 3

2βI 0
−I −I 1

β I

, �A�ýÿÝ
 Q=

 3
2βB

TB 0 0
0 3

2βC
TC 0

−B −C 1
β I

. (G3.17)

Öö�±g1�ÄXÛ�âC©Ø�ª (G3.2)Ú (G3.17)¥Ý
Q�L�ª,�¢yýÿ (G3.3).
ò�½ØÝ
QT +Q (� (G3.12))©)¤ü��½Ý
�Ú,kÃ¡õ��U5. ~X,·�òÙ©)¤

QT +Q =

 3βI 0 −I
0 3βI −I
−I −I 2

β I

 =

 1
2βI 0 0
0 1

2βI 0
0 0 1

β I

+

 5
2βI 0 −I
0 5

2βI −I
−I −I 1

β I

 . (G3.18)

éÓ�¯K (G3.1),`²XÛÏL�OØÓ�ýÿØÝ
,¿dd�E�qýÿ-���©�Â �{
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H1-¦¦¦)))���555���åååààà`̀̀zzz¯̄̄KKK���ýýýÿÿÿ-������...222ÂÂÂ���CCC:::���{{{
?Ð II–ýÿ-��¢y��êÝ
Ú�ÃÝ
 (ë�©z[39, 40, 41, 45])

1 ���555���ååå���ààà`̀̀zzz¯̄̄KKK999ÙÙÙCCC©©©ØØØ���ªªª���PPA���{{{
·�r�5�åà`z¯K�Lagrange¼ê�Q:8(�C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (H1.1)

�):. �¦)ù�C©Ø�ª,·�3Dü�0�
�C:�{ (PPA)

�C:�{(PPA)1 k-ÚS�l�½�Ø%Cþ vkm©,¦�#�S�:wk+1,¦�

wk+1∈ Ω, θ(u)− θ(uk+1) + (w−wk+1)TF (wk+1) ≥ (v− vk+1)TH(vk − vk+1), ∀w ∈ Ω, (H1.2)

¤á.Ù¥H´é¡�½Ý
. á�E1, E20���O��{¥u = (x, y), w = (x, y, λ), v = (y, λ).

ò (H1.2)¥?¿�w ∈ Ω��w∗,Òêþ�� (vk+1 − v∗)TH(vk − vk+1) ≥ 0.

� a = (vk − v∗), b = (vk+1 − v∗), |^ÚnD bTH(a− b) ≥ 0 ⇒ ∥b∥2H ≤ ∥a∥2H − ∥a− b∥2H k

(PPAÂñ5�) ∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − ∥vk − vk+1∥2H , ∀v∗ ∈ V∗. (H1.3)

2 ýýýÿÿÿ-���������{{{���ÚÚÚ���µµµeee999ÙÙÙÂÂÂñññ555

Ø
 PPA,·��3á�A1� §2ÚG1¥0�
¦)C©Ø�ª (H1.1)�ýÿ-����{Ú�µe.

[ýÿ]1 kÚS�l�½�Ø%Cþ vkm©,¦�ýÿ: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω (H1.4)

¤á. Ù¥Ý
QT +Q�½.

[��]�âýÿ��� ṽk,�ÑØ%Cþ v�#S�: vk+1�úª�

vk+1 = vk −M(vk − ṽk). (H1.5)

·�©O¡ (H1.4)¥�Q�ýÿÝ
, (H1.5)¥�M���Ý
.

[Âñ5^�] é�½�ýÿÝ
Q,�¦�O���Ý
M÷vXe^�µ

�3�½Ý
 H ≻ 0 ¦� HM = Q, ¿� G := QT +Q−MTHM ≻ 0. (H1.6)

á�5lÐØN´nÑ���{�¿Ø¤§�E�q�{6�½nG¥,y²
�{�Â 5�

[Â 5�] ∥vk+1−v∗∥2H ≤ ∥vk−v∗∥2H −∥vk− ṽk∥2G, ∀v∗ ∈ V∗. (H1.7)

ýÿ-���{ (H1.4)-(H1.5)Ú�C:�{ (H1.2)�m�'Xµe (H1.4)¥�Ý
Qé¡, ÒPÙ�H ,
¿PÙ¥� w̃k�wk+1, B�� (H1.2). ù���u3 (H1.5)¥�M = I , (H1.6)¥�GÒ�uH . d
u ṽk = vk+1, G = H ,ýÿ-���{�Âñ5� (H1.7)Ò¤
�C:�{�Âñ5� (H1.3).

3 ÚÚÚ���µµµeee¥¥¥���{{{ÂÂÂñññ555,,,���­­­���555������yyy²²²

÷vÂñ^� (H1.6)�Ú�µe�{Ø=äkÂñ5� (H1.7),S� {∥vk − vk+1∥H}�´üNØO�.

½nH ¦)C©Ø�ª (H1.1),� {vk}, {w̃k}´dýÿ-��µe (H1.4)-(H1.5))¤�. XJÂñ
5^� (H1.6)÷v,Kk

∥vk+1 − vk+2∥2H ≤ ∥vk − vk+1∥2H − ∥(vk − ṽk)− (vk+1 − ṽk+1)∥2G. (H1.8)

�{ü/`,k
∥vk+1 − vk+2∥2H ≤ ∥vk − vk+1∥2H . (H1.9)
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y² �â (H1.4),·�k

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω (H1.10)
Ú

θ(u)− θ(ũk+1) + (w − w̃k+1)TF (w̃k+1) ≥ (v − ṽk+1)TQ(vk+1 − ṽk+1), ∀w ∈ Ω. (H1.11)
òØ�ª (H1.10)Ú (H1.11)¥?¿�w ∈ Ω©O�� w̃k+1Ú w̃k,��

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk)

Ú

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1).

òþãü�Ø�ª�\¿|^ (w̃k − w̃k+1)T
(
F (w̃k)− F (w̃k+1)

)
= 0,Òk

(ṽk − ṽk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 0. (H1.12)

3Ø�ª (H1.12)ü>\þ {(vk − ṽk)− (vk+1 − ṽk+1)}TQ{(vk − ṽk)− (vk+1 − ṽk+1)},��

(vk − vk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 1
2∥(v

k − ṽk)− (vk+1 − ṽk+1)∥2(QT+Q).

|^ HM = QÚM(vk − ṽk) = (vk − vk+1) (�(H1.5)),Òk

(vk − vk+1)TH{(vk − vk+1)− (vk+1 − vk+2)} ≥ 1
2∥(v

k − ṽk)− (vk+1 − ṽk+1)∥2(QT+Q). (H1.13)

��,|^ð�ª ∥a∥2H − ∥b∥2H = 2aTH(a− b)− ∥a− b∥2H Ú (H1.13),·���

∥vk − vk+1∥2H − ∥vk+1 − vk+2∥2H
= 2(vk − vk+1)TH{(vk − vk+1)− (vk+1 − vk+2)} − ∥(vk − vk+1)− (vk+1 − vk+2)∥2H
≥ ∥(vk − ṽk)− (vk+1 − ṽk+1)∥2(QT+Q) − ∥(vk − vk+1)− (vk+1 − vk+2)∥2H . (H1.14)

éþªmà����|^ (vk − vk+1) = M(vk − ṽk) (�(H1.5)),k

∥(vk − vk+1)− (vk+1 − vk+2)∥2H = ∥M(vk − ṽk)−M(vk+1 − ṽk+1)∥2H , (H1.15)

d (H1.14), (H1.15),¿|^QT +Q−MTHM = G,Ò��

∥vk − vk+1∥2H − ∥vk+1 − vk+2∥2H ≥ ∥(vk − ṽk)− (vk+1 − ṽk+1)∥2G.

ùÒ´ (H1.8),Ïd�k (H1.9). y²�.. 2 á�C3�½nC4,ÀADMM�A~y²
Ó��5�.

½nH´éýÿ-���Ú�µe��{y²�. PPA´Ú�µe�{�A~,½nH�(ØÓ�¤á.

4 ���âââÂÂÂñññ^̂̂���������ddd555���������ýýýÿÿÿ-���������222ÂÂÂ���CCC:::���{{{
÷vÂñ^� (H1.6)�Ú�µe�{äk¤�5� (H1.7)Ú (H1.9). XJÚ�µe¥�,��{U


¦� (H1.7)mà� ∥vk − ṽk∥2G �u ∥vk − vk+1∥2H ,@Ò���¤��PPA�5� (H1.3).
ù´�±��� ! �ýÿ (H1.4)¥�ýÿÝ
Q÷v QT +Q ≻ 0,·�o�±�

D ≻ 0, G ≻ 0 ¿¦� D +G = QT +Q. (H1.16)

,�- MTHM = D,dÝ
�§|)�{
HM = Q,

MTHM = D.
⇐⇒

{
HM = Q,
QTM = D.

⇐⇒
{

H = QD−1QT ,
M = Q−TD.

(H1.17)

��÷vÂñ^��M = Q−TDÚH = QD−1QT . 2¢1�� (H1.5),Âñ5� (H1.7)E,¤á.

ýÿ-���2ÂPPA.3Q�é¡�ýÿ-���{¥,3 (H1.16)¥��éAÏ�DÚG,¦�

D = G = 1
2 (Q

T +Q) (H1.18)
duD = G,Â Ø�ª (H1.7)Ò¤�

∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − ∥vk − ṽk∥2D, ∀v∗ ∈ V∗. (H1.19)

Ï� D = MTHM (� (H1.17)),|^M(vk − ṽk) = vk − vk+1 (� (H1.5)),Ø�ª (H1.19)Ò¤


∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − ∥vk − vk+1∥2H , ∀v∗ ∈ V∗. (H1.20)

ù´� (H1.3)/ª�Ó�Â Ø�ª,Ïd·�¡�A��{�ýÿ-���2Â PPA.

2Â PPA����±dQT (vk+1 − vk) = 1
2 (Q

T +Q)(ṽk − vk)�¤. {vk}ä�5� (H1.9)Ú (H1.20) !
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H2-¦¦¦)))õõõ¬¬¬���©©©lllààà`̀̀zzz¯̄̄KKK���ýýýÿÿÿ-������...222ÂÂÂ���CCC:::���{{{
2Â�C:�{¦)õ¬�©là`z¯K (ë�©z[39, 40, 41, 45])

1 `̀̀zzz¯̄̄KKK���CCC©©©ØØØ���ªªª999���{{{µµµeee

�Äõ¬�©là`z¯K

min
{∑p

i=1 θi(xi)
∣∣ ∑p

i=1 Aixi = b, xi ∈ Xi

}
. (H2.1)

§�Lagrange¼êL(x1, . . . , xp, λ) =
∑p

i=1 θi(xi)−λT (
∑p

i=1 Aixi−b) ½Â3Ω =
∏p

i=1 Xi×ℜmþ.

� (x∗
1, . . . , x

∗
p, λ

∗) ∈ Ω´Lagrange¼ê�Q:,@Ò�C1¥©Û�@�,Q:´C©Ø�ª

(VI) w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω
(H2.2a)

�):,Ù¥ Ω =
∏p

i=1 Xi × Λ,

x =

 x1

...
xp

 , θ(x) =

p∑
i=1

θi(xi), w =


x1

...
xp

λ

 , F (w) =


−AT

1 λ
...

−AT
p λ∑p

i=1 Aixi − b

 . (H2.2b)

·�E± Ω∗ L«C©Ø�ª (H2.2)�)8,^Ú�µe¥�ýÿ-���{¦)à`z¯K (H2.1).

[ýÿ] l�½�wkÑu,¦�ýÿ: w̃k ∈ Ω,¦Ù÷v

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω, (H2.3a)

Ù¥Q¿Ø�¦é¡,��¦ QT +Q �ØÝ
´�½�. ùpØ%Cþ�w = (x, λ)

[��] #�S�: (��:)wk+1dúª

wk+1 = wk −M(wk − w̃k) (H2.3b)
�Ñ,Ù¥M = Q−TD. ÀJ D ¦Ù÷v D ≻ 0, G ≻ 0, D +G = QT +Q. ù´N´���

Ï�M = Q−TD,����±ÏL¦)�5�§| QT (wk+1 − wk) = D(w̃k − wk)¢y. (H2.4)

2 ýýýÿÿÿ¢¢¢yyy������{{{ ë� [39] Handbook of Numerical Analysis, 24 (2023) 511-557.

l�½� (A1x
k
1 , A2x

k
2 , · · · , Apx

k
p, λ

k)Ñu,ÏL

[ýÿ]



x̃k
1 ∈ argmin

{
θ1(x1)− xT

1 A
T
1 λ

k + 1
2β∥A1(x1 − xk

1)∥2 | x1 ∈ X1

}
;

x̃k
2 ∈ argmin

{
θ2(x2)− xT

2 A
T
2 λ

k + 1
2β∥A1(x̃

k
1 − xk

1) +A2(x2 − xk
2)∥2 | x2 ∈ X2

}
;

...
x̃k
p ∈ argminxp∈Xp

{
θp(xp)− xT

p A
T
p λ

k + 1
2β∥

∑p−1
j=1Aj(x̃

k
j − xk

j )+Ap(xp − xk
p)∥2

}
;

λ̃k = λk − β
(∑p

j=1 Aj x̃
k
j − b

)
(H2.5)

¦� w̃k = (x̃k
1 , x̃

k
2 , · · · , x̃k

p, λ̃
k) ∈ Ω. ù«Å��cí?�ýÿ��� arXiv: 2107.01897v2 [math.OC].

5¿�ýÿ (H2.5)¥é i = 1, . . . , p,z�xi-f¯K��`5^��±�¤

x̃k
i ∈ Xi, θi(xi)− θi(x̃

k
i ) + (xi − x̃k

i )
T {−AT

i λ̃
k + β

∑i
j=1Aj(x̃

k
j − xk

j ) +AT
i (λ̃

k − λk)} ≥ 0, ∀xi ∈ Xi.

)¤éóýÿ λ̃k �úª�±�¤

λ̃k ∈ ℜm, (λ− λ̃k)T {
(∑p

j=1 Aj x̃
k
j − b

)
+ 1

β (λ̃
k − λk)} ≥ 0, ∀λ ∈ ℜm.

�â±þ©Û,|^ (H2.2)¥ θ(x)ÚF (w)�½Â,lýÿ (H2.5)·���±e�C©Ø�ª

ÚnH � w̃k ∈ Ω´l�½� (A1x
k
1 , A2x

k
2 , · · · , Apx

k
p, λ

k)Ñu,d (H2.5))¤�ýÿ:. ·�k

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω, (H2.6a)
Ù¥

Q =


βAT

1 A1 0 · · · 0 AT
1

βAT
2 A1 βAT

2 A2
. . .

... AT
2...

. . . 0
...

βAT
p A1 βAT

p A2 · · · βAT
p Ap AT

p

0 0 · · · 0 1
β Im

 . (H2.6b)
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3 ������¦¦¦÷÷÷vvv (H2.4)��� (A1x
k+1
1 , . . . , Apx

k+1
p , λk+1) ë� arXiv:2107.01897v2[math.OC].

QT+Q =


AT

1 0 · · · 0 0

0 AT
2

. . .
... 0

...
. . . 0

...
0 0 · · · AT

p 0
0 0 · · · 0 Im




2βI βI · · · βI I

βI 2βI
. . .

...
...

...
. . . . . . βI I

βI · · · βI 2βI I
I · · · I I 2

β I




A1 0 · · · 0 0

0 A2
. . .

... 0
...

. . . 0
...

0 0 · · · Ap 0
0 0 · · · 0 Im


Ùmà¥mÜ©´QT +Q��½�Ø%Ý
. Ó�/,éÝ
QT ��Ñ�A�/ª

QT =


AT

1 0 · · · 0 0

0 AT
2

. . .
... 0

...
. . . 0

...
0 0 · · · AT

p 0
0 0 · · · 0 Im




βI βI · · · βI 0

0 βI
. . .

...
...

...
. . . . . . βI 0

0 · · · 0 βI 0
I · · · I I 1

β I




A1 0 · · · 0 0

0 A2
. . .

... 0
...

. . . 0
...

0 0 · · · Ap 0
0 0 · · · 0 Im

 .

òQT +QÚQT �Ø%Ý
©OP¤QT +QÚQT ,§�´

QT +Q=


2βI βI · · · βI I

βI 2βI
. . .

...
...

...
. . . . . . βI I

βI · · · βI 2βI I
I · · · I I 2

β I

 Ú QT =


βI βI · · · βI 0

0 βI
. . .

...
...

...
. . . . . . βI 0

0 · · · 0 βI 0
I · · · I I 1

β I

 . (H2.7)

Ï� k-gS��ýÿ´l�½� (A1x
k
1 , A2x

k
2 , . . . , Apx

k
p, λ

k)m©�,���I��e�gS�J
ø (A1x

k+1
1 , A2x

k+1
2 , . . . , Apx

k+1
p , λk+1). ÀD ≻ 0¦÷v G = QT +Q−D ≻ 0�å»´Ã¡�.

·�=±D � G¤'~�~���. �Ò´`,�D = α
(
QT +Q

)
Ú G = (1−α)

(
QT +Q

)
, α ∈ (0, 1).

D=α


AT

1 0 · · · 0 0

0 AT
2

. . .
... 0

...
. . . 0

...
0 0 · · · AT

p 0
0 0 · · · 0 I




2βI βI · · · βI I

βI 2βI
. . .

...
...

...
. . . . . . βI I

βI · · · βI 2βI I
I · · · I I 2

β I




A1 0 · · · 0 0

0 A2
. . .

... 0
...

. . . 0
...

0 0 · · · Ap 0
0 0 · · · 0 I

.(H2.8)

÷v QT (vk+1 − vk) = D(ṽk − vk)� (A1x
k+1
1 , A2x

k+1
2 , . . . , Apx

k+1
p , λk+1) �±ÏL

βI βI · · · βI 0

0 βI
. . .

...
...

...
. . . . . . βI 0

0 · · · 0 βI 0
I · · · I I 1

β I




A1x

k+1
1 −A1x

k
1

A2x
k+1
2 −A2x

k
2

...
Apx

k+1
p −Apx

k
p

λk+1 − λk

= α


2βI βI · · · βI I

βI 2βI
. . .

...
...

...
. . . . . . βI I

βI · · · βI 2βI I
I · · · I I 2

β I




A1x̃

k
1 −A1x

k
1

A2x̃
k
2 −A2x

k
2

...
Apx̃

k
p −Apx

k
p

λ̃k − λk



¦�. Ï� Q−T =


βI βI · · · βI 0

0 βI
. . .

...
...

...
. . . . . . βI 0

0 · · · 0 βI 0
I · · · I I 1

β I



−1

=



1
β I − 1

β I 0 · · · 0

0 1
β I

. . . . . .
...

...
. . . . . . − 1

β I 0

0 · · · 0 1
β I 0

−I 0 · · · 0 βI

, lþª��


A1x

k+1
1

A2x
k+1
2

...
Apx

k+1
p

λk+1

 =


A1x

k
1

A2x
k
2

...
Apx

k
p

λk

− α


I −I 0 · · · 0

0
. . . . . . . . .

...
0 0 I −I 0
I · · · I 2I 1

β I

−βI 0 · · · 0 I




A1x

k
1 −A1x̃

k
1

A2x
k
2 −A2x̃

k
2

...
Apx

k
p −Apx̃

k
p

λk − λ̃k

 (H2.9)

B�±m©#�S�.��^Ú�µe (H2.3),é¦)VI (H2.2)�2Â PPA��gS��
���üÌ.
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H3-¦¦¦)))õõõ¬¬¬���©©©lllààà`̀̀zzz¯̄̄KKKýýý���ýýýÿÿÿØØØÝÝÝ


���©©©���ÂÂÂ   ���{{{
l�OÜn�ýÿØÝ
Ñu�E¦)õ¬�©l¯K��q�{

1 `̀̀zzz¯̄̄KKK���CCC©©©ØØØ���ªªª999���{{{µµµeee

á�H2¥®²òõ¬�©là`z¯K

min
{∑p

i=1 θi(xi)
∣∣ ∑p

i=1 Aixi = b, xi ∈ Xi

}
(H3.1)

�Lagrange¼ê�Q:8(�C©Ø�ª

(VI) w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω,
(H3.2a)

�):,Ù¥ Ω =
∏p

i=1 Xi × Λ,

x =

 x1

...
xp

 , θ(x) =

p∑
i=1

θi(xi), w =


x1

...
xp

λ

 , F (w) =


−AT

1 λ
...

−AT
p λ∑p

i=1 Aixi − b

 . (H3.2b)

·�^ Ω∗ L«C©Ø�ª (H3.2)�)8,^Ú�µe¥�ýÿ-���{¦)C©Ø�ª (H3.2).

[ýÿ] l�½�wkÑu,¦�ýÿ: w̃k ∈ Ω,¦Ù÷v

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω, (H3.3a)

Ù¥Q¿Ø�¦é¡,��¦ QT +Q �ØÝ
´�½�. ùpØ%Cþ�w = (x, λ)

[��] #�S�: (��:)wk+1dúª

wk+1 = wk −M(wk − w̃k) (H3.3b)
�Ñ,Ù¥M = Q−TD. ÀJD¦Ù÷vD ≻ 0, G ≻ 0, D +G = QT +Q. ù´N´���

Ï�M = Q−TD,����±ÏL¦)�5�§| QT (wk+1 − wk) = D(w̃k − wk)¢y. (H3.4)

eS�ýÿUl (A1x
k
1 , A2x

k
2 , . . . , Apx

k
p, λ

k)m©,����IJø (A1x
k+1
1 , A2x

k+1
2 , . . . , Apx

k+1
p , λk+1).

ù�,·��Ä�?Ö´�E÷vQT +Q ≻ 0� (p+ 1)× (p+ 1)©¬ØÝ
Q.

2 ýýýÿÿÿØØØÝÝÝ


���ÜÜÜnnn���ïïïÚÚÚýýýÿÿÿ���¢¢¢yyy

3¦)C©Ø�ª (H3.2)�L§¥,·�±w�Ø%Cþ. é p��©l¬�à`z¯K,·�Þ�
�
E{ü�ýÿ(Ø)Ý
�~f. �
{zÝ
PÒ,·�½Â p× p©¬Ý
Ú p× 1©¬Ý
µ

L =


I 0 · · · 0

I I
. . .

...
...

. . . . . . 0
I · · · I I

 , I =


I 0 · · · 0

0 I
. . .

...
...

. . . . . . 0
0 · · · 0 I

 Ú E =


I

I

...
I

 . (H3.5)

|^þ¡�½Â,k
LT + L = I + EET . (H3.6)

·��±�Eõ«õ��÷v QT +Q ≻ 0�ýÿ(Ø)Ý
,¿4ýÿN´¢y.

1. � Q1 =

(
L E
0 I

)
, Kk QT

1 +Q1 =

(
I + EET E

ET 2I

)
=

(
I 0
0 I

)
+

(
E
I

)(
ET , I

)
.

2. � Q2 =

(
L 0

−ET I

)
, Kk QT +Q =

(
I + EET −E
−ET 2I

)
=

(
I 0
0 I

)
+

(
E
−I

)(
ET , −I

)
.

3. � Q3 =

(
L E
ET 5

2I

)
, Kk QT

3 +Q3 =

(
I + EET 2E
2ET 5I

)
=

(
I 0
0 I

)
+

(
E
2I

)(
ET , 2I

)
.

4. � Q4 =

(
L −E

−ET 5
2I

)
, Kk QT

4 +Q4 =

(
I + EET −2E
−2ET 5I

)
=

(
I 0
0 I

)
+

(
−E
2I

)(
−ET , 2I

)
.
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5. � Q5 =

(
L E

−ET I

)
, Kk QT

5 +Q5 =

(
I + EET 0

0 2I

)
=

(
I 0
0 I

)
+

(
E
−I

)(
ET , −I

)
.

ùaÝ
²·�N'�E,´Ü��ØÝ
,± 5.¥�ØÝ
Q5�~,N'��ØÝ
�

Q =

(
βL E
−ET 1

β I

)
, QT +Q =

(
βI + βEET 0

0 2
β I

)
. (H3.7)

·�± (H3.7)¥�ØÝ
�~,�ºXÛ�Eýÿ�{. Äk,éAu (H3.7)¥�Q,�A�ýÿÝ
�

Q =


βAT

1 A1 0 · · · 0 AT
1

βAT
2 A1 βAT

2 A2
. . .

... AT
2...

. . . 0
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p A1 βAT

p A2 · · · βAT
p Ap AT

p

−A1 −A2 · · · −Ap
1
β Im

 . (H3.8)

�âC©Ø�ª (H3.2),Ú�µe¥ (H3.3)ýÿ�L�ª,ÚýÿÝ
 (H3.8),ýÿ (H3.3a)�äNSN�
m5Ò´µé i = 1, . . . , p,z�xi-f¯K¦)I�¢y�C©Ø�ª/ª´

x̃k
i ∈ Xi, θi(xi)− θi(x̃

k
i ) + (xi − x̃k

i )
T {−AT

i λ̃
k

::::::
+ β

∑i
j=1Aj(x̃

k
j − xk

j ) +AT
i (λ̃

k − λk)} ≥ 0, ∀xi ∈ Xi.

)¤éóýÿ λ̃k �úªK�±�¤
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j=1 Aj x̃
k
j − b

:::::::::::::

)
−
∑p

j=1 Aj(x̃
k
j − xk
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)
+ 1

β (λ̃
k − λk)} ≥ 0, ∀λ ∈ ℜm.

þ¡�eÅ«��Ü©|C3�åÒ´F (w̃k). �â±þ©Û,ýÿ�±ÏLe¡� (H3.9)�¤.
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p, λ̃
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�A� (A1x̃k

1 , A2x̃k
2 , · · · , Apx̃k

p , λ̃
k)
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αβI 0
0 1

β I
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0 1
β I
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Kk D + G = QT +Q. (H3.10)

Xd�½� DÚG ÷v©
�¦. é (H3.7)¥�Q,^ÊÏ��5�ê�£O���
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��ª (H3.12)mà¥� (p+ 1)× (p+ 1)©¬Ý
Ò´Q−TD. Q−T ÚD©OÑg (H3.11)Ú (H3.10).
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Splitting and contraction methods for convex optimization
If I have only two pages, then I will write the following © Bingsheng He

1 Convex optimization and its related variational inequality
We consider the linearly constrained convex optimization

min{θ(u) | Au = b, u ∈ U}. (1)

The Lagrangian function of the problem (1) is

L(u, λ) = θ(u)− λT (Au− b), (2)

which is defined on U × ℜm. A pair of (u∗, λ∗) ∈ U × ℜm

is called a saddle point of the Lagrangian function (2), if

Lu∈U (u, λ
∗) ≥ L(u∗, λ∗) ≥ Lλ∈ℜm(u∗, λ). (3)

The two inequalities in (3) can be written as (u∗, λ∗) ∈ U × ℜm,{
L(u, λ∗)− L(u∗, λ∗) ≥ 0, ∀u ∈ U ,
L(u∗, λ∗)− L(u∗, λ) ≥ 0, ∀λ ∈ ℜm.

⇐⇒

{
θ(u)−θ(u∗)+(u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U ,

(λ− λ∗)T (Au∗ − b) ≥ 0, ∀λ ∈ ℜm.
(4)

Combining the above two inequalities, the saddle point is equivalent to the solution of the VI :

(VI) w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (5)

where w =

(
u
λ

)
, F (w) =

(
−ATλ
Au− b

)
and Ω = U × ℜm. (6)

Please notice that (w − w̃)T (F (w)− F (w̃)) ≡ 0. The problem (1) is translated to VI (5).

For the multi-block separable convex optimization, we take the three-block problem

min{θ1(x) + θ2(y) + θ3(z) |Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z} (7)

as an example. Its corresponding variational inequality has the form (5), where Ω = X × Y × Z × ℜm, and

u =

 x
y

z

, θ(u) = θ1(x) + θ2(y) + θ3(z), w =


x
y
z
λ

, F (w) =


−ATλ
−BTλ
−CTλ

Ax+By + Cz − b

. (8)

For the F (w) in (8), we still have (w − w̃)T (F (w)− F (w̃)) ≡ 0, for any w and w̃ in the space containing Ω.

2 Algorithmic unified framework for monotone variational inequalities
We focus on how to solve the variational inequality (5), following is our algorithmic framework.

Algorithms in a unified framework (Each iteration of the method consists of a prediction and a correction)

[Prediction Step]. Start from a given vk, find a predictor w̃k ∈ Ω, which satisfies

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (9a)

where the prediction matrix Q is not necessarily symmetric, but the kernel of QT +Q is positive definite.

v is called the essential variable in the iteration which can be equal to w, or a part of the whole vector of w.

[Correction Step]. Find the correction matrix M which satisfied (10). New iteration vk+1 is given by

vk+1 = vk −M(vk − ṽk). (9b)

Convergence Conditions (It is easy to find the matrix M which satisfies the conditions, see the details in §4)

[Convergence Conditions]. For the prediction matrix Q in (9a) and the correction matrix M in (9b),
there is a positive definite matrix H , such that

HM = Q and G = QT +Q−MTHM ≻ 0. (10)
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3 Convergence proof of the methods in the algorithmic framework
Theorem A. For solving the VI (5), let {vk}, {w̃k} be the sequences generated by (9). If the conditions
(10) are satisfied, then we have

w̃k ∈ Ω, θ(u)−θ(ũk)+(w− w̃k)TF (w̃k) ≥ 1
2

(
∥v−vk+1∥2H −∥v−vk∥2H

)
+ 1

2∥v
k− ṽk∥2G, ∀w ∈ Ω.

(11)and
∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − ∥vk − ṽk∥2G, ∀v∗ ∈ V∗. (12)

Proof. Treating the term Q(vk− ṽk) in the RHS of (9a) by using Q = HM (see (10)) and the correction formula
(9b), we obtain Q(vk − ṽk) = HM(vk − ṽk) = H(vk − vk+1). Thus we get

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − vk+1), ∀w ∈ Ω. (13)
Applying the identity

(a− b)TH(c− d) = 1
2

(
∥a− d∥2H − ∥a− c∥2H

)
+ 1

2

(
∥b− c∥2H − ∥b− d∥2H

)
(14)

to the RHS of (13) with a = v, b = ṽk, c = vk and d = vk+1, we obtain

(v − ṽk)TH(vk − vk+1) = 1
2

(
∥v − vk+1∥2H − ∥v − vk∥2H

)
+ 1

2

(
∥vk − ṽk∥2H − ∥vk+1 − ṽk∥2H

)
. (15)

To the second part of the RHS of (15), by using HM = Q and 2vTQv = vT (QT +Q)v, it follows that

∥vk − ṽk∥2H −∥vk+1 − ṽk∥2H
(9b)
= ∥vk − ṽk∥2H − ∥(vk − ṽk)−M(vk − ṽk)∥2H

= (vk − ṽk)T (QT +Q−MTHM)(vk − ṽk)
(10)
= ∥vk − ṽk∥2G. (16)

Substituting (16) in (15), and then in (13), we get the assertion (11) directly. Setting the w ∈ Ω in (11) by any
fixed w∗, then using (w̃k − w∗)TF (w̃k) = (w̃k − w∗)TF (w∗) and θ(ũk) − θ(u∗) + (w̃k − w∗)TF (w∗) ≥ 0,
we obtain (12) and the theorem is completely proved. 2

This theorem is proved under weak conditions: QT +Q ⪰ 0, H ⪰ 0, HM = Q, G = QT +Q−MTHM ⪰ 0.

Assertion (11) is useful for the convergence rate proof of ADMM, see SIAM Numer. Anal. 2012, 50:700-709.

4 The equivalent convergence conditions and the generalized PPA
Under the condition that the prediction matrix Q is nonsingular, it is easy to construct the correction matrix M
which satisfies the convergence conditions (10). In fact, because QT +Q ≻ 0, we can take

D ≻ 0, G ≻ 0 and D +G = QT +Q. (17)

Afterwards, we let
HM = Q and MTHM = D. (18)

Because
{

HM=Q,

MTHM=D.
⇔

{
QTM=D,

HM=Q.
⇔

{
M=Q−TD,

H=QD−1QT ,
we get the matrices M , H and G,

which satisfy the conditions (10). There are infinite combinations of D and G which satisfy conditions (17).

Choosing matrix D that satisfies condition (17), we get M = Q−TD, and H = QD−1QT is positive definite.
The correction vk+1 = vk −M(vk − ṽk) can be achieved by solving QT (vk+1 − vk) = D(ṽk − vk).

The generalized PPA by choosing a special D. We can take a special pair of D and G in (17) by

D = G = 1
2 (Q

T +Q). (19)
In this case, M = 1

2Q
−T (QT +Q). Because D = G, the contractive inequality (12) becomes

∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − ∥vk − ṽk∥2D, ∀v∗ ∈ V∗. (20)

Moreover, since D = MTHM (see (18)) and M(vk − ṽk) = vk − vk+1 (see (9b)), it follows that

∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − ∥vk − vk+1∥2H , ∀v∗ ∈ V∗. (21)

The inequality (21) is just the main convergence result of the classical PPA, a favorable formula !
Because the each iteration consists of a prediction and a correction, we call it as a generalized PPA.

In practice, in the generalized PPA, we suggest to take D = α(QT + Q) and α ∈ [0.5, 1).

44 ⋆ [2]
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�5�åà`z¯K�Lagrange¼ê�Q:�C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (1)

�)�d. �¦)ù�C©Ø�ª,·��O
e¡�ýýýÿÿÿ-���������{{{ÚÚÚ���µµµeee.

[ýýýÿÿÿ] 1 kÚS�l�½�Ø%Cþ vk (�þ v�±´w��, ��±´�
þw�Ü©©þ)m©,¦�ýÿ: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (2)

¤á. �Ý
QT +Q�½��ÿ,·�¡ (2)���Ü��ýÿ.

·�¡Q�ýÿÝ
. XJ (2)¥ vk = ṽk, w̃k��u (1)¥�w∗,Ò´¯K (1)�).

[������]�âýÿ��� ṽk,�ÑØ%Cþ v�#S�: vk+1�úª�

vk+1 = vk −M(vk − ṽk). (3)

·�¡ (3)ª¥�M���Ý
. éd (2)ýÿ, (3)���¦)C©Ø�ª (1)�S�
�{,ke¡�Âñ5^�.

ÂÂÂñññ555^̂̂��� é�½�ýÿÝ
Q,�¦�O���Ý
M÷vµ

�3�½Ý
 H ≻ 0 ¦� HM = Q, ¿� G := QT +Q−MTHM ≻ 0. (4)

d (2)ýÿ, (3)���¦)¯K (1)�S��{, eÂñ5^� (4)÷v, Kke¡�
Âñ'�Ø�ª

SSS���SSS���÷÷÷vvv���ÂÂÂñññ'''���ØØØ���ªªª

∥vk+1 − v∗∥2H ≤ ∥vk+1 − v∗∥2H − ∥vk − vk+1∥2G. (5)

éu��(½�Ü��ýÿ,ÀJÎÜÂñ^����Ý
M¿Ø �,~X

Ü�ýÿ (2)¥�ýÿÝ
Q÷vQT +Q ≻ 0,·��±ÀD,¦Ù÷v

0 ≺ D ≺ QT +Q, ,�� M = Q−TD (5)

� (3)@����. éù�ÀJ�DÚM ,PH = QD−QT Ò¬k

HM = Q Ú MTHM = D, Ïd G = QT +Q−D ≻ 0. (6)

·�3Âñ5©Û¥�¦�3�½�H ,O�¥ØI�wª�H . duM = Q−TD,

�� vk+1 = vk −M(vk − ṽk) ��±ÏL¦)�§| QT (vk+1−vk) = D(ṽk−vk) ¢y.
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