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A-lllCCC©©©ØØØ���ªªª���ÝÝÝKKKÂÂÂ   ���{{{���ààà`̀̀zzz���©©©���ÂÂÂ   ���{{{
2013cco(�Ì�ïÄó� maths.nju.edu.cn/˜hebma Û])

1 CCC©©©ØØØ���ªªª���ÝÝÝKKKÂÂÂ   ���{{{ (C©Ø�ªA^��{ïÆë��<Ì�X�ùÂcnù)

� Ω ⊂ <n ´����4à8, F ´ <n → <n ���N�. �Ä¦)üNC©Ø�ª

(VI) u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω. (A1)

�Ω = <n,¯K(A1)Òòz¤��5�§|F (u) = 0.
·�`��C©Ø�ªüN, ´�Ù¥��fF ÷
v (u− v)T (F (u)− F (v)) ≥ 0. 3¦)C©Ø�ª (A1)
�ÝKÂ �{¥,é�½��c:ukÚ~êβk > 0,
|^ÝK

ũk = PΩ[uk − βkF (uk)] (A2)

'

&

$

%q p
p

PΩ(v) -vQ
Q

Q
Q

Q
QQk
u

u− PΩ(v)

v − PΩ(v)Ω

)¤��ýÿ: ũk. Ó�b�^ÝK (A2)�) ũk�À��βkU¦�ýÿ: ũk÷v

βk‖F (uk)− F (ũk)‖ ≤ ν‖uk − ũk‖, ν ∈ (0, 1). (A3)

bX ũk = uk, uk Ò´ (A1)�). ÄK,Ò�Äu±e�©Û?1#�S�.Äk,à8þÝKkXmþ
ã¤«�­�5�: é?¿� v ∈ <n,^PΩ(v)L« v�Ωþ�ÝK,k

(v − PΩ(v))T (u− PΩ(v)) ≤ 0, ∀u ∈ Ω. (A4)
3 (A4)¥- v = uk − βkF (uk),@od (A4)�� ũk = PΩ(v),¿l (A4)��

ũk ∈ Ω, (u− ũk)T {ũk − [uk − βkF (uk)]} ≥ 0, ∀u ∈ Ω. (A5)

3þ¡� (A5)ªü>Ñ\þ (u− ũk)T d(uk, ũk),Ù¥

d(uk, ũk) = (uk − ũk)− βk[F (uk)− F (ũk)], (A6)

l
dÝK (A2)��·�I��ýÿúª

[ýýýÿÿÿ] ũk ∈ Ω, (u− ũk)TβkF (ũk) ≥ (u− ũk)T d(uk, ũk), ∀u ∈ Ω. (A7)

ò (A7)¥?¿�u ∈ ΩÀ¤,�):u∗,|^ (A1)ÚF (u)�üN5,k (ũk − u∗)T d(uk, ũk) ≥ 0,Ïd

(uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk). (A8)

d d(uk, ũk)�L�ªÚb� (A3),|^Cauchy-SchwarzØ�ª,í�

(uk − ũk)T d(uk, ũk) ≥ (1− ν)‖uk − ũk‖2. (A9)

�uk 6= ũk�, (A8)`² d(uk, ũk)´ål¼ê 1
2‖u− u

∗‖23uk?���þ,��.�±^

[üüü   ÚÚÚ������������] uk+1 = uk − d(uk, ũk) )¤#�S�:. (A10)

d (A6)��, 2(uk − ũk)T d(uk, ũk)− ‖d(uk, ũk)‖2 = ‖uk − ũk‖2 − β2
k‖F (uk)− F (ũk)‖2. (A11)

Ïd, ‖uk − u∗‖2 − ‖uk+1 − u∗‖2 = 2(uk−u∗)T d(uk, ũk)− ‖d(uk, ũk)‖2

≥ 2(uk−ũk)T d(uk, ũk)− ‖d(uk, ũk)‖2 ≥ (1− ν2)‖uk−ũk‖2. (A12)

[OOO���ÚÚÚ������������] uk+1 = uk − α∗kd(uk, ũk) �)l u∗ �C�S�:. (A13)

Ù¥Ú� α∗k d α∗k = (uk − ũk)T d(uk, ũk)/‖d(uk, ũk)‖2 �Ñ. (A14)

d (A11)Ú (A3),N´í� 2(uk − ũk)T d(uk, ũk) > ‖d(uk, ũk)‖2,Ï
 α∗k >
1
2 . �XÒk

‖uk − u∗‖2 − ‖uk+1 − u∗‖2 = ‖uk − u∗‖2 − ‖uk − u∗ − α∗kd(uk, ũk)‖2

= 2α∗k(uk−u∗)T d(uk, ũk)− (α∗k)2‖d(uk, ũk)‖2 (|^ (A8)Ú (A14))

≥ α∗k(uk−ũk)T d(uk, ũk) ≥ 1
2 (1− ν)‖uk−ũk‖2. (����Ø�ª^
 (A9)) (A15)

Â Ø�ª (A12)Ú (A15)´y²�{Âñ�'�ªf. ©?Ø�ª (A7)üà� βkF (ũk)Ú d(uk, ũk)¡
��éÌ)��. ò3B¥y²�{©�?´µæ^�� βkF (ũk)Ú (A14)¥�Ñ�Ú� α∗k,^

[ÝÝÝKKK������] uk+1 = PΩ[uk − α∗kβkF (ũk)] ��{ (A13)äkÓ��Âñ5� (A15),��B.

z Ì)��,�ÓÚ�. W~�{,ÝK���J�Ð�ý¤¢ 73à%,Ù|ä7�z

A – 1



2 ���555���åååààà`̀̀zzz©©©���ÂÂÂ   ���{{{���ÚÚÚ���µµµeee (ë�Û]) 2015, 2018$ÊÆ�©Ù)

·�3C©Ø�ªµee?Ø�5�åà`z�©�Â �{,±n¬�©là`z¯K

min{θ1(x) + θ2(y) + θ3(z) | Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z} (A16)

�~�0�. ¯K (A16)�.�KF¼ê´ L(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)−λT (Ax+By+Cz− b).
.�KF¼ê�Q:

(
x∗, y∗, z∗, λ∗

)
£Ù¥ (x, y, z)��©Cþ, λ�éóCþ¤÷v

Lλ∈<m(x∗, y∗, z∗, λ) ≤ L(x∗, y∗, z∗, λ∗) ≤ Lx∈X ,y∈Y,z∈Z(x, y, z, λ∗).

|^Q:w∗ = (x∗, y∗, z∗, λ∗)�4�4�5� (í��ë�C½D),§�±Lã�Xe�C©Ø�ª:

(VI) w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (A17)

Ù¥, Ω = X × Y × Z × <m, θ(u) = θ1(x) + θ2(y) + θ3(z), ¿�

u =

 x
y

z

 , w =


x
y
z
λ

 , F (w) =


−ATλ
−BTλ
−CTλ

Ax+By + Cz − b

 . (A18)

5¿�, (A18)¥�F (w)Tk (w − w̃)T (F (w)− F (w̃)) ≡ 0.

\� θ(u)´à¼ê(Ø�½��),·�¡ (A17)�üN(·Ü)C©Ø�ª,{¡üNC©Ø�ª.

·�Äk0��ÝKÂ �{aq�¦)üNC©Ø�ª¯K (A17)�ýÿ-��Â �{.

[ýýýÿÿÿ] é�½� vk
(
3ü¬�©l¯K�ADMM¥ v = (y, λ),k
�{¥ v = w

)
,¦�: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (A19)

XJÝ
 QT +Q�½(QØ�½é¡),·�¡ (A19)�Ü��ýÿ. ~�á�F� (4.2)

|^ýÿ (A19),�±ïá¦)üNC©Ø�ª (A17)�ýÿ-���Ú�µe. (ADMM�Ù��A~).

[üüü   ÚÚÚ������������] æ^ü Ú�,#S�:���úª� ~�á�F� (4.3)

vk+1 = vk −M(vk − ṽk). (A20)

dÜ�ýÿ (A19)Úü Ú���� (A20),|¤��ýÿ-���{µe,ÙÂñ5^�´µ

[ÂÂÂñññ555^̂̂���] �¦�3�½Ý
 H ,U
¦� ~�á�F� (4.4)-(4.6)

HM = Q ¿� G = QT +Q−MTHM � 0. (�½) (A21)

ò (A19)¥?¿�w ∈ ΩÀ¤,�):w∗,|^(w̃−w∗)TF (w̃) = (w̃−w∗)TF (w∗)Úw∗´)ù�¯¢,

�� (ṽk − v∗)TQ(vk − ṽk) ≥ 0. ?
k (vk − v∗)TQ(vk − ṽk) ≥ (vk − ṽk)TQ(vk − ṽk). (A22)

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H = ‖vk − v∗‖2H − ‖(vk − v∗)−M(vk − ṽk)‖2H (|^HM = Q)

≥ (vk − ṽk)T (QT +Q)(vk − ṽk)− ‖M(vk − ṽk)‖2H
(A21)
= ‖vk − ṽk‖2G. (A23)

Ø�ª (A26)`²Ú�µe�{3^� (A21)÷v��¹e,S��{)¤�S� {vk}äkÂ 5�

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G. (ù´y²�{Âñ5�'�Ø�ª) (A24)

(Ø:dýÿ (A19)Ú�� (A20)�¤�¦)VI¯K (A17)��{Ú�µe,^� (A21)÷v��{ÒÂñ.
::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

�â (A19),��±XÓ §1¥�ÄH-�eO�Ú����,ùp�H�?¿��½Ý
 (��±´ü
 
). d (A22)ÚQT +Q�½,�þH−1Q(vk − ṽk)´ål¼ê 1

2‖v − v
∗‖2H3 vk ?���þ,��.

XÓ §1�ÝKÂ �{¥k
 (A8),�±^ (A13)-(A14)?1��. �â (A22)¢1O�Ú����:

[OOO���ÚÚÚ������������] éÀ½��½Ý
 H ,d±e{K)¤#�S�::
vk+1 = vk − α∗kM(vk − ṽk), Ù¥ M = H−1Q, (A25a)

Ú� α∗k d α∗k = (vk − ṽk)TQ(vk − ṽk)/‖M(vk − ṽk)‖2H �Ñ. (A25b)

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
(A25a)

= ‖vk − v∗‖2H − ‖(vk − v∗)− α∗kM(vk − ṽk)‖2H (|^HM = Q)

≥ α∗k(vk − ṽk)T (QT +Q)(vk − ṽk)− α∗k
(
α∗k‖M(vk − ṽk)‖2H

) (A25b)
= 1

2α
∗
k‖vk − ṽk‖2(QT +Q). (A26)

zlC©Ø�ª�ÝKÂ �{� à`z�©�Â �{,�^Ì�,���ª ! z
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B1-CCC©©©ØØØ���ªªªÝÝÝKKKÂÂÂ   ���{{{¥¥¥���ÌÌÌ)))������ÚÚÚWWW~~~���{{{
Û©�Ì)��ÚW~�{ maths.nju.edu.cn/˜hebmaÛ])

1 ÌÌÌ)))������ÚÚÚ���ÓÓÓÚÚÚ������WWW~~~���{{{ (VI�A^9PC�{ïÆë��<Ì�X�ùÂcÊù)
� Ω ⊂ <n ´����4à8, F ´ <n → <n ���N�. �Ä¦)üNC©Ø�ª

(VI) u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω. (B1-1)

XJþª¥ Ω = <n+ (�K%�),C©Ø�ª (B1-1) Ò´��pÖ¯K (Complementarity Problem):

(CP) u∗ ≥ 0, F (u∗) ≥ 0, (u∗)TF (u∗) = 0. (B1-2)

�é{`,pÖ¯K´Ω = <n+�C©Ø�ª.
·�`��C©Ø�ªüN, ´�Ù¥��fF ÷
v (u − v)T (F (u) − F (v)) ≥ 0. 3¦)C©Ø�ª
(B1-1) �ÝKÂ �{¥, é�½��c:ukÚ~
êβk > 0,·�|^ÝK

ũk = PΩ[uk − βkF (uk)] (B1-3)

'

&

$

%q p
p

PΩ(v) -vQ
Q

Q
Q

Q
QQk
u

u− PΩ(v)

v − PΩ(v)Ω

)¤��ýÿ: ũk. bX ũk = uk, ukÒ´ (B1-1)�). ÄK,Ò�?1Äu±e©Û�#�S�.

3)¤ýÿ: ũk�ÝK (B1-3)¥,�¦ëêβk��÷v

βk‖F (uk)− F (ũk)‖ ≤ ν‖uk − ũk‖, ν ∈ (0, 1). (B1-4)

à8þÝKkXmþã¤«�­�5�: é?¿� v ∈ <n,^PΩ(v)L« v�Ωþ�ÝK,k

(u− PΩ(v))T (v − PΩ(v)) ≤ 0, ∀u ∈ Ω. (B1-5)

3 (B1-5)¥- v = uk − βkF (uk),@od (B1-3)�� ũk = PΩ(v),¿l (B1-5)��

ũk ∈ Ω, (u− ũk)T {[uk − βkF (uk)]− ũk} ≤ 0, ∀u ∈ Ω. (B1-6)

þªü>Ñ\þ (u− ũk)TβkF (ũk),dd��·�ÄuÝK (B1-3)�ýÿúª

[ýýýÿÿÿ] ũk ∈ Ω, (u− ũk)T d(uk, ũk) ≤ (u− ũk)TβkF (ũk), ∀u ∈ Ω. (B1-7)

Ù¥ d(uk, ũk) = (uk − ũk)− βk[F (uk)− F (ũk)]. (B1-8)

½½½ÂÂÂ 1 (ÌÌÌ)))������) 3ÄuÝK (B1-3)���ýÿC©Ø�ª (B1-7)¥,©?üà�

d(uk, ũk) Ú βkF (ũk), ¡��éÌ)��. (B1-9)

ò (B1-7)¥�u ∈ ΩÀ¤?¿�):u∗,|^F (u)�üN5Ú (B1-1),k

(ũk − u∗)T d(uk, ũk) ≥ (ũk − u∗)TβkF (ũk) ≥ (ũk − u∗)TβkF (u∗) ≥ 0.
Ïd,?
k

(uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk). (B1-10)

½½½ÂÂÂ 2 (WWW~~~���{{{) æ^ (B1-9)¥�éÌ)��?1���

uk+1
I (α) = uk − αd(uk, ũk), (B1-11)

Ú

uk+1
II (α) = PΩ[uk − αβkF (ũk)], (B1-12)

¡��éW~�{. Ù¥α´�Ó��½Ú�.

é?¿�½�):u∗ ∈ Ω∗,·�P

ϑk(α) = ‖uk − u∗‖2 − ‖uk+1
I (α)− u∗‖2 (B1-13)

Ú

ζk(α) = ‖uk − u∗‖2 − ‖uk+1
II (α)− u∗‖2. (B1-14)

§�´�6uÚ�α� kgS��ÂÃ,´Ú�α�¼ê.

·�ØU��4�zϑk(α)Ú ζk(α),Ï�§¹k���u∗. e¡òy²�g¼ê

qk(α) = 2α(uk − ũk)T d(uk, ũk)− α2‖d(uk, ũk)‖2 (B1-15)

´§��e.. �
�y qk(α) > 0,·�3)¤ýÿ: ũk�ÝK (B1-3)¥,�¦ëêβk¦� (B1-4)¤á.
3ù�5P� §2,·�ò¬y²,éÓ��α, ζk(α)`uϑk(α).

B1 – 1



2 WWW~~~���{{{���ÂÂÂ   555��� (ë�Û]) 2016p�O�êÆÆ� 38ò1 1Ï)

½½½nnn �uk+1
I (α)Úuk+1

II (α)dW~�{)¤. é©Od (B1-13)Ú (B1-14)½Â�ϑk(α)Ú ζk(α),k

ϑk(α) ≥ qk(α) Ú ζk(α) ≥ qk(α) + ‖uk+1
I (α)− uk+1

II (α)‖2, (B1-16)

Ù¥ qk(α)d (B1-15)�Ñ.

yyy²²². �â (B1-13)¥éϑk(α)�½Â,|^ (B1-10)·�k

ϑk(α) = ‖uk − u∗‖2 − ‖uk+1
I (α)− u∗‖2

= ‖uk − u∗‖2 − ‖uk − u∗ − αd(uk, ũk)‖2

= 2α(uk−u∗)T d(uk, ũk)− α2‖d(uk, ũk)‖2

≥ 2α(uk−ũk)T d(uk, ũk)− α2‖d(uk, ũk)‖2

= qk(α). (B1-17)

'

&

$

%

qu
HHHH

HHquk − αβkF (ũk)
uk+1
II (α) q
qu∗









��
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�
��
�

Ω

·�y²
½n�1�Ü©. é½n�1�Ü©,Ï� uk+1
II (α) = PΩ[uk − αβkF (ũk)]Ú u∗ ∈ Ω,�âÝ

K�5�Ú{u½n (ë�mþã),k

‖uk+1
II (α)− u∗‖2 ≤ ‖uk − αβkF (ũk)− u∗‖2 − ‖uk − αβkF (ũk)− uk+1

II (α)‖2. (B1-18)

Ïd,|^ ζk(α)�½Â(� (B1-14)),·�k

ζk(α) ≥ ‖uk − u∗‖2 − ‖(uk − u∗)− αβkF (ũk)‖2 + ‖(uk − uk+1
II (α))− αβkF (ũk)‖2

= 2α(uk − u∗)TβkF (ũk) + 2α(uk+1
II (α)− uk)TβkF (ũk) + ‖uk − uk+1

II (α)‖2

= ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− u∗)TβkF (ũk). (B1-19)

ò (B1-19)¥mà����� (uk+1
II (α)− u∗)TβkF (ũk)©
¤

(uk+1
II (α)− u∗)TβkF (ũk) = (uk+1

II (α)− ũk)TβkF (ũk) + (ũk − u∗)TβkF (ũk).

|^üN5, (ũk − u∗)TβkF (ũk) ≥ (ũk − u∗)TβkF (u∗),þªmà1�Ü©�K.�\ (B1-19),?�Ú�
�

ζk(α) ≥ ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− ũk)TβkF (ũk). (B1-20)

Ï� uk+1
II (α) ∈ Ω,^§O� (B1-7)¥�?¿ u ∈ Ω,��

(uk+1
II (α)− ũk)TβkF (ũk) ≥ (uk+1

II (α)− ũk)T d(uk, ũk). (B1-21)

ò (B1-21)�\ (B1-20)�mà,Òk

ζk(α) ≥ ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− ũk)T d(uk, ũk). (B1-22)

éþªmà,|^ qk(α)�/ª (�(B1-15)),Òz¤

ζk(α) ≥ ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− ũk)T d(uk, ũk)

= ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− uk)T d(uk, ũk) + 2α(uk − ũk)T d(uk, ũk)

= ‖(uk − uk+1
II (α))− αd(uk, ũk)‖2 − α2‖d(uk, ũk)‖2 + 2α(uk − ũk)T d(uk, ũk)

= ‖(uk − uk+1
II (α))− αd(uk, ũk)‖2 + qk(α).

|^ (B1-11),þªmà�1�Ü©Ò´ ‖uk+1
I (α)− uk+1

II (α)‖2. ù�Ò�¤
(Ø (B2-16)�y². 2

ù�½n`², qk(α)´ϑk(α)Ú ζk(α)�e.. éÓ��α, ζk(α)`uϑk(α). du qk(α)3

α∗k = arg max{qk(α)} = (uk − ũk)T d(uk, ũk)
/
‖d(uk, ũk)‖2 (B1-23)

?�����(ù�´á�A § 1¥Ú�)α∗k��{). 3¢SO�¥,·�æ^��úª

(Â �{–1) uk+1
I = uk − γα∗kd(uk, ũk) (B1-24)

½ö

(Â �{–2) uk+1
II = PΩ[uk − γα∗kβkF (ũk)] (B1-25)

�)#�S�: uk+1,Ù¥� α∗k Ñd (B1-23)�Ñ,tµÏf γ ∈ (0, 2),·�  � γ ∈ [1.2, 1.8].

æ^��úª (B1-24), §�Ð?´)¤uk+1Ø^2�ÝK.¢S¯K¥, �Ωþ�ÝK�d  Ø
p (~XΩ~~´���%�½öµ/),Ïd~æ^��úª (B1-25). ù�¡�nd3·Ì�X�ùÂ
�cnù¥k��[�`². �'�Âñ�Ç�(ØÚy²�±ë�1Êù.
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B2-���555CCC©©©ØØØ���ªªªÝÝÝKKKÂÂÂ   ���{{{¥¥¥���ÌÌÌ)))������ÚÚÚWWW~~~���{{{
Û©�Ì)��ÚW~�{ maths.nju.edu.cn/˜hebmaÛ])

1 ÌÌÌ)))������ÚÚÚ���ÓÓÓÚÚÚ������WWW~~~���{{{£VI�A^9PC�{ïÆë��<Ì�X�ùÂcÊù¤
� Ω ⊂ <n ´����4à8, M ∈ <n×n, q ∈ <n. �Ä¦)�5üNC©Ø�ª

(LVI) u∗ ∈ Ω, (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω. (B2-1)

XJþª¥ Ω = <n+, LVI (B2-1) Ò´���5pÖ¯K (Linear Complementarity Problem):

(LCP) u∗ ≥ 0, Mu∗ + q ≥ 0, (u∗)T (Mu∗ + q) = 0. (B2-2)

�é{`, LCP´Ω = <n+�LVI.`��LVIüN,´�Ù¥Ø�½é¡�Ý
M÷v (MT +M) � 0.

3¦)�5C©Ø�ª (B2-1)�ÝKÂ �{¥,é
�½��c:ukÚ~êβ > 0,·�|^ÝK

ũk = PΩ[uk − β(Muk + q)] (B2-3)

)¤��ýÿ: ũk. 3ÝK (B2-3)¥,�¦ëêβ��
N�¤ β‖M(uk − ũk)‖ ≈ ‖uk − ũk‖.
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u− PΩ(v)

v − PΩ(v)Ω

bX ũk = uk, ukÒ´ (B2-1)�). ÄK,Ò�?1Äu±e©Û�#�S�.

à8þÝKkXmþã¤«�­�5�: é?¿� v ∈ <n,^PΩ(v)L« v�Ωþ�ÝK,k

(u− PΩ(v))T (v − PΩ(v)) ≤ 0, ∀u ∈ Ω. (B2-4)

3 (B2-4)¥- v = uk − β(Muk + q),@od (B2-3)�� ũk = PΩ(v),¿l (B2-4)��

ũk ∈ Ω, (u− ũk)T (uk − ũk) ≤ (u− ũk)Tβ(Muk + q), ∀u ∈ Ω. (B2-5)

þªü>Ñ\þ (u− ũk)TβMT (uk − ũk),dd��·�ÄuÝK (B2-3)�ýÿúª

[ýýýÿÿÿ] (u− ũk)T (I + βMT )(uk − ũk) ≤ (u− ũk)Tβ[MT (uk − ũk) + (Muk + q)], ∀u ∈ Ω. (B2-6)

½½½ÂÂÂ 1 (ÌÌÌ)))������) 3ÄuÝK (B2-3)�ýÿC©Ø�ª (B2-6)¥,©?üà�

(I + βMT )(uk − ũk) Ú β[MT (uk − ũk) + (Muk + q)] ¡��éÌ)��. (B2-7)

P d(uk, ũk) = (I + βMT )(uk − ũk), g(uk, ũk) = β[MT (uk − ũk) + (Muk + q)]. (B2-8)

½½½ÂÂÂ 2 (WWW~~~���{{{) ¡æ^ (B2-7)¥�éÌ)��?1����{µ

uk+1
I (α) = uk − αd(uk, ũk) Ú uk+1

II (α) = PΩ[uk − αg(uk, ũk)] (B2-9)

��éW~�{. Ù¥α´�Ó��½Ú�.

�A/,é?¿�½�):u∗ ∈ Ω∗,·�P

ϑk(α) = ‖uk − u∗‖2 − ‖uk+1
I (α)− u∗‖2 Ú ζk(α) = ‖uk − u∗‖2 − ‖uk+1

II (α)− u∗‖2. (B2-10)

§�´�6uÚ�α� kgS��ÂÃ,´Ú�α�¼ê.

·�ØU��4�zϑk(α)Ú ζk(α),Ï�§¹k���u∗. e¡òy²�g¼ê

qk(α) = 2α‖uk − ũk‖2 − α2‖d(uk, ũk)‖2 (B2-11)

´§��e.. 3 §2¥,·�òy²,éÓ��α, ζk(α)`uϑk(α). ^W~�{¥�1�«�{�Ð�
ù�(J�y²JÝ'B1¥��5��/���
. du ũk ∈ Ω,�âLVI�½Â (B2-1),·�k

(ũk − u∗)Tβ(Mu∗ + q) ≥ 0, ∀u∗ ∈ Ω∗. (B2-12)

þª�±U�¤ {(uk − u∗)− (uk − ũk)}Tβ{(Muk + q)−M(uk − u∗)} ≥ 0. dMT +M � 0,��

(uk − u∗)Tβ[MT (uk − ũk) + (Muk + q)] ≥ (uk − ũk)Tβ(Muk + q), ∀u∗ ∈ Ω∗. (B2-13)

ò (B2-5)¥?¿�u ∈ Ω�¤u∗,Kk

(ũk − u∗)T {(uk − ũk)− β(Muk + q)} ≥ 0, ∀u∗ ∈ Ω∗. (B2-14)

ò (B2-12)Ú (B2-14)�\�� {(uk − u∗)− (uk − ũk)}Tβ{(uk − ũk)−M(uk − u∗)} ≥ 0,|^ (B2-8)¥

PÒ d(uk, ũk)�� (uk − u∗)T d(uk, ũk) ≥ ‖uk − ũk‖2, ∀u∗ ∈ Ω∗. (B2-15)
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½½½nnn �uk+1
I (α)Úuk+1

II (α)dW~�{)¤. éd (B2-10)½Â�ϑk(α)Ú ζk(α),k

ϑk(α) ≥ qk(α) Ú ζk(α) ≥ qk(α) + ‖uk+1
I (α)− uk+1

II (α)‖2, (B2-16)

Ù¥ qk(α)d (B1-15)�Ñ.

yyy²²². �â (B2-10)éϑk(α)�½Â,|^ (B2-15)·�k
ϑk(α) = ‖uk − u∗‖2 − ‖uk+1

I (α)− u∗‖2

= ‖uk − u∗‖2 − ‖uk − u∗ − αd(uk, ũk)‖2

= 2α(uk−u∗)T d(uk, ũk)− α2‖d(uk, ũk)‖2

≥ 2α‖uk − ũk‖2 − α2‖d(uk, ũk)‖2

= qk(α). (see(B2-11)) (B2-17)
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·�y²
½n�1�Ü©. é½n�1�Ü©,Ï� uk+1
II (α) = PΩ[uk − αβkF (ũk)]Ú u∗ ∈ Ω,�âÝ

K�5�Ú{u½n (ë�mþã),k

‖uk+1
II (α)− u∗‖2 ≤ ‖uk − αg(uk, ũk)− u∗‖2 − ‖uk − αg(uk, ũk)− uk+1

II (α)‖2. (B2-18)

Ïd,|^ ζk(α)�½Â(� (B2-10)),·�k

ζk(α) ≥ ‖uk − u∗‖2 − ‖(uk − u∗)− αg(uk, ũk)‖2 + ‖(uk − uk+1
II (α))− αg(uk, ũk)‖2

= ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− u∗)T g(uk, ũk). (B2-19)

ò (B2-19)¥mà���� (uk+1
II (α)− u∗)T g(uk, ũk)©
¤

(uk+1
II (α)− u∗)T g(uk, ũk) = (uk+1

II (α)− ũk)T g(uk, ũk) + (ũk − u∗)T g(uk, ũk). (B2-20)

kw (B2-20)mà�1�Ü©,|^uk+1
II (α) ∈ ΩÚ (B2-6),·���

(uk+1
II (α)− ũk)T g(uk, ũk) ≥ (uk+1

II (α)− ũk)T d(uk, ũk)

= (uk+1
II (α)− uk)T d(uk, ũk) + (uk − ũk)T d(uk, ũk). (B2-21)

2w (B2-20)mà�1�Ü©, (ũk − u∗)T g(uk, ũk),UY©


(ũk − u∗)T g(uk, ũk) = (uk − u∗)T g(uk, ũk)− (uk − ũk)T g(uk, ũk). (B2-22)

|^PÒ g(uk, ũk)Ú (uk − u∗)T g(uk, ũk) ≥ (uk − ũk)Tβ(Muk + q) (� (B2-13)),·���

(ũk − u∗)T g(uk, ũk) = (uk − u∗)T g(uk, ũk)− (uk − ũk)T g(uk, ũk)

≥ (uk − ũk)Tβ(Muk + q)− (uk − ũk)Tβ[MT (uk − ũk) + (Muk + q)]

= −β(uk − ũk)TMT (uk − ũk). (B2-23)

ò (B2-20), (B2-21)Ú (B2-23)�\,Òk

(uk+1
II (α)− u∗)T g(uk, ũk) ≥ (uk+1

II (α)− uk)T d(uk, ũk) + ‖uk − ũk‖2. (B2-24)

2ò (B2-24)�\ (B2-19),B�

ζk(α) ≥ ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− uk)T d(uk, ũk) + 2α‖uk − ũk‖2

= ‖(uk − uk+1
II (α))− αd(uk, ũk)‖2 − α2‖d(uk, ũk)‖2 + 2α‖uk − ũk‖2

= ‖uk+1
I (α)− uk+1

II (α)‖2 + qk(α).

ù�Ò�¤
½n(Ø (B2-16)�y². 2

ù�½n`², qk(α)´ϑk(α)Ú ζk(α)�e.. éÓ��α, ζk(α)`uϑk(α). du qk(α)3

α∗k = arg max{qk(α)} = ‖uk − ũk)‖2
/
‖d(uk, ũk)‖2 (B2-25)

?�����(ù�´á�A § 1¥Ú�)α∗k��{). 3¢SO�¥,·�æ^��úª

uk+1
I = uk − γα∗kd(uk, ũk) uk+1

II = PΩ[uk − γα∗kg(uk, ũk)] (B2-26)

�)#�S�: uk+1,Ù¥� α∗k Ñd (B2-25)�Ñ,tµÏf γ ∈ (0, 2),·�  � γ ∈ [1.2, 1.8].
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C1-|||^̂̂CCC©©©ØØØ���ªªªyyy²²²¦¦¦fff���OOO������{{{ (ADMM)���'''���ÂÂÂñññ555���
±C©Ø�ª�óä�y²�{ maths.nju.edu.cn/˜hebma Û])

1 üüü������©©©lll¬¬¬���ààà`̀̀zzz¯̄̄KKKÚÚÚ���AAA���CCC©©©ØØØ���ªªª

¦f�O��{(ADMM)?n�´ü��©l¬�à`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}, (C1-1)

Ù¥ θ1(x), θ2(y)´à¼ê, A, B, b´�A�Ý
Ú�þ, X ,Y´4à8. T¯K�.�KF¼ê´

L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b).
·��åu¦¯K (C1-1)�.�KF¼ê�Q:

(
x∗, y∗, λ∗

)
. Q:÷v

(x∗, y∗, λ∗) ∈ Ω, L(x, y, λ∗) ≥ L(x∗, y∗, λ∗) ≥ L(x∗, y∗, λ), ∀(x, y, λ) ∈ Ω, (C1-2)

Ù¥ Ω = X × Y × <m. Q:¥� (x∗, y∗)Ò´�¯K (C1-1)�):.

�xQ:�Ø�ª (C1-2),éx, y, λ©m5�Ò´ x∗ ∈ X , L(x, y∗, λ∗)− L(x∗, y∗, λ∗) ≥ 0, ∀x ∈ X ,
y∗ ∈ Y, L(x∗, y, λ∗)− L(x∗, y∗, λ∗) ≥ 0, ∀y ∈ Y,
λ∗ ∈ <m, L(x∗, y∗, λ∗)− L(x∗, y∗, λ) ≥ 0, ∀λ ∈ <m.

(C1-3)

|^.�KF¼êL(x, y, λ)�L�ª,ò (C1-3)�z�Ø�ª�Ñ5,Ò��e¡;n�C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (C1-4a)

Ù¥

w =

 x
y
λ

 , u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), F (w) =

 −ATλ
−BTλ

Ax+By − b

 . (C1-4b)

2 ¦¦¦fff���OOO������{{{999ÙÙÙCCC©©©ØØØ���ªªªLLL«««

ADMM� kÚS�´l�½� vk = (yk, λk)Ñu,Ue¡�^S¦� (xk+1, yk+1, λk+1):
xk+1 ∈ arg min

{
θ1(x)− xTATλk + 1

2β‖Ax+Byk − b‖2
∣∣ x ∈ X}, (C1-5a)

yk+1 ∈ arg min
{
θ2(y)− yTBTλk + 1

2β‖Ax
k+1 +By − b‖2

∣∣ y ∈ Y}, (C1-5b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (C1-5c)

du kÚS�l�½� (yk, λk)m©, xk+1´O��5�,·�r (y, λ)¡�
::::::::
Ø%Cþ. ¡x�

::::::::
¥mCþ.

�âà`z��`5�n (ë�D¥½n), ADMM1 kÚS� (C1-5)�n�f¯K�`5^�©O´
xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T

{
−ATλk + βAT (Axk+1 +Byk − b)} ≥ 0, ∀x ∈ X ,

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk + βBT (Axk+1 +Byk+1 − b)} ≥ 0, ∀y ∈ Y,

λk+1 ∈ <m, (λ− λk+1)T {(Axk+1 +Byk+1 − b) + 1
β (λk+1 − λk)} ≥ 0, ∀λ ∈ <m.

�?Û���þSÈÑ�K��U´"�þ,���1��u (Axk+1 +Byk+1−b)+ 1
β (λk+1−λk) = 0.

|^ λk+1 = λk − β(Axk+1 +Byk+1 − b),þ¡�ªf�±�nU�¤
xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T

{
−ATλk+1 + βATB(yk − yk+1)} ≥ 0, ∀x ∈ X , (C1-6a)

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk+1 } ≥ 0, ∀y ∈ Y, (C1-6b)

λk+1 ∈ <m, (λ− λk+1)T {(Axk+1 +Byk+1 − b) + 1
β (λk+1 − λk)} ≥ 0, ∀λ ∈ <m. (C1-6c)

3Ø�ª (C1-6b)��à�¡\þÚ�"�ü� (βBTB(yk − yk+1) + βBTB(yk+1 − yk)),þªU�¤
θ1(x)− θ1(xk+1) + (x− xk+1)T

{
−ATλk+1 + βATB(yk − yk+1)

:::::::::::::::

}
≥ 0,

θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk+1 + βBTB(yk − yk+1)

:::::::::::::::
+ βBTB(yk+1 − yk) } ≥ 0,

(λ− λk+1)T {(Axk+1 +Byk+1 − b) + 1
β (λk+1 − λk)} ≥ 0.

C1 – 1



éþª?1Ün�Ü (Ó�a.�¿3�å),|^C©Ø�ª (C1-4)¥�PÒ,��ADMM�VIL«

θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

+

(
x− xk+1

y − yk+1

)T
β

(
AT

BT

)
B(yk− yk+1)

::::::::::::::::::

+

(
y − yk+1

λ− λk+1

)T(
βBTB 0

0 1
β Im

)(
yk+1 − yk
λk+1 − λk

)
≥ 0, ∀w ∈ Ω.(C1-7)

3 ÄÄÄuuuCCC©©©ØØØ���ªªªLLL«««������OOO������{{{ÂÂÂñññ555yyy²²²

òADMM�C©Ø�ªL« (C1-7)¥áuΩ�w,�¤,�(½�):w∗,Bk

θ(u∗)− θ(uk+1) + (w∗ − wk+1)TF (wk+1)

+

(
x∗ − xk+1

y∗ − yk+1

)T
β

(
AT

BT

)
B(yk − yk+1) +

(
y∗ − yk+1

λ∗ − λk+1

)T(
βBTB 0

0 1
β Im

)(
yk+1 − yk
λk+1 − λk

)
≥ 0.(C1-8)

e^PÒ
v =

(
y
λ

)
Ú H =

(
βBTB 0

0 1
β Im

)
, (C1-9)

Ø�ª (C1-8)Ò�±U�¤

(vk+1 − v∗)TH(vk − vk+1) ≥
(
xk+1 − x∗
yk+1 − y∗

)T
β

(
AT

BT

)
B(yk − yk+1)

+{θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1)}
:::::::::::::::::::::::::::::::::::::

. (C1-10)

e¡·�y² (C1-10)ªmà�K.Äk,du

θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1) = θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0.

ùÒ´`, (C1-10)ªmà1�Ü© (eÅ«�@Ü©)�K.

Ïd,l (C1-10)�� (vk+1 − v∗)TH(vk − vk+1) ≥
(
xk+1 − x∗
yk+1 − y∗

)T
β

(
AT

BT

)
B(yk − yk+1). (C1-11)

·��Xé (C1-11)�màz{,5¿�(
xk+1 − x∗
yk+1 − y∗

)T
β

(
AT

BT

)
B(yk − yk+1) = (yk − yk+1)TBTβ

(
A,B

)( xk+1 − x∗
yk+1 − y∗

)
= (yk − yk+1)TBTβ

(
Axk+1 +Byk+1 − (Ax∗ +By∗)

)
|^(Ax∗ +By∗ = b)

= (yk − yk+1)TBTβ
(
Axk+1 +Byk+1 − b

)
::::::::::::::::::::

= (yk − yk+1)TBT (λk − λk+1)
::::::::::

. (C1-12)

e¡y² (C1-12)ª�mà (yk − yk+1)TBT (λk − λk+1) ≥ 0,�^��:�E|.

|^ (C1-6b)k
θ2(y)− θ2(yk+1) + (y − yk+1)T (−BTλk+1) ≥ 0, ∀ y ∈ Y,
Ú θ2(y)− θ2(yk) + (y − yk)T (−BTλk) ≥ 0, ∀ y ∈ Y.(

òþ¡üª¥?¿�

y©O�¤ ykÚ yk+1

)
θ2(yk)− θ2(yk+1) + (yk − yk+1)T (−BTλk+1) ≥ 0.

θ2(yk+1)− θ2(yk) + (yk+1 − yk)T (−BTλk) ≥ 0.

(òþ¡üª�\,Òk) (yk − yk+1)BT (λk − λk+1) ≥ 0. ((C1-12)ªmà�K)

þ¡y²
 (yk − yk+1)TBT (λk − λk+1) ≥ 0,d (C1-12)�� (C1-11)ªmà�K.l
��·�I��

(vk+1 − v∗)TH(vk − vk+1) ≥ 0. (C1-13)

ek bTH(a− b) ≥ 0 Òk ‖b‖2H = ‖a‖2H − 2bTH(a− b)− ‖a− b‖2H ≤ ‖a‖2H − ‖a− b‖2H .

� a = (vk − v∗) Ú b = (vk+1 − v∗),�â (C1-13)Ò��y²ADMMÂñ5�'�Ø�ª

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀v∗ ∈ V∗. (Ø%Cþ�Â 5�)
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C2-ýýýÿÿÿ-������ÚÚÚ���µµµeeeeee¦¦¦fff���OOO������{{{ (ADMM)���ÂÂÂñññ555yyy²²²

±C©Ø�ª�óä�y²�{ maths.nju.edu.cn/˜hebma Û])

1 üüü������©©©lll¬¬¬���ààà`̀̀zzz¯̄̄KKKÚÚÚ���AAA���CCC©©©ØØØ���ªªª

¦f�O��{(ADMM)?n�´ü��©l¬�à`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}, (C2-1)

Ù¥ θ1(x), θ2(y)´à¼ê, A, B, b´�A�Ý
Ú�þ, X ,Y´4à8. ¯K (C3-1)�.�KF¼ê
�Q:w∗ = (x∗, y∗, λ∗)�duC©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (C2-2a)

�):,Ù¥

w =

 x
y
λ

 , u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), F (w) =

 −ATλ
−BTλ

Ax+By − b

 . (C2-2b)

ADMM� kÚS�´l�½� vk = (yk, λk)Ñu,Ue¡�^S¦� (xk+1, yk+1, λk+1):
xk+1 ∈ arg min

{
θ1(x)− xTATλk + 1

2β‖Ax+Byk − b‖2
∣∣ x ∈ X}, (C2-3a)

yk+1 ∈ arg min
{
θ2(y)− yTBTλk + 1

2β‖Ax
k+1 +By − b‖2

∣∣ y ∈ Y}, (C2-3b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (C2-3c)

2 ¦¦¦fff���OOO������{{{©©©


¤¤¤ÚÚÚ���µµµeeeeee���ýýýÿÿÿ-������
�â (C2-3)�)�wk+1,·�½Âýÿ:

x̃k = xk+1, ỹk = yk+1, λ̃k = λk − β(Ax̃k +Byk − b). (C2-4)
Ò�±r�O��{ (C2-3)�¿©
¤��ýÿ-���{. Äk,d (C2-3)Ú (C3-3),ýÿÒ´

ADMM� kÚS�´l�½� vk = (yk, λk)Ñu,Ue¡�^S¦�ýÿ: (x̃k, ỹk, λ̃k):
x̃k ∈ arg min

{
θ1(x)− xTATλk + 1

2β‖Ax+Byk − b‖2
∣∣ x ∈ X}, (C2-5a)

ỹk ∈ arg min
{
θ2(y)− yTBTλk + 1

2β‖Ax̃
k +By − b‖2

∣∣ y ∈ Y}, (C2-5b)

λ̃k = λk − β(Ax̃k +Byk − b). (C2-5c)

�âà`z��`5�n (ë�D¥½n),1 kS�ýÿ (C2-7)�n�f¯K�C©Ø�ª/ª´
x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T

{
−ATλk + βAT (Ax̃k +Byk − b)} ≥ 0, ∀x ∈ X ,

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BTλk + βBT (Ax̃k +Bỹk − b)} ≥ 0, ∀y ∈ Y,

λ̃k ∈ <m, (λ− λ̃k)T {(Ax̃k +Byk − b) + 1
β (λ̃k − λk)} ≥ 0, ∀λ ∈ <m.

|^ λ̃k = λk − β(Ax̃k +Byk − b),þ¡�ªf�±�nU�¤
x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T

{
−AT λ̃k
::::::

} ≥ 0, ∀x ∈ X , (C2-6a)

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k
::::::

+ βBTB(ỹk − yk) } ≥ 0, ∀y ∈ Y, (C2-6b)

λ̃k ∈ <m, (λ− λ̃k)T {(Ax̃k +Bỹk − b)
::::::::::::::

−B(ỹk − yk) + 1
β (λ̃k − λk)} ≥ 0, ∀λ ∈ <m. (C2-6c)

éþª�Ü (rÓ�a.�¿3�å),¿|^C©Ø�ª (C3-2)¥�PÒ,��ADMMýÿ�VIL«

θ(u)− θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v−ṽk)TQ(vk−ṽk), ∀w ∈ Ω, Ù¥ Q =

(
βBTB 0
−B 1

β Im

)
. (C2-7)

d (C2-3)Ú (C3-3)�m�'X, yk+1 = ỹk, λk+1 = λ̃k + β(yk − ỹk),#�Ø%Cþ vk+1d

vk+1 = vk −M(vk − ṽk) )¤,Ù¥ M =

(
I 0
−βB Im

)
. (C2-8)

ùp� (C2-7)Ú (C2-8)��uá�A §2¥Ú�µe�ýÿÚ��
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3 ýýýÿÿÿ-������©©©


���ADMMÂÂÂñññ555���yyy²²²

½½½nnnC-2A æ^ýÿ-���{ (C2-7)-(C2-8)¦)C©Ø�ª (C3-2),K�)�S� {vk}äkÂ 5�

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ 1
2 (‖v − vk+1‖2H − ‖v − vk‖2H) + 1

2‖v
k − ṽk‖2G, ∀w ∈ Ω, (C2-9)

Ù¥

H =

(
βBTB 0

0 1
β Im

)
, G = QT +Q−MTHM (C2-10)

?
k

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (C2-11)

yyy²²²é (C2-10)¥�HÚ (C2-8)¥�M ,TkHM = Q,Ïd,dýÿ��� (C2-7)�±U�¤

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)THM(vk − ṽk).

duM(vk − ṽk) = (vk − vk+1) (���úª(C2-8)),þª�±�¤

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − vk+1). (C2-12)
òð�ª

(a− b)TH(c− d) = 1
2{‖a− d‖

2
H − ‖a− c‖2H}+ 1

2{‖c− b‖
2
H − ‖d− b‖2H}

^uØ�ª (C2-12)�mà,¿� a = v, b = ṽk, c = vk Ú d = vk+1, ��

(v − ṽk)TH(vk − vk+1) = 1
2 (‖v − vk+1‖2H − ‖v − vk‖2H) + 1

2 (‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H), (C2-13)

é (C2-13)�mà,|^ HM = QÚ 2v>Qv = v>(QT +Q)v,·�k

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H = ‖vk − ṽk‖2H − ‖(vk − ṽk)− (vk − vk+1)‖2H
= ‖vk − ṽk‖2H − ‖(vk − ṽk)−M(vk − ṽk)‖2H |^ HM = Q

= (vk − ṽk)T (QT +Q−MTHM)(vk − ṽk) = ‖vk − ṽk‖2G. (C2-14)

ò (C2-14)�\ (C2-13),2�\ (C2-12),Ò��½n�(Ø (C2-9). ò (C2-9)¥�?¿�w ∈ Ω�¤��
):w∗,Ò��½n�,�(Ø (C2-11). 2

½½½nnnC-2B æ^ýÿ-���{ (C2-7)-(C2-8)¦)C©Ø�ª (C3-2),�)�S� {vk}Ú {ṽkäk5�

‖vk − ṽk‖2G ≥ ‖vk − vk+1‖2H . (C2-15)
?
k

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀v∗ ∈ V∗. (C2-16)

Proof. Because G = QT +Q−MTHM , we have

G = QT +Q−QTM =

(
0 0
0 1

β Im

)
and thus ‖vk − ṽk‖2G = 1

β ‖λ
k − λ̃k‖2. (C2-17)

From (C2-6), we know that the optimal condition of the y-subproblem is

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T {−BT λ̃k + βBTB(ỹk − yk)} ≥ 0, ∀ y ∈ Y. (C2-18)

According to (C3-3), we get

λk+1 = λ̃k − βB(ỹk − yk) and ỹk = yk+1,

and thus the inequality (C2-18) can be written as

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T {−BTλk+1} ≥ 0, ∀ y ∈ Y. (C2-19)

The above inequality is hold also for the last iteration, i. e., we have

yk ∈ Y, θ2(y)− θ2(yk) + (y − yk)T {−BTλk} ≥ 0, ∀ y ∈ Y. (C2-20)

Setting y = yk and y = yk+1 in in (C2-19) and (C2-20), respectively, and then adding them, we get

(λk − λk+1)TB(yk − yk+1) ≥ 0. (C2-21)

Using λk − λ̃k = (λk − λk+1) + βB(yk − yk+1) and the inequality (C2-21), we obtain
1
β ‖λ

k − λ̃k‖2 = 1
β ‖(λ

k − λk+1) + βB(yk − yk+1)‖2

≥ 1
β ‖λ

k − λk+1‖2 + β‖B(yk − yk+1)‖2 = ‖vk − vk+1‖2H . (C2-22)

The assertion (C2-15) follows from (C2-17) and (C2-22) directly. Consequently, the assertion (C2-16) follows
from (C2-11) and (C2-15). The theorem is proved. 2
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C3-ýýýÿÿÿ-������ÚÚÚ���µµµeeeeee¦¦¦fff���OOO������{{{(ADMM)���ÂÂÂñññ���ÇÇÇyyy²²²

±C©Ø�ª�óä�y²�{ maths.nju.edu.cn/˜hebma Û])

1 ADMM333ýýýÿÿÿ-������©©©


eee���555���

¦f�O��{(ADMM)?n�´ü��©l¬�à`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}, (C3-1)

Ù¥ θ1(x), θ2(y)´à¼ê, A, B, be´�A�Ý
Ú�þ, X ,Y´4à8. ¯K (C3-1)�.�KF¼
ê�Q:w∗ = (x∗, y∗, λ∗)�duC©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (C3-2a)

�):,Ù¥

w =

 x
y
λ

 , u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), F (w) =

 −ATλ
−BTλ

Ax+By − b

 . (C3-2b)

�â²;ADMM�)�wk+1,ÏL½Âýÿ:

x̃k = xk+1, ỹk = yk+1, λ̃k = λk − β(Ax̃k +Byk − b). (C3-3)
Ò�±r²;��O��{�¿©
¤��ýÿ-���{.

[ýýýÿÿÿ] w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (C3-4)

[������] vk+1 = vk −M(vk − ṽk). (C3-5)

Ù¥ Q =

(
βBTB 0
−B 1

β Im

)
, M =

(
I 0
−βB Im

)
.

C2¥¥¥���ÌÌÌ���(((ØØØ æ^ýÿ-���{ (C2-7)-(C2-8)¦)C©Ø�ª (C3-2),�)�S�äk5�

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ 1
2 (‖v − vk+1‖2H − ‖v − vk‖2H) + 1

2‖v
k − ṽk‖2G, ∀w ∈ Ω, (C3-6)

Ù¥

H =

(
βBTB 0

0 1
β Im

)
, G = QT +Q−MTHM =

(
0 0
0 1

β Im

)
.

d	�k
‖vk − vk+1‖2H ≤ ‖vk − v∗‖2H − ‖vk+1 − v∗‖2H , ∀ v∗ ∈ V∗. (C3-7)

2 HHH{{{¿¿¿ÂÂÂeee���ÂÂÂñññ555 (He and Yuan 2012 SIAM Numr. Analysis)

Since (w − w̃)TF (w) = (w − w̃)TF (w̃), if w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ 0, ∀w ∈ Ω
::::::::::::::::::::::::::::::::::::::::::::

, then

w̃ is a solution of (C3-2). For given ε > 0, w̃ ∈ Ω is called an ε-approximate solution of (C3-2), if it satisfies

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ −ε, ∀ w ∈ D(w̃) = {w ∈ Ω | ‖w − w̃‖ ≤ 1}.

We need to show that for given ε > 0, after t iterations, it can offer a w̃ ∈ W , such that

w̃ ∈ W and sup
w∈D(w̃)

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ ε. (C3-8)

Using (w − w̃k)TF (w) = (w − w̃k)TF (w̃k) and G � 0, from (C2-9) we obtain

θ(u)−θ(ũk)+(w − w̃k)TF (w) + 1
2‖v − v

k‖2H ≥ 1
2‖v − v

k+1‖2H , ∀w ∈ Ω. (C3-9)

Theorem 2.1 Let {wk}, {w̃k} be the sequences generated the prediction-correction method (C2-7)-(C2-8). Let
w̃t be defined by

w̃t =
1

t+ 1

t∑
k=0

w̃k. (C3-10)

Then, for any integer number t > 0, w̃t ∈ Ω and

θ(ũt)− θ(u) + (w̃t − w)TF (w) ≤ 1

2(t+ 1)
‖v − v0‖2H , ∀w ∈ Ω. (C3-11)
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Proof. First, it holds that w̃k ∈ Ω for all k ≥ 0. Together with the convexity of X and Y , (C3-10) implies that
w̃t ∈ Ω. Summing the inequality (C3-9) over k = 0, 1, . . . , t, we obtain

(t+ 1)θ(u)−
t∑

k=0

θ(ũk) +
(

(t+ 1)w −
t∑

k=0

w̃k
)T
F (w) +

1

2
‖v − v0‖2H ≥ 0, ∀w ∈ Ω.

Using the notation of w̃t, it can be written as
1

t+ 1

t∑
k=0

θ(ũk)− θ(u) + (w̃t − w)TF (w) ≤ 1

2(t+ 1)
‖v − v0‖2H , ∀w ∈ Ω. (C3-12)

Since θ(u) is convex and

ũt =
1

t+ 1

t∑
k=0

ũk, we have that θ(ũt) ≤
1

t+ 1

t∑
k=0

θ(ũk).

Substituting it in (C3-12), the assertion of this theorem follows directly. 2

d(Ø (C3-6)
��� (C3-9),´y²ADMMH{¿ÂeÂñ�Ç(Ø (C3-11)�Ì�óä.

3 :::���¿¿¿ÂÂÂeee���ÂÂÂñññ555 (He and Yuan 2015 Numr. Mathematik)

Theorem 3.1 Let {wk}, {w̃k} be the sequences generated the prediction-correction method (C2-7)-(C2-8). Then
we have

‖vk+1 − vk+2‖H ≤ ‖vk − vk+1‖H , ∀ k > 0. (C3-13)

Proof. First, we prove the following result:

(vk − vk+1)TH{(vk − vk+1)− (vk+1 − vk+2)} ≥ 1
2‖(v

k − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q). (C3-14)

Set w = w̃k+1 in (C2-7), we have

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk). (C3-15)

Note that (C2-7) is also true for k := k + 1 and thus we have

θ(u)− θ(ũk+1)+(w − w̃k+1)TF (w̃k+1) ≥ (v − ṽk+1)TQ(vk+1 − ṽk+1), ∀w ∈ Ω.

Set w = w̃k in the above inequality, we obtain

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1). (C3-16)

Combining (C3-15) and (C3-16) and using (w̃k − w̃k+1)T (F (w̃k)− F (w̃k+1)), we get

(ṽk − ṽk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 0. (C3-17)

Adding the term {(vk − ṽk)− (vk+1 − ṽk+1)}TQ{(vk − ṽk)− (vk+1 − ṽk+1)}
::::::::::::::::::::::::::::::::::::::::::::::::::::

to the both sides of (C3-17),

and using vTQv = 1
2v
T (QT +Q)v, we obtain

(vk − vk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 1
2‖(v

k − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q).

Substituting (vk − vk+1) = M(vk − ṽk) in the left-hand side of the last inequality and using Q = HM ,
we obtain (C3-14). In the identity ‖a‖2H − ‖b‖2H = 2aTH(a− b)− ‖a− b‖2H

:::::::::::::::::::::::::::::::::::
setting a = (vk − vk+1) and

b = (vk+1 − vk+2), we obtain

‖vk − vk+1‖2H − ‖vk+1 − vk+2‖2H
= 2(vk − vk+1)TH{(vk − vk+1)− (vk+1 − vk+2)} − ‖(vk − vk+1)− (vk+1 − vk+2)]‖2H .

Inserting (C3-14) into the first term of the right-hand side of the last equality, we obtain

‖vk − vk+1‖2H − ‖vk+1 − vk+2‖2H
≥ ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q) − ‖M [(vk − ṽk)− (vk+1 − ṽk+1)]‖2H
= ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q−MTHM) ≥ 0,

where the last inequality is because of the positive definiteness of the matrix (QT + Q) −MTHM � 0. The
assertion (C3-13) follows immediately. 2

By using
:::::::::::::::::::::::::::::::::::::::
‖vk − vk+1‖2H ≤ ‖vk − v∗‖2H − ‖vk+1 − v∗‖2H and

:::::::::::::::::::::::::::
‖vk − vk+1‖2H ≤ ‖vk−1 − vk‖2H , we get

‖vk − vk+1‖2H ≤ 1
k+1‖v

0 − v∗‖2H , ∀v∗ ∈ V∗. (C3-18)

(Ø (C3-6)-(C3-7),´y²ADMM:{¿ÂeÂñ�Ç (C3-18)�Ì�óä. ýÿ-���5Nõ�B�
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1 Preliminaries
Theorem D. LetX ⊂ <n be a closed convex set, θ(x) and f(x) be convex functions and f(x) be differentiable.
Assume that the solution set of the minimization problem min{θ(x) + f(x) |x ∈ X} is nonempty. Then,

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X}

if and only if
x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X .

Lemma D. Let the vectors a, b ∈ <n, H ∈ <n×n be a positive definite matrix. If b>H(a − b) ≥ 0, then we
have

‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H .

The assertion follows from ‖a‖2H = ‖b+ (a− b)‖2H ≥ ‖b‖2H + ‖a− b‖2H .

2 Convex optimization and its related variational inequality
1). min−max problem. Let (x∗, y∗) be the solution of the min−max problem

minx maxy{Φ(x, y) = θ1(x)− yTAx− θ2(y) |x ∈ X , y ∈ Y}. (D1-1)

Using the notation of Φ(x, y), it can be written as{
x∗ ∈ X , θ1(x)− θ1(x∗) + (x− x∗)T (−AT y∗) ≥ 0, ∀x ∈ X ,
y∗ ∈ Y, θ2(y)− θ2(y∗) + (y − y∗)T ( Ax∗) ≥ 0, ∀ y ∈ Y.

Furthermore, it can be written as a variational inequality in the compact form:

u∗ ∈ Ω, θ(u)− θ(u∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω, (D1-2)

where u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), F (u) =

(
−AT y
Ax

)
and Ω = X × Y. (D1-3)

Please notice that for the F (u) in (D1-3), we have (u− ũ)T (F (u)− F (ũ) ≡ 0.

2). Linearly constrained convex optimization
We consider the convex optimization problem

min{θ(u) | Au = b, u ∈ U}. (D1-4)

The Lagrangian function of the problem (D1-4) is

L(u, λ) = θ(u)− λT (Au− b), (D1-5)

which is defined on U × <m.
A pair of (u∗, λ∗) ∈ U × <m is called a saddle point of the Lagrange function (D1-5), if

Lu∈U (u, λ∗) ≥ L(u∗, λ∗) ≥ Lλ∈<m(u∗, λ).

The above inequalities can be written as{
u∗ ∈ U , L(u, λ∗)− L(u∗, λ∗) ≥ 0, ∀u ∈ U , (D1-6a)
λ∗ ∈ <m, L(u∗, λ∗)− L(u∗, λ) ≥ 0, ∀ λ ∈ <m. (D1-6b)

Using a more compact form, the saddle-point can be characterized as the solution of the following VI:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (D1-7)

where w =

(
u
λ

)
, F (w) =

(
−ATλ
Au− b

)
and Ω = U × <m. (D1-8)

Please notice that (w − w̃)T (F (w)− F (w̃)) ≡ 0. The problem (D1-4) is translated to VI (D1-7).

The problem (D1-1) and (D1-4) are translated to the equivalent VI (D1-2) and (D1-7), respectively.
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3 Proximal point algorithm for monotone variational inequalities

Definition (k-th iteration of PPA) H � 0. Start with a given wk, find a wk+1, such that

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1) ≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω. (D1-9)

Setting w = w∗ in (D2-4), and using (wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗), we obtain

(wk+1 − w∗)TH(wk − wk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0. (D1-10)

Using Lemma D with a = (wk − w∗) and b = (wk+1 − w∗) in the above inequality, we get

(Convergence Key of PPA) ‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H , ∀w∗ ∈ Ω∗. (D1-11)

By using PPA to solve VI, usually, we take wk+1 := wk − α(wk − wk+1) with α = 1.5 ∈ (0, 2).

4 Customized PPA (C-PPA) and Balanced PPA (B-PPA) for VI
1). C-PPA for VI (D1-2) (He, Yuan 2012 SIAM Im., He, Yuan, Zhang 2013 COA, Gu, He, Yuan 2014 COA)

Start with given uk, find a uk+1, such that (D2-4) is satisfied, where

u =

(
x
y

)
, w = u, F (w) =

(
−AT y
Ax

)
, H =

(
rIn AT

A sIm

)
, rs > ‖ATA‖. (D1-12)

The concrete formula of (D2-4) with F and H given by (D1-12) is the uwave parts is F (wk+1){
θ1(x)− θ1(xk+1) + (x− xk+1)T {−AT yk+1

::::::::
+ rIn(xk+1 − xk)+AT (yk+1 − yk)} ≥ 0, ∀x ∈ X ,

θ2(y)− θ2(yk+1) + (y − yk+1)T {Axk+1
:::::

+A(xk+1 − xk)+sIm(yk+1 − yk)} ≥ 0, ∀y ∈ Y.

According to Theorem D, to complete PPA iteration, we need only to solve the following sub-problems:{
xk+1 = argmin{θ1(x)− xTAT yk + r

2‖x− x
k‖2 |x ∈ X}, (D1-13a)

yk+1 = argmin{θ2(y) + yTA[2xk+1 − xk] + s
2‖y − y

k‖2 | y ∈ Y}. (D1-13b)

2). C-PPA and B-PPA for VI (D1-7) (He and Yuan, arXiv:2108.08554; S.J. Xu, 2023, JAMC)
Start with given wk, find a wk+1, such that (D2-4) is satisfied, where

F (w) =

(
−ATλ
Au− b

)
, H=H1 orH2, H1 =

(
βATA+ δIn AT

A 1
β Im

)
, H2 =

(
rIn AT

A 1
rAA

T + δIm

)
.

(D1-14)

Customized PPA. The concrete formula of (D2-4) withH = H1 given by (D1-14) is the uwave parts is F (wk+1){
θ(u)− θ(uk+1) + (u− uk+1)T {−ATλk+1

::::::::
+ (βATA+ δIn)(u

k+1 − uk) +AT (λk+1 − λk)} ≥ 0,

(Auk+1 − b
:::::::::

) +A(uk+1 − uk) + (1/β)(λk+1 − λk) = 0.

According to Theorem D, to complete PPA iteration, we need only to solve the following sub-problems:{
uk+1 = argmin

{
θ(u)− uTATλk + 1

2 (u− uk)T (βATA+ δIn)(u− uk) |u ∈ U
}
, (D1-15a)

λk+1 = λk − β
(
A[2uk+1 − uk]− b

)
. (D1-15b)

Balanced PPA. The concrete formula of (D2-4) with H = H2 given by (D1-14) is the uwave parts is F (wk+1){
θ(u)− θ(uk+1) + (u− uk+1)T {−ATλk+1

::::::::
+ rIn(uk+1 − uk) + AT (λk+1 − λk)} ≥ 0,

(Auk+1 − b
:::::::::

) +A(uk+1 − uk) + (1
r
AAT + δIm)(λk+1 − λk) = 0.

According to Theorem D, to complete PPA iteration, we need only to solve the following sub-problems:{
uk+1 = argmin

{
θ(u)− uTATλk + r

2‖u− u
k‖2 |u ∈ U

}
, This problem is easier than(D1-15a) (D1-16a)

λk+1 = λk − ( 1
rAA

T + δIm)−1
(
A[2uk+1 − uk]− b

)
. Only once Cholesky-Decomposition (D1-16b)

In comparison with (D1-15), Algorithm (D1-16) is called a balanced algorithm, which shared the difficulties.
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1 Two blocks separable convex optimization and VI
Two blocks separable convex optimization

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (D2-1)

The saddle point of its Lagrange function is a solution of the following variational inequality:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (D2-2)
where

u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), w =

 x
y
λ

 , F (w) =

 −ATλ
−BTλ

Ax+By − b

 (D2-3)

and Ω = X × Y × <m. Again, we have (w − w̃)T(F (w)− F (w̃)) ≡ 0.

2 PPA for monotone variational inequalities
Definition (k-th iteration of PPA) H � 0. Start with a given wk, find a wk+1, such that

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1) ≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω. (D2-4)

Setting w = w∗ in (D2-4), and using (wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗), we obtain

(wk+1 − w∗)TH(wk − wk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0. (D2-5)

Using Lemma D with a = (wk − w∗) and b = (wk+1 − w∗) in the above inequality, we get

(Convergence Key of PPA) ‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H , ∀w∗ ∈ Ω∗. (D2-6)

By using PPA to solve VI, usually, we take wk+1 := wk − α(wk − wk+1) with α = 1.5 ∈ (0, 2).

3 Customized PPA for VI (D2-2) (Gu, He, Yuan 2014 COA; He, Yuan, Zhang 2014 COA)

Start with a given wk, find a wk+1, such that (D2-4) is satisfied, where

u =

(
x
y

)
, w =

 x
y
λ

, F (w) =

( −ATλ
−BTλ

Ax+By − b

)
, H = H1 or H2, (D2-7)

and

H1 =

βATA+ δIn1
0 AT

0 βBTB + δIn2 BT

A B 2
β Im

 , H2 =

βATA+ δIn1
0 −AT

0 βBTB + δIn2 −BT
−A −B 2

β Im

 . (D2-8)

1). Customized PPA for VI (D2-2) with H = H1 given by (D2-8).
The concrete formula of (D2-4) with H = H1 given by (D2-8) is the underline parts is F (wk+1)
θ1(x)− θ1(xk+1) + (x− xk+1)T {−ATλk+1 + (βATA+ δIn1)(x

k+1 − xk) +AT (λk+1 − λk)} ≥ 0,

θ2(y)− θ2(yk+1) + (y − yk+1)T {−BTλk+1 + (βBTB + δIn2)(y
k+1 − yk) +BT (λk+1 − λk)} ≥ 0,

(Axk+1 +Byk+1 − b) +A(xk+1 − xk) +B(yk+1 − yk) + (2/β) (λk+1 − λk) = 0.

According to Theorem D, to complete PPA iteration, we need only to solve the following sub-problems:
xk+1 = argmin

{
θ1(x)− xTATλk + 1

2 (x− xk)T (βATA+ δIn1
)(x− xk)|x ∈ X

}
, (D2-9a)

yk+1 = argmin
{
θ2(y)− yTBTλk + 1

2 (y − yk)T (βBTB + δIn2
)(y − yk)|y ∈ Y

}
, (D2-9b)

λk+1 = λk − 1
2β
[
2(Axk+1 +Byk+1 − b)− (Axk +Byk − b)

]
. (D2-9c)
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2). Customized PPA for VI (D2-2) with H = H2 given by (D2-8).
The concrete formula of (D2-4) with H = H2 given by (D2-8) is the underline parts is F (wk+1)
θ1(x)− θ1(xk+1) + (x− xk+1)T {−ATλk+1 + (βATA+ δIn1)(x

k+1 − xk)−AT (λk+1 − λk)} ≥ 0,

θ2(y)− θ2(yk+1) + (y − yk+1)T {−BTλk+1 + (βBTB + δIn2)(y
k+1 − yk)−BT (λk+1 − λk)} ≥ 0,

(Axk+1 +Byk+1 − b)−A(xk+1 − xk)−B(yk+1 − yk) + (2/β) (λk+1 − λk) = 0.

According to Theorem D, to complete PPA iteration, we need only to solve the following sub-problems:
λk+1 = λk − 1

2β(Axk +Byk − b), (D2-10a)

xk+1 = argmin
{
θ1(x)− xTAT (2λk+1 − λk) + 1

2 (x− xk)T (βATA+ δIn1
)(x− xk)|x ∈ X

}
,(D2-10b)

yk+1 = argmin
{
θ2(y)− yTBT (2λk+1 − λk) + 1

2 (y − yk)T (βBTB + δIn2
)(y − yk)|y ∈ Y

}
. (D2-10c)

4 Balanced PPA for VI (D2-2) (He, Yuan 2012 SIAM Im., Gu, He, Yuan 2014 COA)

Start with given wk, find a wk+1, such that (D2-4) is satisfied, where

u =

(
x
y

)
, w =

 x
y
λ

, F (w) =

( −ATλ
−BTλ

Ax+By − b

)
, H = H1 or H2, (D2-11)

and

H1 =

βATA+ δIn1 0 AT

0 (s+ δ)In2
BT

A B 1
β Im + 1

sBB
T

, H2 =

βATA+ δIn1 0 −AT
0 (s+ δ)In2

−BT
−A −B 1

β Im + 1
sBB

T

 .

(D2-12)

1). Balanced PPA for VI (D2-2) with H = H1 given by (D2-12).
The concrete formula of (D2-4) with H = H1 given by (D2-12) is the underline parts is F (wk+1)
θ1(x)− θ1(xk+1) + (x− xk+1)T {−ATλk+1 + (βATA+ δIn1)(x

k+1 − xk) +AT (λk+1 − λk)} ≥ 0,

θ2(y)− θ2(yk+1) + (y − yk+1)T {−BTλk+1 + (s+ δ)(yk+1 − yk) + BT (λk+1 − λk)} ≥ 0,

(Axk+1 +Byk+1 − b) +A(xk+1 − xk) +B(yk+1 − yk) +
(
1
β
Im + 1

s
BBT

)
(λk+1 − λk) = 0.

According to Theorem D, to complete PPA iteration, we need only to solve the following sub-problems:
xk+1 = argmin

{
θ1(x)− xTATλk + 1

2 (x− xk)T (βATA+ δIn1
)(x− xk)|x ∈ X

}
, (D2-13a)

yk+1 = argmin
{
θ2(y)− yTBTλk + 1

2 (s+ δ)‖y − yk‖2|y ∈ Y
}
, (D2-13b)

λk+1 = λk −
(

1
β Im + 1

sBB
T
)−1[

2(Axk+1 +Byk+1 − b)− (Axk +Byk − b)
]
. (D2-13c)

2). Balanced PPA for VI (D2-2) with H = H2 given by (D2-12).
The concrete formula of (D2-4) with H = H2 given by (D2-12) is the underline parts is F (wk+1)
θ1(x)− θ1(xk+1) + (x− xk+1)T {−ATλk+1 + (βATA+ δIn1)(x

k+1 − xk)−AT (λk+1 − λk)} ≥ 0,

θ2(y)− θ2(yk+1) + (y − yk+1)T {−BTλk+1 + (s+ δ)(yk+1 − yk) − BT (λk+1 − λk)} ≥ 0,

(Axk+1 +Byk+1 − b)−A(xk+1 − xk)−B(yk+1 − yk) +
(
1
β
Im + 1

s
BBT

)
(λk+1 − λk) = 0.

According to Theorem D, to complete PPA iteration, we need only to solve the following sub-problems:
λk+1 = λk −

(
1
β Im + 1

sBB
T
)−1

(Axk +Byk − b), (D2-14a)

xk+1 = argmin
{
θ1(x)− xTAT (2λk+1 − λk) + 1

2 (x− xk)T (βATA+ δIn1
)(x− xk)|x ∈ X

}
, (D2-14b)

yk+1 = argmin
{
θ2(y)− yTBT (2λk+1 − λk) + 1

2 (s+ δ)‖y − yk‖2|y ∈ Y
}
. (D2-14c)
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3á�C¥,·�®²r�5�åü¬��©là`z (Ø�¦ θ1, θ2¥?Û��rà)¯K

min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y} (E1-1)

�.�KF¼ê L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b)�Q:z�C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (E1-2)

Ù¥ w =

 x
y
λ

 , u =

(
x
y

)
, F (w) =

 −ATλ
−BTλ

Ax+By − b

 . (E1-3)

²;�ADMM¥,·�± v = (y, λ)��Ø%Cþ. ù�á�0���{,�± v = (y, λ)��Ø%Cþ.

2 ������^̂̂SSS���ADMM���{{{ (Cai, Gu, He and Yuan 2013 Science China Mathematics)

²;�ADMM¥,·�± v = (y, λ)��Ø%Cþ. XJE,± v = (y, λ)��Ø%Cþ,?���«
g,��{´��²;ADMM¥ yÚλ�#�^S.l�½� vk = (yk, λk)Ñu,ÏL

[
x-λ-y ^̂̂SSS
���ADMM

] 
xk+1 ∈ argmin{θ1(x)− xTATλk + 1

2β‖Ax+Byk − b‖2 |x ∈ X},
λk+1 = λk − β(Axk+1 +Byk − b),
yk+1 ∈ argmin{θ2(y)− yTBTλk+1 + 1

2β‖Ax
k+1 +By − b‖2 | y ∈ Y}

(E1-4)

��¦�wk+1,ù��{�á�C¥0��²;ADMMÂñLyA���.

�âà`z��`5�n (ë�D¥½n),1 kS�ýÿ (E1-4)�n�f¯K�C©Ø�ª/ª´
xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T

{
−ATλk + βAT (Axk+1 +Byk − b)} ≥ 0, ∀x ∈ X ,

λk+1 ∈ <m, (λ− λk+1)T {(Ax̃k+1 +Byk − b) + 1
β (λk+1 − λk)} ≥ 0, ∀λ ∈ <m

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk+1 + βBT (Axk+1 +Byk+1 − b)} ≥ 0, ∀y ∈ Y.

|^ λk+1 = λk − β(Axk+1 +Byk − b),þ¡�ªf�±�nU�¤wk+1 ∈ Ω,
θ1(x)− θ1(xk+1) + (x− xk+1)T

{
−ATλk+1
::::::::

} ≥ 0, ∀x ∈ X , (E1-5a)

θ2(y)−θ2(yk+1) + (y−yk+1)T
{
−BTλk+1
:::::::

+βBTB(yk+1−yk)−BT (λk+1−λk)} ≥ 0, ∀y ∈ Y, (E1-5b)

(λ− λk+1)T {(Axk+1 +Byk+1 − b)
::::::::::::::::::

−B(yk+1 − yk) + 1
β (λk+1 − λk)} ≥ 0, ∀λ ∈ <m.(E1-5c)

éþª�Ü (rÓ�a.�¿3�å),¿|^C©Ø�ª (E1-2)¥�PÒ,�� (E1-5)�;nL«

θ(u)− (uk+1) + (w − wk+1)TF (wk+1) ≥ (v − vk+1)TH0(vk − vk+1), ∀w ∈ Ω, (E1-6a)

Ù¥

H0 =

(
βBTB −BT
−B 1

β Im

)
. (E1-6b)

ùp�H0´��½�,�PPA��, (E1-4)�)� {wk}¥�Ø%Cþ�S� {vk}ä�5�

‖vk+1 − v∗‖H0 ≤ ‖vk − v∗‖2H0
− ‖vk − vk+1‖2H0

, ∀v∗ ∈ V∗. (E1-7)

O�¢�`², ADMM�{ (E1-4)Ú²;�ADMM�{O��J����.eé�{ (E1-4)�)� vk+1�
Xe�òÿµ

vk+1 := vk − α(vk − vk+1), α = 1.5 ∈ (0, 2), (E1-8)

�Ç²;�ADMM�{��k 30%�Jp.
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éx-λ-y^S�ADMM�{ (E1-4),·���ÑÂñ5�'�ªf. 5¿�l (E1-7)ª�±��
∞∑
k=0

‖vk − vk+1‖2H0
< +∞ Ú lim

k→∞
‖‖vk − vk+1‖2H0

= 0. (E1-9)

|^ λk+1 = λk − β(Axk+1 +Byk − b),��

‖vk − vk+1‖2H0
= β‖B(yk − yk+1)− 1

β (λk − λk+1)‖2 = β‖Axk+1 +Byk+1 − b‖2.

XJ ‖vk − vk+1‖2H0
= 0,l (E1-5)�±����wk+1Ò´C©Ø�ª (E1-2)�).

3 ÑÑÑ���???���������H���½½½���PPA���{{{
�
4c�!��{î�ä�Âñ5�,·�ò�{ (E1-4)��UE,¿òÑÑP�ýÿ: w̃k.

[ýýýÿÿÿ]


x̃k ∈ argmin{θ1(x)− xTATλk + 1

2β‖Ax+Byk − b‖2 |x ∈ X}, (E1-10a)

λ̃k = λk − β(Ax̃k +Byk − b), (E1-10b)
ỹk ∈argmin{θ2(y)− yTBT λ̃k + 1

2β‖Ax̃
k +By − b‖2 + 1

2δ‖y − y
k‖2 | y ∈ Y}. (E1-10c)

� (E1-4)�',ùp� y-f¯K�8I¼ê¥õ
�K� 1
2δ‖y − y

k‖2.

|^ (E1-10b), (E1-10c)��d/ª´

ỹk ∈ arg min{θ2(y)− yTBT λ̃k + 1
2β‖(Ax̃

k +Byk − b) +B(y − yk)‖2 + 1
2δ‖y − y

k‖2 | y ∈ Y}
= arg min{θ2(y)− yTBT λ̃k + yTBTβ(Ax̃k +Byk − b) + 1

2‖y − y
k‖2(δI+βBTB) | y ∈ Y}

= arg min{θ2(y)− yTBT [2λ̃k − λk] + 1
2‖y − y

k‖2(δI+βBTB) | y ∈ Y}.

|^ λk+1 = λk − β(Axk+1 +Byk − b),þ¡�ªf�±�nU�¤wk+1 ∈ Ω,
θ1(x)− θ1(x̃k) + (x− x̃k)T

{
−AT λ̃k
::::::

} ≥ 0, ∀x ∈ X ,(E1-11a)

θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k
::::::

+(δI + βBTB)(ỹk−yk)−BT (λ̃k−λk)} ≥ 0, ∀y ∈ Y,(E1-11b)

(λ− λ̃k)T {(Ax̃k +Bỹk − b)
::::::::::::::

−B(ỹk − yk) + 1
β (λ̃k − λk)} ≥ 0, ∀λ ∈ <m.(E1-11c)

éþª�Ü (rÓ�a.�¿3�å),¿|^C©Ø�ª (E1-2)¥�PÒ,�� (E2-10)�;nL«

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)
:::::

≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω, (E1-12a)
Ù¥

H =

(
δIn2

+ βBTB −BT
−B 1

β Im

)
� 0. (E1-12b)

3 (E2-11a)¥-w = w∗,¿|^ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w̃k) = θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗) ≥ 0,
��

(ṽk − v∗)TH(vk − ṽk) ≥ 0, ∀v∗ ∈ V∗.
Ï


(vk − v∗)TH(vk − ṽk) ≥ ‖vk − ṽk‖2H , , ∀v∗ ∈ V∗. (E1-13)

[òòòÿÿÿ������] vk+1(α) = vk − α(vk − ṽk), α = [1.2, 1.8] ⊂ (0, 2) (E1-14)

é?¿�½�): v∗ ∈ V∗,·�½Â
ϑk(α) = ‖vk − v∗‖2 − ‖vk+1(α)− v∗‖2. (E1-15)

��6uÚ�α� kgS��ÂÃ.|^ (E1-13),

ϑk(α) = ‖vk − v∗‖2 − ‖vk+1(α)− v∗‖2

= ‖vk − v∗‖2 − ‖(vk − v∗)− α(vk − ṽk)‖2

= 2α(vk − v∗)T (vk − ṽk)− α2‖vk − ṽk‖2

≥ α(2− α)‖vk − ṽk‖2 =: qk(α). α ∗ =1 2

q(α)

γα ∗

ϑ(α)

0 α

·�Ã{4�z�g¼êϑk(α),Ï�§¹k��� v∗,|^ (E1-13),��ϑk(α)�3α∗ = 1��4��
�e.¼ê qk(α),Xmþã¤«. ù´·�3òÿ�� (E1-14)¥���α = γα∗, γ ∈ [1.2, 1.8]��Ï.
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E2-¦¦¦)))üüü������©©©lll¬¬¬ààà`̀̀zzz¯̄̄KKK���ééé¡¡¡...ADMM���{{{
��UÄUJp�Ç�ADMM maths.nju.edu.cn/˜hebma Û])

1 üüü¬¬¬���©©©lllààà`̀̀zzz¯̄̄KKK¤¤¤éééAAA���CCC©©©ØØØ���ªªª

3á�C¥,·�®²r�5�åü¬��©là`z (Ø�¦ θ1, θ2¥?Û��rà)¯K

min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y} (E2-1)

�.�KF¼ê L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b)�Q:z�C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (E2-2)

Ù¥ w =

 x
y
λ

 , u =

(
x
y

)
, F (w) =

 −ATλ
−BTλ

Ax+By − b

 . (E2-3)

2 ©©©���ÂÂÂ   ���{{{���ýýýÿÿÿ-������ÚÚÚ���µµµeee (ÛÛÛ]]]))) 2015!!!2018$$$ÊÊÊÆÆÆ���)

ýÿ-���Ú�µe,·� 2015c3“$ÊÆÆ�”©Ù¥ÄgJÑ, 2018cnã©Ù¥2gJ9.

[ýýýÿÿÿ] 1 kÚS�l�½�Ø%Cþ vkm©,¦�ýÿ: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (E2-4)

¤á. Ù¥Ý
QT +Q´�½�. XJ (E2-4)¥ vk = ṽk, w̃k��u (E2-2)�w∗,Ò´¯K�).

3ùp?n�ü¬�©là`z¯K�C©Ø�ª¥, u = (x, y), w = (x, y, λ), v = (y, λ).

[������]�âýÿ��� ṽk,�ÑØ%Cþ v�#S�: vk+1�úª�

vk+1 = vk −M(vk − ṽk). (E2-5)

·�¡ (E2-4)¥�Q�ýÿÝ
, (E2-5)¥�M���Ý
.

ÂÂÂñññ555^̂̂���é�½�ýÿÝ
Q,Âñ�{�¦�O���Ý
M÷vXe^�µ

�3�½Ý
 H � 0 ¦� HM = Q, ¿� G := QT +Q−MTHM � 0. (E2-6)

ù!�ýÿ (E2-4)Ú�� (E2-5)©O´á�A¥� (2.2)Ú (2.8). Âñ5^� (E2-6)�á�A¥� (2.9)�Ó.
3�¡�á�G-H¥,kÚ�µe�{Âñ5���[y². á�EÚF�´^�{µe�yÂñ5.

3 ééé¡¡¡���ADMMaaa���{{{ (He, Liu, Wang and Yuan, 2014 SIAM Opt.)

?�ADMM�,�«g,��{´©O¦)x, yf¯K�,�g(é¡/)���gLagrange¦f. �
é{`,l�½�µ > 0Ú vk = (yk, λk)Ñu,Uìeã�ª¦�wk+1 = (xk+1, yk+1, λk+1):

[ééé¡¡¡���ADMM]


xk+1 = argmin{θ1(x)− xTATλk + 1

2β‖Ax+Byk − b‖2 |x ∈ X}, (E2-7a)

λk+ 1
2 = λk − µβ(Axk+1 +Byk − b),

(
µ ∈ (0, 1)

)
(E2-7b)

yk+1 = argmin{θ2(y)− yTBTλk+ 1
2 + 1

2β‖Ax
k+1 +By − b‖2 | y ∈ Y}, (E2-7c)

λk+1 = λk+ 1
2 − µβ(Axk+1 +Byk+1 − b). (E2-7d)

r (E2-7)©
¤ýÿ���,,�^§2¥�µe�y�{�Âñ5. ü¬�©l�à`z¯K (E2-1),z
gS�lØ%Cþ vk = (yk, λk)m©,¥mCþx�ýÿI�^

x̃k ∈ argmin
{
θ1(x)− xTATλk + 1

2β‖Ax+Byk − b‖2 | x ∈ X
}

)¤. �¦ (E2-4)�mà�k v���,Ò�¦þãxýÿ��`5^�U
�¤

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T (−AT λ̃k) ≥ 0, ∀x ∈ X

ù«/ª,¦fýÿ7L^ λ̃k = λk − β(Ax̃k +Byk − b). ò (E2-7))¤�wk+1,^

w̃k = (x̃k, ỹk, λ̃k) = (xk+1, yk+1, λk − β(Axk+1 +Byk − b)) )¤ýÿ:,�Ò´
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[ýýýÿÿÿ]


x̃k ∈ argmin

{
θ1(x)− xTATλk + 1

2β‖Ax+Byk − b‖2 | x ∈ X
}
, (E2-8a)

ỹk ∈ argmin
{
θ2(y)− yTBTλk+ 1

2 + 1
2β‖Ax̃

k +By − b‖2 | y ∈ Y
}
, (E2-8b)

λ̃k = λk − β
(
Ax̃k +Byk − b

)
, (E2-8c)

|^ x̃k = xk+1, (E2-7b) Ú (E2-8c),·���

λk+ 1
2 = λk − µβ(Ax̃k +Byk − b) = λk − µ(λk − λ̃k) = λ̃k − (1− µ)(λ̃k − λk). (E2-9)

|^ (E2-9)Ú (E2-8c), (E2-8b)¥� ỹk �±ÏL

ỹk ∈ arg min
{
θ2(y)− yTBTλk+ 1

2 + 1
2β‖(Ax̃

k +Byk − b) +B(y − yk)‖2 | y ∈ Y
}

= arg min

{
θ2(y)− yTBT [λ̃k − (1− µ)(λ̃k − λk)]

+yTBTβ(Ax̃k +Byk − b) + 1
2β‖B(y − yk)‖2

∣∣∣∣ y ∈ Y
}

= arg min
{
θ2(y)− yTBT [λ̃k + µ(λ̃k − λk) + 1

2β‖B(y − yk)‖2 | y ∈ Y
}

��.

ù�,dýÿ (E2-8)���ù
�`5^�Ò´:
x̃k ∈ X , θ1(x)−θ1(x̃k) + (x−x̃k)T

{
−AT λ̃k
::::::

} ≥ 0, ∀x ∈ X , (E2-10a)

ỹk ∈ Y, θ2(y)−θ2(ỹk) + (y−ỹk)T
{
−BT λ̃k
::::::

+ βBTB(ỹk−yk)− µBT (λ̃k−λk)} ≥ 0, ∀y ∈ Y, (E2-10b)

λ̃k ∈ <m, (λ− λ̃k)T {(Ax̃k +Bỹk − b)
::::::::::::::

−B(ỹk − yk) + 1
β (λ̃k − λk)} ≥ 0, ∀λ ∈ <m.(E2-10c)

éþª�Ü (rÓ�a.�¿3�å), ¿|^C©Ø�ª (E2-2)-(E2-3)¥�PÒ,�� (E2-10)�;n
L«

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)
:::::

≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (E2-11a)
Ù¥

Q =

(
βBTB −µBT
−B 1

β Im

)
. (E2-11b)

du (E2-8)¥� x̃Ú ỹk�u (E2-7)¥�xk+1Ú yk+1. é (G2-1d)¥�λk+1,|^ (E2-8c),·�k

λk+1 = λk+ 1
2 − µ

[
−βB(yk − ỹk) + β(Ax̃k +Byk − b)

]
= λk − µ

[
−βB(yk − ỹk) + 2β(Ax̃k +Byk − b)

]
. (E2-12)

2|^ (E2-8c),=µβ(Ax̃k +Byk − b = µ(λk − λ̃k). �

λk+1 = λk −
[
−µβB(yk − ỹk) + 2µ(λk − λ̃k)

]
.

Ïd,#�Ø%Cþ vk+1 = (yk+1, λk+1)d

[������]
(
yk+1

λk+1

)
=

(
yk

λk

)
−
(

I 0
−µβB 2µI

)(
yk − ỹk
λk − λ̃k

)
, (E2-13)

�). éu (E2-13)¥���Ý


M =

(
I 0

−µβB 2µI

)
, - H =

(
(1− 1

2µ)βBTB − 1
2B

T

− 1
2B

1
2µβ I

)
, (E2-14)

�±�y�µ ∈ (0, 1)�,H�½¿kHM = Q (Ý
Q� (F2-6b)). d	,Ý


G = (QT +Q)−MTHM = (QT +Q)−MTQ

=

(
2βBTB −(1 + µ)BT

−(1 + µ)B 2
β I

)
−
(
I −µβBT
0 2µI

)(
βBTB −µBT
−B 1

β Im

)

=

(
2βBTB −(1 + µ)BT

−(1 + µ)B 2
β I

)
−

(
(1 + µ)βBTB −2µBT

−2µB 2µ
β I

)
= (1− µ)

(
βBTB −BT

−B 2
β I

)
.

�²;�ADMM��,�B�÷��, HÚGÑ�½,d�¡§���þ�½. Âñ5^� (E2-6)÷v.

ùùù`̀̀²²²: dddggg,,,ÜÜÜnnn������{{{ïïïááá������{{{,NNN´́́���yyyÙÙÙÎÎÎÜÜÜýýýÿÿÿ-���������ÚÚÚ���µµµeee999ÙÙÙÂÂÂñññ555^̂̂���.
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F1-¦¦¦)))nnn������©©©lll¬¬¬ààà`̀̀zzz¯̄̄KKK���Gauss£££���...ADMM���{{{
ØN\rà^��Âñ�{ maths.nju.edu.cn/˜hebma Û])

1 ������ííí222���ADMM¦¦¦)))nnn¬¬¬���©©©lll¯̄̄KKKØØØUUU���yyyÂÂÂñññ (Chen, He, Ye, Yuan 2016 MP)

·�r����5�ån¬��©là`z (Ø�¦ θ1, θ2, θ3¥?Û��rà)¯K

min{θ1(x) + θ2(y) + θ3(z)|Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z} (F1-1)

�.�KF¼ê L(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b)�Q:z�C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (F1-2)

Ù¥ w =


x
y
z
λ

 , u =

 x
y
z

 , F (w) =


−ATλ
−BTλ
−CTλ

Ax+By + Cz − b

 . (F1-3)

��í2�ADMM?n¯K (F1-1)

[
������ííí222
���ADMM

] 
xk+1 = argmin{θ1(x)− xTATλk + 1

2β‖Ax+Byk + Czk − b‖2 |x ∈ X}, (F1-4a)
yk+1 = argmin{θ2(y)− yTBTλk + 1

2β‖Ax
k+1 +By + Czk − b‖2 | y ∈ Y}, (F1-4b)

zk+1 = argmin{θ3(z)− zTCTλk + 1
2β‖Ax

k+1 +Byk+1 + Cz − b‖2 | z ∈ Z}, (F1-4c)
λk+1 = λk − β(Axk+1 +Byk+1 + Czk − b). (F1-4d)

·�3 2016c�MP©Ù¥®²�Ñ,^��í2�ADMM¦)à`z¯K (F1-1),�Ý
A,B,C¥k
ü�Ý
��p���,=ATB=0, ATC=0½öBTC=0��{Âñ. 3���/e,¿ØU�yÂñ.

2 ���±±±^̂̂555���yyy���{{{ÂÂÂñññ���ÚÚÚ���µµµeee (Û]) 2015c$ÊÆ�1 19ò1 3Ï)

ýÿ-���Ú�µe·� 2015c3“$ÊÆÆ�”©Ù¥ÄgJÑ, 2018cnã©Ù¥2gJ9.

[ýýýÿÿÿ] 1 kÚS�l�½�Ø%Cþ vkm©,¦�ýÿ: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (F1-5)

¤á. Ù¥Ý
QT +Q´�½�. XJ (F1-5)¥ vk = ṽk, w̃k��u (F1-2)�w∗,Ò´¯K�).

3·�ùp?n�n¬��©l¯K¥, u = (x, y, z), w = (x, y, z, λ), v = (y, z, λ).

[������]�âýÿ��� ṽk,�ÑØ%Cþ v�#S�: vk+1�úª�

vk+1 = vk −M(vk − ṽk). (F1-6)

·�¡ (F1-5)¥�Q�ýÿÝ
, (F1-12)¥�M���Ý
.

[ÂÂÂñññ555^̂̂���]é�½�ýÿÝ
Q,�¦�O���Ý
M÷vXe^�µ

�3�½Ý
 H � 0 ¦� HM = Q, ¿� G := QT +Q−MTHM � 0. (F1-7)

S� {vk}ä�Â 5� ‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗.
(F1-8)

XJ^� (F1-7)÷v,�{Ò´Âñ�,3�¡�á�G-H¥,kÚ�µe�{Âñ5���[y².

3 æææ^̂̂Gauss£££������ýýýÿÿÿ-���������{{{ (He, Tao and Yuan 2012 SIAM Opt.)

n¬�©l�à`z¯K (F1-1),zgS�lØ%Cþ vk = (yk, zk, λk)m©,¥mCþx�ýÿI�^

x̃k ∈ argmin
{
θ1(x)− xTATλk + 1

2β‖Ax+Byk + Czk − b‖2 | x ∈ X
}

)¤. �¦ (F1-5)�mà�k v���,Ò�¦þãxýÿ��`5^�U
�¤

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x)− x̃k)T (−AT λ̃k) ≥ 0, ∀x ∈ X

ù«/ª,¦fýÿ7L^ λ̃k = λk − β(Ax̃k +Byk + Czk − b). Ïd,·�k^
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[ýýýÿÿÿ]


x̃k ∈ arg min

{
θ1(x)− xTATλk + 1

2β‖Ax+Byk + Czk − b‖2 | x ∈ X
}
, (F1-9a)

ỹk ∈ arg min
{
θ2(y)− yTBTλk + 1

2β‖Ax̃
k +By + Czk − b‖2 | y ∈ Y

}
, (F1-9b)

z̃k ∈ arg min
{
θ3(z)− zTCTλk + 1

2β‖Ax̃
k +Bỹk + Cz − b‖2 | z ∈ Z

}
, (F1-9c)

λ̃k = λk − β
(
Ax̃k +Byk + Czk − b

)
. (F1-9d)

��ýÿ: w̃k. |^`z¯K��`5^�,·���ýÿ� (F1-9)�C©Ø�ª/ª:

x̃k ∈ X , θ1(x)− θ1(x̃k)+(x− x̃k)T
{
−AT λ̃k
::::::

} ≥ 0, ∀x ∈ X ,(F1-10a)

ỹk ∈ Y, θ2(y)− θ2(ỹk)+(y − ỹk)T
{
−BT λ̃k
::::::

+ βBTB(ỹk−yk) } ≥ 0, ∀y ∈ Y,(F1-10b)

z̃k ∈ Z, θ3(z)− θ3(z̃k)+(z − z̃k)T
{
−CT λ̃k
::::::

+βCTB(ỹk−yk) + βCTC(z̃k−zk)} ≥ 0, ∀z ∈ Z,(F1-10c)

λ̃k ∈ <m, (λ− λ̃k)T

{
(Ax̃k +Bỹk + Cz̃k − b)
::::::::::::::::::::

−B(ỹk − yk)− C(z̃k − zk) + 1
β (λ̃k − λk)

}
≥ 0, ∀λ ∈ <m.(F1-10d)

éþª�Ü (rÓa.�¿3�å),¿|^C©Ø�ª (F1-2)-(F1-3)¥�PÒ,�� (F1-10)�;nL«

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)
:::::

≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (F1-11a)
Ù¥

Q =

 βBTB 0 0
βCTB βCTC 0
−B −C 1

β Im

 . (F1-11b)

QT +Q��þ´�½� (�B, C�÷��´�½�). |^ù��ýÿ:,·�æ^��

[������] vk+1 = vk −M(vk − ṽk), Ù¥ M =

 νI −ν(BTB)−1BTC 0
0 νI 0
−βB −βC I

 . (F1-12)

)¤. éuÝ


H =


1
νβB

TB 1
νβB

TC 0

1
νβC

TB 1
νβ[CTC + CTB(BTB)−1BTC] 0

0 0 1
β I

 (F1-13)

�±�y H �½¿k HM = Q. d	,� ν ∈ (0, 1)�,Ý


G = (QT +Q)−MTQ =

 (1− ν)βBTB 0 0
0 (1− ν)βCTC 0
0 0 1

β I

 � 0, (F1-14)

Âñ5^� (F1-7)÷v. �� (F1-12)¥�¦_´�±;��.
¯¢þ,duýÿ (F1-9)�I� (Byk, Czk, λk)Ò�±m©,�� (F1-12)��±ÏL(
Byk+1

Czk+1

)
=

(
Byk

Czk

)
−
(
νI −νI
0 νI

)(
B(yk − ỹk)
C(zk − z̃k)

)
, λk+1 = λk − β

(
Ax̃k +Bỹk +Cz̃k − b

)
(F1-15)

¢y,ù�Ò�m©e�gS�Jø
 (Byk+1, Czk+1, λk+1). ·�ònd���{��`².
ò (F1-11)¥� v�� v∗,Ò�� (ṽk − v∗)TQ(vk − ṽk) ≥ 0. 2�C�,�

ξ =

 By
Cz
λ

, ���A� (ξ̃k − ξ∗)TQ(ξk − ξ̃k) ≥ 0, Ù¥ Q =

 βIn2
0 0

βIn2 βIn3 0
−In2

−In3

1
β Im

 . (F1-16)

�
ù��C�±�,é (F1-16)¥�Q,^

H =


1
νβIn2

1
νβIn3

0
1
νβIn2

2
νβIn3 0

0 0 1
β Im

 . M =

 βIn2
0 0

βIn2
βIn3

0
−In2

−In3
Im


Òk HM = QÚ G = QT +Q−MTHM � 0. C�e���d

ξk+1 = ξk −M(ξk − ξ̃k) ¢y. �m5�äN/ªÒ´ (F1-15).

XÓ (F1-8),S� {ξk}ä�Â 5� ‖ξk+1−ξ∗‖2H ≤ ‖ξk−ξ∗‖2H−‖ξk− ξ̃k‖2G , ∀ξ∗ ∈ Ξ∗. (F1-17)
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F2-¦¦¦)))nnn������©©©lll¬¬¬ààà`̀̀zzz¯̄̄KKKÜÜÜ©©©²²²111���KKK���ADMM���{{{
ØN\rà^��Âñ�{ maths.nju.edu.cn/˜hebma Û])

1 ��í2�ADMM¦)n¬�©l¯KØU�yÂñ (Chen, He, Ye, Yuan 2016 MP)

·�r����5�ån¬��©là`z (Ø�¦ θ1, θ2, θ3¥?Û��rà)¯K

min{θ1(x) + θ2(y) + θ3(z)|Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z} (F2-1)
�.�KF¼ê L(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b)�Q:z�C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (F2-2)

Ù¥ w =


x
y
z
λ

 , u =

 x
y
z

 , F (w) =


−ATλ
−BTλ
−CTλ

Ax+By + Cz − b

 . (F2-3)

·�®²��,^��í2�ADMM¦)n¬�©là`z¯K (F2-1),3���/e,¿ØU�yÂñ.

2 �±^5�y�{Âñ�Ú�µe (Û]) 2015c$ÊÆ�1 19ò1 3Ï)

ýÿ-���Ú�µe·� 2015c3“$ÊÆÆ�”©Ù¥ÄgJÑ, 2018cnã©Ù¥2gJ9.

[ýýýÿÿÿ] 1 kÚS�l�½�Ø%Cþ vkm©,¦�ýÿ: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (F2-1)

¤á. Ù¥Ý
QT +Q´�½�. XJ (F2-3)¥ vk = ṽk, w̃k��u (F2-2)�w∗,Ò´¯K�).
[������]�âýÿ��� ṽk,�ÑØ%Cþ v�#S�: vk+1�úª�

vk+1 = vk −M(vk − ṽk). (F2-2)

ÂÂÂñññ555^̂̂���é�½�ýÿÝ
Q,�¦�O���Ý
M÷vXe^�µ

�3�½Ý
 H � 0 ¦� HM = Q, ¿� G := QT +Q−MTHM � 0. (F2-3)

S� {vk}ä�Â 5� ‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (F2-4)

XJ^� (F2-3)÷v,�{Ò´Âñ�,3�¡�á�G-H¥,kÚ�µe�{Âñ5���[y².

3 Ü©²1¿\�K��ADMM�{ (He, Tao and Yuan 2015 IMA Numr. Analysis)

¦)n¬�©là`z¯K (F2-1)�Ü©²1¿\�K�� ADMM�{¥,E,± v = (y, z, λ)�
�Ø%Cþ. zÚS�l�½� vk = (yk, zk, λk)m©²1?n yÚ zf¯K.ÏL

xk+1 ∈ argmin{θ1(x)− xTATλk + β
2 ‖Ax+Byk + Czk − b‖2 |x ∈ X}, (F2-1a)

yk+1 ∈ argmin{θ2(y)− yTBTλk + β
2 ‖Ax

k+1 +By + Czk − b‖2 + τβ
2 ‖B(y − yk)‖2 | y ∈ Y}, (F2-1b)

zk+1 ∈ argmin{θ3(z)− zTCTλk + β
2 ‖Ax

k+1 +Byk + Cz − b‖2 + τβ
2 ‖C(z − zk)‖2 | z ∈ Z}, (F2-1c)

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b). (F2-1d)

��¦�wk+1,� τ > 1�,·�òy²ù��{´Âñ�. ePλk+ 1
2 = λk−β(Axk+1 +Byk +Czk− b)

�{¥ (F2-1)� yk+1�±ÏL

yk+1 ∈ arg min

{
θ2(y)− yTBTλk + 1

2β‖(Ax
k+1 +Byk + Czk − b) +B(y − yk)‖2

+ τ
2β‖B(y − yk)‖2 | y ∈ Y

}
= arg min

{
θ2(y)− yTBTλk + yTBTβ(Axk+1 +Byk + Czk − b)

+ 1
2β‖B(y − yk)‖2 + τ

2β‖B(y − yk)‖2
∣∣∣∣ y ∈ Y}

= arg min
{
θ2(y)− yTBTλk+ 1

2 + 1+τ
2 β‖B(y − yk)‖2 | y ∈ Y

}
��.

Ón, (F2-1)¥� zk+1�±ÏL

zk+1 ∈ arg min
{
θ3(z)− zTCTλk+ 1

2 + 1+τ
2 β‖C(z − zk)‖2 | z ∈ Z

}
��.
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Pµ = τ + 1,�{ (F2-1)�±U�¤�d�Bu?§?n�

xk+1 ∈ argmin{θ1(x)− xTATλk + 1
2β‖Ax+Byk + Czk − b‖2 |x ∈ X}, (F2-2a)

λk+ 1
2 = λk − β(Axk+1 +Byk + Czk − b) (F2-2b)

yk+1 ∈ argmin{θ2(y)− yTBTλk+ 1
2 + µ

2β‖B(y − yk)‖2 | y ∈ Y}, (F2-2c)

zk+1 ∈ argmin{θ3(z)− zTCTλk+ 1
2 + µ

2β‖C(z − zk)‖2 | z ∈ Z}, (F2-2d)
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b). (F2-2e)

^§2¥�Ú�µe,Âñ5y²â'�{ü,�d·�r�{ (F2-2)�¿
)¤�d�ýÿ-���{.

[ýýýÿÿÿ]


x̃k ∈ arg min

{
θ1(x)− xTATλk + 1

2β‖Ax+Byk + Czk − b‖2 | x ∈ X
}
, (F2-3a)

ỹk ∈ arg min
{
θ2(y)− yTBT λ̃k + µ

2β‖B(y − yk)‖2|y ∈ Y
}
, (F2-3b)

z̃k ∈ arg min
{
θ3(z)− zTCT λ̃k + µ

2β‖C(z − zk)‖2|z ∈ Z
}
, (F2-3c)

λ̃k = λk − β
(
Ax̃k +Byk + Czk − b

)
. (µ = τ + 1) (F2-3d)

�{ (F2-2)¥�wk+1Úýÿ (F2-3)¥ w̃k�m�'X´µ

xk+1 = x̃k, yk+1 = ỹk, zk+1 = z̃k, Ú λk+1 = λ̃k + βB(yk − ỹk) + βC(zk − z̃k) (F2-4)

ù�,dýÿ (F2-3)���ù
�`5^�Ò´:

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T
{
−AT λ̃k
::::::

} ≥ 0, ∀x ∈ X , (F2-5a)

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k
::::::

+ µβBTB(ỹk − yk)} ≥ 0, ∀y ∈ Y, (F2-5b)

z̃k ∈ Z, θ3(z)− θ3(z̃k) + (z − z̃k)T
{
−CT λ̃k
::::::

+ µβCTC(z̃k − zk)} ≥ 0, ∀z ∈ Z, (F2-5c)

λ̃k ∈ <m, (λ− λ̃k)T
{

(Ax̃k +Bỹk + Cz̃k − b)
::::::::::::::::::::

−B(ỹk − yk)− C(z̃k − zk) + 1
β (λ̃k − λk)

}
≥ 0, ∀λ ∈ <m. (F2-5d)

rþª¥Ó�a.�¿3�å,¿|^C©Ø�ª (F2-2) -(F2-3)¥�PÒ,�� (F2-5)�;nL«µ

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)
:::::

≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (F2-6a)
Ù¥

Q =

 µβBTB 0 0
0 µβCTC 0
−B −C 1

β I

 . (F2-6b)

�â (F2-4),lýÿ (F2-3)��� w̃k2£� (F2-2)¥Ø%Cþ vk+1,��úª´

[������] vk+1 = vk −M(vk − ṽk), Ù¥ M =

 I 0 0
0 I 0
−βB −βC I

 . (F2-7)

5¿� (F2-6)¥�ýÿÝ
Ú (F2-7)¥���Ý
©O´

Q =

 µβBTB 0 0
0 µβCTC 0
−B −C 1

β I

 Ú M =

 I 0 0
0 I 0
−βB −βC I

 . (F2-8)

À�é¡Ý


H =

 µβBTB 0 0
0 µβCTC 0
0 0 1

β I

 , (F2-9)

�±�yH�B,C�÷���½¿kHM = Q. d	,

G = (QT +Q)−MTQ =

 (µ− 1)βBTB −βBTC 0
−βCTB (µ− 1)βCTC 0

0 0 1
β I

 . (F2-10)

duµ = τ + 1 > 2,Ý
G��þ�½. Âñ5^� (F2-3)÷v. 3 He and Yuan, Optimization Online 6325
¥ (d©�ªuL3 Springer Proc. Math. Stat., 360, Springer, Singapore, 2021),·�®²y²:

òòò���{{{ (F2-2)¥¥¥µ > 2UUU¤¤¤µ > 1.5 (¢¢¢SSSOOO���¥¥¥���µÑÑÑ���uuu1.5),ÂÂÂñññ���ÝÝÝkkk²²²wwwJJJppp.
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G1-lllÐÐÐØØØNNN´́́nnnÑÑÑ���������{{{���¿¿¿ØØØ¤¤¤§§§���EEE���qqq���{{{
�D���#Â¼–I maths.nju.edu.cn/˜hebma Û])

1 UUU


^̂̂555���yyy���{{{���yyyÂÂÂñññ���ÚÚÚ���µµµeee (£��eò>co(Ñ��{Ú�µe)

·�r�5�åà`z¯K�Lagrange¼ê�Q:8(�¦C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (G1-1)

�). �¦)ù�C©Ø�ª,·�®²�O
e¡�ýÿ-���Ú�µe.

[ýýýÿÿÿ] 1 kÚS�l�½�Ø%Cþ vkm©,¦�ýÿ: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (G1-2)

¤á. Ù¥Ý
QT +Q´�½�. XJ (G1-2)¥ vk = ṽk, w̃k��u (G1-1)�w∗,Ò´¯K�).

v�±�wÓ,��±´w�Ü©©þ. ~X,3�O��{¥, u = (x, y), w = (x, y, λ), v = (y, λ).

[������]�âýÿ��� ṽk,�ÑØ%Cþ v�#S�: vk+1�úª�

vk+1 = vk −M(vk − ṽk). (G1-3)

·�¡ (G1-2)¥�Q�ýÿÝ
, (G1-3)¥�M���Ý
.

ÂÂÂñññ555^̂̂��� é�½�ýÿÝ
Q,�¦�O���Ý
M÷vXe^�µ

�3�½Ý
 H � 0 ¦� HM = Q, ¿� G := QT +Q−MTHM � 0. (G1-4)

XJ^� (G1-4)÷v,�{Ò´Âñ�,Ööò¬31��� §3¥w�,'�Âñ5�y²´��N´�.
± ·�Ì�´r�{w�(½�¿©
¤)ýÿ (G1-2)Ú�� (G1-3),,���yÂñ^� (G1-4)UÄ÷v.

¯¢þ,·���¦QT +Q, HÚG��þ´�½�,ù��u��¦§���½,�´��A��©l
à`z¯K��5�å¥�©l�©¬Ý
Ñ�÷��Ò�¦§��½.

Ò�á�C?nü¬�©l¯K�ADMM¥, H�½�¦�åÝ
B´�÷�,=BTB´�½�.

2 ���±±±^̂̂555���EEE���qqq���{{{������ddd���ÚÚÚ���µµµeee (�D�uyµeU^5mu�{)

k
ýÿ (G1-2),'�´N��Ñ÷v^� (G1-4)�Ý
M ,âU�¢1�� (G1-3).

e¡·�í�Ñ���^� (G2-4)�d��E��Ý
M��{:
ýÿ (G1-2)Jø�Q÷vQT +Q � 0.
Âñ^� (G1-4)�¦ÀÑ���Ý
M :
���333 H � 0, ¦� HM = Q;

¿¿¿��� G = QT +Q−MTHM � 0.

⇐⇒


D � 0, G � 0,

D +G = QT +Q,

MTHM = D,

HM = Q.

⇐⇒


D � 0, G � 0,

D +G = QT +Q,

QTM = D,

HM = Q.

⇐⇒


D � 0, G � 0,

D +G = QT +Q,

M = Q−TD,

H = QD−1QT .

(G1-5)

·���¦�3��é¡�½Ý
H ,�yHM = QÚG � 0. þª���HÚM(¢÷v (G1-4).

k
Ü��ýÿÝ
Q,±c´��{�nHÚM ,¦Ù÷v^� (G1-4),4<wå5q�k: �.

y3��{: ��k
Ü��ýÿÝ
Q,Ò�±ÀJõ«õ��D,¦Ù÷v 0 ≺ D ≺ QT +Q.

,�dM=Q−TD��Ý
M?1 (G1-3)��,Âñ5^�g,÷v. 
QT �¦_  ´N´��

�� vk+1 = vk −M(vk − ṽk)�±ÏL QT (vk+1 − vk) = D(ṽk − vk) ¢y, Q  ´¬n�Ý
.
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3 ÚÚÚ���µµµeee¥¥¥���{{{ÂÂÂñññ555'''���ÂÂÂ   555������yyy²²²

½½½nnnG æ^ýÿ-���{ (G1-2)-(G1-3)¦)C©Ø�ª (G1-1),XJ^� (G1-4)÷v,Ké)¤�S
� {vk}Ú {w̃k},k
θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+ 1

2‖v
k − ṽk‖2G, ∀w ∈ Ω (G1-6)

Ú

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (G1-7)

yyy²²² 3 (G1-2)ª�mà,|^Q = HM (�(G1-4)¥�c�ª),Bk

θ(u∗)− θ(ũk) + (w∗ − w̃k)TF (w̃k) ≥ (v∗ − ṽk)THM(vk − ṽk).

duM(vk − ṽk) = (vk − vk+1) (���úª (G1-3)),þª�±�¤

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − vk+1). (G1-8)
òð�ª

(a− b)TH(c− d) = 1
2{‖a− d‖

2
H − ‖a− c‖2H}+ 1

2{‖b− c‖
2
H − ‖b− d‖2H} (G1-9)

^uØ�ª (G1-8)�mà,¿� a = v, b = ṽk, c = vk, Ú d = vk+1,·���

(v − ṽk)TH(vk − vk+1) = 1
2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+ 1

2

(
‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H

)
. (G1-10)

é (G1-10)mà1�Ü©,|^ HM = QÚ 2vTQv = vT (QT +Q)v, ·�k

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H (|^ (G1-3))
= ‖vk − ṽk‖2H − ‖(vk − ṽk)−M(vk − ṽk)‖2H
= (vk − ṽk)T (HM +MTH)(vk − ṽk)− (vk − ṽk)>M>HM(vk − ṽk)

= (vk − ṽk)T (Q+QT −MTHM)(vk − ṽk) (|^ (G1-4)¥���ª)
= ‖vk − ṽk‖2G. (G1-11)

± (G1-13)�(J�\ (G1-10), ,�2�\ (G1-8), Ò��(Ø (G1-6). ò (G1-6)¥�w��?¿�½
�w∗,Òk

‖vk − v∗‖2H − ‖vk+1 − v∗‖2 ≥ ‖vk − ṽk‖2H + 2{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)}. (G1-12)

�â (w̃k − w∗)TF (w̃k) = (w̃k − w∗)TF (w∗)Ú�`5^�,·�k

θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k) = θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗) ≥ 0,

Ïdl (G1-12)��
‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ ‖vk − ṽk‖2G. (G1-13)

ùÒ´½n�(Ø (G1-7). 2

l(Ø (G1-6)N´í��{H{¿Âe�Âñ�Ç. He & Yuan'uADMM�H{¿ÂeÂñ�ÇÒ
´ÄuØ�ª(G1-6)y²�. �B. S. He and X. M. Yuan, SIAM J. Numerical Analysis, 2012, 50: 700-709.
·�¡ (G1-7)¥�H��êÝ
, G��ÃÝ
. (Ø (G1-7)´y²�{oNÂñ�'�Ø�ª�

ly²L§�±��,½nG�(Ø�Âñ^� (G1-4)¥QT +Q, HÚGfz¤��½�E,¤á.

4 lll���yyy���{{{ÂÂÂñññ���µµµeee���gggddd���OOO���{{{���jjj+++
½nG´ýÿ-���{(G1-2)-(G1-3)3^�(G1-4)ey²�.^�(G1-5)Ú(G1-4)�d,�±�â (G1-5)�
E�{. �é{`, §1¥�^� (G1-4)^5�y�{Âñ5,
§2¥��d5^���{�OJø
j+.

�O�{�j+. éýÿ (G1-2)¥÷v QT +Q � 0�ýÿÝ
Q,ÀD,¦�

0 ≺ D ≺ QT +Q, ,�� M = Q−TD ��¤�� (G1-3).

ù�,ýÿ-���{ (G1-2)-(G1-3)�)�S� {vk}÷v½nG¥�(Ø,Ù¥

H = QD−1QT Ú G = QT +Q−D,
Ñ´�½Ý
. O�L§¥¿Ø�¦�Ñwª�H .

Ý
Q��´d��N´¦_�¬n�Ý
\þ��2Â��(½��)Ý
|¤.

���ÑM = Q−TD�¤�� (G1-3)½ö¦) QT (vk+1 − vk) = D(ṽk − vk)Ñ¿Ø(J�

G1 – 2



G2-���âââÂÂÂñññ^̂̂���������dddLLL«««���EEEnnn���©©©lll¬¬¬¯̄̄KKK������qqq©©©���ÂÂÂ   ���{{{
�D���#Â¼–I maths.nju.edu.cn/˜hebma Û])

1 UUU


^̂̂555���yyy���{{{���yyyÂÂÂñññ���ÚÚÚ���µµµeee (ò>co(Ñ��{Ú�µe)

·�r�5�åà`z¯K�Lagrange¼ê�Q:8(�¦C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (G2-1)

�). �¦)ù�C©Ø�ª,·�®²�O
e¡�ýÿ-���Ú�µe.
[ýýýÿÿÿ] 1 kÚS�l�½�Ø%Cþ vkm©,¦�ýÿ: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (G2-2)

¤á. Ù¥Ý
QT +Q��þ´�½�.
[������]�âýÿ��� ṽk,�ÑØ%Cþ v�#S�: vk+1�úª�

vk+1 = vk −M(vk − ṽk). (G2-3)

ÂÂÂñññ555^̂̂��� é�½�ýÿÝ
Q,�¦�O���Ý
M÷vXe^�µ

�3�½Ý
 H � 0 ¦� HM = Q, ¿� G := QT +Q−MTHM � 0. (G2-4)

�é{`, §1¥�^� (G2-4)Ì�^5�y�{Âñ5. §2¥��d5y²�mu�{�OJø
j+.

�O�{�j+. éýÿ (G2-2)¥÷v QT +Q � 0�ýÿÝ
Q,ÀD,¦�

0 ≺ D ≺ QT +Q, ,�� M = Q−TD ��¤�� (G2-3). ¦) QT (vk+1 − vk) = D(ṽk − vk)

Ý
Q��´d��N´¦_�¬n�Ý
\þ��2Â��(½��)Ý
|¤.

2 nnn���©©©¬¬¬ààà`̀̀zzz¯̄̄KKKÄÄÄuuu������ííí222���ADMM���ýýýÿÿÿ
n��©l¬à`z¯K9Ù�A�C©Ø�ª3F�Ù¥®²�
0�. ·�^±e�ª)¤ýÿ:.

[ýýýÿÿÿ]


x̃k ∈ arg min

{
θ1(x)− xTATλk + 1

2β‖Ax+Byk + Czk − b‖2 | x ∈ X
}
, (G2-1a)

ỹk ∈ arg min
{
θ2(y)− yTBTλk + 1

2β‖Ax̃
k +By + Czk − b‖2 | y ∈ Y

}
, (G2-1b)

z̃k ∈ arg min
{
θ3(z)− zTCTλk + 1

2β‖Ax̃
k +Bỹk + Cz − b‖2 | z ∈ Z

}
, (G2-1c)

λ̃k = λk − β
(
Ax̃k +Byk + Czk − b

)
. (G2-1d)

��ýÿ: w̃k. |^`z¯K��`5^�,·���ýÿ� (G2-1)�C©Ø�ª/ª (G2-2),

[ýýýÿÿÿÝÝÝ


] Q =

 βBTB 0 0
βCTB βCTC 0
−B −C 1

β I

 . (G2-2)

3 ÄÄÄuuu(((½½½ýýýÿÿÿÝÝÝ


Q���ØØØÓÓÓ������ Notice that

QT +Q=

 2βBTB βBTC −BT
βCTB 2βCTC −CT
−B −C 2

β I

=

BT 0 0
0 CT 0
0 0 I

 2βI βI −I
βI 2βI −I
−I −I 2

β I

B 0 0
0 C 0
0 0 I


is positive definite (whenever B and C are both full column rank) and

QT =

 βBTB βBTC −BT
0 βCTC −CT
0 0 1

β I

 =

 BT 0 0
0 CT 0
0 0 I

 βI βI −I
0 βI −I
0 0 1

β I

 B 0 0
0 C 0
0 0 I

 .

We call the center part of the right hand sides of the matrices of QT +Q and QT are kernel, i. e., 2βI βI −I
βI 2βI −I
−I −I 2

β I

 and

 βI βI −I
0 βI −I
0 0 1

β I

, resp.!

 βI βI −I
0 βI −I
0 0 1

β I

−1

=

 1
β I − 1

β I 0

0 1
β I I

0 0 βI

. (G2-3)

With the given prediction matrix Q in (G2-2), we can construct various corrections by choosing different
matrix D. Because the k-th iteration begins with given (Byk, Czk, λk), the correction needs only to offer
(Byk+1, Czk+1, λk+1) for starting the next iteration. See some examples !

G2 – 1



3.1 ���EEE���{{{ I By choosing

D =

 BT 0 0
0 CT 0
0 0 I

 (1 + ν)βI βI −I
βI (1 + ν)βI −I
−I −I 1

β I

 B 0 0
0 C 0
0 0 I

 , (G2-4)

where 0 < ν < 1. Since 2βI βI −I
βI 2βI −I
−I −I 2

β I

 =

 (1 + ν)βI βI −I
βI (1 + ν)βI −I
−I −I 1

β I

+

 (1− ν)βI 0 0
0 (1− ν)βI 0
0 0 1

β I

 ,

the both kernel matrices in the right hand side of the above equation are positive definite. The solution of the
system of equations QT (vk+1 − vk) = D(ṽk − vk) can be obtained by solving βI βI −I

0 βI −I
0 0 1

β I

Byk+1 −Byk
Czk+1 − Czk
λk+1 − λk

 =

 (1 + ν)βI βI −I
βI (1 + ν)βI −I
−I −I 1

β I

Bỹk −Byk
Cz̃k − Czk
λ̃k − λk

 .

By using the inverse of the kernel matrix of QT in (G2-3), the correction form can be simplified toByk+1

Czk+1

λk+1

 =

Byk

Czk

λk

−
 νI −νI 0

0 νI 0
−βI −βI I

B(yk − ỹk)
C(zk − z̃k)

λk − λ̃k

 . (G2-5)

This is just the correction described in F1.

3.2 ���EEE���{{{ II By choosing

D =

 νβBTB 0 0
0 νβCTC 0
0 0 1

β I

 =

 BT 0 0
0 CT 0
0 0 I

 νβI 0 0
0 νβI 0
0 0 1

β I

 B 0 0
0 C 0
0 0 I

 , (G2-6)

where 0 < ν < 1. Since 2βI βI −I
βI 2βI −I
−I −I 2

β I

 =

 νβI 0 0
0 νβI 0
0 0 1

β I

+

 (2− ν)βI βI −I
βI (2− ν)βI −I
−I −I 1

β I

 ,

the both kernel matrices in the right hand side of the above equation are positive definite. The solution of the
system of equations QT (vk+1 − vk) = D(ṽk − vk) can be obtained by solving βI βI −I

0 βI −I
0 0 1

β I

Byk+1 −Byk
Czk+1 − Czk
λk+1 − λk

 =

 νβI 0 0
0 νβI 0
0 0 1

β I

Bỹk −Byk
Cz̃k − Czk
λ̃k − λk

 .

By using the inverse of the kernel matrix of QT in (G2-3), the correction form can be simplified toByk+1

Czk+1

λk+1

 =

Byk

Czk

λk

−
 νI −νI 0

0 νI 1
β I

0 0 I

B(yk − ỹk)
C(zk − z̃k)

λk − λ̃k

 . (G2-7)

3.3 ���EEE���{{{ III Let us choose the following specific one as D.

D = α
(
QT +Q

)
= α

BT 0 0
0 CT 0
0 0 I

 2βI βI −I
βI 2βI −I
−I −I 2

β I

B 0 0
0 C 0
0 0 I

 , α ∈ (0, 1). (G2-8)

The solution of the system of equations QT (vk+1 − vk) = D(ṽk − vk) can be obtained by solving βI βI −I
0 βI −I
0 0 1

β I

Byk+1 −Byk
Czk+1 − Czk
λk+1 − λk

 = α

 2βI βI −I
βI 2βI −I
−I −I 2

β I

B(yk − ỹk)
C(zk − z̃k)

λk − λ̃k

 .

By using the inverse of the core matrix of QT in (G2-3), the correction form can be simplified toByk+1

Czk+1

λk+1

 =

Byk

Czk

λk

− α
 I −I 0

0 I 1
β I

−βI −βI 2I

B(yk − ỹk)
C(zk − z̃k)

λk − λ̃k

 , α ∈ (0, 1). (G2-9)
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H1-¦¦¦)))���555���åååààà`̀̀zzz¯̄̄KKK���ýýýÿÿÿ-������...222ÂÂÂ���CCC:::���{{{
�D���#Â¼–II maths.nju.edu.cn/˜hebma Û])

1 ���555���ååå���ààà`̀̀zzz¯̄̄KKK999ÙÙÙCCC©©©ØØØ���ªªª���PPA���{{{
·�r�5�åà`z¯K�Lagrange¼ê�Q:8(�¦C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (H1-1)

�). �¦)ù�C©Ø�ª,·�kXe��C:�{ (PPA)

���CCC:::���{{{(PPA)1 k-ÚS�l�½�Ø%Cþ vkm©,¦�#�S�:wk+1,¦�

wk+1∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1) ≥ (v − vk+1)TH(vk − vk+1), ∀w ∈ Ω, (H1-2)

¤á. Ù¥H´é¡�½Ý
. �O��{¥u = (x, y), w = (x, y, λ), v = (y, λ). k��/¥ v = w.

ò (H1-2)¥?¿�w ∈ Ω��w∗,Òêþ�� (vk+1 − v∗)TH(vk − vk+1) ≥ 0.

� a = (vk − v∗), b = (vk+1 − v∗),|^ bTH(a− b) ≥ 0 ⇒ ‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H k

(PPAÂñ5�) ‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀v∗ ∈ V∗. (H1-3)

2 ýýýÿÿÿ-���������{{{���ÚÚÚ���µµµeee999ÙÙÙÂÂÂñññ555
Ø
PPA,·��k¦)C©Ø�ª (H1-1)�ýÿ-����{Ú�µe.

[ýýýÿÿÿ]1 kÚS�l�½�Ø%Cþ vkm©,¦�ýÿ: w̃k,¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω (H1-4)

¤á. Ù¥Ý
QT +Q�½.

[������]�âýÿ��� ṽk,�ÑØ%Cþ v�#S�: vk+1�úª�

vk+1 = vk −M(vk − ṽk). (H1-5)

·�¡ (H1-4)¥�Q�ýÿÝ
, (H1-5)¥�M���Ý
.

ÂÂÂñññ555^̂̂��� é�½�ýÿÝ
Q,�¦�O���Ý
M÷vXe^�µ

�3�½Ý
 H � 0 ¦� HM = Q, ¿� G := QT +Q−MTHM � 0. (H1-6)

35lÐØN´nÑ���{�¿Ø¤§�E�q�{6�á��½nG¥,·�y²
Â 5�

(�{Âñ5�) ‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (H1-7)

ýýýÿÿÿ-���������{{{ (H1-4)-(H1-5)ÚÚÚ���CCC:::���{{{ (H1-2)���mmm���'''XXXµµµ e (H1-4)¥�Ý
Qé¡, ÒPÙ
�H ,¿PÙ¥� w̃k�wk+1,B�� (H1-2). ù���u3 (H1-5)¥�M = I , (H1-6)¥�GÒ�uH .
du ṽk = vk+1, G = H ,ýÿ-���{�Âñ5� (H1-7)Ò¤
�C:�{�Âñ5� (H1-3).

3 ÚÚÚ���µµµeee¥¥¥���{{{ÂÂÂñññ555,,,���­­­���555������yyy²²²
÷vÂñ^� (H1-6)�Ú�µe�{Ø=äkÂñ5� (H1-7),S� {‖vk − vk+1‖H}�´üNØO�.

½½½nnnH ¦)C©Ø�ª (H1-1),� {vk}, {w̃k}´dýÿ-��µe (H1-4)-(H1-5))¤�. XJÂñ5^
� (H1-6)÷v,Kk

‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H − ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G. (H1-8)

�{ü/`,k
‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H . (H1-9)

H1 – 1



yyy²²² �â (H1-4),·�k

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω (H1-10)
Ú

θ(u)− θ(ũk+1) + (w − w̃k+1)TF (w̃k+1) ≥ (v − ṽk+1)TQ(vk+1 − ṽk+1), ∀w ∈ Ω. (H1-11)

òØ�ª (H1-10)Ú (H1-11)¥?¿�w ∈ Ω©O�� w̃k+1Ú w̃k,��

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk)

Ú
θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1).

òþãü�Ø�ª�\¿|^ (w̃k − w̃k+1)T
(
F (w̃k)− F (w̃k+1)

)
= 0,Òk

(ṽk − ṽk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 0. (H1-12)

3Ø�ª (H1-12)ü>\þ {(vk − ṽk)− (vk+1 − ṽk+1)}TQ{(vk − ṽk)− (vk+1 − ṽk+1)},��

(vk − vk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 1
2‖(v

k − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q).

|^ HM = QÚM(vk − ṽk) = (vk − vk+1) (�(H1-5)),Òk

(vk − vk+1)TH{(vk − vk+1)− (vk+1 − vk+2)} ≥ 1
2‖(v

k − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q). (H1-13)

��,|^ð�ª ‖a‖2H − ‖b‖2H = 2aTH(a− b)− ‖a− b‖2H Ú (H1-13),·���

‖vk − vk+1‖2H − ‖vk+1 − vk+2‖2H
= 2(vk − vk+1)TH{(vk − vk+1)− (vk+1 − vk+2)} − ‖(vk − vk+1)− (vk+1 − vk+2)‖2H
≥ ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q) − ‖(v

k − vk+1)− (vk+1 − vk+2)‖2H . (H1-14)

éþªmà����|^ (vk − vk+1) = M(vk − ṽk) (�(H1-5)),k

‖(vk − vk+1)− (vk+1 − vk+2)‖2H = ‖M(vk − ṽk)−M(vk+1 − ṽk+1)‖2H , (H1-15)

d (H1-14), (H1-15),¿|^QT +Q−MTHM = G,Ò��

‖vk − vk+1‖2H − ‖vk+1 − vk+2‖2H ≥ ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G.

ùÒ´ (H1-8),y²�.. 2

½nH´éýÿ-���Ú�µe��{y²�. PPA´Ú�µe�{�A~,½nH�(ØÓ�¤á.

4 ���âââÂÂÂñññ^̂̂���������ddd555���������ýýýÿÿÿ-���������222ÂÂÂ���CCC:::���{{{
÷vÂñ^� (H1-6)�Ú�µe�{äk¤�5� (H1-7)Ú (H1-9). XJÚ�µe¥�,��{U


¦� (H1-7)mà� ‖vk − ṽk‖2G �u ‖vk − vk+1‖2H ,@Ò���¤��PPA�5� (H1-3).
ù´�±��� ! �ýÿ (H1-4)¥�ýÿÝ
Q÷v QT +Q � 0,·�o�±�

D � 0, G � 0 ¦� D +G = QT +Q. (H1-16)

,�- MTHM = D,dÝ
�§|)�{
HM = Q,

MTHM = D.
⇐⇒

{
HM = Q,
QTM = D.

⇐⇒
{
H = QD−1QT ,
M = Q−TD.

(H1-17)

��÷vÂñ^��M = Q−TDÚH = QD−1QT . 2¢1�� (H1-5),Âñ5� (H1-7)E,¤á.

ýýýÿÿÿ-���������222ÂÂÂPPA.3Q�é¡�ýÿ-���{¥,XJ3 (H1-16)¥��éAÏ�DÚG,¦�

D = G = 1
2 (QT +Q) (H1-18)

duD = G,Â Ø�ª (H1-7)Ò¤�

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2D, ∀v∗ ∈ V∗. (H1-19)

Ï� D = MTHM (� (H1-17)),|^M(vk − ṽk) = vk − vk+1 (� (H1-5)),Ø�ª (H1-19)Ò¤


‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀v∗ ∈ V∗. (H1-20)

ù´� (H1-3)/ª�Ó�Â Ø�ª,Ïd·�¡�A��{�ýÿ-���2ÂPPA.

2ÂPPA����±dQT (vk+1 − vk) = 1
2 (QT +Q)(ṽk − vk)�¤. {vk}ä�5� (H1-9)Ú (H1-20) !
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1 The variational inequality and the algorithmic framework
Consider the multi-block convex optimization problem

min
{∑p

i=1 θi(xi)
∣∣ ∑p

i=1Aixi = b, xi ∈ Xi
}
. (H2-1)

The Lagrangian function of the problem (H2-1) is L(x1, . . . , xp, λ) =
∑p
i=1 θi(xi)−λT (

∑p
i=1Aixi−b), which

is defined on Ω =
∏p
i=1 Xi×<m. Note tha the saddle point of the Lagrangian function, say (x∗1, . . . , x

∗
p, λ
∗) ∈ Ω,

can be described the solution of the following variational inequality:

(VI) w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (H2-2)

where Ω =
∏p
i=1 Xi × Λ, θ(x) =

∑p
i=1 θi(xi),

w =


x1

...
xp
λ

 , x =

 x1

...
xp

 , F (w) =


−AT1 λ

...
−ATp λ∑p

i=1Aixi − b

 . (H2-3)

We still use Ω∗ to represent the solution set of the variational inequality (H2-2). For solving VI (H2-2), we have
proposed the following algorithmic unified framework which consists a prediction and a correction.

[Prediction]. Start from a given wk, find a predictor w̃k ∈ Ω, which satisfies

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω, (H2-4a)
where the matrix Q is not necessarily symmetric, but the kernel of QT +Q is positive definite.
[Correction]. The new iterate (corrector) wk+1 is given by

wk+1 = wk −M(wk − w̃k). (H2-4b)
where M = Q−TD, D is chosen which is satisfied D � 0, G � 0, D +G = QT +Q.

Because M = Q−TD, the correction can be achieved by QT (wk+1 − wk) = D(w̃k − wk). (H2-5)

2 Prediction B.S.He, S.J.Xu, X.M.Yuan, Handbook of Numerical Analysis, 24 (2023) 511-557.

Start from a given (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk), obtain w̃k = (x̃k1 , x̃

k
2 , · · · , x̃kp, λ̃k) via:

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + 1

2β‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λk + 1

2β‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...
x̃kp ∈ arg minxp∈Xp

{
θp(xp)− xTpATp λk + 1

2β‖
∑p−1
j=1Aj(x̃

k
j − xkj )+Ap(xp − xkp)‖2

}
;

λ̃k = λk − β
(∑p

j=1Aj x̃
k
j − b

)
.

(H2-6)

The optimal condition of the xi subproblem is

x̃ki ∈ Xi, θi(xi)− θi(x̃ki ) + (xi − x̃ki )T {−ATi λ̃k + β
∑i
j=1Aj(x̃

k
j − xkj ) +ATi (λ̃k − λk)} ≥ 0, ∀xi ∈ Xi.

The formula which yields λ̃k can be rewritten as

λ̃k ∈ <m, (λ− λ̃k)T {
(∑p

j=1Aj x̃
k
j − b

)
+ 1

β (λ̃k − λk)} ≥ 0, ∀λ ∈ <m.
By using the notations θ(x) and F (w), we obtain the following variational inequality for the prediction.

Lemma 2.1 Let w̃k ∈ Ω be generated by (H2-6) with given (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk). Then we have

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω, (H2-7a)
where

Q =


βAT1 A1 0 · · · 0 AT1

βAT2 A1 βAT2 A2
. . .

... AT2...
. . . 0

...
βATpA1 βATpA2 · · · βATpAp ATp

0 0 · · · 0 1
β Im

 . (H2-7b)

H2 – 1



3 Correction (H2-5) by using the kernel matrix arXiv:2107.01897v2[math.OC].

QT +Q =


AT1 0 · · · 0 0

0 AT2
. . .

... 0
...

. . . 0
...

0 0 · · · ATp 0
0 0 · · · 0 Im




2βI βI · · · βI I

βI 2βI
. . .

...
...

...
. . . . . . βI I

βI · · · βI 2βI I
I · · · I I 2

β I




A1 0 · · · 0 0

0 A2
. . .

... 0
...

. . . 0
...

0 0 · · · Ap 0
0 0 · · · 0 Im

 .

is positive definite (whenever each Ai, i = 1, . . . , p, is full column rank matrix) and

QT =


AT1 0 · · · 0 0

0 AT2
. . .

... 0
...

. . . 0
...

0 0 · · · ATp 0
0 0 · · · 0 Im




βI βI · · · βI 0

0 βI
. . .

...
...

...
. . . . . . βI 0

0 · · · 0 βI 0
I · · · I I 1

β I




A1 0 · · · 0 0

0 A2
. . .

... 0
...

. . . 0
...

0 0 · · · Ap 0
0 0 · · · 0 Im


The center part of the matrices QT +Q and QT are called their kernel matrix and denoted

QT +Q=


2βI βI · · · βI I

βI 2βI
. . .

...
...

...
. . . . . . βI I

βI · · · βI 2βI I
I · · · I I 2

β I

 and QT =


βI βI · · · βI 0

0 βI
. . .

...
...

...
. . . . . . βI 0

0 · · · 0 βI 0
I · · · I I 1

β I

, (H2-8)

respectively. Note that Q−T has the simple form because QT is a nonsingular upper triangular matrix !

Since the k-th iteration begins with a given (A1x
k
1 , A2x

k
2 , . . . , Apx

k
p, λ

k), for starting the next iteration, the
correction this iteration needs only to offer (A1x

k+1
1 , A2x

k+1
2 , . . . , Apx

k+1
p , λk+1). There are infinite combi-

nations of D and G that meet the conditions, we only take the following example for illustration.

D is proportional toG D = α
(
QT +Q

)
and G = (1− α)

(
QT +Q

)
, α ∈ (0, 1)

D=α


AT1 0 · · · 0 0

0 AT2
. . .

... 0
...

. . . 0
...

0 0 · · · ATp 0
0 0 · · · 0 Im




2βI βI · · · βI I

βI 2βI
. . .

...
...

...
. . . . . . βI I

βI · · · βI 2βI I
I · · · I I 2

β I




A1 0 · · · 0 0

0 A2
. . .

... 0
...

. . . 0
...

0 0 · · · Ap 0
0 0 · · · 0 Im

. (H2-9)

The solution of the system of equations QT (vk+1 − vk) = D(ṽk − vk) can be obtained by solving
βI βI · · · βI 0

0 βI
. . .

...
...

...
. . . . . . βI 0

0 · · · 0 βI 0
I · · · I I 1

β I




A1x

k+1
1 −A1x

k
1

A2x
k+1
2 −A2x

k
2

...
Apx

k+1
p −Apxkp
λk+1 − λk

= α


2βI βI · · · βI I

βI 2βI
. . .

...
...

...
. . . . . . βI I

βI · · · βI 2βI I
I · · · I I 2

β I




A1x̃

k
1 −A1x

k
1

A2x̃
k
2 −A2x

k
2

...
Apx̃

k
p −Apxkp
λ̃k − λk

.

Because


βI βI · · · βI 0

0 βI
. . .

...
...

...
. . . . . . βI 0

0 · · · 0 βI 0
I · · · I I 1

β I



−1

=



1
β I − 1

β I 0 · · · 0

0 1
β I

. . . . . .
...

...
. . . . . . − 1

β I 0

0 · · · 0 1
β I 0

−I 0 · · · 0 βI

, finally, we get


A1x

k+1
1

A2x
k+1
2

...
Apx

k+1
p

λk+1

 =


A1x

k
1

A2x
k
2

...
Apx

k
p

λk

− α


I −I 0 · · · 0

0
. . . . . . . . .

...
0 0 I −I 0
I · · · I 2I 1

β I

−βI 0 · · · 0 I




A1x

k
1 −A1x̃

k
1

A2x
k
2 −A2x̃

k
2

...
Apx

k
p −Apx̃kp
λk − λ̃k

 . (H2-10)
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