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2013F A2 EREEMRILIE maths.nju.edu.cn/hebma AL

1 ZTHAFEANRBWEHEEE EHFERNASEEENSHARAETRRTHNET= )
QO CR B—MESHME, F R — R —PIRS. ZEKRBHEFTHSITEFR
(VD) weQ, (u—u)TFu)>0, Yuec. (A1)

HO=R", BEMADRBULMRIFLMEFIZEE F(u) = 0.
BMNRE—ANTNF-FXEE, 2EEINETFFH
& (u—v)T(F(u) — F(v)) > 0. ERBESTER (AD
IR AT, SEERHATR o FER 8, > 0,

u

FIRHE 0 v
¥ = Pouf — BrF(ub)] (A2)
B R—N NS oF. BEHMBIZ RIS (A2) 24 oF BHEENRY 5, REfES TN S oF 7# 2
Bell F(u*) — F(@*)| < vlu* —a"|, ve(0,1). (A3)

Ban ot = of, o R (AD B BN, REETUTHSREITHNER. 5% OELREZFMEL
B RAEEMR: SHEER v € R, B Po(v) "RRv B Q LR, B

(v = Po()"(u— Pa(v)) <0, Vue (A4)
EAYFL v =1u" - B F(u*), BBAH (A4 15E] " = Po(v), M (A4) 155
i* € Q, (u—af)T{a" - [u* - BF(WM)]} >0, VueQ (AS)

£ EEA (AS) RFEBER M £ (v — aF)Td(uk, o), B
d(u®,a") = (u* —a") — B [F(u") — F(
MM (A2) BEIRNFZ2H9TN AN

(A6)

*
0

[ @ e, (u—a")TBF(EF) > (u—af)Td(u”, @), Yue Q. (A7)
% (A7) RIEEM v € QIEBRENMRS o, FIF (AD 0 F(u) BEBEM, 8 (0F — v)TdWr, a%) > 0, Btk
(u* —u)Td(u, a*) > (u* —a*)Td(u®, a"). (A8)
H d(u”, 7*) BIFRIZERFRIE (A3), FIA Cauchy-Schwarz NER, #1S
(b — @) Td(ub, ") > (1 v)|ju® — a2, (A9)
Bk # o B, (A8) RA d(u”, i) REEEEH 1 |u — v 7E u* W — EFH 5 E. ATLLA

(BB KHIRIE] uF =P —d(u, ak) 0% i 0rS A=W (A10)

HA6)AH, 2(u’ —ah)Tdw, a*) — [|du”,a")|? = ||u* — a*|? - B2| F(u*) — F(a*)|?. (A11)
Eit, [uf =[P = [ = )? = 2(ub —ut) (b, @) — [d(u®, )2

> 2(uf —aF)Td(ub, ak) — ||d(u®, @*)|)? > (1 = v?)|Ju® —a"|2. (A12)

GHESKMKIE] WP =k —agd(uF, ) FEE u BIEAER A (A13)

HepSK of B af = (" — ") Td@r, ab)/||d@b, a%))?  HBH. (A14)

B (A11) R (A3), BB S 2(uh — a8 d(uF, @*) > [|d(u®, ) |2, B of > L. BERA

o — | = =P = Pt =t - oGt i)
= 20 (uf —u)Td(u", @") = (af)?d(u”, a")|> FIF (A8)F(A14)
> aj(uf—a")TdWr, @) > J(1 - vl -2 @E—ITERAT A9) (A15)

WHERZR (A12) 1 (A15) BIFFBEERSH AR F. SR ZER (A7) BIRH 8, F(aF) F d(u®, a*) FR
A—FEERFE. FEBFIERANEYZ AR RAKE 8. F(a*) F (Al14)  HHAEK o), B

BEFRIE] o' = Polu” — af B F(37)] 573k (A13) EBRIHMBEIER (A15), ¥ B.

X FEEFE, BESK. REE REREMREF! BME AEF0, HFEE! X
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2 SMARORUSRNERENGE—IER SRaREE 2015 2018 BEFRYE)
BIEZT A AFRER T LM AR S RRGEE L, A=A B O Lo
min{6;(z) + 02(y) + 05(2) | Ar+ By +Cz=b, z € X,y € Y,z € Z} (A16)

FBIMATLE. 18188 (A16) BNRIREA R R L(x,y, 2, \) = 01(2) + 02(y) +03(2) — \T (Az 4+ By + Cz —b).
RIARBA A RBAVERS (2%, v%, 2%, A7) (HA (2,9, 2) ARBEE, N AMNBER) HE

L)\E%m ('T*a y*a Z*a )‘) < L(JJ*, y*7 Z*7 A*) < L;CEX,yEy,ZEZ('r7 Y, =, A" )
FIRER w* = (2, y", 2, ) BIRARRVER GES T2 CH D), EFIREAMTHESAFA:
VD) weQ, 0u)—0u)+ (w—w)Fw*) >0, YweQ, (A17)
,E\:EP, Q:Xx))xe%m, 9(u):91($)+92(y)+93(z), #E.

x —AT)
v BT\
_ I _ -
u-<y>, w=1 7| F(w) = T . (A18)
o A Ax+By+Cz—b

FEE (A18) Y F(w) 168 (w—w)T (F(w) — F(w)) = 0.
Mz 0(v) REERBA—E/R), HBAIR (A17) ARFCEABATER, BIHRBATSTER.
BMEENBERPWREE L LUNKRBELIFEST T —#‘tﬂ%ﬁ (A17) BTN - K IE W e 5.

(U] XEER oF (ERRA S BERAADMMA v = (y, \), BEEZEP v = w), RIBL o, E15
" € Q, O(u) — 0(@F) + (w — ") T F@@") > (v - F)TQMF — o), Yw € Q, (A19)

IMREERE QT + Q EE(Q F—EXIHR). liIFR (A19) A& AT,

FIAFM (A19), TR KRB AT HTAZER (A17) BITUN-HE B9 % —HEZE. (ADMMAE—ME)).

B SKIKRIE] RARMSK, FERSHREARA
P =k — MR — o%). (A20)
& &M (A19) FIEAGLE K HIFRIE (A20), LA —NFUN-#R EBAMESS, HILSM &R :
[Hasit ] BRFEERIER H, fEiBES | BISLAER F ) (4.4)-(4.6)
HM=Q #B G=Q"+Q-MTHM ~0. (EXE) (A21)

% (A19) FEEN w € QIEREMES o, FIA (0 — w*)TF(d) = (0 —w*)TF(w*) Mo 2FX—ESL,

B2 @ —v)TQEF —o*) > 0. #HMEA (W —v)TQEF —F) > (WF —M)TQMF — ).  (A22)

05— w13 = ok — v [|% — ||(vF —v) — M(vk — ) (R HM = Q)

> (0 =) TQT + Q) (v* — ) — |M(0* — )% BV [ — ¥ |13 (A23)

T3 (A26) SR —IEZRE AR (A2) BRIER T, SR EE RS [of) EEWNHEER

[ (X 2R SRS B X A Z ) (A24)

538 TR (A19) FIARIE (A20) HIRRHISRAR VI BIFE (A17) RIBEAG—HESR, St (A21)if B AT 75 AR,
1RIE (A19), BATLUANE] §1 thE /B HAE T ESKMIE, XEM H AEEMNERER A Ss

1If%). B (A22)FIQT+Q IEE, FE H'Q((vF — %) REEEH L|jv — v*||% FE o* LM— EFATTE.
Hn[E §1 IS U E LA T (AS), ATLLA (A13)-(A14) FHTHRIE. #RIE (A22) LTI E S IIKIE:

[v* = v* (1% —

— v [[7 < Jlo* =t - Ilo* - 5"

[(HEPKKRIE] SHEEWIEERER H, BT EMNE RFHTER S
=0k —ap MWt - 3%), HF M=H'Q, (A252)
K ap B o= (0" -")TQW" ")/ |ME" )|} R (A25b)

0"+ — o* 3 OBV ok — 0|3 = (|08 —v*) — ap MR = dM)E (FIR M = Q)
> o (vF — ) T(QT + Q)(v* — *) — af (o |M(W* — 7)|3) “E” Lagllvh — *|2gr ). (A26)

lo* — o[ -

N BOANFRRIREWERE 2 ORI D RIEGERE, —FE%&, —MER | K
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B1- TS A FA WA E L PRI ZESE RISk 75 7k
R ZEE 5 AN EEK 5 5% maths.nju.edu.cn/hebma A {FE

1 ZFHEFEMER KR E (VIR RPCERZINSHA AT TR ETE)
®QCR B—METHAME, F 2R — R — DS ZERBRBATHIER
(VI) weQ, (u—u)TFu)>0, YVuec. (B1-1)

MR EXF Q= R7 FAEGIMNR), EHAEFER B1-1) BAE—NEAMF)RE (Complementarity Problem):
(CP) wt>0,  Fu)>0, (u)TFu')=0. (B1-2)

BAER, TANEEER Q = R ESFAFR.
BMNE—1MESTEFELNRE RREPNETFH
Eu—v)T(Fu) — Fv)) > 0. ERBTITAER
(Bl-1) MR EWHEE LS, MR ENHAT R NE

u

#po, > 0, ZMF B 0 v
k= Po[u® — BLF(u)] (B1-3)

R NTA oF. B0 aF = oF, o BER B1-1) B BN, SEFHITETUT 2 Fanis«.
RTINS aF B3R (B1-3) h, BREH 6, BUSHE

Brll F(u®) — F(a")| < v|ju® —a*||, v e (0,1). (B1-4)
MEFREENA LRRFHEEMR: JMEENv e R, B Po(v) ®xvEIQ LR, B
(u— Po(v))"(v—Pa(v) <0, YueQ. (B1-5)
£ B1-5) % v = uF — BL.F (u*), BBAE (B1-3) B8] 0F = Po(v), FM (B1-5) 53
@t e Q, (u—a")T{[u* - BF")] —a} <0, Vue. (B1-6)
EREBEM L (v — aF)T B F(aF), BISRIFRMNE TS B1-3) HFTUAN
[Fo a* e Q, (u—aTdWr, a*) < (u—a*)T B F(@*), Yue Q. (B1-7)
Hrh d(uf,a%) = (¥ — aF) — B[F(uF) — F(a")). (B1-8)
EX 1 (EFEERFE) EETES B1-3) SEMNFTNESFER B1-7) B, FFEHR
dwk a®y M B F@h),  HA—XTEEFE. (B1-9)

#B1-7) P w € QEREENES o, FIA F(v) BWERFMERN BI1-1), 8
(@ — u)Td(u”, @*) > (@* — u*)TBLF (a") > (@* — u*)T BrF (u*) > 0.

E i, #mE
(u* — u)Td(u®, a*) > (uf — )T d(u®, 7). (B1-10)
EX 2 WhikA*E) KA (B1-9) p—3ZE4 5 E#FITHRIER
ﬂ'—u u‘];:—‘rl(a) :uk _ad(uk’ak)’ (Bl-ll)
ubi™ (@) = Poluf — o F(i¥)], (B1-12)

ARG % B o RERKFELSK.

MEBLENBER u* € O, TS

% Ir(a) = [[uf —u*|* = Juf* (@) — | (BI-13)

Gr(a) = flu® —u** = fluf™ (@) —u*|. (BI-14)

EMNZRET K o 89 kRIERAUE, ELK o BIRH

BANRBEEIERAIN 05 () F G (o), BAERBERME u*. FEBHER X &
gr(a) = 2a(uf — @*)Td(u", @%) — o?||d(u®, )| (B1-15)

REMNTHR. ATHRIE (o) > 0, BAVEERTN S o~ 8935 (B1-3) B, ZKRSH 5, 15 (B1-4) AL
X RIEICH) §2, AVFSIUERA, MR o, G (o) T Ji(a).
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2 WERGERUWAETE R (& MHEE 2016 BRI ERFFIRS EE 1 )

EE RN (o) Fub T (o) BB ASEE L. XA RIE (B1-13) F1 (B1-14) E X 95 (@) F ¢ (), B
Ii(e) 2 qu(@) F CGe(a) = qr(a) + [luf™ (@) — uff (@), (B1-16)

Heh g.(o) B BI-15) % H.

MERR. #R#E (B1-13) B3t 9 (o) BIE S, FIF (B1-10) #A1H

Op(@) = o —u*|? = fluf T (@) —u|?
*||2

= ||u* —u ub —u* — ad(u®, a*)|]?

20(u” —u)Td(u", i¥) — o?|d(uF, a*)|?
k ﬂk)Td(uk,ﬁk) —a2||d( k ~k)H2 Q
qi(a). (B1-17)

vl
[\
2

RAVERR T EERME—BS. MEENEZIS, BA o) (o) = Poluf — aBuF(@*)] M u* € Q, IRIBH
TEHMRMAZEE SEELE),. B

[ufi™ (@) = w*||* < |u* — appF(@*) — u|]* = [[u* — aBp F(a") — uli™ (a) ]| (B1-18)
Eit, FIA (o) BEX K (B1-14)), EMA

Cela) > Jluf — | = [[(u* = u*) — aBpF (@) |* + || (u* — uli™ () — appF(@")|>

= 2a(u’ —u) B F(@") + 2a(ulf (@) — uM)T B F(@F) + [[uf — uf (a) |2
[ — uit (@) + 20y (@) — u*) T B F (@) (B1-19)
¥% (B1-19) FABIRE—TT (uf (o) — u*)T B F(0F) 534FM
(uh ™ (@) = )T B F(@") = (uj (o) — @) T B F(@¥) + (@ — u*)T B F (@),

FIABAM, (@F — u)TBLF(@F) > (@F — u)TBLF(u*), ERAHBZETIES. KN (B1-19), #H—EH15

* (@) > [Ju* = uft (@) + 2a(ul™ (@) — @) B F(@"). (B1-20)
ER ul™ (o) € Q, BFEER B1-7) PREE u € Q, 153
(uf ™ (o) — @) BF (%) > (uf (o) — @¥)"d(u”, 7). (B1-21)
B B1-21) K (B1-20) HIF3H, 3E
Gela) > [|uF — uf ()2 + 2a(ulf ! () — @) d(u*, ). (B1-22)
st bR A, FIA g (o) BRR ABI1-15), IR
Ge(@) > [lu* —ul (@) + 20(ufi™ (@) — @) d(u”
= |l —u’”l( )H2+2a(u"“() uF)Td(u* >+2a< k)T d(u*, )
= |l(w* —ufi™ (@) — ad(u®, @¥)|* — o®|ld(u ,a>||2+2a< J’C)Td(u’“,ﬁ’“)

= (" —uj (@) — ad(w®, @")|* + q(@).
FIA BI1-11), ERAIHNE—BIRE v () — uf ™ (@)||2. REMTER T L (B2-16) B9IERH. O
XANERIRAA, g (o) & % (o) T G () BITR. SRR o, (o) T 9 (o). BT (o)

aj, = argmax{gx(a)} = (u* — @) Td(u", @")/||d(u", @")|]> (B1-23)
LB HRKXEEEEREEASIFEK) of HEUE). EXFRTES, ZRIRAKELAR
(BBEE-1) o = ub — yagd(u”, a") (B1-24)
B
(BHREE-2) o = Polub — yol B F(@")] (B1-25)

FEFIER = oL, Bl of #8E (B1-23) LA, MEF v € (0,2), HAEEEy € [1.2,1.8].

RAKREAR (B1-24), ERFLRER o TRBMIRS. ZMREES, 20 EFRRZRNEER
= QBEER—EIMREEER), Bt ERBRELR (B1-25). XA HMEHERENRTIHN
BRI = Hh A EIFMAIRER. EXSIE RS FLERR AT IASE E R
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B2-Z M T A FABRZW AR E LD HZEYE SRk E
UL HYZEAE 5 AN Th Tk 75 5% maths.nju.edu.cn/"hebma {A] (4%

1 ZEHFEMERE KRG E (VIBR A RPCEREZNESFAAAERRIINETRIE)
B O C R B—AMESHIE, M R g € B0 EERMBAMBFTH TSR

(LVI) e, (u—u)T(Mu*+q)>0, Yue. (B2-1)
R EXF O =R, LVI (B2-1) BiE— 1% E4#MaJRR (Linear Complementarity Problem):
(LCP) u* >0, Mu* +¢ >0, ()T (Mu* +q) = 0. (B2-2)

BANEYE, LCP 2 Q = R} BLVL —ALVI i, RIsH PR —EXFRIIERE M #HE (MT + M) = 0.

FERBEMTSTEFR (B2-1) MIRFWHEE LS, 5t
LRERLRTR " MBS > 0, RINFIMRE

= Polu® — B(MuF + ¢)] (B2-3)
DR o R (B2 b, BREY K
SBEER || M (u — )| ~ b — 6] 8.

BRI aF = ok, uk TR (B2-1) HORR. BN, MEHITET AT 2 MHIERIEK.
LR EREAMA LEFRRHNERMR: IMEERM v e R, A Po(v) Rx v B Q LIRS, B

(u — Po(v))T (v — Po(v)) <0, Yu €. (B2-4)
£ (B2-4) FL v =uk — B(MuF + q), BBAHE (B2-3) BEI 0¥ = Po(v), FM (B2-4) 157
it e, (u—a")TWr —a*) < (u—a"TB(Mu* +q), YuecQ. (B2-5)

ERXFOEMLE (v —aF)TBMT (uF — aF), B BRI FRMNETIRS B2-3) FUUA R
[FEM] (uw—ab)T( + M) (uF —aF) < (uw—a®)TBMT (¥ — @*) + (MuF + q)], Yue Q. (B2-6)

EX1 FERFE) EETHRS (B2-3) WANESREFN (B2-6) F, 75 MiKH

(I+BMTYWr —a@*) 1 BIMT(u* — %) + (MuF + q)] FRA—IIZEE 5. (B2-7)

B dWh,ab) = T+ M7 —ab),  g”,ab) = gMT (uF — aF) + (MuF +¢)].  (B2-8)
EX 2 %) PR (B2-7) P—3ZEE T EEITRIERNTTE:

bt (@) = uF — ad(uf, aF) Fn ub (@) = Polu® — ag(u®,a")) (B2-9)

A% B o RERKNFEL K.

R, SEEAERES «* € QF, 311
D(a) = luf — w2 = b (@) — |2 A1 Gula) = b — | — (@) —ulP. (B2-10)
ENREKBT K o B0 ERERBLE, BESK o BIREL

BN BEEERAN Or (o) M (o), BEAEZERM v*. TEFIERRERE
ar(@) = 2a|ju® — aF||? — o?||d(uF, a*)|]? (B2-11)

ZEMNHTRE. 7£5§2 B, FHAVFIUERR, MR o, G () BT 9 (o). BRI EFRIE ZFhr5 LR iF!
XANERAERBMEEEEB1RIELMRBEHER—LE. BT aF ¢ Q, RIBLVIKE X (B2-1), Fi1E

(@* —u)TB(Mu* +q) >0, Yu* € Q. (B2-12)
ERTUKRB K {(vF — u*) — (uF — @*)} T B{(Mu* + q) — M(u* —u*)} > 0. B MT + M = 0, 53|
(u* —u)TBIMT (u* — @) + (Mu* + q)] > (uF — @) B(Mu” + q), Vu* € Q. (B2-13)
1% (B2-5) P EEM v € QIRA v*, MH
(@* — u)T{(uF — a¥) — B(MuF +¢q)} >0, Vu* € Q. (B2-14)
% (B2-12) F1 (B2-14) IR {(u* — u*) — (b — a*)}TB{(u* — aF) — M (u* —u*)} > 0, FIA (B2-8) F
LS d(u”, o) 5E (u* —u)Td(u®, a*) > |u* — a%?, Vu* € Q. (B2-15)

B2-1



2 WA ERBAEME R (TR 2016 ERTERIE SRS EE 1 )

EE RN () Fub T (o) BB ASEE AL YT (B2-10) EXHI 91 (o) F1 (), B
k(@) = qe(e)  F G(@) > qr(@) + uf™ (@) —uf (@)%, (B2-16)
Heh g (a) B (BI-15) B H.

HERA. #R#E (B2-10) X 94 (o) BIE X, FIFA (B2-15) FKA1H

Oi(a) = [Ju* —u*|? = [Juf T (o) — u*|?
E Huk_u*”Q ”u —u* —ad(uk,ﬂk)HQ .
= 2a( )Td(u ak'> —a2||d uF ak)HQ I
> 2aleb - &P - a?d(eb, )P Q
= qr(@). (see(B2-11)) (B2-17)

ﬁzﬂ]ﬂﬁﬂ TEENE—HS. MEBRNEZHY, BR u) (o) = Polub — o F(a*)] Fu* € Q, IR1EH%
FHMRMRZEER (SEHLE), B

™ (@) —u*|* < u* — ag(u®, @*) — || = |lu* — ag(u®, @) —uy (@)%, (B2-18)
Etk, FIA (e (a) BIEX (A (B2-10)), 3A1H
(@) = lub =) = [|(u* = u*) = ag(u®, @")|* + [|(u* — uf () — ag(u®,a")|?

= [lu* = ul (@) + 20(ufi (@) — u) g (¥, a"). (B2-19)
1% (B2-19) FABAIIE—IR (v (o) — u*)Tg(ub, 0) 53R
(uf ™ (@) = u)Tg(u*, ") = (uf (o) — @) Tg(u*, @) + (@ — u)Tg(u*, a"). (B2-20)
& (B2-20) HiREIE—R5Y, FIA o} (o) € Q#0 (B2-6), #A115E!
(uf (@) = a*) g(uh,@") > (uf (@) —@*)Td(u",a")

= (Wi (@) — ) Td(W", @) + (uF — @) TdWb, "), (B2-21)

BE (B2-20) BImHIE TS, (@ — u)Tg(u”, a*), BEDIR
(@ —u)Tg(u”, a") = (u* —u)Tg(u®, a*) — (u* — a*)T g(u*,a"). (B2-22)
FIRIES g(u, a¥) F1 (uF — u*)Tg(u¥, a¥) > (uF — a¥)T (M + ) (B (B2-13)), #HA1SE
(@ —u") g @) = (u* —u)Tg(ub, ") — (" —a") " g(u, a")
> (uf — @) B(MuF + q) — (uF — a*)TBMT (uF — @) + (MuF + ¢))
= (B2-23)

1% (B2-20), (B2-21) #1 (B2-23) 1810, #A

(u’;I-l-l(o() —u*)Tg(uk’ﬂk) > (u’;I-i-l(a) _ )Td(u i )+ H“ akH2 (B2-24)
BIF (B2-24) R\ (B2-19), (&5
Glo) 2t~ @I + 200 (@) — )T dlF, ) + 20t — 2
k.

= [l(W* = () — ad(u, @) |? = o[l d(u*, @")|* + 2au” — @2
7 @) = (@ )||2+qk( )
XHFTER T EIRLEIL (B2-16) BIIERR. O
XANEIRA, g1 (o) B Ik (a) 1 G(a) TR MR , G (o) BT 9k (o). BF qi(o) 7
ap = argmax{gg(a)} = u* — @*)|?/||d(u*, @")|]? (B2-25)
LB HRAXEHEREBA§IFEK) of WEGE). ZEZFRTEF, HITRAKELAR

= lu

ubtt =k — yagd(uF, k) ultt = Poluf — yagg(uf, a¥)] (B2-26)

FEFRNER S o, HR o 8 (B2-25) 4, #R#EF v € (0,2), HA1EER y € [1.2,1.8].
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C1-FIR T3 A ZFIERASE F 32 B /5 [817% (ADMM) HY 5 SR US4 14 JoR
AT AFNATEMIERT A maths.nju.edu.cn/"hebma {AJE4E

1 ANATSEREOACEEMENNESAFR
T’F X F [EEADMM)RL IR R 2 F N AT 43 B R A AR 4L [a) 3
min{6,(z) + 02(y) | Ar+ By =b, x € X,y € Y}, (C1-1)
Ho o, (x),0:(y) k¥, A, B, b =HNEMKFEE, X, Y 20, ZE@REE H &2
L(z,y,\) = 01 (x) + 62(y) — AT (Az + By — b).
BN AT KB (C1-1) BRAZEA B R BER S (2%, ", \). EBREE
(", 4", )€ Q, L(x,y,\*) > L(z*, y*, \*) > L(z*,y*, A), ¥Y(z,y,\) € Q, (C1-2)
Hef Q=X x Y xR L (o, ) MERER (C1-1) B S,

ZEESAZER (C1-2), M2, y, \ D FREHRE

g e X, L(z,y",A\")— L(@",y",\") 20, VzeAX,
y* Eyv L((E*,y7)\*)—L(fL*,y*,)\*) 207 Vyeya (C1'3)
A e R™, Lz*,y*, A%) — L(z*,y" ) > 0, YA€ R™

FRRAREA B R L(x,y, \) BIRIER, 1 (C13) BN FAE L X, SR TERZHNESTFR

w*€Q, Ou)—0(u)+ (w—w)'Fw*) >0, YweQ, (Cl-4a)
He . —ATX
w=|y |, u= ( v ) O(u) = 01(z) + 02(y), F(w)= — BT . (C1-4b)
A y Az + By —b

2 FFXBARZERHEAESAEFALRR
ADMM K k SR ENAER oF = (vF, \F) HE, B REBIRFERE (25, 5+, A

2" € argmin{; (z) — 2T ATAF + 18| Az + ByF —b|)? |z e X}, (Cl-5a)
Yt e argmin{Gg(y) —yTBTXF %BHA:Ek‘H + By —b|]? ‘ y € y}, (C1-5b)
MNeFL — B _ B(Az* L 4 ByFt —b). (C1-5¢)

BT & SERMNGEER (v, \F) TR, o7 B ESRM, B8 (v, \) MERLEE. MRo ARETE.
RIFPBORCHREERE (B D S EE), ADMM £ £ ZER (C1-5) H=NFRIE RN ]‘_&L%ﬁ:ﬁ%um
{ d* e X, 61(x) — 01 (aF ) + (x — 2FTHT{-ATNF 4 BAT (A2™ T 4+ ByF —b)} >0, Vz e X,

Y ey, 0a(y) = O2(y*) + (y -y T{= BTN 4+ BBT (A + Byttt =)} > 0, Yy €,
Metl o §Rm’ ()\ _ )\k+1)T{(Al,k+1 4 BykJrl _ b) + %(/\k+1 _ )\k)} >0, Ve ™.
REA—NEERRBIEANRERFTEE, ZE—ITHEYT (A" + By =)+ (W -XF) = 0.

FIA AL = \F — g(A2ht! 4 Byt —b), EEMR FAUEIEN SR
e X, 01(z) — 01(z" ) + (x — 2FTHT{—ATNH 4 BATB(yF — ")} > 0, Vo € X, (Cl-6a)
eV, Oa(y) — 02" + (y — yFH)T{-BTAH! }>0, ¥y €Y, (Cl-6b)
PUBEICE A= AOT{AZM 4 By* T —b) S =AM} >0, YA€ R™. (Cl-60)

HEAREK (Cl-6b) WAmRmBEM EMATHAI (BBT B(y* — y*+1) + BBTB(yF ! — %)), ERKE K

91( )_91( k+1)+(m k+1 T{ AT)\kJrl +[3ATB( k+1) }ZO,
O2(y) — Oo(y**) + (y — y** ) {=B"N" + BBT B(y* — y**') + BT B(y* ! —¢¥) }=>0,
(A = MO T{(Azk 1 4 Byht! —p) + L =AM} > 0.

Cl-1



M EXHITEEES (F—XBEWHE—R), FIAZESTER (Cl1-4) HHIE S, BEADMMAIVIZRR
a(u) 7 g(uk+1) + (U) o ,wk+1)TF(wk+1)

r— gFIN\T /AT , , y — it T/8BTB 0 yrtl — gk
+(y_yk+1> 5<BT)B(yk_yk+l)+</\_/\k+1> ( 0 /13[m>(/\k+1 _)\k)z 0, Vw € Q.(C1-7)

3 ETESAFARTHRETS AW IR
¥ ADMM WESAFRARR (C1-7) FRET Q8 w, RRENMAENRS w*, BF

e(u*) _ 0(uk+1) + (w* _ wk+1)TF(wk+1)
¥ — $k+1 T AT ’ ’ y* _ yk+1 T BBTB 0 yk+1 _ Z/k
+(y*_yk+1) B(BT>B(yk—yk+1)+ ()\*_)\k+1) ( 0 éLn)(/\k-‘rl—)\k) ZO(CI—S)

FPupey—— T
H#RES Yy (K) o H— (BB B l(I) ) (C1-9)
R (C1-8) HATUBEH, o
E+1 _  a\T ko k+1 ght — g AT kE_ ,k+1
(v VYT H@ o) > k1w | B BT By —y™™)
_|_

Y Y

(W —w)TF (™} (C1-10)

TEIRAIER (C1-10) RAIRIES. B BT

Q(U,kJrl) _ e(u*) + (wk+1 _ w*)TF(wk+1) — 9(uk+1) _ Q(U*) + (wk+1 _ w*)TF(U)*) > 0.
XFAEY, (C1-10) RGIHRE 57 (TR B ) JES.

k+1 «\ T T
Fitk, M (C1-10) BE] (v — o) THF — o 1) > (”",; B ”’) B (gT) B(y* —y**1). (Cl1-11)

Y

BABEER (C1-11) HAWRLE, TR

T
l‘k+1 — x* AT . . q;k+1 e
B _ —+1 _ k_ k+1 TBT A, B
( yk+1_y* > 5( BT ) (y v = (y Yy 5( ) yk+1_y*

— (yk _ yk+1)TBTﬁ(Al‘k+1 + Byk+1 _ (AJ)* + By*)) *'Jﬂq(A.r* + By* — b)
— (yk _ yk+1)TBTﬁ(A.'L'k+1 + Byk-‘rl _ b) — (yk _ yk—‘rl)TBT()\k _ )\k—i—l) (C1—12)

TEIMERR (C1-12) KRB A (y* — o THTBT(\F — N\ L) > 0, ER B — S/ EI5.

O2(y) — 02" ) + (y—y*TH)T(=BTAM) > 0, Vye,
M oOs(y) —02(y%) +  (y—y")T(=BTAY) > 0, Vye.

¥ EmR hEE 02(y*) — O2(y* )
y DRI RR yF F0 R 02 (y* 1) — Oo(y¥)

FIF (C1-6b) B

(yk o yk+1)T(_BT)\k+1) > 0.

+
+ (yk+1 _ yk)T(_BT)\k) > 0.

CELE@ARAAM, B W —yFTHBTOF - M) >0, (C1-12) RAIHRIER)

(vk;-i,-l _ ’U*)TH(’Uk _ Uk+1) > 0. (C1-13)

FHV H@-b)>0 BB |blf = llall —20"H(a —b) — [la—blF < |lallf — lla —blF

Ba=(F—v") M b= (o1 — "), 1RHE (C1-13) SISEIER ADMM ISR X BT EFR

9 — ot < o — 0| — o — oF LS, Vot e Ve (RIS ER AR R

Cl-2



C2-FM-RIEG—IEZR T 3Rk F 32 75 [5175 (ADMM) R4S 40 14 LERA
UE D AEZEN AT ERIERRSE maths.nju.edu.cn/hebma {AJ{F4E

1 APMAsERAGECPREMENHESTFR
’F3ZE 75 [E)E(ADMM)AL BB RN AI 73 B R B R 4L (8] RR
min{6,(z) + 62(y) | Ar+ By =b, x € X,y € Y}, (C2-1)
He o, (v), Hg(yz 2OERE, A, B, b RHENMEKFEE, X,V 2O, B8 (C3-1) BRI B &3

BEm w' = (2%, y", ) FENTESTEFR
w* € Q, Ou)—0u)+ (w—w)Fw*) >0, YweqQ, (C2-2a)
HORRsE, Ho ATy
w=|y |, u= ( v ) O(u) = 01(z) + 02(y), F(w)= —BTA . (C2-2b)
A y Az +By—b

ADMM H k SIERZABEMN oF = (v, \F) BE, IR TEBIRFRRS (o5, y 1, A

2" € argmin{6; (z) — 2T ATAF + 18| Az + ByF —b|)? |z e X}, (C2-3a)
y*t! € argmin{0a(y) — y" BTN + 18]|A2"T + By — b|)* | y € V], (C2-3b)
AL \F 5(Azk+1 + ByFt! — b). (C2-3¢)

2 EFRBHEESIFERG—IER TR FUN-KIE
R4E (C2-3) PR B wh T, FRAi1E T A=
b=t g =yF N = 0F - B(AFF 4+ ByF —b). (C2-4)
FATLAE AR /5 855 (C2-3) B A kA — M FUN-AR IE 73 7%, B 5%, B (C2-3) #0 (C3-3), Fullzi =2
ADMM HJ k HERBINAER oF = (o5, \F) HE, B TERBIFFE RSN S (75, g5, \*):

i" € argmin{6, (z) — 2T ATN* + 1B||Az + By* — b|]* | z € X}, (C2-5a)
§* € argmin{0;(y) — y" BT A\* + 18||AZ" + By — b||* | y € Y}, (C2-5b)
N = \F — B(AZF + By* —b). (C2-5¢)

RFBORUHZMMEFRIE (S D FER), 8 AR (C2-7) HEANFEBHESITEFRAERR
PP e, 01(x) — 01(3F) + (x — TF)T{—ATNF + BAT (AZ* + By* —b)} >0, Va € X,
g ey, Oa(y) —02(5") + (y — g")"{ =BT\ + BB (AZ* + Bg* —b)} >0, Yy e,
{ MFe jm, (A= X)T{(AZ" + ByF —b) + $(\F = AF)} > 0, YA € R™.

FIA N = \F — B(AZF + ByF — b), EERFATAEEEN S R
e X, 0i(x) — 0,(F%) + (z — &) T{-ATHF }>0, Vze X, (C2-6a)
7" eV, Oa(y) — 02(5") + (y — 5 { BTN + BBTB(F" — ") }>0, Vyey, (C2-6b)
Nremm, (A= M)T{(AF" + BF* —b) = B(@* — ") + 5\ = A} >0, VAeR™.  (C2-60)

St ERES JERI—XBEMHAE—E), HARATSFAER (C3-2) FRIIE S, BEADMMFUNAI VIR

O(u) — 0(i*)+ (w—a™) T F (") > (v—t")TQ(* —o%), Ywe Q, Hep Q= <513;B ;? ) (C2-7)
6 m

FH (C2-3) F1 (C3-3) ZIBMIX R, y* L = %, MHL = Ak 4 B(yF — %), FifkxL T8 oF L

o ok M (oF — oty A, B M( oY ) (€2:8)

_63 Im

X EHY (C2-7) F1(C2-8) HHE THER A §2 P —IEZ B FUMARIIE
Cc2-1



3 F-KIE 3 R BN ADMMYSC ST BRERA
EH C-2A RAFN-RIEFE (C2-7)-(C2-8) KIRE N AEFR (C3-2), MZERFS {vF} BBWLEEME R

0(u) — 0(@*) + (w — ") F(@") > 3(|lv — 0" G = o = o"|5) + 5l0" = "3, vweQ, (€29
/\q:l

BTB
H:(/D’O ! > G=Q"+Q-MTHM (C2-10)
H#TH o
o1 = o < flo* = o = [[0* = 3], Vot eV (C2-11)

HEBA 3 (C2-10) A9 H F0(C2-8) hEl M, 1A HM = Q, FEitk, BAFUMERIA (C2-7) ATA B A%
O(u) — O(@") + (w — )T F(@*) > (v — ") THM(v* — o).
BT M(oF — o) = (vF — oF 1) (MREAR(C2-8)), EXATUBRK
O(u) — 0(a*) + (w — *)TF(w0F) > (v — 08T H (WP — o* ). (C2-12)

(a—=b)"H(c—d) = 3{lla—dllF — lla—cllF} + 3{llc = bllZ — [|d — bl|%}
BFAEFR (C2-12) WA, Hi& a =v, b=0F, c=0" Fl d =81, 5F)

BIEFR

(v =) TH@" — 0"ty = L(Jlo = " F = lv = o"(IF) + $(10* = 8%|1F — W = 3%)3),  (C2-13)
XF(C2-13) B9, FIFA HM = Q F1 20'Qu = v"(QT + Q)v, FA1E
[0 — 5% 5 — [|0F T =¥ |1F = vF = 85 = (08 = %) = (0F = oMY
= [lo* = o¥||F - [|(0F = 7F) — M(* = 3F)|% FIRHM = Q
= (W =MTQT +Q - MTHM)(W" — %) = |vf —o%|2. (C2-14)

1% (C2-14) R (C2-13), AR (C2-12), LIS RIEIBRVLEIL (C2-9). 15 (C2-9) FHIEER w € QIER—1
R w*, ISEIEEN HZ—LEIL (C2-11). ]

EH C-2B RAFUN-RIEFTE (C2-7)-(C2-8) KBRLE N AFR (C3-2), FERFF {v*} #n {oF MK

[oF — 3%)|E > [o* — oM G (C2-15)

#HmA
”,UkJrl _

v*||%, < Hvk — U*||%, — ||vk — UIHIH%I, Yo* e V*. (C2-16)

Proof. Because G = Q7 + Q — MT HM, we have

0 0 N 5
G=Q"+Q-Q"M= (0 éfm> and thus  [[v* — 5%[[3 = FIIA" — A*|. (C2-17)

From (C2-6), we know that the optimal condition of the y-subproblem is
J* ey, 0a(y) = 02(5") + (y — 7)) T{-BTN + BBTB(* — yF)} >0, Vyel. (C2-18)
According to (C3-3), we get

)\k+1 _ S\k o 5B(ﬂk o yk) and gk _ yk+1
and thus the inequality (C2-18) can be written as

ey 0a(y) - (") + (y -y THH{=BTATF >0, vye. (C2-19)
The above inequality is hold also for the last iteration, i. e., we have
v eV, Oay) —2(vF) + (y—y")T{-BTN} >0, Vye. (C2-20)
Setting y = y* and y = 3**! in in (C2-19) and (C2-20), respectively, and then adding them, we get
(AF — AR B(yk — gkt1) > 0, (C2-21)
Using \F — XF = (A — AF+1) 4 BB(y% — y*¥+1) and the inequality (C2-21), we obtain
LN = SE[2 = L% = XY 4 BBy — Y|P
> LN = NP 4 BByt - yF Y|P = [[oF = oF (C2-22)

The assertion (C2-15) follows from (C2-17) and (C2-22) directly. Consequently, the assertion (C2-16) follows
from (C2-11) and (C2-15). The theorem is proved. O

c2-2



C3-T- K IE Gt —HEZR T e F 32 B /5 9155 (ADMM) B W 8§35 22 4iE B
U SAERNTERIFRAS A maths.nju.edu.cn/hebma {AJR4E

1  ADMM £ 7M-81E 433 T B9 R
FeFRX B EE(ADMM)AL IR AY 2 BN A 49 SR i 14 (el 7
min{6;(z) + 62(y) | Ar+ By =b, x € X,y € Y},

Heih g, (x),0:(y) BRENEEL, A, B, b~ RENKEMREMEEZ, X, Y 2A0OE. B (C3-1) WRIEE HE
gD v = (o5, ", M) FENTESTFR

(C3-1)

w* €Q, 0u)—0u)+ (w—w)TFw*) >0, YweQ, (C3-2a)
MRS, H - AT
w=|1y |, u= < v > O(u) = 01(z) + O2(y), F(w)= —BTA . (C3-2b)
A y Az +By—b

IRIELZ 5 ADMM P4 89 "+, 3833 E T A
Bt gh =y m N =0 - B(AEF + ByF —b). (C3-3)

v =x"",

B AT AR LR B R0 32 B 75 B A AR o R B — N PN - AR IE 73 0%

] o eQ, 6(u) —0@h) + (w— ") TF@@*) >v—"TQW" — %), YweQ, (C3-4)
HRIE] " =% — M(* — ).

(C3-5)

_(BBTB 0 (T 0
we o= (T ) = ).
C2 P EL L RRATUN-BIE % (C2-7)-(C2-8) KRBT HAZER (C3-2), FERNEFIEAMR
O(u) — 0(i*) + (w — @")TF(@*) > F(lv — "5 = lv = o"||3) + 310F — 8%, Yw e, (C3-6)
Heh

_ BBTB 0 T T (0 0
H_< 0 %Im ) G=Q" +Q—-M HM = O%Im .
tesMEH
e e el e v S R (C3-7)

2 WHENXTHBSM (He and Yuan 2012 SIAM Numr. Analysis)
Since (w — w)TF(w) = (w — ©)T F(w), if IW@%W’ then
w is a solution of (C3-2). For given € > 0, w € € is called an e-approximate solution of (C3-2), if it satisfies
weQ, Ou)—0@) + (w—w)TF(w)>—€ Yw €Dy = {weQ|l|lw—-wo| <1}
We need to show that for given ¢ > 0, after ¢ iterations, it can offer a w € W, such that

weW and  sup {0(@) —O(u) + (@ —w)"Fw)} <e. (C3-8)
wED ()

Using (w — @*)T F(w) = (w — @*)T F(@*) and G = 0, from (C2-9) we obtain
O(u)—0(a")+(w — @*)TF(w) + Lo — ¥} > Lo — "3, Vwe Q. (C3-9)

Theorem 2.1 Let {w*}, {1w*} be the sequences generated the prediction-correction method (C2-7)-(C2-8). Let

wy be defined by

t
1
wy = —— ik (C3-10)

Then, for any integer number t > 0, w; € ) and

v —2°)%, YweQ. (C3-11)

- - 1
0(ae) — 0(u) + (0 — w)"F(w) < W=D

C3-1



Proof. First, it holds that @w* € Q for all k > 0. Together with the convexity of X and ), (C3-10) implies that
wy € Q. Summing the inequality (C3-9) over k = 0,1, ..., ¢, we obtain
t T 1
(t+1)0 Zo (t+1)wk;wk) F(w)+ gllo =3 20, VweQ.
Using the notation of wt, it can be written as

1
~ T 02
Since 6(u) is convex and
t t
1
U = = 1 u’c we have that 1 Z

k=0
Substituting it in (C3-12), the assertion of this theorem follows directly. O

g (C3-6) THSEIN (C3-9), RIEFBADMMIEN B X FRSLE R L0 (C3-1) WEE TR
3 BHEXTHWSM  (He and Yuan 2015 Numr. Mathematik)

Theorem 3.1 Let {w"}, {10*} be the sequences generated the prediction-correction method (C2-7)-(C2-8). Then
we have

[0F L — ok 2|y < 0% — " Y|y, Y > 0. (C3-13)
Proof. First, we prove the following result:

(Uk _ Uk+1)TH{(Uk _ Uk+1) _ (Uk+1 _ vk+2)} > %H(’Uk _ f;k) _ (Uk+1 _ ﬁk—i-l) 2

loreg  (C3-14)

Set w = w**! in (C2-7), we have
Oy — 0(a") + (WP — M) TF(ak) > (8 — M) T Q" — oF). (C3-15)
Note that (C2-7) is also true for k := k + 1 and thus we have
O(u) — (@) + (w — TR (@) > (v — PFHHTQFL — oF+Y), v € Q.

Set w = w" in the above inequality, we obtain

a(ﬁk) o 0(17,k+1) + (wk ~k+1)TF( kr-‘rl) Z (,Dk o 6k+1)TQ(’Uk+1 _ ’Dk+1). (C3-16)
Combining (C3-15) and (C3-16) and using (0% — @**+1)T(F (@) — F(wF+1)), we get
(6k _ ,l'}k)-‘rl)TQ{(vk _ 'Ek) _ (,Uk)-'rl _ ,ﬁk'ﬁ‘l)} Z 0 (C3-17)

Adding the term {(v* — %) — (0¥t — SFFINTQ{(vF — oF) — (v*+1 — §*+1)} to the both sides of (C3-17),
and using vT Qu = %UT(QT + Q)v, we obtain
(0 = oMHTQ(" —0%) — (M =M} > (08 = ) — (M =Y Por )

Substituting (v* — v**1) = M (v* — %) in the left-hand side of the last inequality and using Q = HM,
we obtain (C3-14). In the identity ||a||%, — ||b|% = 2aT H(a — b) — ||a — b||% setting a = (v* — v¥*1) and

b= (vFt1 — v**+2), we obtain

kE Uk-&-l”%{ k41 _ vk+2”%

[v — v

= 20k — YT H{(oF — ) — (R = o)) ok - o) — (o - )

Inserting (C3-14) into the first term of the right-hand side of the last equality, we obtain
k vk+1H§J . HUkJrl _ k+2||2

> (=) = (W =5 [fgr i) — IMI(0F = 0F) — (M = dE |

[v

k i+
= ||(U -0 ) (v o +1)||(QT+Q—MTHM) 20,

where the last inequality is because of the positive definiteness of the matrix (Q7 + Q) — MTHM = 0. The
assertion (C3-13) follows immediately. O

By using [[v* — v* 1112, < |[vF — v*||Z = |[v* L — v*||3; and |[vF — vF T2, < |[0FT1 — oF |2, we get

o =01 < el =o'l vt e V. (C3-18)

2518 (C3-6)-(C3-7), RIEBADMM S B X FHEUEE (C3-18) WEETA. N-RESRIFSHE! |

C3-2
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1 Preliminaries

Theorem D. Let X C R" be a closed convex set, #(x) and f(x) be convex functions and f(x) be differentiable.
Assume that the solution set of the minimization problem min{é(z) + f(x) |z € X} is nonempty. Then,

z* € argmin{f(x) + f(x) |z € X}

if and only if

z* e X, 0(x) —0(z*) + (x —2*)TVf(z*) >0, Vo € X.

Lemma D. Let the vectors a,b € R", H € R™*™ be a positive definite matrix. If b' H(a — b) > 0, then we
have
16117 < llallF; — lla = blf%-

The assertion follows from ||al|?, = [[b+ (a — b)||% > [|bl|% + [la — b]|%.

2 Convex optimization and its related variational inequality
1). min — max problem. Let (z*,y*) be the solution of the min — max problem
min, max, {®(z,y) = 01 (z) — yTAzr — 02(y) |2 € X,y € V}. (D1-1)
Using the notation of ®(x, y), it can be written as
z* € X, 0i(z)—01(z*) + (z —2)T(=ATy*) >0, Vze X,
{y* €Y, baly) —ba(y*) + (y—y*) (Az*) >0, Vye).

Furthermore, it can be written as a variational inequality in the compact form:

weQ, Ou)—0u)+ (u—u)TFu) >0, YueQ,

where u = ( z ), O(u) = 01(x) + 62(y), F(u) = < _ﬁ;y > and Q=XxY. (DI-3)

Please notice that for the F'(u) in (D1-3), we have (u — @)T (F(u) — F (@) = 0.

2). Linearly constrained convex optimization
We consider the convex optimization problem

min{f(u) | Au="b, v € U}. (D1-4)
The Lagrangian function of the problem (D1-4) is
L(u, \) = 0(u) — AT (Au — b), (D1-5)

which is defined on U/ x R™.
A pair of (u*, \*) € U x R™ is called a saddle point of the Lagrange function (D1-5), if

Lucu(u, \") = L(u™, A7) = Lagpm (u”, A).

The above inequalities can be written as

{ u* €U, L(u,\*)—Lu",A\*)>0, Yuel, (D1-6a)
AT e R, L(u",\*) — L(u*,\) >0, VXxeR™. (D1-6b)
Using a more compact form, the saddle-point can be characterized as the solution of the following VI:
w*eQ, Ou)—0u*)+ (w—w)'Fw)>0, YVweQ (D1-7)
where w=[" F(w) = —ATA and Q=UxR" (D1-8)
A Au—0b '

Please notice that (w — @) (F(w) — F(w)) = 0. The problem (D1-4) is translated to VI (D1-7).
The problem (D1-1) and (D1-4) are translated to the equivalent VI (D1-2) and (D1-7), respectively.

DI -1



3 Proximal point algorithm for monotone variational inequalities

Definition (k-th iteration of PPA) H > 0. Start with a given w”, find a w**!, such that

w*t e Q, O(u) — W) + (w — wHTF () > (w — wHTH(wk — wbtY), Yw e Q. (D1-9)

Setting w = w* in (D2-4), and using (w**! — w*)T F(w**!) = (w**! — w*)T F(w*), we obtain
(W — w)TH(w* — w1 > 0(u*t) — 0(u*) + (Wt — w*)T F(w*) > 0. (D1-10)

Using Lemma D with a = (w* — w*) and b = (w**1 — w*) in the above inequality, we get

(Convergence Key of PPA)  [|w* ! — w*||% < |[w® — w*||% — |[w® —w* %, Yw* €Q*. (DI-11)

By using PPA to solve VI, usually, we take w**! := w* — a(w* — w**+1) with a = 1.5 € (0, 2).

4  Customized PPA (C-PPA) and Balanced PPA (B-PPA) for VI

1). C-PPA for VI (D1-2) (He, Yuan 2012 SIAM Im., He, Yuan, Zhang 2013 COA, Gu, He, Yuan 2014 COA)
Start with given «*, find a ©**!, such that (D2-4) is satisfied, where

x —ATy rl, AT T
U—(y> w = u, F(w)—< A ) H—( A sIm)’ rs > || AT Al (D1-12)
The concrete formula of (D2-4) with F' and H given by (D1-12) is ’ the uwave parts is F(wk“) ‘

01(z) = 01 (a") + (2 — ) T{—ATY ! p oD (28— 2F) 4 AT (Y — )} >0, Vo e X,
O2(y) = O2(y™*) + (y—y* ) {42l + A — ah)dsIm (v =)} 2 0, Wy € V.

According to Theorem D, to complete PPA iteration, we need only to solve the following sub-problems:

" = argmin{; (z) — 2T ATyF + L]z — 2| |z € XY, (DI-13a)
Y+ = argmin{fs(y) + yT A[22"+! — 28] 4+ sy — YR |12 |y € V). (D1-13b)

2). C-PPA and B-PPA for VI (D1-7) (He and Yuan, arXiv:2108.08554; S.J. Xu, 2023, JAMC)
Start with given w”, find a w**!, such that (D2-4) is satisfied, where

— AT\ BAT A+ 61, AT rl, AT
Fw) = (Au—b)’ H=H, orHy, Hl:( A 11, ’H2:< A LAAT 451 )
(D1-14)

Customized PPA. The concrete formula of (D2-4) with H = H; given by (D1-14) is’ the uwave parts is F'(w**1) ‘
Q(U) _ e(uk+1) + (u _ ukJrl)T{M + (ﬁAT.A-i- 6In)(uk+1 _ uk) + AT()\Ichl _ )\k)} Z 0,
(A=) A b+ (/@) —XF) =0

According to Theorem D, to complete PPA iteration, we need only to solve the following sub-problems:

uM = argmin{0(u) — uT ATN + L(u —uF) T (BATA+6L,)(u—uF) [lueU},  (DI-15a)
AEFL — R 5(A[2u’“+1 — k] — b). (D1-15b)

Balanced PPA. The concrete formula of (D2-4) with H = H, given by (D1-14) is ’ the uwave parts is F(w’”l) ‘
O(u) = O + (u— uF )T{ AN 4 p L — k) AT (R -k} >0,
(W) + A(uF 1t — k) + (%AAT + 6I,,)(\FHL — 2k = 0.

According to Theorem D, to complete PPA iteration, we need only to solve the following sub-problems:

This problem is easier than(D1-15a) ‘(D 1-16a)

{ bt = argmin{0(u) — uT ATN® + Ll — || |u € U},

ANFL = 2 — (L AAT 4 61,,) 7 (ARUFT — uF] —b). ’Only once Cholesky-Decomposition ‘(Dl—16b)

In comparison with (D1-15), Algorithm (D1-16) is called a balanced algorithm, which shared the difficulties.

D1-2
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1 Two blocks separable convex optimization and VI

Two blocks separable convex optimization
min{6,(z) + 02(y) | Avr+ By =b, x € X,y € V}. (D2-1)

The saddle point of its Lagrange function is a solution of the following variational inequality:

w* e, Ou)—0u)+ (w—w)'Fw)>0, YVweQ (D2-2)
where
. T —AT )
u = < ), O(u) =01(z)+02(y), w=| vy |, Flw)= —BT ) (D2-3)
y A Az + By —b

and Q = X x Y x R™. Again, we have (w — 0)T(F(w) — F()) = 0.

2 PPA for monotone variational inequalities

Definition (k-th iteration of PPA) H > 0. Start with a given w”, find a w**?, such that
w*t e Q, O(u) — (W) + (w — wHTF (W) > (w — w*HTH(wk — wbtY), Yw e Q. (D2-4)

Setting w = w* in (D2-4), and using (w**1 — w*)T F(w**!) = (w**! — w*)T F(w*), we obtain
(Wt — w)TH(w* — w1 > () — 0(u*) + (W — w*)T F(w*) > 0. (D2-3)

Using Lemma D with @ = (w* — w*) and b = (w**1 — w*) in the above inequality, we get

(Convergence Key of PPA) [wh Tt —w*||% < |w® —w*||% — [|w* — WY, Vet e Q. (D2-6)

By using PPA to solve VI, usually, we take w**?! := w* — a(w* — w**+1) with a = 1.5 € (0, 2).

3  Customized PPA for VI (D2-2) (Gu, He, Yuan 2014 COA; He, Yuan, Zhang 2014 COA)

Start with a given w”, find a w**!, such that (D2-4) is satisfied, where
T —AT)\
Z T
u( > w=1|y], F(w)< _BT) ) H = Hy or H, (D2-7)
y A Az + By —b
and
BATA + 0L, 0 AT BATA + 01y, 0 —AT
H, = 0 BBTB +61,, BT |, Hy= 0 BBTB +6I,, —BT |. (D2-8)
A B %Im —A -B %Im

1). Customized PPA for VI (D2-2) with H = H; given by (D2-8).
The concrete formula of (D2-4) with H = H; given by (D2-8) is ’ the underline parts is F’ (wk“) ‘
O1(2) = 01 (z"H) + (z — M) TH{ZATNH 4 (BAT A + 01, ) (2 — 2F) + AT(A = MF)} >0,
02(y) — 02 (Y1) + (y — ") {=BTN" + (BBTB + 61,,) (" — y*) + BT(\FT — M)} >0,

(Az**1 + Byt — b) + A(a" = 2F) + By* —yb) + (2/8) (W = AF) =0

According to Theorem D, to complete PPA iteration, we need only to solve the following sub-problems:

2" = argmin{6; (z) — 2T ATN + (2 — )T (BATA + 01, ) (v — 2¥) |z € X'}, (D2-9a)
Yyt = argmin{ba(y) — y" BIN + 5(y — ") (BBB +0L,)(y —y")ly € Y}, (D2-9b)
A=A — 28[2(A* T + By —b) — (Aa* + By* —b)]. (D2-9¢)

D2-1



2). Customized PPA for VI (D2-2) with H = H, given by (D2-8).
The concrete formula of (D2-4) with H = H given by (D2-8) is ’ the underline parts is F’ }”1) ‘

(w
Or(x) = O2(a™1) + (2 = 2" T{_ATNH 4 (BAT A + 01, ) (251 — 2F) — AT (A = AF)}
O2(y) = O2(y™*) + (y — y* T T{=BIN" + (BBTB + 61,,) (y" "' — ) — BT (A" = AM)}

(A1 4 By b) — A —a%) — B - y) + (2/8) (W -4 =

>0
>0

According to Theorem D, to complete PPA iteration, we need only to solve the following sub-problems:

AL — \F %E(Axk + By* —b), (D2-10a)
M = argmin{6; (z) — 2T AT (2XFT — \F) + (2 — 2F)T(BATA + 61, ) (v — 2¥) |z € X}, (D2-10b)
y" BT (AT —\F) + MT(BBTB +01,)(y — y")ly € V}. (D2-10c)

xT

1
2
= argmin{fa(y) — Sy -y

4 Balanced PPA for VI (D2-2) (He, Yuan 2012 SIAM Im., Gu, He, Yuan 2014 COA)

Start with given w”, find a w**t1, such that (D2-4) is satisfied, where
T —AT)\
u:<x>, w=|1y |, F(w)z( —BT) ), H = H, or Hy, (D2-11)
y A Az + By —b
and
BATA + 0L, 0 AT BATA + 01y, 0 —AT
H = 0 (s +6)I,, BT , Hy= 0 (s +6) 1, -BT
A B +1n+ BB —A —-B 51m +;BBT
(D2-12)

1). Balanced PPA for VI (D2-2) with H = H; given by (D2-12).
The concrete formula of (D2-4) with H = H; given by (D2-12) is ’ the underline parts is F’ (w’“’l) ‘

01(z) = 01 (") + (2 — FFH)T{_ATNHL 4+ (BATA + 01,) (27 — aF) + AT(MH = NF)} >0,
O2(y) — O2(y™ 1) + (y — " HTH{=BINTL + (s + )=o) + BTOMI-AH}E >0,
(Ac*! + Byt —b) + A(@*H —a*) + By* = yF) + (5Im + ;BBT) (W —2F) = 0.

According to Theorem D, to complete PPA iteration, we need only to solve the following sub-problems:

" = argmin{6; (v) — 2T ATN + L(z — M) (BATA + 61,))(z — 2F) |z € X}, (D2-13a)
Yt = argmin{6s(y) — yTBT)\k Hs+0)y—y I ly € V}, (D2-13b)
AL =30 (L1, + LBBT) T [2(Aa* 4 Byt — b) — (Az* + ByF — 1)) (D2-13¢)

2). Balanced PPA for VI (D2-2) with H = H, given by (D2-12).
The concrete formula of (D2-4) with H = H, given by (D2-12) is ’ the underline parts is F(wk“) ‘

O1(x) = O2(a™1) + (v — 2P T{—ATA 4 (BAT A + 015, ) (2" — 2b) — AT = AM)} > 0,
O2(y) = O2(y* 1) + (y =y HTH{=BIAN* + (s + )y -y — BT -NH}=>0,
(Az* ! + Byt —b) — A(@*H —a*) = By* — yf) + (5Im + ;BBT) (W - 2F) = 0.

According to Theorem D, to complete PPA iteration, we need only to solve the following sub-problems:

A= NP — (L, + 1BBT) " (As* + Byt — ), (D2-14a)
2" = argmin{6; (v) — 2T AT (2N — AF) 4+ $(2 — 2F)T(BATA + 61, ) (v — 2F)|x € X}, (D2-14b)

1
5
—y" BTN — M)+ L(s+0)ly — v"IIPly € V- (D2-14c)

= argmin{6,(y)

D2-2



E1- KR4l o BRI L BIRE K PPA 38 ADMM 755K
FHM A ENBEIR S XU AADMM maths.nju.edu.cn/"hebma {aJ(F4E

1 ARAISE ORI TS FAFR
TR CH, RINELIBEMLRMRIN AT 7B (REK 01, 0, PEA—5RD) [B)7E
min{6,(z) + 02(y)|Az + By =0, z € X,y € Y} (E1-1)
BIRIAZBA B REL L(x,y, \) = 01(2) + 02(y) — M\ (Az + By — b) B SUAT D ARENR

w*€Q, Ou)—0u)+ (w—w)TFw*)>0 VYweQ, (E1-2)

8

T —AT )
Hrp y F(w) = —BT) . (E1-3)
A y Az + By —b

2889 ADMM 51, A1 v = (y, \) {EARDEE. ZNMERNBIEE, o = (y, ) EARLEE.

2 ﬁﬁ "Ii}'ir% E"] ADMM 7‘5% (Cai, Gu, He and Yuan 2013 Science China Mathematics)

Z ) ADMM 1, A v = (y, ) 1ERRLEE. MRMALL = (y, ) 1ERROEE, EEN—H
BRMEARZREHADMM A y 1\ EHTANGFF. }A RER o = (yF, \F) Bk, BT

Ao IR 21 € argmin{; (z) — 2T ATN* + 18| Az + By* — b||* |z € X},
{“" iy ﬂ N = Nk (AR 4 ByF —b), (E1-4)
1€ argmin{f(y) — y" BT A + 38| At + By — b|* |y € V}

EJADMM
Yy

BEERB M, XNFER ER C PN AN ZBADMMSERIT/LFHES.

RIBORCREERE (S ID HEE), £ LERTUN (E1-4) =N FRIENZESTEFRERZ
{ ‘Tk+1 € Xa Gl(x) - 01(Ik+1) + (I - xk+1 T{_AT)\k + /BAT(AIk+1 =+ By ko b)} > 07 Vo € X7

AFFL c pm (A= AHEDTL(AZHH 4+ ByF —b) + LM =M} >0, VA eRr™
Yt e Y, Oa(y) — Oyt + (y — T {=BT AT 4+ BT (AaM T 4 ByFt —b)} >0, Yy e ).

FIF A =N — B(AdM + Byt —b), EEMRFATBER SR o € O,

01(z) — 01 (z" 1) + (v — 2T {—AT A } >0, Vo € X, (El-5a)

O2(y) —02(y* 1) + (y—y* ) {=BIAN T+ 8BT By —y*) - BTV )} > 0, vy € Y, (E1-5b)
(A= AFOTLAGHT 4 ByP+L — by — B+ — %) 4 LA — A} > 0, YA € R™.(EL-5¢)

xf ERES EE—LBENHE—R), FFRZESFFN (E1-2) PHIL S, 58 (E1-5) HEERT

O(u) — (W) + (w — W TF () > (v — ¥ H T Hy (% — o™, Yw € Q, (E1-6a)
Hrh
BTB —-BT
Hy = (5_3 v ) (E1-6b)

XEH Hy 2FIEER, IR PPA —#, (E1-4) FFE R {w*} FRIZROTEMFS {oF) E&MR

”UkJrl _ U*”HU < ||Uk _ ’U*”%—Io _ ||1}k _ ,UIH»IH%IO7 Yot € V*. (E1-7)

THESEEIEA, ADMM75 % (E1-4) M B BIADMM AT EHR T2 —#. BXI K (E1-4) PR o fig
T EYEESR :

v

MERZHMPYADMM 7 3E—RRE 30% BiE s

kL — ok — @k —of ), a=1.5¢€(0,2), (E1-8)

El-1



3F z-A-y IF# ADMM 7534 (E1-4), BARFIB USRI X 8B F. EEEIM E1-7) XATLUBE
S =", < 4o A Jim [[[[oF — vFF1)12, = 0. (E1-9)
k=0
FIA Nt = Xk — B(Az* ! 4+ By* —b), 83
[o% = "%, = BIB(Y" — ™) — SO = A2 = Bl Az + By — b))%,
IR [oF — o3 =0, A (E1-5) ATAEIESE ot RT S TAFN (E1-2) KRR

3 BR{EEIEBE H IFEBPPA 53
AT ILEI—B AR E SRS R, 3187555 (B1-4) #EME0E, FI5m e 7 = oF.

¥ € argmin{0; (z) — 2T ATA* + 18| Az + By —b||? |z € &}, (E1-10a)
(] M= \F — B(AZ* + ByF —b), (E1-10b)
" cargmin{0s(y) — y" BT A\* + 18| AZ" + By — b + 36lly — v"|* |y € Y} (E1-10¢)

IR (E1-4) 18EL, X B H) y-FlolR g ARl % 7 IEMDE 16]ly — |2
FIH (E1-10b), (E1-10c) IZENTRE
argmin{6a(y) — y" BTN + 18[(AZ* + By* — b) + B(y — y")|I> + 36lly — v*|I° |y € V}
= argmin{ba(y) — y" BTN +y" BTB(AZ" + By* —b) + 3lly — v" ¥ 5mrm) |y € V3
= argmin{f>(y) — yTBT[QS\k - Ak] + %Hy - ka?(SH-ﬁBTB) ly € YV}

gk

m

FIR AR =\ — Az + Byb — b), EEMRFANEEEER v ! € Q,

01(x) — 01(3") + (x — 2F)T{=ATIF } >0, Vo € X(El-11a)

02(y) — 02(5") + (y — §°) T { =B XN+ (61 + BBT B) (5" —y*) — BT (\F=\*)} > 0, Vy € V(El-11b)
(A= M)T{(AZ* + BF* —b) — B(J* —¢*) + 3(\F = A)} 2 0, ¥A € R™(El-11¢)

St EREES JEERI—XBMHAE—E), HARTSFAER (E1-2) FHIE S, 52 (B2-10) WEERTR

O(u) — 0(i*) + (w — ") T F(@*) > (v — F)THWF — %), Yw e Q, (E1-12a)
st flw) — olu’) )
I, +B8BTB —BT
H= (5 2 fg i > - 0. (E1-12b)
ﬂ m

7E (E2-11a) 8% w = w*, 3R 0(a")—0(u*)+ (0 — )T F (%) = 0(i") —0(u) + (@ —w) T F(w) > 0,
/23|

Ei (% — o) TH@W" — %) >0, W e V™.

(0F =) TH@" —3%) > [[o* = 0|3, vor eV (E1-13)

[FEFhKIIE] P () = ok —a(® —0%), a=[1.2,1.8] C (0,2) (E1-14)

SHEBLREMBRSR v* € V', HNENX
() = [lo* — o[> = [[o"* (o) — v"]%. (E1-15)
ARBT LK o B9 kRIERBYE. FIF (E1-13),
Do) = [Po* =" = [[" () — "2 § S
lo* = |2 = [|(v* = ") — a(v® = 5Y)|? a(@
_ 2a(vk_v*)T(vk_@k)_a2||vk_1~}k”2 é
> a2 - a)|[vf =372 =: qr (). 0 =1 yar 2 Va

BATFERKUEZIREE I, (o), BAECSERAE v*, FIA (E1-13), 52| 9k (o) TE o = 1 BUSIRKE
T REE g (o), 20A EEFR. X2FRNELEHRKIE (E1-14) F—KB o = ya*, v € [1.2, 1.8] WEE.

El1-2



E2-3KfERA Tl 43 B RO B BRI X #R B ADMM 754

Iy

FHM A ENBEIR S XU AIADMM maths.nju.edu.cn/"hebma {aJ}F4E

1 BWRASBEORNLEERNNAESAER
HHER CH, RITELBE ML RARINA 7 BEORMN (REXK 6, 0, PEAT—5RD) )&
min{f(z) + 02(y)|Ax + By =b, x € X,y € Y} (E2-1)
BIRIAZBA B REL L(x,y, \) = 01(2) + 02(y) — M\ (Az + By — b) B SUAT D ARENR

w* e, Ou)—0u*)+ (w—w) Fw)>0, VweqQ,

T —AT )
Hrh w=|y |, u= ( x ) , F(w)= —BT) ) (E2-3)
A y Ax+ By —b

2 SRWHEEENTM-KRIESG—HESE @JHHE 2015, 2018 EEFR)
FUN-FIER G —HESE, Fi12015 FEEBEFFRLETHRIRE, 2018 FERTEFHXIRR.

[FR] 2k S RNA RO R oF TR, KGNS o, (#15
* € Q, O(u) —0(i*) + (w — )T F(@F) > (v — oF)T QW — %), Vw e Q, (E2-4)
ARz HePSERE QT+ Q RIERM. |#1R (E24) o oh = 0%, of ST (E22) W w', LEFORE.
3% BRBIOBRT A BORKEABOENTZRS, u = (2.9), w= (2,51, v = (1, \).|

[#ZIE] IRIBFUUNBRE oF, HHZOTE v INER S L AR A
P =k — M(WF — F). (E2-5)

FHAFR (E2-4) P BY Q AFUNEERE, (E2-5) A M AR IEFERE.

WS S A ERITRNAERE Q, WL SE B RIGITHIRIESEME M R IN T 5515 :
GEEEEM H-0 #8 HM=Q, #H G=Q"+Q—- MTHM = 0. (E2-6)

XFTRYFUM (E2-4) MARIE (E2-5) ST R R A HEY (2.2) 7 (2.8). WIS (E2-6) 5 15/ A 89 (2.9) H[E].
EEENER G-H P, B —ERE RS RIEIFMIERR. 585 EfF R 2R B EESRIEEWSE.

3  XT#REY ADMM 2 /53%  (He, Liu, Wang and Yuan, 2014 SIAM Opt.)

{EIEADMMBI S —M B ARRIE AR D RKE 2,y FOIRLGE, & BXI#RH)FIE—IX Lagrange 3k F. #t
AIER, NBER 1 > 0F00F = (7 \F) B&, EBTIRARRE wht! = (aF ! yF+ AL

2* 1 = argmin{#; (z) — 2T ATA* + 8|l Az + By* —b|]’ |z € X}, (E2-7a)
NetE = AR uB(Agk 4 Byk —b), (1 e(0,1)) (E2-7b)
yF 1 = argmin{0;(y) — yT BTAFt2 + 1B||Az* T + By — b)) |y € Y}, (E2-7c)
AL — ks ‘uﬂ(Azk:Jrl + ByFt — b). (E2-7d)

[XFRAYADMM]

8 (E2-7) SR BN S HE. 2415 RS2 P ORE SR8 E /5 K RO, SR 9 B AR AL (E2-1), 8
RERAZUER o = (4F, V) T8, AR « NS

i* € argmin{0; (z) — 2T ATN* + 18| Az + By* —b|? |z € X}
R EE E24HMEImRRAF v MTER, MEK LR « TN R A MR HEEB S

Fex, 61(x)-6,E") + (@ —3)T(=ATN) >0, Veex
IR, ’RFFTULFB X = Ak — B(AZ* + By* — b). ¥ E2-1) £ERH w1, A

o = (&5, 5%, NF) = (2T, y* T, A% — B(AzRtt + By — b)) ERTNE, R E

E2-1



j* € argmin{6s(y) — y" BYA2 + 1] Az* + By — b|* | y € ¥}, (E2-8b)

i* € argmin{0; (z) — 2T ATAF + 18| Az + ByF —b|)* | 2 € X}, (E2-8a)
M
A=\ — B(A" + By —b), (E2-8¢)

FIA #F = 51, (B2-7b) 1 (E2-8c), 1153

N3 = A~ uB(AFF + ByF —b) = A — p(\F = 3F) = 3 — (1 — ) (3F = \F). (E2-9)
FIF (E2-9) #1 (E2-8¢), (E2-8b) HRAY 7% AT L@
§* € argmin{6s(y) —yTBT\F s 4 38l (AZ" + By* —b) + By —¢")II |y € V}

_ argmm{ 0a(y) — y" BTDF — (1= ) (W — A"
+y" BT B(AZ* + By —b) + 381 B(y — y")|1?

ye)i}

= argmin{f(y) — yTBTNE (WP — k) + 18I1B(y —y")|I* |y € Y} CER

XA, TN (E2-8) BRI X L HRMMEF 4R Z:

it e X, 01(x)—0:(3") + (z—2")T{=ATN } >0, Vo € X, (E2-10a)
7" €Y, 0a(y) =02(5") + (y=7"){=BTA" + BBTB(5* —y*) — uBT (N =)} > 0, Vy € ¥, (E2-10b)
MFe g (A= M)T{(A#* + BF* —b) = B(i" —y") + (A = A)} >0, VA € R™.(B2-10¢)

f EREE BR—XEHE—R), HHMRAESTFNX (E2-2)-(E2-3) hHIIE S, 38 (E2-10) WEZE
EHN

a* € Q, O(u) — 0@ + (w— " TF@F) > (v - ") TQW* — %), vw e Q, (E2-11a)
Hrp
BBTB —uBT >
Q= ( . (E2-11b)
-B 1,

T (B2-8) B Eh 2 F0 g% T (B2-7) Bl «F 1 0 4+ 1. XF (G2-1d) B9 A1, IR (B2-8¢), B Al1H
ML = N u[-BB(Y* - ) + B(AZF + Byt — )]
= N —u[-BB(y* — §*) + 2B8(AZ" + By* —b)]. (E2-12)
BFIF (B2-8c), B) pup(Ai* + By* — b= p(\F — \F). 1§
AL = \E — [—uBB(y* — §) + 2p(\ — M)
Et, FERZOEE oF L = (yFH AL B

. k+1 - yk I 0 yk B gk
(eE] (A“l) B (A’“ “\ —usB 2ul IS E (E2-13)

PR 3T (B2-13) IR IERERE
I 0 . (1- %u)ﬁBTB —%BT
M = (—uﬁB ol ) 4  H= ( 1p 2%5[ , (E2-14)

ATARIES 1 € (0,1) BY, H EEHE HM = Q (5EF% Q 1L (F2-6b)). tboh, 5EFF
G = Q"+Q -M"HM = (Q"+Q)-M"Q
( 28BT B —(1+u)BT> - (1 _WBT) (BBTB —,uBT)

—(1+p)B 21 0 2ul -B 31m
286B™B  —(1+4p)BT 1+w)BBTB —2uBT BTB —BT
(1—p)
= 9 — 2 = ¥ 2 .

RZHMADMM—4E, & B FiEFEET, H #1 G & IEE, WEFREIARR LIEE. BS54 (B2-6) i iE.
XiEH: HERAAENEEENMNG X SR IEHFEMN-KIENSGE — E%&El&ﬁlﬁ%ﬁ:‘

E2-2



F1-3K @ =ANAl 4y S ROE AL Bl B Gauss BB ADMM &k
AHANSE RV 7E  maths.nju.edu.cn/hebma AR

1 EIEHEI 5 ADMM K =3 0] 9 S ia) @ A GERIEWES (Chen, He, Ye, Yuan 2016 MP)

BN — RV AR=ZIR AT B O (REK 01, 05, 05 PAERI—58D) [5)77
min{f;(z) + 02(y) + 03(z)|[ Az + By+ Cz=b, z € X,y Y,z € Z} (F1-1)
BIRIAEBA H R L(x,y, 2,\) = 61(x) + O2(y) + 03(2) — AT (Az + By + Cz — b) HESUATSFER

O(u) — O(u*) + (w — w*)TF(w*) >0,

w* € Q,

Yw e Q, (F1-2)

—AT\

x
z T
= _ | ¥ _ _ —-B*A ]
Hrh w O R ( y ), F(w) _ T i (F1-3)
A & Ar+By+Cz—b
BT AADMM I E]ER (F1-1)
2P = argmin{6; (z) — 2T AN + $ 8| Az + Byt + C2F —b|? |z € X}, (F1-4a)

{E?&iﬁr“} y* ! = argmin{0>(y) — y" BTAF + 1 8||Az* Tt + By + C2F —b))? |y € Y}, (F1-4b)
HJADMM T = argmin{03(z) — 2T CTN + 18| Az + ByFtt + C2 —b|? |2 € 2}, (Fl-4o)
MHL = \F — B(Azh T 4 Byt - C2F —b).

FHAE 2016 FRMP XEF B L5, AEEZHT B ADMM KEOMILEIRR (F1-1), %6/ A, B,C A
AN BRI S EAEIESS, Bl ATB=0, ATC =03 # BTC =0 B 7535U0880. TE— IR T, HTaE{RIFUes.

(F1-4d)

2 AP ARENEEZEWSSG—HER (MR 2015 FEEFRE 19 5E3H)
FUN-AIE S —ESRR A1 2015 FEEEFFR LEPE IR, 2018 FLEALERBRIER.
[FR] 28 k SIERMNBERNIZOTE oF TR, KBTS oF, #15
" € Q, O(u) - 0(@") + (w — ") T F (@) > (v - F)TQM* — %), YweQ, (F1-5)
FRIL. HBSERE QT + Q RIERM. | 11K (FI-5) B o = o, of AT (F1-2) M v, REEBARE. |

ERNXBEABMZWA S BEBRIEF, u = (1,y,2),w = (2,9,2,\),v = (¥, 2, \). ‘

[#ZIE] IRIBFUUNB RN 0F, HHZOTE v ITER S T AR A
Pt =k — M(WF — %), (F1-6)

FATFR (F1-5) F B9 Q AFMEERE, (F1-12) FREY M ARIIERERE.
(BT & ] 3T4A BRI TUNEERE Q, BERIGITHIRIEREFE M i RN T 5% :
GFHEEEEM H-0 8 HM=Q, #H G =QT+Q - MTHM - 0. (F1-7)
3 {vF} B&UWHEM R [0F T — o ||% < |loF — o4 — |08 — 3F||E, Vot e V.

(F1-8)

WMRFM (F1-7) 7, BERRWHH, EEHEM R G-HHh, BR—ERE RS A EIEMIERR.

3 KM Gauss BI{XB9TRM-KIIEFE (He, Tao and Yuan 2012 SIAM Opt.)
=RAI S BROAERE (F1-1), BROERMZODER oF = (vF, 28, \F) TR, FEEE o WFUNEZER
i* € argmin{0; (z) — 2T ATNF + 18| Az + By* + C2% —b||* | z € X}
K. B (F1-5) ARIAFoHTER, REKXK LR« TN R FHEBS K
Fex, 6(x) -6+ (@) - 2H)T(-ATN) >0, VeeX
EMER, REFTMLFA Ak = Ak — B(AZ*F + By* + CzF — b). Bltt, HA15%H

F1-1



it e argmin{ 6, (z) — —aT AT 18| Az + Byt 4+ C2F —b|? |z € X}, (F1-9a)

(] y € argmin{6s(y) —yTBTAF + %ﬁ”A;ﬁk +By+CzF—b)? |y e Yy}, (F1-9b)
¥ € argmin{fs(2) — 2T CTAF + 18| Az" + ByF + Cz —b|? | z € 2}, (F1-9¢)
X’“ =\ — B(AzF + By* + C2F —b). (F1-9d)
BEIFUN S oF. FIBRACEREA ARG, ZINSRITUUA F1-9) HESFAERXER:
it e X, 0,(x) — 00(F%)+(x — #F)T{-ATAF } >0, Va € X,(F1-10a)
7" eV, 02(y) — 02(5") +(y — gk) {=B")\' + BB B(§* —y") } >0, Vy € Y,(F1-10b)
F e 2, 05(2) — 05(FF)+ (2 — 25)T{=CT N+ BCTB(§" —y*) + BCTC(2F —2%)} > 0, Vz € Z(F1-10c)
o R e D Lo )

S EREES HBERXBEMHAE—R), HAATSTERX (F1-2)-(F1-3) #MIES, 53] (F1-10) W& ERT
* e Q, O(u) — 0@ + (w— "TFW@F) > (v - TQW* — %), vweQ, (F1-11a)
Hrp T

BBTB 0 0
Q= sc™B scTc o |. (F1-11b)
-B —C il

QT + QAR ERIEEN (X B, CHIHHKRRIEER). FIF XTI S, HATRARIE

vl —v(BTB)"'BTC 0
#RIE] ot =oF - M(* —3%), Hfp M= 0 vI 0 (F1-12)
-8B -BC I
A RR. X EERE
13BTB 18BTC 0
H=| ipc™B 1p[cTC+CTB(BTB)"'BTC| 0 (F1-13)
0 0 31
ATABSIE H IEEHA HM = Q. lk5h, v e (0,1) B, 4BB%
(1-v)8BTB 0 0
=(Q"+Q) -M"Q= 0 (1-v)BcTc 0 | >o, (F1-14)
0 0 51

WS R4 (F1-7) 5% 2. #RIE (F1-12) 93K 1% 2 AT LUBE S 1.
B E, BTN (F1-9) REZE (Byk, C2F, \F) siATAFFEA, KRIE (F1-12) Ay pU@id

Byk+1 B I —vI\ (B(y* —¢* K - k&
(Czk’“) - (CZk} - (Vo : ) (cgk - %) L A=A = B(AZ 4+ Byt + O —b) (FI-15)

I, XHFRATFR T —REA KRR T (Bka, C2F 1 2N+ SR IG IR R M — 1 IR AR,
B F1-1) PR v & o5, BIBE] (0F — v)TQF — o%) > 0. BT, &

By Bl.,, 0 0
c=| Ccz |, BEMEES (F-)TQEr -k >0, HPp Qo= (5?2 ﬂ§n3 1(} ) . (F1-16)
)\ T dng “4dng Bim
T SR TERIE, 34 (F1-16) et O, Fl ’
181, 1BL,, 0 mﬂz 0 0
H= ( 181, 2 BI% 0 ) 51,12 Bl., 0 )
0 51m ~TIn, —In, Im

MBEHM=0MG=0T + Q- MTHM =~ 0. THRTHKIER

il =gk M(eF — &%) . BIRPIEGRERRE (F1-15).
WE (F1-8), FF5 (€%} WM (| —¢ |3, < 1€F &3 — 1€ = €¥3, ver e =" (F1-17)

F1-2



F2- K= A o @R ) B 9 F1TIEN R ADMM Bi%
AHANSE RIS /5% maths.nju.edu.cn/"hebma  fAJIRE

1  EEHET B ADMM K2 =R A 53 B 0] R4S BEARUEUS S (Chen, He, Ye, Yuan 2016 MP)
FAE— AL M AR = R AT DB (REK 01, 02, 05 PAET—NIRM) 8155

min{6,(z) + 02(y) + 03(2)|Ax + By+ Cz=b, x e X,y € Y,z € Z} (F2-1)
BIRIAGBA B R L(z,y, 2, \) = 01(2) + 02(y) + 03(2) — M (Az + By + Cz — b) NS AT R FAEFR
w* e, Ou)—0u*)+ (w—w) Fw)>0, VweqQ, (F2-2)
x . —AT)
|y a B — BT\
Hr w=1 7| uw= ( z), F(w) = _oTy . (F2-3)
A

Arx+ By+Cz—b
BAITELME, AEEMT 1) ADMM KB=RAI 2 EORAKEIRE (F2-1), E—RIFH T, HTBARIES .

2 AILARSRIGIEE EUNSIRI G —HEZE (it 2015 B EFRE 19 5F 3 )

HUN-RIERZG—HEZRIRA] 2015 FHEBEFFRXETERREL, 2018 FRAXEHHRER.
[F] £k SERNGERNROEE oF T, RIS S o, 15

" € Q, 0(u) — 0(@") + (w — ") TF@*) > (v —F)TQMWF — %), YweQ, (F2-1)
R, HAERE QT + Q RIEEM. | IR (F2-3) ok = 0%, of HHETF (F2-2) B w*, SR 2 BIREAIAE.

[ IE] IRIBFUUNBRE oF, AHZOTE v IFNER S T AR A
P = ok — M(F — o). (F2-2)

PSS 3THAERTUNAER Q, BERIGITHIRIERERE M i R T~ 5% :
GFEEEEM H-0 #8 HM =Q, #H G=QT+Q - MTHM - 0.

(F2-3)
Fo{v"} BEWEEMER (|0 — o5 < [l0F — ot lF — 0F = |G, ot e Vr

(F2-4)

WMRFM (F2-3) 8, BEM RS, EREHEK R G-HH, BR—ERE RS EIFMIERR.

3 %‘Bﬁzlzﬁ#ﬂﬂ .I—.E)nJJ Iﬁj E,‘] ADMM 7‘5;% (He, Tao and Yuan 2015 IMA Numr. Analysis)

REEZRAI B UL BRE (F2-1) B ER 3 AT H A ENIAY ADMM 5%, iR v = (y,2, M) 1E
RZLTE. FLERMNBEN 0 = (vF, 27 \F) FIRFITRIER ¢ F1 2 FIE)L. @i

2" € argmin{6; () — 2T ATIF + gHAx + By* +C2F —b|)? |2 € XY, (F2-1a)

y* 1 € argmin{fa(y) — yT BTN 4+ Z||Az"+1 4 By + C2% —b)2 + 2| By — y")|? |y € Y}, (F2-1b)
M € argmin{f3(2) — 2TCTA + 5| Aa* T 4+ ByF + Oz — ]2 + 22| C(2 — 2F)|? | 2 € 2}, (F2-1¢)
)\k+1 _ )\k _ 5(Axk+1 + Byk+1 + Czk+1 . b).

(F2-1d)
EERB T, B > 18, BATKERRX AN ARISE. FIZ A2 =\ — B(Aa™H! + ByF + C2F —b)
FEH (F2-1) B9 M TRl
[ 02(y) —yT BTN+ 58(A2™H + Byt + C2F —b) + B(y — yM)|1? }
. . S
argmln{ +§BIIB(y—yk)Il2 lye )

| 02(y) —y" BTN +yT BT B(Ax ! + By* + C2F —b) ’ }
= argmin - c
° { +3B811B(y — y)II” + 5811 By — y*)II yey

= argmin{fy(y) —y" B' N7 + BBy —)|* [y € ¥} BE.
132, (F2-1) Sy 24 AT s
e argmin{6s(z) — TOTNFE 4 B0z — 29?2 € 2} SR

k+1
Y

m

F2-1



B =1+ 1, 75EF2-) JUNERFNHET RIZLIER

1 € argmin{0; (z) — 2T ATA¥ + L8| Az + ByF + C2F — b||* |z € X}, (F2-2a)
Atz = \F _ B(Az* T 4 ByF + C2F —b) (F2-2b)
y* 1 € argmin{0;(y) — yT BT AR T3 4 LB By —y")|I? |y € Y}, (F2-2¢)

B e argmin{fs(z) — 2T CTAN3 4 Lg||IC(z — )% | 2 € 2}, (F2-2d)
ML= NP B(Az* L 4 ByR T 4 ¢ —p). (F2-2¢)

g2 Gt —HEZR, WS MEIERR A EL A T8 8, UL FAIB 55K (F2-2) SR AR AR N B TUM - KR IE /5 3.
¥ e arg min{6; (z) — aT ATNE 4 $ 8] Az + ByF +C2F —b|)? |z € X}, (F2-3a)

. " € argmin{fs(y) — y" B"A* + 48] B(y — v*)|’ly € Y}, (F2-3b)
f}ﬁslﬂll] ~k . T ~T\k L LAY

7% € argmin{f3(z) — 2" CTN* + LB(|C(2 — 2M)|]*|z € Z}, (F2-3c)

N =2k — B(AZ* + By* + C2F —b). (p=71+1) (F2-3d)

3% (F2-2) g wh 1 FFG (F2-3) & oF Z B X R 2
.CL‘k+1 — £k7 yk’-i-l — ~k7 Zk’-‘rl _ Zk Fn /\k+1 /\k —I—ﬁB(y — g )+60(2k _ Zk) (F2-4)

<

XA, TN (F2-3) JEIMX LR M MEFHRE:
)

e X, 0i(x) - 013" + (x— )T {-ATHF }>0,VeeX, (F2-5a)
7' eV, baly) —02(5") + (y - A ) {=B"A" + uBBTB(§* —y")} 20, vy € Y, (F2-5b)
ez, 03(2) = 03(3F) + (2 — 2N T{=CTN + uBCTC(ZF - 2*)} >0, Vz € 2, (F2-5¢)
- . ST (AZ* + Bk + OzF —b) m

AT e R, (A=X%) { _B@* —W@ﬁ%\(xk—/\k) >0, VA e R™. (F2-5d)

P ERPE—HBPHAE—R, HFBATHAER (F2-2) -(F2-3) FHIIE S, B3 (F2-5) EELRR:

@t e, O(u) = (@) + (w— ") F(@") > (v - ") TQW" — ), VweQ, (F2-6a)
Hep
uBBT B 0 0
Q= 0 usCctc 10 . (F2-6b)

RIE (F2-4), MNFN (F2-3) B2IK o* BE B (F2-2) Fi0TE oL, REARE

P =k — M(

[RIE]

T =2 (F2-6) B RYFUMEEFERN (F2-7) B9 IESERE 57 7l =

u3BTB 0 0 I 0 0
Q= ( 0 upCTC 0 ) #n M = ( 0 I 0 ) . (F2-8)
—-B -C 3 —-BB —pC I
IREUXTFREEBE
uBBTB 0 0
H= ( 0 upCTC 0 ) ; (F2-9)
0 0 51

ATASGIE H & B, C 5i#EFKETEEHE HM = Q. kb,

(v —1)BBTB -BBTC 0
=Q"+Q) -MTQ= -BCTB  (p—1)BCTC 0
0 0 51

(F2-10)

HFu=r+1>25FKGARRLIEERE. WEMESEME (F2-3)#E. £ He and Yuan, Optimization Online 6325
s (lJ:l:jCIE'ﬁ&%ET £ Springer Proc. Math. Stat., 360, Springer, Singapore, 2021), 12 £ ERR:

BAEF2-2) P > 28R 1 > 1.5 (EBRHE DR 1 B KT 1.5), WSHRE BARIRS.
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GCl-MNHFABEZZR— N HZREHA BIE—RE R

BB ERIFISEE-1  maths.nju.edu.cn/hebma  {A§F4E

1 BEBRAREIERZFRIEBSENSGE—IESR EF— T RAREHNEEGE—IELR)

HARLE M LR OMM LB FAY Lagrange BRI R VABE AR T A AFR
w* e, Ou)—0u*)+ (w—w) ' Fw)>0, YVweQ (G1-1)

B AKRBEANESTFR, BINEZRT T TEHMFUN-RIERSZ—HESR.
[F] 5k SERMNGERNOEE oF T, RISTN S o, 15

* € Q, O(u) —0(i") + (w — *)TF(@F) > (v — F)T QW — %), Vw e Q, (G1-2)

FRIZ. HBSERE QT + Q RIEEM. | 118 (G1-2) # o = o, 0" AT (G1-1) M v, REEBARE.

v A S wE, AR w IR ST E. I, AREFHEED, u = (z,y), w = (z,y,),v = (y, \). ‘

[RRIE] IRIBEFUNS IR oF, A0TSR v FTER R T AR A

P =k — M(oF — %), (G1-3)

FAIFR (G1-2) FEY Q FFUMEERE, (G1-3) HRY M K IESERE.

PSS & FHAERTUNAERE Q, BRI ITHIRIELEME M B I T &4
GFHEEEEM H-0 8 HM =Q, #H G=QT+Q - MTHM 0. (G1-4)

R EH (G1-4) B, BEEM RSN, EEBEAEE -1 §3 EE, XEWSIERIEFARELESMN.
UERNEFERE T ZBEGSED IR TN (G1-2) FIFLIE (G1-3), FRAEEIIEIEIEME (G1-4) BERHE.

EXE RMNRABKRQT +Q, HMGARLREEWN, XEHTRAEREMNFEE, EREHENNTIE
LA ERE M L R P 2 BRI ST IR IEFE T A TRET M Z R ENIERE.

TSR C A IERIRAT 4y B o] B i) ADMM 1, H IEEER AR B 255#%%%, Bl BT B 2IEER.

2 AARME—ZREENFNNG—IER EHERIERERRFLESE
BTN (G1-2), B EEHLHFHEFM (G1-4) BIZEME M, A REERSITIIE (G1-3).
THERITBESE—MREM (G2-4) ENMHIMERIELERE M 875 E:

U (G1-2) IREM Q#HE QT + Q = 0. D=0, G=0,
WSS (G1-4) B3R % H BRI IE 5B/ M: — D+G=Q"+Q,
BEH-O, 5 HM =Q; MTHM = D,
HBG=Q" +Q—- MTHM » 0. HM = Q.
D>0, G0, D=0, G0,
D+G=QT+q, D+G=Q"+Q,
OTM = D, — M= O-TD, (G1-5)
HM = Q. H = QD QT.

KNABEREE—NNIREEEME H, RIEHM = QMG = 0. EXBEA H F1 M FAELHE (G1-4).

BT EABHNTUNER Q, ARIREMERE H MM, FEREEEH (G1-4), ILABERINFE SHFL.
MERBEE: —BRT SRITUNER Q. AT LUEEZMEZEMN D, FEHBE0 <D < Q7 + Q.

SRIEH M =Q "D SEIFEM M #1T (G1-3) KRIE, WM R BAHE. QT MKEEERSHH!
RIE ot = oF — M(o% — o%) ATRUBIE QT (V! — o%) = D(0% — oF) EH, Q EIERR=FKE.

Gl-1



3 G—IEZR T AN B aE M BRAYMERA

EIB G EKRAFM-FIE A (G1-2)-(G1-3) KRBT AFR (G1-1), MR EH (G1-4) &2, MFTEKHIF
5 {o*} F{a*}, B

O(u) — 0(i*) + (w — @*)TF(@*) > $(|lo — "5 — v —v*|1%) + 30" — "G, VweQ (G1-6)
Fn

[ — v < Jlo° =0t |lF = [l = 0", Vet eV (G1-7)

R 7E (G1-2) REYAI, FIF Q = HM (UG- HRT—R), BH
O(u*) — 0(@") + (w* — ") TF(@*) > (v* — ) THM(0F —o*).
BT M(w* — %) = (vF — o* 1) (MREAR (G1-3), ERATUERK

O(u) — 0(a*) + (w — F)TF(w0F) > (v — oF)TH (P — o* ). (G1-8)
BIEER
(a—=b)"H(c—d)=3{lla—d|l} — lla—clF} + 3{llb—cllF — b —dl|;} (G1-9)
AFAER (G1-8) AR, Hi” a=v, b=10", c=oF, M d= "1 Hf115E
(v—)THO" —o" ) = 3 ([lo = "5 — v — 0" [1%) + 5 (I[0* = 3%1F — [[0*T = 3%|%).  (G1-10)
XF (G1-10) B &5, FIFH HM = Q #1 20T Qu =07 (QT + Q)v, F&A1A
[o* — %1% — IIv’“+1 7|13 (FIF (G1-3))
= |o* =" — (" = 5F) = M@@* — %)||%
= (@ ="T(HM + MTH)(w* — %) — (% — ") MTHM (0" — &%)
= (W -T (Q+QT—MTHM)( %) FIF (Gl-H)FHE—)
= [* -3 (G1-11)

BL(G1-13) BIZE RN (G1-10), REBN (G1-8), BB EILE L (G1-6). ¥ (G1-6) P wiR HEEREE
B w*, A

[o% —o*1F = 0" =02 > [loF = 8F||F + 2{0(a") — 6(u*) + (@F — w*)T F(a")}. (G1-12)
BRIB (0F — w*)TF(wF) = (0F — w*)TF(w*) MEMEEE, &I1NE
0(i") — 0(u*) + (0" — w*)TF (") = 0(a*) — 6(u*) + (@" — w*)"F(w*) >0,
EtEM (G1-12) 52|

0% — v* |13 = Il — o1 > v* = %13 (G1-13)
X EIBRLE IS (G1-7). ]
MEEL (G1-6) RS BE R BHAE X THWSIRZE. He & Yuan X T ADMM BB = X TUSUER R

—ETAZER(G1-6)iERARY. I B. S. He and X. M. Yuan, SIAM J. Numerical Analysis, 2012, 50: 700-709.
BAVFR (G1-7) Y H FSEEFERE, G AWM. 4518 (G1-7) RIERA A A B ARSI X A EFR !

MIEFRISAE AT LARIE, E3E G HIEEIL UM (G1-4) QT + Q, H A G SHL A IE ERHMIPAR L.

4 NIEIEFG AW AR SR B B B it BRI NS

TG ZFUN-FIE 7 3R(G1-2)-(G1-3)TE R H(G1-4) NIERBRY. &5 (G1-5F(G1-4) ZF1), AT LURTE (G- 5)*’?
EEE BAaER, §1PAEE (G1-4) BRI SEWEE, ﬁﬁ§2EPE’Ja?—_1ﬂr$ M RE RIS IHR M TR

AT ECERINGL. UM (G1-2) i E QT + Q = 0 BIFUNAERE Q, iE D, 115
0<D=<QT+Q, HREWM M=Q "D EEBKIE (GI1-3).
X#E, FUN-FRIEF75% (G1-2)-(G1-3) FFE I FS) {vF ) R EIR G FRIZiL, He

H=QD'Q" #M G=Q"+Q-D,
MREEERE. HHEIREFHIERGHERXN H.

M Q —RERBR— BHRERIR=AIER ML —A I~ NFE— ()RR LA
BEEGAH M = QT D FERKIE (G1-3) &K QT (v —vF) = D(0% — o) EBHAEHE !

Gl -



G2-IRBEWHFHNFNRRWE=" s EREEN— R R T X
a2 ERFIBEA-T  maths.nju.edu.cn/hebma {AJ(FE
1 BESAREMEGARIENSM G —IER RATRELNEES—ER)

HAVEEM AR OB Lagrange B AL AR T ST EFR
w* €Q, Ou)—0u)+ (w—w)'Fw*)>0, YweQ (G2-1)

HIRR. AKRBXANTELAER, ZNELRH T TENFUN-RIENSE—EZ.
[F] 28 k BIERNAERROER o FHR, KIGTUN S oF, 5
* € Q, 0(u) —0(i*) + (w — *)TF(@F) > (v — oF)TQF — %), Vw e Q, (G2-2)
BRAL. HAFERE QT + Q AR ERIEEHR.
[RRIE] RTINS EIE o8, BHZLCTE o FTERS ST AR A
P =k — M(WF — *).

WS 3TAERMTUNERE Q, BRI ITIIRIERERE M #H BT &4
BEEEEM H-0 #8 HM=Q, #B G¢=QT" +Q—-MTHM » 0. (G2-4)
BA)NER, §1 PAISRM (G2-4) EEARWIES ZUELME. §2 PRSENMEIERRAT & EAIRIHEMR TN
BT BESRRINS. TN (G2-2) FHE QT + Q - 0 IFUNAERE Q, iE D, 1£15
0<D=<Q"+Q, REWM M=Q "D EFMKIE (G2-3). K QT (! —v*) = D(tF — ")

1EME Q —REM—1 B RIEMR=AIER E — I~ B — R 5ER R,
2 ZRaROMEEIEE T EZHE K ADMM BT

i* € argmin{6; (v) — 2T AT + 18| Az + By* + C2F — b|? | x € X}, (G2-1a)
(] g:j € argmin{6(y) — y" BTA\* + 1 ||Az* + By —|— C2"—b)? |y eV}, (G2-1b)
2 € argmin{03(z) — 2T CTN + 18| AZ* + By* + Cz - b||? | 2 € 2}, (G2-1¢)
A= 2\F — B(AZ" + By* + C2F —b). (G2-1d)

BRI = oF. FIARK B R EE, FHONSFTUNE (G2-1) HEDRERER (G2-2),

) . (G2-2)
3 ETHEMMERE QBARIHIE Notice that

26B"™B  BBTC -BT BT 0 o0\ /28I BI -I\/B
QT +Q=| BCT'B 2p8CTC —CT )= 0 CT o] Bl 28I —I||O
-B ~C 21 o o I1)\-I -1 2I

o o

BBTB 0
[T B ] Q:(ﬁ@f BCTC

~

—-B —-C

=

o
o Qo
~ O O
\_/

is positive definite (whenever B and C' are both full column rank) and

BBTB BBTC —-BT BT 0 o0 BI BI —I
QT:< 0 pCcTc —CT>:<0 cT o)(o BI —I)(

o Qo
~ O O
N————

o o0 ir 0o o I 00%1

We call the center part of the right hand sides of the matrices of @7 + Q and Q7 are kernel, i. e.,
281 BI —I BI BI —I BI BI —I\ ' (i1 —%I 0
BI 281 —I | and 0 BI —I |, resp.! 0 pI —-I = 0 I I ]. (G2-3)
2 1 1
-1 -1 2I 0 0 3/ 0 0 3I 0 0 pBI
With the given prediction matrix Q) in (G2-2), we can construct various corrections by choosing different

matrix D. Because the k-th iteration begins with given (By*, Cz*  \¥), the correction needs only to offer
(By*+1, C2F+1 \E+1) for starting the next iteration. ~ See some examples !

=

G2-1



3.1 #IJi&EFE 1 By choosing

BT 0 0 (1+v)pI GBI I B 0 0
D=| 0 CcT o BI (1+v)pl —I 0o C o], (G2-4)
0o o I -1 -1 %I 0 0 I

where 0 < v < 1. Since

28I BI —I (14 v)pI BI —I (1—v)BI 0 0
BI 28I —I| = BI 1+v)pI I |+ 0 1-v)BI 0 |,
- -I %I -1 -1 %I 0 0 %I

the both kernel matrices in the right hand side of the above equation are positive definite. The solution of the
system of equations Q7 (v**! — v*) = D(#* — v*) can be obtained by solving

BI BI —I By*tt — Byk (14 v)BI BI -1 Bij* — By*
0 pI -1 Chtl —C2F | = Bl (I+v)pl -1 Cczk — 0¥
0 0 gI AEFL _ Ak —I —I 51 PLEY
By using the inverse of the kernel matrix of Q7 in (G2-3), the correction form can be simplified to
Bykt+1 By* vi —vI 0 B(y* — g*)
cHll=(cCcF |- 0 vl 0 C(zF - 2%) |. (G2-5)
Ak+1 AF —BI —pI I AR — N

This is just the correction described in F1.

3.2 #J&E 7% 11 By choosing

vBBTB 0 0 BT 0 o0 vBI 0 0 B 0 0
D= 0 vBCTC 0 | = o CT o 0 wvBI 0 0 C 0|, (G2-6)
0 0 %I 0 0 I 0 0 %I 0 0 I

where 0 < v < 1. Since

28I BI I vBI 0 0 (2 —v)BI BI I
gr 281 —I|=( o wgr o |+ BI 2—-v)Bl —I |,
-1 -1 21 0 o0 i1 —I —I 11

the both kernel matrices in the right hand side of the above equation are positive definite. The solution of the
system of equations Q7 (v**! — v*) = D(#* — v*) can be obtained by solving

gI pI —I Byr+l — By¥ vBI 0 0 Bij* — ByF
0 BI -I CFtt—ck | = 0 wvpI 0 Czk — C2F
0 0 &I ARFL _ \k 0 0 &I PSS
By using the inverse of the kernel matrix of Q7" in (G2-3), the correction form can be simplified to
Byhk+1 By* vl —vI 0 B(y* — g*)
crt ) =(Ck |- 0 wvI JI C(zF —2F) | . (G2-7)
At A 0 0 T AR — S\k:

3.3 #Ji&E 7% I Let us choose the following specific one as D.
BT 0 0 201 BI -1

B 0 0
D=a@"+Q)=al|l 0 CT 0| B 28I —I|l0 C 0], ac(0,1). (G2-8)
o o I)J\—-I —I 21)J\o0 0 I

The solution of the system of equations Q7 (v**! — v¥) = D(#* — v*) can be obtained by solving

BI BI —I\ [By*+!— By 281 BI I\ [B(y*—i")
0 pI -1 CFtl_Czk | =a | BI 28I -1 C(zF — 2F)
0 0 3I AL — Nk -1 -1 3I Ak — \E
By using the inverse of the core matrix of Q7" in (G2-3), the correction form can be simplified to
By*+! By* I =1 0\ (B -3
CHtl | = CzF | —a| O I 51 CzF=2%) |, ae(0,1). (G2-9)
ARt Ak —~BI —BI 2I AR — Nk

G2-2



H1- KR8t RO Bl A Tl -8R IE BY T X ABiA R Bk
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1 ZMHARMORLEERETDAFRL PPA X
FATIBLL M AR AL B RRAY Lagrange BRI AVER 2 VAZE R TR AEFR

w* e, Ou)—0u*)+ (w—w)Fw)>0 VYweQ (H1-1)
HIRE. ARBEXANESAFR, BHITBMTHMIESEE (PPA)
PR R HEPPA) B k- PIERNBEWZLE R o FHA, RIGHHER S o, E15
whtle Q, 0(u) — 0(u ) + (w — WY TF () > (v — P THTH (WP — o), Vw € Q,  (H1-2)

ARz Heh 0 Z2XRIEERER. ’ REBREEFR u = (z,y),w = (x,y,\),v = (y,\). BHFEFRH v = w.‘

# H12) PEEN w € QA v, BB EFR (VP — o) TH(F — k1) > 0.
% a=(h—0"),b= (" — o), FIA DT H(@a—b) >0 = [bll3 < [lal} — a—bll3 | B
ko phtl Vo* e V. (H1-3)

I3,

(PPA IXSIMERR) [T — 0¥ < o — v*||% — |Jv

2 FN-RIESFZENG—ERE Ha
BT PPA, AT ERIBES TR (H1-1) MOFN-KE M EEG—IELE.
(M) % k SERAARWRUTR o TFh, RBTME 0, 518

€ Q, O(u) — 0(@") + (w — ") T F (@) > (v — ) TQW* — %), Yw e Q (H1-4)

BiSL. B QT + Q IERE.

[RRIE] IRIFFUNSEIRY o8, AL TE v FIFNAR S oFH AR A

P = ok — M(F — o). (H1-5)

FAFR (H1-4) BB Q FFNEERE, (H1-5) R M AR IESERE.
P £ A ENFTUNER Q, BRI ITHIRIIELEM M #RIN T &4:
GFHEEEEM H-0 8 HM =Q, #H G =QT+Q - MTHM 0.

(H1-6)

 ANFAEZZH— N ERBHTBRNOE—HFEE) WERINEE G B, FRATER 7 Udatt R
(H1-7)

(BRI R) [0F T — o ||% < |loF — o |5 — |oF —3%||Z,  Vo* e V.

M-8 1E 75 3 (H1-4)-(H1-5) fdliE | BiE (HI-2) 2 BIMIX R : & HI-4) R HIZERE Q I #R, sicH
K H, Fi2HB O Aot EBE H1-2). XBHEYTFAE HI-S) FE M = 1, (HI-6) FHGMET H.
BT % = o*t, G = H, Ful-KIEE ARSI B (H1-7) LRk T 4RI S5 B5E RIS R (H1-3).

3 G—iERP TRV S —EE M FRAIERR
RS (H1-6) G —IEZREEN (N A B R (H1-7), 5 {||v* — o || g} R BB LEE.
EEH RBEHAER HI-1), & {vF}, {0F} 2EFUN-FIEAESS (H1-4)-(H1-5) A anRBett &
H (H1-6) 2, NH

k ~lc) o (,Uk-l-l _ ,L~)k+1)

k k k k
[ A [ R (G

- (H1-8)

BB, B
(H1-9)

”karl . karQH%I < ”,Ulc o karl”%{‘

Hl -1



iERR  AR4E (H1-4), &1\
O(u) — 0(a") + (w — ") TF(@*) > (v — *)T Q" — %), Yw € Q (H1-10)
#a
9(7.1,) _ 9(~k+1) + (w ~k+1)TF( k+1) > (1) _ ~k+l)TQ( k+1 _ ﬁkJrl)7 Y € Q. (H1-11)
BAERX HI1-10) F1 (HI-11) FEER w € Q5 FNIRA o8 F ok, B2
g(uk+l) _ g(ak) + (warl — W )TF(U) ) > (Uk‘+1 _ @k)TQ(vk o @k)

n
Q(ﬂk) _ a(ﬂk+1) + (’LZ)k ~k+1)TF( k+1) > ({}k _ ,Dk+1)TQ(Uk+1 _ ,DkJrl)'

¥ ERAANAAEXEMAFA (08 — o*HT (F(aF) — F(aF ) =0, 3B
(@k _ @k+1)TQ{(Uk _ ﬁk) _ (Ukﬂ _ 1~)k+1)} >0. (H1-12)
HERER HI1-12) BB L {(v* — %) — (oF ! — SFH)NTQ{(vF — oF) — (P — oh+1)), 1BE)
(vk _ vk-i—l)TQ{(vk _ @k) _ (vk+1 _ @k+1)} > %”(Uk _ 5/@) _ (vk+1 _ 61@4—1)”%QT+Q).
FIRA HM = Q F1 M(v* — oF) = (vF —v*+1) (R(HI1-5)), ;B
(vk _ Uk+1)TH{(Uk _ Uk-s-l) _ (Uk-s-l _ vk+2)} > l||(vk _ @k) _ (vk+1 _ @k+1)H?QT+Q). (H1-13)
&ha, MREER (| - [0l = 20" H(a - b) — [la — b]|F # (H1-13), HAWUSE

k UkJrl”%_I o k+1 ,Uk+2||§{

lv lv
— Z(Uk' k+1)TH{(,Uk' _ ,Uk+1) _ (Uk+1 _ Uk+2)} _ H(Uk _ Uk+1) _ (Uk+1 _ ,Uk+2)H%I
> [0 =08 = @M = ) Rgr ) — (07 = o) = (08 = oF ) (H1-14)
st ERAHE BRI (0F — o) = MWk — %) (M(HI-5),
1" = o™ ) = @ = o) = (M (0F — %) = MM = d |, (HI-15)

H (HI-14), (H1-15), #FIB QT + Q - MTHM = G, #1558
[0 — R — R =R > |(0F = 8F) — (F T — R |I2.

X2 (H1-8), jERASEEE. O
EIBH 23 FUN-4F B % —IELR QY E EIFRRRY. PPA 245 —EZ2E 094540, EIBH B4 L RIRERLST.

4 RBPESFHHSFNESINFN-KIERNT XL E X

RIS & H1-6) WE—IEREXZEBGESMR H1-7) M H1-9). MRF—EXLFHENE LG
ﬁJZE (HI1-7) AR [[oF — %2 FF ||v* — oF %, BRFRISEIE ES M) PPA BRI R (H1-3).

XERDBE | ST (H1-4) PEITUNEERE Q 2 Q7 + Q - 0, AR AT
D~0, G0 18 D+G=Q"+Q. (H1-16)
RES MTHM D, 3B S T24E MRS

Q. HM = Q, H
p. = {QTM:D. A {M

—1NT
g?TDQ ’ (H1-17)

{ MTHM

BREFHEEWHEEN M =Q TDFH = QD 'QT. BELITIIE (HI-5), WS RR (H1-7) A M AL.

FM-BZIEBT X PPA. 7E Q JEXTFRESFUN-#RIE /5%, AR 7E (H1-16) R EN—3T455%80 D M G, (F15

D=G=1Q"+Q) (H1-18)
BF D = G, WHEARER HI1-7) K
[ — o < o — ot = ot =, et e VR (H1-19)
EX D= MTHM (W HI1-17), FIA M(* — %) = v% — ¥+ (IL (H1-5)), FER HI1-19) 3K T
[0 — 0¥ [IF < 0% — o[ = (lof = oG, et e VR (H1-20)

XRZER (H1-3) XN HEERU A A F 3, B HATFRER B A TUN-FIERI T S PPA.

I~ S PPA BORZIERT AR Q7 (vM T — o%) = 1(QT + Q) (0% — v¥) TEmR. {v*} A& (H1-9) F (H1-20) !
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1  The variational inequality and the algorithmic framework
Consider the multi-block convex optimization problem
Inil’l{Zle HZ(LEZ) | Zle Al.’bz = b, xT; € Xz} (H2-l)

The Lagrangian function of the problem (H2-1)is L(z1,...,2p, ) = > o, 0:(x;) AT (3°F_, A;x;—b), which
is defined on 2 = []Y_; X; x R™. Note tha the saddle point of the Lagrangian function, say (7, ..., Ty, \*) € Q,
can be described the solution of the following variational inequality:

(VD) w* e, 0x)—0z")+ (w—w)'Fw)>0, VweqQ, (H2-2)
where Q =T]0_, X x A, 6(x) = D0, 6;(x;),
X 1 —A{/\
w = :E-p o x=| 1], Flw)= —AT)\ ) (H2-3)
P
A r P A —b

We still use 2* to represent the solution set of the variational inequality (H2-2). For solving VI (H2-2), we have
proposed the following algorithmic unified framework which consists a prediction and a correction.

[Prediction]. Start from a given w¥, find a predictor w* € €2, which satisfies
" € Q, O(x) - 0(E") + (w — ") TF@F) > (w— ") T Qw” —w*), VYweQ, (H2-4a)
where the matrix () is not necessarily symmetric, but the kernel of Q7 + @ is positive definite.
[Correction]. The new iterate (corrector) w**?! is given by
whtt = wk — M(w* — @*). (H2-4b)
where M = Q~T D, D is chosen which is satisfied D > 0, G = 0, D+ G = QT + Q.

Because M = Q~T D, the correction can be achieved by QT (w**! — w¥) = D(wF —w*).  (H2-5)

2 Prediction B.S.He, S.J.Xu, X.M. Yuan, Handbook of Numerical Analysis, 24 (2023) 511-557.
Start from a given (A;2§, Aozk, -+, Ayak, \F), obtain @* = (25,25, -, 2%, AF) via:

¥ € argmin{6; (z1) — ] AT/\k + 38l Ar(zy — 2| | 21 € X1 };

5 € argmin{fy(z2) — a3 ATN* + L8]] A1 (&} — af) + Ag(mg — 25)[1? | 22 € Xo};

(H2-6)

ik € argming, e x, {0p(z,)— 2T ATAF + L8| P2 A (38 — 2b)+ Ay (z, — o) (12}
A= \F— B(30_) Ak —b).

The optimal condition of the x; subproblem is
.’I’}f e X, 6’%(:1:2) — 91(53’“) + (acz — LE ) { AT/\k + 52 (IL‘ — Xy ) + AT()\ — )\k)} >0, Vx; € A;.

The formula which yields AF can be rewritten as
e Rm (A= M)T{(F_, 4535 —b) + 5\ =N} >0, VAeR™,
By using the notations 6(z) and F'(w), we obtain the following variational inequality for the prediction.

Lemma 2.1 Let " € Q be generated by (H2-6) with given (A %, Agxk, - - ,Apx’;, AF). Then we have
" € Q, 0(x) = 0(F") + (w — ") F@") > (w—a*)"Qw* — "), YweQ, (H2-7a)
where
BAT A, 0 e 0 AT
BATAL BATAy T : A7
Q=| 0 | (H2-7b)
ﬂAgAl BA};AQ e BAZ;A,, Ag
0 0 e 0 %Im

H2-1



3 Correction (H2-5) by using the kernel matrix arXiv:2107.01897v2[math.OC].

AF- 0 o0 0 261 pI --- pI I A, 0 - 0 O
0o AT . i 0 BI 26I : : 0 Ay, . 1 0
QT+Q=| : o0 ¢ TR ) S ¢ : o0
0o 0 - AT 0 gr .- pI 28I I o 0 - A, 0
0 o --- 0 I, 1 I I %I 0O 0 - 0 I,
is positive definite (whenever each A;,i = 1,...,p, is full column rank matrix) and
AT 0 -~ 0 0 gr pr --- pI 0 Ay 0 0
0 AT S0 0 BI .o 0 A :
QT = . 0 . - . BI 0 . 0
0

The center part of the matrices Q7 + @ and Q7 are called their kernel matrix and denoted

261 pI -+ BI I gl pIr --- pI 0
BI 28I : : 0 pBI - D
Q"+ o=+ . . opr and Q"=| : .. . g1 o | (H2-8)
sr - pBI 28I I o --- 0 pBI O
I - I 1 %I r - I I %I
respectively. Note that Q7 has the simple form because Q7 is a nonsingular upper triangular matrix !
Since the k-th iteration begins with a given (A2}, Aoz, ... ,Apx’;, AF), for starting the next iteration, the
kL, Apaftt XF+1). There are infinite combi-

correction this iteration needs only to offer (A; x’f +1, Asx
nations of D and G that meet the conditions, we only take the following example for illustration.

D=a(Q"+Q)andG=(1-a)(Q"+Q),a e (0,1)

D is proportional to G
AF 0o - 0 0 261 pI -~ pI T A 0 -0
0o AT . i 0 BI 28I D 0 A ;

0 0 - AT 0 B - BI 28I 1 0 0 A, 0

o% — v*) can be obtained by solving

The solution of the system of equations Q7 (v*+! — v*) = D(
I BI --- BI 0 Ayt — Ak 28I pBI - BI I Ak — Ajab
0 BI . i G| AwwpTh - Al Br 281 . || Ae®r - Aswy
. L B0 : =af BT T :
0 0 BI 0 || Apah+l — A0k BI - B 281 I || A3y — Apay
I I 1 %I NIV I . I I %] Ak K

0 pI
Because : . B0 = 7%1 o |- finally, we get
0 0 BI 0 0 0 I 0
I 1 g I 0 - 0 pI
Akt Ak I —-I 0 - 0 Ak — A gk
A2$§+1 A2x§ 0 : A2a:’5 — Agfc’g
: = ¢ |-a]l 0o o I -I o0 : (H2-10)
Apzlt? Apzk I 120 gl Apak — A, zk
Pan \F -pI 0 -~ 0 I A \F

H2-2
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