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öSK 1-2?Ø����¯KÚ��Ã¡�¯K��5C©Ø�ª�'X

���¦¯Kmin ∥Ax−b∥2´��5�ê¯K,k���{�±¦).����¯K min ∥Ax−b∥1 Ú
��Ã¡�¯K min ∥Ax− b∥∞ %Ø´,§�Ñäk|Ü¯K�A5,��I�^S���{¦).

1. �A ∈ ℜm×n, b ∈ ℜm. �©Oò����¯K min ∥Ax−b∥1 Ú��Ã¡�¯K min ∥Ax−b∥∞ �
¤�d��55y.

2. ����¯K (Least absolute deviations)´���1wà`z¯K,§�êÆ/ª´

min ∥Ax− b∥1, (A.1)

^ eL«z�©þÑ´ 1�m-��þ. P B∞ = {y ∈ ℜm | − e ≤ y ≤ e}. ¡Ù�Ã¡�eü ¥.

(a) �`²,é?Û� d ∈ ℜm, ∥d∥1 = max{yT d | y ∈ B∞}.

(b) �ò����¯Kz¤�A�üN�5C©Ø�ª

u∗ ∈ Ω, (u− u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω.

�ÑÙ¥äN� u,M, q Ú Ω.

öSK 3-4 ?Ø3C©Ø�ª¦)L§¥�^���
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3. �Ω ⊂ ℜn´4à8,|^á�A2¥�Úny²

(a) ∥PΩ(v)− PΩ(u)∥ ≤ ∥v − u∥, ∀u, v ∈ ℜn.

(b) ∥PΩ(v)− u∥ ≤ ∥v − u∥, ∀v ∈ ℜn, u ∈ Ω.

(c) ∥PΩ(v)− u∥2 ≤ ∥v − u∥2 − ∥v − PΩ(v)∥2, ∀v ∈ ℜn, u ∈ Ω.

4. duC©Ø�ª u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω �du¦ e(u, β) = 0�":,Ù¥

e(u, β) = u− PΩ[u− βF (u)]

3ýÿ-��¦)üNC©Ø�ª�ÝKÂ �{¥, ∥e(u, β)∥~�^5ÝþØ�.

y²é?¿(½�u ∈ ℜnÚ β̃ ≥ β > 0,·�k

∥e(u, β̃)∥ ≥ ∥e(u, β)∥ Ú
∥e(u, β̃)∥

β̃
≤ ∥e(u, β)∥

β
. (A.2)

(a) e� t = ∥e(x, β̃)∥/∥e(x, β)∥, (A.2)�(ØÒ��u�y² t����gØ�ª

(t− 1)(t− β̃/β) ≤ 0 �). (A.3)

(b) |^ÝK�Ä�5�y²

{e(u, β)− βF (u)}T {e(u, β̃)− e(u, β)} ≥ 0. (A.4)

Ú

{e(u, β̃)− β̃F (u)}T {e(u, β)− e(u, β̃)} ≥ 0. (A.5)

(c) |^ (A.4)Ú (A.5),y²

β∥e(u, β̃)∥2 − (β + β̃)∥e(u, β)∥ · ∥e(u, β̃)∥+ β̃∥e(u, β)∥2 ≤ 0. (A.6)

����(Ø (A.2).
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5. � f(x) : ℜn → ℜ´à¼ê, Ω ⊂ ℜn´4à8. f3,��¹Ω�m8þ��.�â½nA3

x∗ ∈ argmin
{
f(x) |x ∈ Ω

}
��=� x∗ ∈ Ω, (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ Ω, (A.7)

y² (A.7)ª�e¡� (A.8)ª�d

x∗ = PΩ[x
∗ −∇f(x∗)]. (A.8)

6. �C:�{ (Proximal Point Algorithm). �β > 0´�½�~ê, f´��à¼ê. é�½�xk,d

xk+1 = argmin
{
f(x) +

1

2β
∥x− xk∥2 |x ∈ Ω

}
. (A.9)

(a) y² (A.9)¥� xk+1÷ve¡�ÝK�§ xk+1 = PΩ[x
k − β∇f(xk+1)]. Ïd PPA�±w�

�«ÛªFÝÝK{.

(b) y² (A.9)�)�S� {xk}÷v

∥xk+1 − x∗∥2 ≤ ∥xk − x∗∥2 − ∥xk − xk+1∥2, ∀x∗ ∈ Ω∗. (A.10)

(c) e xk = 1
k , x∗ = 0,`²=k^� (A.10)y²�{Âñ´Ø
�.
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7. � f(x) : ℜn → ℜ´�� (Ø�½à�)¼ê, A ∈ ℜm×n, b ∈ ℜm. b�x∗´`z¯K

min{f(x) |Ax = b, x ∈ ℜn}

�(ÛÜ)�`),K�3 y∗ ∈ ℜm,¦� (x∗, y∗)´��5�§|{
∇f(x) = AT y,

Ax = b
(A.11)

�). J«: ^ C(AT )L«AT ���m,^ N(A)L«A�"�m. |^ ℜn = C(AT )
⊕

N(A).

8. �½eãÝ
�� r,¿òÙ©)¤ (6× r)Ú (r × 6)Ý
�¦È.

1 2 3 4 5 6

2 0 0 0 0 0

3 0 0 0 0 0

4 0 0 0 0 0

5 0 0 0 0 0

6 0 0 0 0 0


,



0 0 0 0 0 1

0 0 0 0 0 2

0 0 0 0 0 3

0 0 0 0 0 4

0 0 0 0 0 5

1 2 3 4 5 6


,



1 2 3 · · · n

2 0 0 · · · 0

3 0 0 · · · 0
...

...
...

...
n 0 0 · · · 0

 ,



0 0 · · · 0 1

0 0 · · · 0 2
...

...
...

...
0 0 · · · 0 n−1

1 2 · · · n−1 n

 .

9. ®�Ý
 A ∈ ℜn×n �_Ý
 A−1. U, V ∈ ℜn×m, W ∈ ℜm×m. � m ≤ n. ��Ñ

M = I + uvT , M = A+ uvT , M = I + UV T , M = A+ UWV T �_Ý
.

10. O�Ý
 [
I u

vT 1

]
,

[
A u

vT a

]
,

[
In U

V T Im

]
,

[
A U

V T W

]
�_Ý
.

11. log x3½Â�x > 0þ��ê´
1

x
. � det(X) > 0�,��Ñ ∇(log det(X))�Ý
/ª.

J«: �Xkj´xkj��ê{fª.

∑n
j=1 xijXkj =

{
det(X) if i = k,

0 if i ̸= k.

XX∗ = det(X)I,

Ù¥ X∗ =


X11 X21 · · · Xn1

X12 X22 · · · Xn2

...
...

...
X1n X2n · · · Xnn

 .
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öSK 1-3'uüN�5C©Ø�ª: u∗ ∈ Ω, (u − u∗)T (Mu∗ + q) ≥ 0, ∀u ∈ Ω�¦)�{

1. � Ω ⊂ ℜn�4à8. F (u) = Mu+ q. M ∈ ℜn×n, MT +M ⪰ 0, q ∈ ℜn. é�½�~êβ > 0,

ũk = PΩ[u
k − β(Muk + q)]. bX

uk+1 = uk − α(I + βM)−1(uk − ũk), α ∈ (0, 2), (B.1)

y²S�S� {uk}÷v

∥uk+1 − u∗∥2G ≤ ∥uk − u∗∥2G − α(2− α)∥uk − ũk∥2, (B.2)

Ù¥ G = (I + βMT )(I + βM).

2. � Ω ⊂ ℜn�4à8. F (u) = Hu + q. H ∈ Sn
+ , q ∈ ℜn. é�½�~êβ > 0, ũk = PΩ[u

k −
β(Huk + q)]. bX

uk+1 = uk − γα∗
k(u

k − ũk), α∗
k =

∥uk − ũk∥2

(uk − ũk)(I + βH)(uk − ũk)
, γ ∈ (0, 2), (B.3)

@ok

∥uk+1 − u∗∥2(I+βH) ≤ ∥uk − u∗∥2(I+βH) − γ(2− γ)α∗
k∥uk − ũk∥2. (B.4)

3. �þK.XJÝK ũk = PΩ[u
k − β(Huk + q)]o÷v

(uk − ũk)TβH(uk − ũk) ≤ ν∥uk − ũk∥2, ν ∈ (0, 1) (B.5)

@o,��� uk+1 = ũk ��{´Âñ�,���y².

4. é���üN�5C©Ø�ª,^S�{ uk+1 = PΩ[u
k − β(Muk + q)]´ØU�yÂñ�. ~X,

M =

(
0 1

−1 0

)
, q =

(
0

0

)
, Ω = {u ∈ ℜ2 | ∥u∥ ≤ 1}. (B.6)

Áy² (i) u∗ = (0, 0)T ´¯K���); (ii)) u0 = (1, 0)T �Ð©:,¤ã�{�½ØÂñ.
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5. � Ω ⊂ ℜn�4à8. F (u) : ℜn → ℜn´üN�f. β > 0´?¿�½�~ê.

ũk = PΩ[u
k − βF (uk)].� uk+1´��5�§|

u+ βF (u) = uk + βF (uk)− α(uk − ũk), α ∈ (0, 2) (B.7)

�). �y²

∥(uk+1−u∗)+β(F (uk+1)−F (u∗))∥2 ≤ ∥(uk−u∗)+β(F (uk)−F (u∗))∥2−α(2−α)∥uk−ũk∥2. (B.8)

`²ù«¦)�{�Ì�¿Â,±9§�SK 1�m�'X.

6. é�����5üNC©Ø�ª, u∗ ∈ Ω, (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω.

æ^wªS�{ uk+1 = PΩ[u
k − βF (uk)], N´¢y%ØU�yÂñ;

æ^ÛªS�{ uk+1 = PΩ[u
k − βF (uk+1)], U�yÂñ%ØN´¢y.

eæ^wª�{ýÿ,2^Ûª�{��,�Ò´ÏL

[Korpelevich]

{
ũk = PΩ[u

k − βkF (uk)], (B.9a)

uk+1 = PΩ[u
k − βkF (ũk)] (B.9b)
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XJÝK÷v

βk∥F (uk)− F (ũk)∥ ≤ ν∥uk − ũk∥, ν ∈ (0, 1). (B.10)

�y²S� {uk}÷v

∥uk+1 − u∗∥2 ≤ ∥uk − u∗∥2 − (1− ν2)∥uk − ũk∥2 ∀u∗ ∈ Ω∗ (B.11)

öSK 7-10 ?Ø¦)üN�5C©Ø�ªW~�{��
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� ũk = PΩ[u
k − β(Muk + q)]. ¦)üN�5C©Ø�ªW~�{)¤#S�:��ª�µ

(LVI-Alg-1) uk+1
I

= uk − γα∗
k(I + βMT )(uk − ũk), (B.12)

(LVI-Alg-2) uk+1
II = PΩ

{
uk − γα∗

kβ[M
T (uk − ũk) + (Muk + q)]

}
(B.13)

Ù¥ α∗
k =

∥uk − ũk∥2

∥(I + βMT )(uk − ũk)∥2
, γ ∈ (0, 2).

7. �ukÚ ũk = PΩ[u
k − β(Muk + q)]. @o,é?Ûu,Ø�ª

(u− ũk)Tβ(Mu+ q) ≥ (u− ũk)Tβ{(Muk + q) +MT (uk − ũk)} − ∥uk − ũk∥2D (B.14)

o¤á,Ù¥D = 1
2β(M

T +M)´��½Ý
.

8. é�½�uk, ũk = PΩ[u
k − β(Muk + q)]. uk+1d�{ (B.12))¤. y²

γα∗
k(u− ũk)Tβ(Mu+ q) ≥ 1

2

(
∥u− uk+1∥2 − ∥u− uk∥2

)
+ 1

2γ(2− γ)α∗
k∥uk − ũk∥2 (B.15)

é?Û� u ∈ ΩÑ¤á. (J«µ|^(Ø (B.14) ) .

9. é�½�uk, ũk = PΩ[u
k − β(Muk + q)]. uk+1d�{ (LVI-Alg-2))¤. y²

γα∗
k(u− ũk)Tβ(Mu+ q) ≥ 1

2

(
∥u− uk+1∥2 − ∥u− uk∥2

)
+ 1

2γ(2− γ)α∗
k∥uk − ũk∥2 (B.16)

é?Û� u ∈ ΩÑ¤á. (J«µ|^(Ø (B.14) ) .

10. d (B.15)Ú (B.16)�±���5C©Ø�ªW~�{Âñ�Ç�5�. d	^Ã�kB�¬

∥uk+1 − u∗∥2 ≤ ∥uk − u∗∥2 − γ(2− γ)α∗
k∥uk − ũk∥2, ∀u∗ ∈ Ω. (B.17)
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� ũk = PΩ[u
k − βkF (uk)]÷vβk∥F (uk) − F (ũk)∥ ≤ ν∥uk − ũk∥. ¦)üN��5C©Ø�ªW

~�{)¤#S�:��ª�µ

(NVI-Alg-1) uk+1
I

= uk − γα∗
kd(u

k, ũk), (B.18)

(NVI-Alg-2) uk+1
II = PΩ

{
uk − γα∗

kβkF (ũk)
}

(B.19)

Ù¥ d(uk, ũk) = (uk − ũk)− βk

(
F (uk)− F (ũk)

)
, α∗

k =
(uk − ũk)T d(uk, ũk)

∥d(uk, ũk)∥2
, γ ∈ (0, 2).

11. é�½�uk ∈ ℜn,dÝKÂ �{ (B.18)�#�uk+1k

(u− ũk)T γα∗
kβkF (ũk) +

1

2

(
∥u− uk∥2 − ∥u− uk+1∥2

)
≥ 1

2
γ(2− γ)(α∗

k)
2∥d(uk, ũk)∥2, ∀u ∈ Ω.

(B.20)
Hint: |^ (A1.7),= (u− ũk)TβkF (ũk) ≥ (u− ũk)T d(uk, ũk), ∀u ∈ Ω.

12. é�½�uk ∈ ℜn,dÝKÂ �{ (B.19)�#�uk+1k

(u− ũk)T γα∗
kβkF (ũk) +

1

2

(
∥u− uk∥2 − ∥u− uk+1∥2

)
≥ 1

2
γ(2− γ)(α∗

k)
2∥d(uk, ũk)∥2, ∀u ∈ Ω.

(B.21)
Hint: ©
 (u− ũk)T γα∗

kβkF (ũk) = (uk+1 − ũk)T γα∗
kβkF (ũk) + (u− uk+1)T γα∗

kβkF (ũk).

,�2?nmà@ü����.

13. d (B.20)Ú (B.21)�±����5C©Ø�ªW~�{Âñ�Ç�5�. d	^Ã�kB�¬

∥uk+1 − u∗∥2 ≤ ∥uk − u∗∥2 − γ(2− γ)α∗
k(u

k − ũk)T d(uk, ũk), ∀u∗ ∈ Ω.

4 ⋆ [Ex.B – 2]



Cüüü���SSSKKK ���OOO������{{{ (ADMM)ÚÚÚ���555zzz���OOO������{{{

öSK 1-3 ?ØO�Ú��ADMMÚ�5z�ADMM±9O�Ú���5zADMM

1. �ÄO�Ú��ADMM�{, §�zÚS�dýÿÚ��þÜ©|¤. Äk, òá�C1¥
l (yk, λk)Ñu,ÏL (C1.5)¦�� (xk+1, yk+1, λk+1)P� (x̃k, ỹk, λ̃k),��ýÿ:,=

x̃k = argmin{θ1(x)− (λk)T (Ax+Byk − b) + 1
2β∥Ax+Byk − b∥2 |x ∈ X} (C.1a)

ỹk = argmin{θ1(y)− (λk)T (Ax̃k +By − b) + β
2β∥Ax̃k +By − b∥2 | y ∈ Y} (C.1b)

λ̃k = λk − β(Ax̃k +Bỹk − b). (C.1c)
P

v =

(
y

λ

)
, H =

(
βBTB 0

0 1
β Im

)
. (C.2)

(a) ��Ñ (C.1)�C©Ø�ª/ª,y² (ṽk − v∗)H(vk − ṽk) ≥ (yk − ỹk)TBT (λk − λ̃k). ¿Ïd

(vk − v∗)H(vk − ṽk) ≥ ∥vk − ṽk∥2H + (yk − ỹk)TBT (λk − λ̃k). (C.3)

(b) eP φ(vk, ṽk) = ∥vk − ṽk∥2H + (yk − ỹk)TBT (λk − λ̃k),y²

φ(vk, ṽk) ≥ 1
2∥v

k − ṽk∥2H .

(c) �)¤#S�: vk+1 ����

vk+1 = vk − γα∗
k(v

k − ṽk), Ù¥ α∗
k =

φ(vk, ṽk)

∥vk − ṽk∥2H
, γ ∈ (0, 2). (C.4)

��Ñù��{Âñ�'�Ø�ª.

2. ADMM�{¥,b��I�é y-f¯K��5z?n.

(a) �y²²;ADMM�{¥ y-f¯K�±L«¤

yk+1 = argmin
{
θ2(y)− yTBT [λk − β(Axk+1 +Byk − b)] + 1

2β∥B(y− yk)∥2
∣∣ y ∈ Y

}
. (C.5)

(b) þ¡f¯K�8I¼ê¥Qkà¼ê θ2(y),qk�²���g¼ê 1
2β∥B(y − yk)∥2. ¤¢�

5z�ADMM,Ò´^{ü��g¼ê 1
2s∥y− yk∥2 ��O 1

2β∥B(y− yk)∥2 (s ≥ β∥BTB∥).

y²é=�ù:UÄ��5zADMMk

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ β

(
x− xk+1

y − yk+1

)T(
AT

BT

)
B(yk+1 − yk) + (v − vk+1)TH(vk − vk+1), ∀w ∈ Ω, (C.6a)

Ù¥

v =

(
y

λ

)
, H =

(
βBTB +DB 0

0 1
β Im

)
, DB = sIn2

− βBTB. (C.6b)

(c) y²éþ¡�Ý
H ,k

(vk+1 − v∗)TH(vk − vk+1) ≥ (λk − λk+1)TB(yk − yk+1), ∀w∗ ∈ Ω∗. (C.7)

(d) y²ù���5zADMM�)�S� {vk} é?Û÷v

(λk − λk+1)TB(yk − yk+1) ≥ 1
2∥y

k − yk+1∥2D
B
− 1

2∥y
k−1 − yk∥2D

B
. (C.8)

(e) âdy²Âñ5�'�Ø�ª: �5zADMM�)�S� {vk},é?Û v∗ ∈ V∗,÷v(
∥vk+1 − v∗∥2H + ∥yk − yk+1∥2D

B

)
≤
(
∥vk − v∗∥2H + ∥yk−1 − yk∥2D

B

)
− ∥vk − vk+1∥2H . (C.9)

3. �ÄO�Ú���5zADMM�{,§�zÚS�dýÿÚ��üÜ©|¤. Äk,òá�C1¥
l (yk, λk)Ñu,ÏL (C1.5)¦�� (xk+1, yk+1, λk+1)P� (x̃k, ỹk, λ̃k),��ýÿ:,=
x̃k = argmin{θ1(x)− (λk)T (Ax+Byk − b) + 1

2β∥Ax+Byk − b∥2 |x ∈ X} (C.10a)

ỹk = argmin{θ1(y)− (λk)T(Ax̃k +By − b) + 1
2β∥Ax̃k +By − b∥2 + 1

2∥y − yk∥2DB
| y ∈ Y} (C.10b)

λ̃k = λk − β(Ax̃k +Bỹk − b). ( DB = sIn2 − βBTB). (C.10c)
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�âþ�K� (C.6),Òk

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥ β

(
x− x̃k

y − ỹk

)T(
AT

BT

)
B(ỹk − yk) + (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω, (C.11a)

Ù¥

v =

(
y

λ

)
, H =

(
βBTB +DB 0

0 1
β Im

)
, DB = sIn2

− βBTB. (C.11b)

�âd�1 1K@��OO�Ú���5zADMM,¿�Ñ'�Âñ5��y².

öSK 4-5?ØÝ
�Frobenius�êÚ¢é¡Ý
3Sn
+ �ÝK

4. �A = (aij) ∈ ℜm×n, ∥A∥F =
(∑m

i=1

∑n
j=1 a

2
ij

)1/2
. y²é?¿�m×m��Ý
UÚn×n��

Ý
V ,k
∥UTAV ∥F = ∥A∥F . (C.12)

5. PSn = {X ∈ ℜn×n | XT = X}, Sn
+ = {X ∈ ℜn×n | XT = X, X ⪰ 0}. é�½�A ∈ Sn,�|^

A = V ΛV T ,�Ñ¯K
min{∥X −A∥F |X ∈ Sn

+} �). (C.13)

öSK 6-8 ?Ø^ADMM¦)�
Ý
`z¯K

6. �½¢é¡Ý
A,�Ä¦)à`z¯K:

min
{

1
2∥X −A∥2F

∣∣X ∈ Sn
+ ∩ SB

}
, (C.14a)

Ù¥

Sn
+ = {H ∈ Rn×n |HT = H, H ⪰ 0}, SB = {H ∈ Rn×n |HT = H, HL ≤ H ≤ HU}. (C.14b)

HLÚHUÑ´�½�¢é¡Ý
. ��¦)¯K (C.14)k�½(J,Ïd=z¤

min 1
2∥X −A∥2F |+ 1

2∥Y −A∥2F
X − Y = 0,

X ∈ Sn
+, Y ∈ SB

(C.15)

(a) �£ã^ADMM¦)¯K (C.15)�Ä�Ú½.

(b) e^
rand(’state’,0); A=rand(n,n); A=(A’+A)-ones(n,n) + eye(n);
%%% A is symmetric and A_{ij} is in (-1,1), A_{jj} is in (0,2) %%
HU=ones(n,n)*0.1; HL=-HU; for i=1:n HU(i,i)=1; HL(i,i)=1; end;

)¤Ý
 A, HL Ú HU ,�?§¢y.

(c) Uì1 1K��{,éþ¡�§S��?U,'��eÂñ�J.

7. � CÚXÑ´¢é¡Ý
. y² Tr(CX)´X�à¼ê, − log det(X) ´X3Sn
++ �à¼ê. �

^Ý
/ª�Ñ§��FÝ.

8. �½¢é¡Ý
CÚ~ê ρ > 0,�Ä¦)à`z¯K:
min {Tr(CX)− log det(X) + ρeT |X|e |X ∈ Sn

++}, (C.16)

Ù¥ e´z�©þÑ� 1�n-���þ. |X|L«rÝ
X�z�©þÑ�ýé��Ý
.

��¦) (C.16)k�½(J,Ïd=z¤

min Tr(CX)− log det(X) + ρeT |Y |e
X − Y = 0,

X ∈ Sn
++, Y ∈ Sn.

(C.17)

�£ã^ADMM¦)¯K (C.17)�Ä�Ú½.
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Düüü���SSSKKK ���CCC:::���{{{ (PPA)¦¦¦)))ÝÝÝ


`̀̀zzz¯̄̄KKK999���


EEE|||

öSK 1?Øò�ADMM�5�
1. ü�D¥ü�á�J� PPAÑïÆæ^ wk+1 := wk − α(wk − wk+1), α = 1.5 ∈ (0, 2). ¡ù«�
{�ò�� PPA�{. ·�ò²;� PPAÑÑP¤ w̃kµ

(a) y² ù�½Â� w̃k ÷v:

(wk − w∗)TH(wk − w̃k) ≥ ∥wk − w̃k∥2H , ∀w∗ ∈ Ω∗. (D.1)

(b) `²æ^ò� PPA�¿Â¿y²�{)¤�S�÷v

∥wk+1 − w∗∥2H ≤ ∥wk − w∗∥2H − α(2− α)∥wk − w̃k∥2H , ∀w∗ ∈ Ω∗. (D.2)

öSK 20�£�Ý
ÛÉ�©)��'�£ (duÝ
`z¥Ý
Ø�½Â�I�)

2. �Ý
A = (aij) ∈ ℜm×n ��� r. Ý
A�ÛÉ�©)´��3m ×m��Ý
UÚn × n�

�Ý
V ,¦� A = UΣV T [(orthogonal)(diagonal)(orthogonal)],Ù¥

Σ =


σ1 0 · · · · · · · · · 0

0 σ2
. . .

......
. . . . . . . . .

...
...

. . . σr
. . .

...
0 · · · · · · 0 0 0

 .

<�P ∥A∥∗ =
∑r

i=1 σi,¿¡Ù�Ý
A�Ø�.

(a) �âÛÉ�©) A = UΣV T `²:

first r column of U column space of A C(A)

last m− r column of U left nullspace of A N(AT )

first r column of V row space of AT C(AT )

last n− r column of V nullspace of A N(A)

(D.3)

(b) �σ2
1 , . . . , σ

2
r´é¡Ý
ATA��"A��. V = [v1, v2, · · · , vr, vr+1, · · · , vn]´�A�IO

zA��þ. y²

é j = 1, . . . , r, 1
σj
Avj ´ AAT �IOzA��þ. Avj = 0, for j = r + 1, . . . , n

(c) P (1/σj)Avj = uj ,Kk
AV = A[v1, v2, · · · , vr, vr+1, · · · , vn] = [u1, u2, · · · , ur, 0, · · · , 0]

= [u1, u2, · · · , ur, 0, · · · , 0]


σ1 0 · · · · · · · · · 0

0 σ2
. . .

......
. . . . . . . . .

...
...

. . . σr
. . .

...
0 · · · · · · 0 0 0

 = UΣ. (D.4)

�``\Ö�Ý
U��Y,¿y²��C�eÝ
�ÛÉ�ØC.

öSK 3?Ø^PPA¦)�
Ý
`z¯K

3. é�½�C ∈ Sn,æ^á�D1¥0�� PPA�{¦)¯K
min{ 1

2∥X − C∥2F | diag(X) = e,X ∈ Sn
+}, (D.5)

Ù¥ e´z�©þÑ� 1�n-��þ.
(a) `²��o�5�å diag(X) = eÛ¹
 ∥ATA∥ = 1,¿�Ñ^PPA¦)¯K (D.5)�Ä�Ú
½.

(b) du ∥ATA∥ = 1,�I�� rs > 1Ò1. e^
clear; close all; n = 1000; tol=1e-5; r=2.0; s=1.05/r;
rand(’state’,0); C=rand(n,n); C=(C’+C)-ones(n,n) + eye(n);

)¤Ý
 C,¿^þ¡�½ rÚ s,�?§¢y¦)¯K (D.5).

(c) Uì1 1K��{,�α = 1.5,éþ¡�§S��?U,'��eÂñ�J.
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öSK 4?Ø¦)min{θ(x) |Ax = b, x ∈ X}�A«;.�PPA�{

·�®²r�5�å�à`z¯K min{θ(x) |Ax = b, x ∈ X}�Q:=z¤C©Ø�ª

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (D.6a)

Ù¥

w =

(
x

λ

)
, F (w) =

(
−ATλ

Ax− b

)
and Ω = X × ℜm. (D.6b)

4. ��Ñ¦)C©Ø�ª (G.1)�eãAa PPA.S�{�C©Ø�ª/ª¿�Ñ�{�`":.

• Augmented Lagrangian Method ('u¦f λ� PPA){
xk+1 ∈ argmin{θ(x)− xTATλk + β

2 ∥Ax− b∥2|x ∈ X} (D.7a)

λk+1 = λk − β(Axk+1 − b). (D.7b)

• Customized Proximal Point Algorithm ('uCþ w � PPA){
xk+1 = argmin{θ(x)− xTATλk + r

2∥x− xk∥2 |x ∈ X} (D.8a)

λk+1 = λ− 1
s

(
A[2xk+1 − xk]− b

)
. (D.8b)

• Balanced ALM ('uCþ w � PPA){
xk+1 = argmin

{
θ(x)− xTATλk + r

2∥x− xk∥2 |x ∈ X
}
, (D.9a)

λk+1 = λk − ( 1rAAT + δI)−1
(
A[2xk+1 − xk]− b

)
. (D.9b)

öSK 5?Øþ(PPA¦)`z¯KI�5¿��
E|

5. æ^/þ(0�{ (D.9),Ì�ó�þ��´¦ (1rAAT + δI)−1. bX·�?n�´$Ñ¯K��å
8Ü {Ax = b, x ∈ X} ´

n∑
j=1

xij = si, i = 1, · · ·,m;

n∑
i=1

xij = dj , j = 1, · · ·, n; xij ≥ 0. (D.10)

�é{`,

A =



e⊤n 0 · · · 0

0 e⊤n · · · 0
...

...
. . . 0

0 0 · · · e⊤n
In In · · · In

 ∈ ℜ(m+n)×mn, (D.11)

Ù¥ en ´z�©þÑ´ 1�n-��þ. 5¿�A�þ¡km1.

(a) y² (m+ n)× (m+ n)Ý


AA⊤ =

(
nIm eme⊤n

ene
⊤
m mIn

)
=

(
nIm 0

0 mIn

)
+

(
0 eme⊤n

ene
⊤
m 0

)
. (D.12)

þªmà�´1�Ü©´�� 2Ý
,�±L«¤ (m+ n)× 2Ú 2× (m+ n)Ý
�¦È.(
0 eme⊤n

ene
⊤
m 0

)
=

(
em 0

0 en

)(
0 e⊤n

e⊤m 0

)
. (D.13)

(b) 'u����: eÝ
 C = B + UV T , B, CÑ�_,Kk

C−1 = B−1 −B−1U(I + V TB−1U)−1V TB−1. (D.14)

âd�ÑÝ
 (δI + 1
rAAT )−1 �wªL�ª.
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Eüüü���SSSKKK ���âââÚÚÚ���µµµeeeïïïÄÄÄADMMaaa���{{{999Glowinski���{{{

öSK 1?Ø��y, λ�#^S�ADMM¿é y-f¯K�5z

1. 3�� y, λ�#^S�ADMM (�á�E1� (E1.4))�S�úª�
xk+1 ∈ argmin{θ1(x)− xTATλk +

1

2
β∥Ax+Byk − b∥2 |x ∈ X}, (E.1a)

λk+1 = λk − β(Axk+1 +Byk − b), (E.1b)

yk+1 ∈ argmin{θ2(y)− yTBTλk+1 +
1

2
β∥Axk+1 +By − b∥2 | y ∈ Y}. (E.1c)

(a) y² (E.1)¥ y-f¯K�±�d/L«�

yk+1 ∈ argmin{θ2(y)− yTBT (2λk+1 − λk) +
1

2
β∥B(y − yk)∥2 | y ∈ Y}. (E.2)

(b) é y-f¯K�5zÒ´^ 1
2s∥y − yk∥2 ��O 1

2β∥B(y − yk)∥2 (s ≥ β∥BTB∥). y²ù�S
��C©Ø�ª/ª´

θ(u)− (uk+1) + (w − wk+1)TF (wk+1) ≥ (v − vk+1)TH(vk − vk+1), ∀w ∈ Ω, (E.3a)

Ù¥

v =

(
y

λ

)
, H =

 sIn2
−BT

−B 1
β Im

 ��½Ý
. (E.3b)

¿Ïd
`²�±?�Úòÿ��: vk+1 := vk − α(vk − vk+1), α ∈ (0, 2).

öSK 2?Ø3²;ADMMÄ:þéf¯K8I¼ê\�ëê�K���{

2. ²;�ADMM´l�½� vk = (yk, λk)Ñu,ÏL
xk+1 ∈ argmin{θ1(x)− xTATλk + 1

2β∥Ax+Byk − b∥2 |x ∈ X}, (E.4a)

yk+1 ∈ argmin{θ2(y)− yTBTλk + 1
2β∥Axk+1 +By − b∥2 | y ∈ Y}, (E.4b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (E.4c)

(a) é�{ (E.4)�x, y-f¯K8I¼ê\þ�K�,S�Òlwk = (xk, yk, λk)Ñu,d
xk+1 ∈ argmin{θ1(x)− xTATλk + 1

2β∥Ax+Byk − b∥2 + δr
2 ∥x− xk∥2 |x ∈ X}, (E.5a)

yk+1 ∈ argmin{θ2(y)− yTBTλk + 1
2β∥Axk+1 +By − b∥2 + δs

2 ∥y − yk∥2 | y ∈ Y}, (E.5b)

λk+1 = λk − β(Axk+1 +Byk+1 − b) (E.5c)

¦�wk+1 = (xk+1, yk+1, λk+1). �ëê δr > 0Ú δs > 0¬Uõf¯K¦)�^�.

eò�{ (E.5)
)¤ýÿ-���{,�

x̃k = xk+1, ỹk = yk+1, λ̃k = λk − β(Axk+1 +Byk − b) (E.6)

�ýÿ:. ýÿ�C©Ø�ª/ª�¤

θ(u)− (ũk) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω (E.7)

��Ñ (E.7)¥Ý
Q.

(b) �{ (E.5)U (E.6)ýÿ
)�, Ù��úª� wk+1 = wk − M(wk − w̃k). ��Ñ��Ý

M�äN/ª.

(c) éuùéýÿ-��Ý
QÚM , ��Ñ÷vHM = Q��½Ý
H . y²þ¡���H ,
MÚQ,÷vG = QT +Q−MTHM ≻ 0,S�S�÷v

∥wk+1 − w∗∥2H ≤ ∥wk − w∗∥2H − ∥wk − w̃k∥2G, ∀w ∈ Ω.
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öSK 3ïÄGlowinski’s ADMM�'�Âñ5�

Glowinski�ADMM�·�3Cü�?Ø�ADMM�{,�Ò´ùp� (E.4),�O�´Lagrange¦
f��#^
��tµÏf. äNÒ´

xk+1 ∈ argmin{θ1(x)− xTATλk + 1
2β∥Ax+Byk − b∥2 |x ∈ X}, (E.8a)

yk+1 ∈ argmin{θ2(y)− yTBTλk + 1
2β∥Axk+1 +By − b∥2 | y ∈ Y}, (E.8b)

λk+1 = λk − γβ(Axk+1 +Byk+1 − b), γ ∈ (0, 1+
√
5

2 ). (E.8c)

(a) �â y-¯K��`5^�,éz� k > 1,·�k yk+1 ∈ Y ,

θ2(y)− θ2(y
k+1) + (y − yk+1)T

{
−BTλk + βBT (Axk+1 +Byk+1 − b)} ≥ 0, ∀y ∈ Y. (E.9)

|^ λk = λk−1 − γβ(Axk +Byk − b),y²

(Axk+1 +Byk+1 − b)TB(yk − yk+1) ≥ (1− γ)(Axk +Byk − b)TB(yk − yk+1). (E.10)

(b) ò (E.8)�S�^ (E.6)½Â�ýÿ©
¤ýÿÚ��. y²ýÿÚ��©O�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω (E.11a)

Ú

vk+1 = vk −M(vk − ṽk). (E.11b)
Ù¥

Q =

(
βBTB 0

−B 1
β I

)
Ú M =

(
I 0

−γβB γI

)
. (E.11c)

(c) e- H =

(
βBTB 0

0 1
γβ I

)
, �y²

HM = Q, G = QT +Q−MTHM =

(
(1− γ)βBTB (γ − 1)BT

(γ − 1)B (2− γ) 1β I

)
. (E.12)

¿k
∥vk − v∗∥2H − ∥vk+1 − v∗∥2H ≥ ∥vk − ṽk∥2G, ∀v∗ ∈ V∗. (E.13)

(d) |^ (E.12)¥�Ý
 G,y²

∥vk − ṽk∥2G = (1− γ)
1

β
∥λk − λ̃k − βB(yk − ỹk)∥2 + 1

β
∥λk − λ̃k∥2. (E.14)

Ïd� γ ∈ (0, 1]�Âñ. é γ > 1,|^ λk − λ̃k = β(Axk+1 +Byk − b)y²

∥vk − ṽk∥2G = β∥Axk+1 +Byk − b∥2 + (1− γ)β∥Axk+1 +Byk+1 − b∥2. (E.15)

(e) y²: l (E.15)Ú (E.10)��

∥vk − ṽk∥2G ≥(2− γ)β∥Axk+1 +Byk+1 − b∥2 + β∥B(yk − yk+1)∥2

+ 2β(1− γ)(Axk +Byk − b)TB(yk − yk+1) (E.16)

(f) |^Cauchy-SchwarzØ�ª,l (E.16)mà�������� (p > 0�?¿¢ê)

2β(1− γ)(Axk +Byk − b)TB(yk − yk+1)

≥ −γ−1
p β∥Axk +Byk − b∥2 − (γ − 1)pβ∥B(yk − yk+1)∥2. (E.17)

(g) l (E.13), (E.16)Ú (E.17)Ñu,`²��o� p = γ ? l
¦�(
∥vk − v∗∥2H + γ−1

γ ∥Axk +Byk − b∥2
)
−
(
∥vk+1 − v∗∥2H + γ−1

γ β
(
∥Axk+1 +Byk+1 − b∥2

)
≥ 1+γ−γ2

γ β
(
∥Axk+1 +Byk+1 − b∥2 + γ∥B(yk − yk+1)∥2

)
. (E.18)

(h) ����� γ ∈ [1, 1+
√
5

2 )Âñ�'�Ø�ª(
∥vk+1−v∗∥2H + γ−1

γ β(∥A(xk+1 − x∗) +B(yk+1 − y∗)∥2
)

≤
(
∥vk − v∗∥2H + γ−1

γ β∥A(xk − x∗) +B(yk − y∗)∥2
)

− 1+γ−γ2

γ β(∥Axk+1 +Byk+1 − b∥2 + γ∥B(yk − yk+1)∥2). (E.19)

10 ⋆ [Ex.E – 2]



Füüü���SSSKKK ÚÚÚ���µµµeeeeeennn������©©©lll¬¬¬¯̄̄KKK���ADMMaaa���{{{

Fü�?Ø��{¥,ýÿÝ
÷vQT +Q�½^�e,�� vk+1 = vk −M(vk − ṽk)3^�

H ≻ 0, HM = Q, G = QT +Q−MTHM ≻ 0

�^�e?1. ùü��SK¥,��^ vk+1 = vk − αM(vk − ṽk)¢y,E,I�

H ≻ 0, Ú HM = Q. �´ G = QT +Q−MTHM Ø�½�½.

ù��±ÏLO�(½z�Ú�Ú�αk,¢yS� {∥vk − v∗∥2H}�üNeü (S� {vk}� v∗Â ).

öSK 1-2?Øn��©l¬ÄuÅ��cýÿ��{©Oæ^O�Ú�Ú(½Ú����

F1¥Äu��í2�ADMM¦)n��©l¬¯K�ýÿ�±�¤

[ýÿ]


x̃k ∈ argmin

{
θ1(x)− xTATλk + 1

2β∥Ax+Byk + Czk − b∥2 | x ∈ X
}
, (F.1a)

ỹk ∈ argmin
{
θ2(y)− yTBTλk + 1

2β∥Ax̃k +By + Czk − b∥2 | y ∈ Y
}
, (F.1b)

z̃k ∈ argmin
{
θ3(z)− zTCTλk + 1

2β∥Ax̃k +Bỹk + Cz − b∥2 | z ∈ Z
}
, (F.1c)

λ̃k = λk − β
(
Ax̃k +Byk + Czk − b

)
. (F.1d)

ýÿ�C©Ø�ª/ª�±�¤

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (F.2a)

Ù¥

Q =

 βBTB 0 0

βCTB βCTC 0

−B −C 1
β Im

 . (F.2b)

1. ·�?ØÄuþãÅ��cýÿ,2?1����{.

(a) e�£�5¿e¡���Ý
M�á�F1¥MÝ
��O¤

H=

βBTB βBTC 0

βCTB β[CTC + CTB(BTB)−1BTC] 0

0 0 1
β I

, M=

 I −(BTB)−1BTC 0

0 I 0

−βB −βC I

.(F.3)

y²: �B,C �÷��H�½, HM = Q. ¿O� G = QT +Q−MTHM .

(b) æ^��

vk+1 = vk−γα∗
kM(vk−ṽk), α∗

k =
1

2
(∥vk−ṽk∥2[QT+Q])/(∥M(vk−ṽk)∥2H), γ ∈ (0, 2) (F.4)

y²

∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − 1
2γ(2− γ)α∗

k∥vk − ṽk∥2[QT+Q]. (F.5)

(c) e^ (F.3)¥�Ý
MÚ��úª

vk+1 = vk − 1

2
γM(vk − ṽk), γ ∈ (0, 2) (F.6)

y²�{Âñ�'�Ø�ª

∥vk+1−v∗∥2H ≤ ∥vk−v∗∥2H− 1
4γ(2−γ)

(
β∥B(yk−ỹk)∥2+β∥C(zk−z̃k)∥2+1

β
∥λk−λ̃k)∥2

)
. (F.7)

2. duýÿ (F.1)�±l�½� (Byk, Czk, λk)m©,����IJø (Byk+1, Czk+1, λk+1).ò (F.2)¥
�w��w∗,Òk (ṽk − v∗)TQ(vk − ṽk) ≥ 0, ∀ v∗ ∈ V∗. 2�C�,�

ξ =

 By

Cz

λ

, Q =

 βI 0 0

βI βI 0

−I −I 1
β I

 , (F.8)

·�^£�5¿e¡���Ý
M�á�F1¥Ý
M��O¤

ξk+1 = ξk − αkM(ξk − ξ̃k) ?1��,Ù¥ M =

 I −I 0
0 I 0

−βI −βI I

 . (F.9)

��Ñ¦�HM = Q��½Ý
H,¿�Ñ�A�O�Ú����úªÚ'��Âñ5�.
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öSK 3-4?Øn��©l¬`z¯KÄuýÿ¥ y, zf¯K²1?n��{

á�F2¥?nn��©l¬¯Kæ^ y, zf¯K²1?n��{. �±L«¤k1ýÿ

[ýÿ]


x̃k ∈ argmin

{
θ1(x)− xTATλk + 1

2β∥Ax+Byk + Czk − b∥2 | x ∈ X
}
, (F.10a)

ỹk ∈ argmin
{
θ2(y)− yTBT λ̃k + µ

2β∥B(y − yk)∥2|y ∈ Y
}
, (F.10b)

z̃k ∈ argmin
{
θ3(z)− zTCT λ̃k + µ

2β∥C(z − zk)∥2|z ∈ Z
}
, (F.10c)

λ̃k = λk − β
(
Ax̃k +Byk + Czk − b

)
. (�¦ µ > 2) (F.10d)

,�2?1Xe��:

[��] vk+1 = vk −M(vk − ṽk), Ù¥ M =

 I 0 0

0 I 0

−βB −βC I

 . (F.11)

3. XJòýÿ (F.10)U¤
x̃k ∈ argmin

{
θ1(x)− xTATλk + 1

2β∥Ax+Byk + Czk − b∥2 | x ∈ X
}
, (F.12a)

ỹk ∈ argmin
{
θ2(y)− yTBT λ̃k + β∥B(y − yk)∥2|y ∈ Y

}
, (F.12b)

z̃k ∈ argmin
{
θ3(z)− zTCT λ̃k + β∥C(z − zk)∥2|z ∈ Z

}
, (F.12c)

λ̃k = λk − β
(
Ax̃k +Byk + Czk − b

)
. (F.12d)

��Ñýÿ�C©Ø�ª/ª

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (F.13)

¥�ýÿÝ
Q. e^ (F.11)¥�Ý
M ,

vk+1 = vk − αkM(vk − ṽk) (F.14)
¢y��,��Ñ÷vHM = Q��½Ý
H ,��¥Ú�O�úªÚÂñ�'�Ø�ª.

4. 3¦)n�¬�©l¬à`z¯K�,e�¦ýÿC©Ø�ª´

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (F.15a)
Ù¥

Q=


3
2βB

TB 0 0

0 3
2βC

TC 0

−B −C 1
β I

 . (F.15b)

�¯XÛ¢yù�ýÿ.

(a) e^ (F.11)¥�Ý
M ,÷vHM = Q��½Ý
H´�o?

(b) ^ (F.14)¢y��,��ÑÚ�O�úªÚÂñ�'�Ø�ª.

5. ¦)n�¬�©l¬à`z¯K�,e�¦ýÿC©Ø�ª´

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (F.16a)
Ù¥

Q=

βBTB 0 BT

0 βCTC CT

−B −C 1
β I

 . (F.16b)

�¯XÛ¢yù�ýÿ. ¿`²¢yù��ýÿ'ux, y, z�f¯KÑ²1¦).

(a) é (F.16)¥�Q,��ÑC� (F.8)e�ØÝ
Q. e�H =

βI 0 0

0 βI 0

0 0 1
β I

,

÷vHM = Q�Ý
M´�o?

(b) éù�(½�M,��Ñ�� ξk+1 = ξk − αkM(ξk − ξ̃k)¥Ú�O�{KÚ�A�Âñ'�

Ø�ª.

6. XJþK¥�B,CÑ´ü Ý
,�±�M = Q−T ÚH = QQT ,2^ (F.14)¢y��,��ÑÚ
�O�úªÚÂñ�'�Ø�ª.
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Güüü���SSSKKK ���âââÂÂÂñññ^̂̂���������ddd555���EEE���qqq���{{{

öSK 1©Û'�¦)min{θ(x) |Ax = b, x ∈ X}�Aaýÿ-���{

·�®²r�5�å�à`z¯K min{θ(x) |Ax = b, x ∈ X}�Q:=z¤C©Ø�ª

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (G.1a)

Ù¥

w =

(
x

λ

)
, F (w) =

(
−ATλ

Ax− b

)
and Ω = X × ℜm. (G.1b)

1. ·�UY?Ø¦)C©Ø�ª (G.1)�ýÿ-���{. ýÿ��/ª´

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω (G.2)

(a) e� Q =

(
rI AT

0 H0

)
,Ù¥ H0 = (δI + 1

rAAT ),�¯ýÿXÛ¢y?

^�� wk+1 = wk −M(wk − w̃k)�)#�S�:wk+1,

\ÀJ�o�� M ,U¦���N´¢y,¿�Ñ�A� H Ú G,�yÂñ5^�.

(b) e� Q =

(
rI 0

−A H0

)
,Ù¥ H0 = (δI + 1

rAAT ),�¯ýÿXÛ¢y?

^�� wk+1 = wk −M(wk − w̃k)�)#�S�:wk+1,

\ÀJ�o�� M ,U¦���N´¢y,¿�Ñ�A� H Ú G,�yÂñ5^�.

öSK 2-3?Øn��©l¬`z¯KC�e�Âñ5�d^�

2. ?nõ��©l¬à`z¯K��ÿ,ýÿC©Ø�ª

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω. (G.3)

±n��©l¬¯K�~,æ^C�

P =

 B 0 0
0 C 0
0 0 I

, Q = PTQP, ξ = Pv =

 By

Cz
λ

, (G.4)

y²¬��

(ξ̃k − ξ∗)TQ(ξk − ξ̃k) ≥ 0, ∀ξ∗ ∈ Ξ∗. (G.5)

¤¢ýÿÝ
QT +Q��þ�½,´�ØÝ
Q÷v QT +Q ≻ 0.

·�3 QT +Q ≻ 0�cJe�ÑÂñ�¿©^�.Äky²:

(a) l (G.5),ekH ≻ 0Ú HM = Q,��úªæ^ ξk+1 = ξk −M(ξk − ξ̃k),Ò���

(ξk − ξk+1)TH(ξ̃k − ξ∗)T ) ≥ 0, ∀ξ∗ ∈ Ξ∗. (G.6)

(b) y² £|^ (a− b)TH(c− d) = 1
2 (∥a− d∥2H − ∥b− d∥2H)− 1

2 (∥c− a∥2H − ∥c− b∥2H)¤

∥ξk+1 − ξ∗∥2H ≤ ∥ξk − ξ∗∥2H − ∥ξk − ξ̃k∥2G , ∀ξ∗ ∈ Ξ∗, (G.7)

Ù¥ G = QT +Q−MTHM, ∥ξk − ξ̃k∥2G = (ξk − ξ̃k)TG(ξk − ξ̃k).

(c) 3 QT +Q ≻ 0, H ≻ 0, HM = Q�cJe,ek

G = QT +Q−MTHM ≻ 0, (G.8)

Kd�� ξk+1 = ξk −M(ξk − ξ̃k)�)�S�´Â �,= {∥ξk − ξ∗∥2H}´î�üNeü�.

3. y²3QT +Q�½�cJe,À� H ≻ 0,¦�HM = QÚG = QT +Q−MTHM ≻ 0�du

À� D ≻ 0, G ≻ 0, ¦� D + G = QT +Q. (G.9a)

,��
M = Q−TD, H = QD−1QT 5�¤. (G.9b)

4. é�½� ε > 0,XJ w̃÷v: w̃ ∈ Ω, θ(u)−θ(ũ)+(w−w̃)TF (w) ≥ −ε, ∀w ∈ {Ω(w̃) | ∥w−w̃∥ ≤ 1}.
·�¡Ù� εCq). Á)º��où�½Â εCq)´Ün�,¿�Ú�µe�Ñ�¤k©�Â
 �{Ñ¬Jø�� εCq).

13 ⋆ [Ex.G – 1]



öSK 5?Øn��©l¬`z¯K3(½ýÿe/ÏØÝ
�EØÓ����{

5. 3Fü��SK� (F.10)ª¥�µ = 1.5,��/X (G.3)�ýÿØ�ª,Ù¥

Q=


3
2βB

TB 0 0

0 3
2βC

TC 0

−B −C 1
β I

, æ^1 (2)K¥�C�,�� Q=


3
2βI 0 0

0 3
2βI 0

−I −I 1
β I

. (G.10)

(a) y²QT +Q´�½�. eP

D =

βI 0 0

0 βI 0

0 0 3
4β I

 , y²^� (G.9a)÷v. (G.11)

U (G.9b)�ÑÝ
MÚ��úª ξk+1 = ξk −M(ξk − ξ̃k)�äN/ª.

(b) XJò (G.11)¥�Ý
DU¤ D =

 2βI 0 −I

0 2βI −I

−I −I 5
4β I

,y²^� (G.9a)÷v.

U (G.9b)�ÑÝ
MÚ��úª ξk+1 = ξk −M(ξk − ξ̃k)�äN/ª.

öSK 6-7l�½ýÿØÝ
Ñu?Øn��©l¬à`z¯K�ýÿ���{

6. éFü�?Ø�n��©l¬�¯K,ýÿ¢y�C©Ø�ª´ (G.3).

e�½ýÿÝ
�ØÝ


Q =

 βI 0 −I

βI βI −I

−I −I 5
2β I

 , (G.12)

(a) y² QT +Q�½,�Ñ�A�ýÿÝ
Q¿`²ýÿTXÛ¢yº

(b) e� D =


1
2βI 0 0

0 1
2βI 0

0 0 1
β I

 , G =


3
2βI βI −2I

βI 3
2βI −2I

−2I −2I 4
β I

, y²^� (G.9a)÷v.

��âM = Q−TD �Ñ��úª ξk+1 = ξk −M(ξk − ξ̃k)�äN/ª.

(c) òþ��K¥�DÚGp�,2�Ñ��úª ξk+1 = ξk −M(ξk − ξ̃k)�äN/ª.

(d) e� D = α(QT +Q), α ∈ (0, 1),��Ñ��úª ξk+1 = ξk −M(ξk − ξ̃k)�äN/ª.

7. Ó�¦)n��©l¬�¯K,ò (G.12)�Ñ�ýÿÝ
�ØÝ
U�

Q =

βI 0 I

βI βI I

I I 5
2β I

 . (G.13)

(a) y² QT +Q�½,�Ñ�A�ýÿÝ
Q¿`²ýÿTXÛ¢yº

(b) e� D =


1
2βI 0 0

0 1
2βI 0

0 0 1
β I

 , G =


3
2βI βI 2I

βI 3
2βI 2I

2I 2I 4
β I

, y²^� (G.9a)÷v.

��âM = Q−TD �Ñ��úª ξk+1 = ξk −M(ξk − ξ̃k)�äN/ª.

(c) òþ��K¥�DÚGp�,2�Ñ��úª ξk+1 = ξk −M(ξk − ξ̃k)�äN/ª.

(d) e� D = α(QT +Q), α ∈ (0, 1),��Ñ��úª ξk+1 = ξk −M(ξk − ξ̃k)�äN/ª.

g�K ÄuÚ�µe��{�)�S�äk5�

∥vk+1 − v∗∥2H ≤ ∥vk − v∗∥2H − ∥vk − ṽk∥2G, ∀v∗ ∈ V∗.

Ú

∥vk − vk+1∥2H ≤ ∥vk−1 − vk∥2H .

F"Jpùa�{��Ç,�k=
���±UYãåº
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Hüüü���SSSKKK ÚÚÚ���µµµeeeeeeýýýÿÿÿ-���������222ÂÂÂ���CCC:::���{{{

öSK 1?Ø�ª�å�õ��©l¬à`z¯KÄuÅ��cýÿ�2ÂPPA�{

�5�ª�å�à`z¯K�Lagrange¼ê�Q:�dL«�C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (H.1)

1 kÚS��ýÿ�C©Ø�ª/ª�±�¤

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω (H.2)

¤¢ýÿ-���2ÂPPAÙ��d

vk+1 = vk − αM(vk − ṽk), α ∈ (0, 2), M = 1
2Q

−T (QT +Q) (H.3)

¢y. �é{`,ýÿ���2ÂPPA�{´dýÿ��(½�. 3¢SO�¥,·���¦ýÿÝ
�
ØÝ
�½.

1. éHü�?Ø��ª�å�õ¬¯K,b½l�½� (A2x
k
2 , · · · , Apx

k
p, λ

k)m©ýÿ. ÏL

x̃k
1 ∈ argmin

{
θ1(x1)− xT

1 A
T
1 λ

k + 1
2β∥A1x1 +

∑p
j=2Ajx

k
j − b∥2 | x1 ∈ X1

}
;

x̃k
2 ∈ argmin

{
θ2(x2)− xT

2 A
T
2 λ

k + 1
2β∥A1x̃

k
1 +A2x2 +

∑p
j=3Ajx

k
j − b∥2 | x2 ∈ X2

}
;

...
x̃k
i ∈ argmin

{
θi(xi)− xT

i A
T
i λ

k + 1
2β∥

∑i−1
j=1 Aj x̃

k
j +Aixi +

∑p
j=i+1Ajx

k
j − b∥2 | xi ∈ Xi

}
;

...
x̃k
p ∈ argmin

{
θp(xp)− xT

p A
T
p λ

k + 1
2β∥

∑p−1
j=1Aj x̃

k
j +Apxp − b∥2|xp ∈ Xp

}
;

λ̃k = λk − β
(
A1x̃

k
1 +

∑p
j=2 Ajx

k
j − b

)
(H.4)

¦� w̃k. ��Ñ�A�/X (H.2)�ýÿC©Ø�ª/ª.

(a) y²d (H.4)�Ñ�ýÿ�±�¤: l�½� (A2x
k
2 , · · · , Apx

k
p, λ

k)m©

x̃k
1 ∈ argmin

{
θ1(x1)− xT

1 A
T
1 λ

k + 1
2β∥A1x1 +

∑p
j=2Ajx

k
j − b∥2 | x1 ∈ X1

}
;

λ̃k = λk − β
(
A1x̃

k
1 +

∑p
j=2 Ajx

k
j − b

)
x̃k
2 ∈ argmin

{
θ2(x2)− xT

2 A
T
2 λ̃

k + 1
2β∥A2(x2 − xk

2)∥2 | x2 ∈ X2

}
;

...
x̃k
i ∈ argmin

{
θi(xi)− xT

i A
T
i λ̃

k + 1
2β∥

∑i−1
j=1 Aj(x̃

k
j − xk

j ) +Ai(xi − xk
i )∥2 | xi ∈ Xi

}
;

...
x̃k
p ∈ argmin

{
θp(xp)− xT

p A
T
p λ̃

k + 1
2β∥

∑p−1
j=1 Aj(x̃

k
j − xk

j ) +Ap(xp − xk
p)∥2 |xp ∈ Xp

}
.

(H.5)

¿âd�Ñýÿ�;n�C©Ø�ªL«.

(b) eP ξ = (A2x
k
2 , · · · , Apx

k
p, λ

k)T ,��Ñ�A�ýÿÝ
Q�ØÝ
Q.

(c) ?Ø©¬Ý


L =


I 0 · · · 0

I I
. . .

...
...

. . . . . . 0

I · · · I I

 , I =


I 0 · · · 0

0 I
. . .

...
...

. . . . . . 0

0 · · · 0 I

 Ú E =


I

I

...

I

 (H.6)

��
5�. O�
L−1, L−TE , ETL−TE ,

¿^§�L«ØÝ
Q, Q−T Ú 1
2Q

−T (QT +Q).

(d) �Ñ�AC�¿Âe2ÂPPA���úª,�e�gS�Jø (A2x
k+1
2 , · · · , Apx

k+1
p , λk+1).
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öSK 23öSK 1�Ä:þéýÿf¯K\
·���K�

2. éHü�?Ø��ª�å�õ¬¯K,b�l�½� (A2x
k
2 , · · · , Apx

k
p, λ

k)m©,�� (H.5)ÑkØ
Ó�ýÿ. é i = 2, . . . , p,3xi-f¯K�8I¼ê¥\�� δ β

2 ∥Ai(xi − xk
i )∥2.

äN`5,l�½� (A2x
k
2 , · · · , Apx

k
p, λ

k)Ñu,ÏL

x̃k
1 ∈ argmin

{
θ1(x1)− xT

1 A
T
1 λ

k + 1
2β∥A1x1 +

∑p
j=2Ajx

k
j − b∥2 | x1 ∈ X1

}
;

λ̃k = λk − β
(
A1x̃

k
1 +

∑p
j=2 Ajx

k
j − b

)
x̃k
2 ∈ argmin

{
θ2(x2)− xT

2 A
T
2 λ̃

k + 1
2β∥A2(x2 − xk

2)∥2

+ 1
2δβ∥A2(x2 − xk

2)∥2

∣∣∣∣x2 ∈ X2

}
;

...

x̃k
i ∈ argmin

{
θi(xi)− xT

i A
T
i λ̃

k + 1
2β∥

∑i−1
j=1 Aj(x̃

k
j − xk

j ) +Ai(xi − xk
i )∥2

+ 1
2δβ∥Ai(xi − xk

i )∥2

∣∣∣∣xi ∈ Xi

}
;

...

x̃k
p ∈ argmin

{
θp(xp)− xT

p A
T
p λ̃

k + 1
2β∥

∑p−1
j=1 Aj(x̃

k
j − xk

j ) +Ap(xp − xk
p)∥2

+ 1
2δβ∥Ap(xp − xk

p)∥2

∣∣∣∣xp ∈ Xp

}
.

(H.7)

¦� w̃k. ��Ñ�A�/X (H.2)�ýÿC©Ø�ª/ª.

(a) eP ξT = (A2x
k
2 , · · · , Apx

k
p, λ

k),��Ñ�A�ýÿÝ
Q�ØÝ
Q.

(b) ^ (H.6)¥©¬Ý
L, IÚ E L«dýÿ (H.7)�)�ØÝ
Q,±9Q−T Ú 1
2Q

−T (QT +Q).

(c) �Ñ�AC�¿Âe2ÂPPA���úª,�e�gS�Jø (A2x
k+1
2 , · · · , Apx

k+1
p , λk+1).

(d) éd (H.7))¤�ýÿ,Ø^2Â PPA,
�

D =

(
βI 0

0 1
β I

)
, O� G = QT +Q−D ¿y² G ≻ 0. UìM = Q−TD

�Ñ��Ý
MÚ�e�gS�Jø (A2x
k+1
2 , · · · , Apx

k+1
p , λk+1)�äN��úª.

öSK 3l�½�ýÿØÝ
GÑu�E�ª�å�õ��©l¬à`z¯K�¦)�{

3. |^ (H.6)¥�PÒ,e�ýÿ�ØÝ
�

Q =

(
βL −E
−ET 5

2β I

)
, y² QT +Q´�½�. (H.8)

(a) �¢yd (H.8)�Ñ�ØÝ
Q@��ýÿ,äN¢y��ª´�oº

(b) éØÝ
 Q,�ÑQ−T .

QT =

(
βLT −E
−ET 5

2β I

)
+

(
0 −E
0 0

)
=

(
βLT 0

−ET 5
2β I

)
+

(
E
0

)(
0 −I

)
��Ñmà1��Ý
�_. ¿�â2Â/����úª0�ÑQ−T .

(c) �Ñ�AC�¿Âe2ÂPPA���úª,�e�gS�Jø (A2x
k+1
2 , · · · , Apx

k+1
p , λk+1).

(d) XJ�µ ∈ (0, 1),

D =

(
νβI 0

0 1
β I

)
, �Ñ G = QT +Q−D (H.9)

�©¬Ý
L�ª¿y²Ý
 G ≻ 0.

(e) �ÑC�¿Âe�� ξk+1 = ξk −M(ξk − ξ̃k)¥�Ý
M.

Ú�e�gS�Jø (A2x
k+1
2 , · · · , Apx

k+1
p , λk+1)�äNL�ª.
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