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1 Convex optimization and its related variational inequality

We consider the linearly constrained convex optimization
min{f(u) | Au="b, u € U}. (1.1)
The Lagrangian function of the problem (1.1) is
L(u, \) = 0(u) — AT (Au — b), (1.2)

which is defined on U x R™. A pair of (u*,\*) € U x ™
is called a saddle point of the Lagrangian function (1.2), if

L(u, X*) > L(u*, ) > L(u*, \), ¥(u,\) €U x ®™. (1.3)

The two inequalities in (1.3) can be written as (u*, A*) € U x R™,

L(u, \*) — L(u*,\*) >0, Yu€el, O(u)—0(u*) + (u—u*)T(—ATA\*) >0, Vuel,
Saad
L(u*,A*) — L(u*,\) >0, VXeR™ A= 2A)T(Au* —b) >0, VAeR™.

The last inequalities indicate that the saddle point is equivalent to the solution of variational inequality:

(VI) w* € Q, Ou)—0(u)+ (w—w)TFw*) >0, VYweQ, (1.4)
where -
w = <1;\>, F(w) = (;j—);)) and Q=UxRm. (1.5)

Please notice that (w — @)7 (F(w) — F(w)) = 0. The problem (1.1) is translated to VI (1.4).
For the multi-block separable convex optimization, we take the three-block problem
min{6,(z) + 02(y) + 05(2) | Ax + By+ Cz=bx € X,y € Y,z € Z} (1.6)

as an example. According to the analogous analysis, the saddle point of the Lagrangian function of the
problem (1.6) is equivalent to the solution of VI (1.4), where @ = X x Y x Z x ™ and
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For the F(w) in (1.7), we have (w — @) (F(w) — F(w)) = 0 for any w and w in the space containing 2.
We will focus on constructing algorithmic framework for solving the variational inequality (1.4). For
the analysis in this note, we need the following preliminary theorem for convex optimization.

Preliminary theorem for convex optimization. Let X C R"™ be a closed convex set, 6(z)
and f(x) be convex functions and f(z) be differentiable. Assume that the solution set of the
minimization problem min{é(z) + f(x) |z € X'} is nonempty. Then

x* € argmin{f(z) + f(z) |z € X'} (1.8)

if and only if
z*e X, 0(x)—0x*)+(x—2a") Vfx*) >0, VrelX. (1.9)




2 Algorithmic framework for monotone variational inequalities

Algorithms in a unified framework

We take the variational inequality arising from the optimization problem (1.6) as the example. Each
iteration of the proposed algorithm consists of a prediction and a correction.
Prediction for (1.6). Start from a given v* = (y*, 2% A\¥), find a predictor w* = (Z*, §*, 2¥, \F) via

i* € argmin{6 (z) — 2TATN* + 18| Az + By* + C2F —b||? |z € X},
g* € argmin{6a(y) — y" BYA* + pB| By — v*)[*ly € Y},
zF € argmin{f03(z) — ZLOTNF 4 uB||C (2 — 29)|?|z € Z},

Ae =Nk — B(AZ* + By + CzF —b). (> 2)

(2.1)

ik Ak gk, 28, Using AF = AF — B(Azk + By + C2* —b) and
the preliminary theorem, the optimal conditions of the subproblems of (2.1) can be written as

The above prediction implemented in order &

Or(x) = 01 (") + (w — )T {_ATA* } >0, Vo € X,

O2(y) = 02(5%) + (y = §*)" { =BT + upBT B — y*)} 2 0, —

05(2) — 03(2%) + (2 — Z)T{=CTAk + uBCTC(* — 2%)} > 0, voez (22
(A = M)T{(AZ" + Bgh + CzF —b) = B(7* — %) — O(ZF = 2%) + F(\F =AM} >0, VaeR™

Because the underline parts are §(u) — (@*) and the wave parts are F(@w"), the compact form of (2.2) is

ke, O(u) —0(") + (w—")TF@@*) > (v — ") TQMW* — %), VweQ, (2.3a)
where
uBBTB 0 0
Q= 0 upCTC 0 (2.3b)
-B -C I

Correction for (1.6). The new essential vector vF+! = (yF+1 k1 \F+1) i5 given by

yr v I 0 0 v -
= 2k | - 0 I o0 2k —zk . (2.4)
PLas AP -8B —pBC 1 AF - )k

The unified algorithmic framework for the general variational inequality (1.4)

[Prediction Step]. Start from a given v¥, find a predictor @w* € Q, which satisfies
ke, O(u) —0(@") + (w— ") TF@@*) > (v—F)TQW* — %), YweQ, (2.5)

where the matrix @ is not necessarily symmetric, but the kernel matrix of Q7 + Q is positive

definite. [The kernel matrix of @ in (2.3) is obtained by setting B and C' to identity matrix I].

[Correction Step]. The new essential iterator v**! is given by

Pt = oF — M(0F — 5F). (2.6)

Convergence Conditions of the Algorithmic Framework

[Convergence Conditions]. For the prediction matrix @ in (2.5) and the correction matrix M
n (2.6), there is a positive definite matrix H, such that

HM=Q and G=Q"+Q—-M"HM » 0. (2.7)

For the prediction matrix @) and the correction matrix M in the above motioned example,

upBTB 0 0 I 0 0 upBTB 0 0
Q= 0 uBCTC 0 |, M= 0 I 0. Set H= 0 upCTC 0 |,
-B -C I -BB —pC I 0 0 31



when B and C are full column rank matrices and p > 2, the convergence conditions (2.7) are satisfied

Indeed, for such H, M and @, we have
(n—1)BB"B -BBTC 0
HM=Q and G=QT+Q-M"Q= —-BCTB (u—1)BCTC 0 | =o0.
0 0 51

3 Convergence proof of the methods in the algorithmic framework

Theorem A. For solving the VI (1.4), let {v*}, {16} be the sequences generated by (2.5)-(2.6).

If the conditions (2.7) are satisfied, then we have
O(u) = 0(a") + (w — ") F(@") > 3 (|lv = " — llv = "|F) + 3ll0" = *1|E, Yw e (3.1)
(3.2)

Yo' e V*.

and
[o*H — w17 < [lo* = o1 F = [lv* = 12,

Proof. Treating the term Q(v* —@*) in the RHS of (2.5) by using Q = HM (see (2.7)) and the correction

formula (2.6), we obtain Q(v* — %) = HM (v¥ — o%) = H(vF — v**+1). Thus we get
w* e Q, O(u) —0(i") + (w— T F@@*) > (v —*)THOF — "), vw e Q. (3.3)
Applying the identity
(a=b)TH(c—d) = g(la—dllf — lla—clf) + 3 (16— cllfr — 16— dll) (3-4)
(3.5)

to the RHS of (3.3) with a = v, b = ©*, ¢ = v* and d = v**!, we obtain
(v=")TH@" = o*) = S (|l = "1 F = lo = o"[I5) + 5 (0" = 0" 17 — ™! = 3"[13).

To the second part of the RHS of (3.5), by using HM = Q and 20" Qv = v (QT + Q)v, it follows that

vk+1 _ @kHIQLI (2£6

— (0F = )T(Q + Q- MTHM)(F — %)
Substituting (3.6) in (3.5), and then in (3.3), we get the assertion (3.1) directly. Setting w € © in (3.1) by
any fixed w*, and using (@* —w*)TF (&%) = (0F —w*)T F(w*) and 0(a*) —0(u*) + (0% —w*)T F(w*) > 0,

~k ) - ~k -
Io* = 313 | 0¥ = %113 = 10" = 7) = M — 5%
ot - (3.6)

we obtain (3.2) and the theorem is completely proved. O

This theorem is proved under weak conditions:
G=Q"+Q—-M"HM = 0.

QT+Q503 Hioa HM:Q?

Theorem B. For solving the VI (1.4), let {v*}, {{t*} be the sequences generated by (2.5)-(2.6).

If the conditions (2.7) are satisfied, then we have
= [l = %) = @M =M E 3.7)

Ilvk+1 o UIH_QH%{ < ”,Uk o vk—HH%I

and consequently
||vk+1 o ,Uk+2||%1 < Hvk . Uk+1||%¥'

Proof. According to (2.5), we have
O(u) — (") + (w — ") TF (%) > (v — *)T Q" — %), Yw € Q

O ) + (w— " TF@) > (0 = HTQEM — ), vw € 0

and
O(u) —
Setting the any w € © in (3.9) and (3.10) by @**! and @w*, respectively, we get

0(ﬂk+l) _ g(ﬂk) + (u~)k+1 _ wk)TF(,le) > (,l")’k+1 _ @k)TQ(’Uk _ @k)




and

0(&’“) _ 6(~k+1) + (,@k ~k+1)TF( k+1) > ( ~k+1)TQ( k+1 ~k+1).
Adding the above two inequalities and using (@* — @) (F(@") — F(w**1)) = 0, it follows that
(@F — FHHTQ{(vF — &%) — (WP —a* 1)} > 0. (3.11)

Adding {(v* — oF) — (vFH1 — SFFOHITQ{(vF — o) — (vF+1 — 5%+1)) to the both sides of the inequality
(3.11), we get

(Uk o ,Uchrl)TQ{(vk _ f;k) _ (UkJrl _ ,DkJrl)} > %H(Uk _ 1~)k:) _ (Uk+1 _ 1~)k+
Using Q = HM and M (vF — oF) = (0% — v*+1) (see (2.6)), it follows that
(’l}k _ Uk+1)TH{(vk o Uk+1) o (Uk+1 o Uk+2)} > %H('Uk o f)k) o (,UkJrl o 6k+1)”%QT+Q)' (312)

Finally, setting a = (v* —vF*1), b = (v¥+1 —0*+2) in the identity ||a||% — 6|4 = 2aT H(a—b) —||la—b||%
and using (3.12), we get

iter o)

e [ Tkl [

_ Q(Uk _ k+1)TH{(,Uk _ ,Uk+1) _ (vk+1 _ ,Uk+2)} _ H(Uk _ Uk—i—l) _ (Uk+1 _ Uk+2)H%I

> J(wF =) = (W =5 [fgr gy — I(0F = ") = (T = M) (3.13)
Using (vF — o*+1) = M(v% — %) and QT + Q — MTHM = G, the RHS of (3.13) equals (v — &%) —
(vPHL — 5EF) |12, Tt follows the assertions (3.7) and thus (3.8). The theorem is proved. [

4 The equivalent convergence conditions and the generalized PPA

Under the condition that the prediction matrix @ is nonsingular, it is easy to construct the correction
matrix M which satisfies the convergence conditions (2.7). In fact, because QT + Q = 0, we can take

D >0, G-0 and D+G=QT+0Q. (4.1)
Afterwards, we let
HM=Q and MTHM =D. (4.2)
Because

HM = Q, Q™ = D, M = QTD,
MTHM = D. HM = . ) H = QD QT

we get the matrices M, H and G, which satisfy the conditions (2.7). Choosing matrix D that satisfies
condition (4.1), we get M = Q~TD, and H = QD~'Q7 is positive definite.
In this way, the correction v**! = v¥ — M (v* — ©*) can be achieved by solving
QT (W™ — Py = D(B* — o). (4.3)

Taking a special pair of D and G in (4.1) by D = G = %(QT + @), the resulting prediction-
correction algorithm is called Generalized Proximal Point Algorithm.
Since D = G, the contractive inequality (3.2) becomes

o = < ot = o = ok = 5, ot e V. (44)

Moreover, since D = MTHM (see (4.2)) and M (vF — %) = vF — v+ (see (2.6)), it follows that

k_ gk ~k oF
lo* = "I = 1" = 03 r rar = 1M (0" = 7)1 = [lo* = 0",
Substituting it in (4.4), we get
[ [ L 7 A v/ i =p (4.5)

The inequality (4.5) is just the main convergence result of the classical PPA, a favorable formula!
Because the each iteration of the algorithm consists of a prediction and a correction, we call the related
method as a generalized PPA. Besides (4.5), the sequence {v*} generated by the generalized PPA possesses
another nice property (3.8).
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