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1 ýýý���½½½nnn

½½½nnnD.�X ⊂ <n´4à8, θ(x)Ú f(x)´à¼ê, f(x)3�¹X �,�m8þ��.XJ4�z¯
K min{θ(x) + f(x) |x ∈ X}�)8��,@o

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X}

��=�
x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X .

ÚÚÚnnnD.��þ a, b ∈ <n, H ∈ <n×n´��½Ý
. XJ b>H(a− b) ≥ 0,Kk

‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H .

ØäUl ‖a‖2H = ‖b+ (a− b)‖2H = ‖b‖2H + 2b>H(a− b) + ‖a− b‖2H Ú b>H(a− b) ≥ 0��í�.

2 ààà`̀̀zzzÚÚÚ���éééAAA���CCC©©©ØØØ���ªªª

1). min−max ¯̄̄KKK. � θ1(x), θ2(y)´à¼ê, X , Y´4à8, (x∗, y∗)´ min−max¯K(Q:¯K)

minx maxy{Φ(x, y) = θ1(x)− yTAx− θ2(y) |x ∈ X , y ∈ Y} (2.1)

�),|^Φ(x, y)�L�ª,±þ'X�±�¤{
x∗ ∈ X , θ1(x)− θ1(x∗) + (x− x∗)T (−AT y∗) ≥ 0, ∀x ∈ X ,
y∗ ∈ Y, θ2(y)− θ2(y∗) + (y − y∗)T ( Ax∗) ≥ 0, ∀ y ∈ Y.

?�Ú,�±�¤üNC©Ø�ª/ª:

u∗ ∈ Ω, θ(u)− θ(u∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω, (2.2)

Ù¥ u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), F (u) =

(
−AT y
Ax

)
and Ω = X × Y. (2.3)

5¿� (2.3)¥�F (u)äk5� (u− ũ)T (F (u)− F (ũ) ≡ 0,ÏdC©Ø�ª (2.2)´üN�.

2). ���555���ååå���ààà`̀̀zzz¯̄̄KKK
�Ä�5�å�à`z¯K

min{θ(u) | Au = b, u ∈ U}. (2.4)

¯K (2.4)�Lagrange¼ê´½Â3U × <mþ�

L(u, λ) = θ(u)− λT (Au− b). (2.5)

XJ�é (u∗, λ∗) ∈ U × <m÷v

L(u, λ∗) ≥ L(u∗, λ∗) ≥ L(u∗, λ), (u∗, λ∗) ∈ U × <m,
K¡�Lagrange¼ê (2.5)�Q:. þ¡�'Xª�±�¤{

u∗ ∈ U , L(u, λ∗)− L(u∗, λ∗) ≥ 0, ∀u ∈ U , (2.6a)
λ∗ ∈ <m, L(u∗, λ∗)− L(u∗, λ) ≥ 0, ∀ λ ∈ <m. (2.6b)

|^�;���ª,Q:�±L«¤eãC©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (2.7)

�),Ù¥ w =

(
u
λ

)
, F (w) =

(
−ATλ
Au− b

)
and Ω = U × <m. (2.8)

5¿�ùpF (w)äk5� (w − w̃)T (F (w)− F (w̃)) ≡ 0. à`z¯K (2.4)=�¤
C©Ø�ª (2.7).

¯K (2.1)Ú (2.4)©O=�¤
C©Ø�ª (2.2)Ú (2.7). �{Ñà�u¦)�A�C©Ø�ª.
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3 üüüNNNCCC©©©ØØØ���ªªª������CCC::: (PPA)���{{{

½½½ÂÂÂ (PPA���{{{��� kgggSSS���) �H��½Ý
. l�½�wkm©,¦�wk+1,¦�

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1) ≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω. (3.9)

ò(3.9)¥�w��w∗,¿|^(wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗),·���

(wk+1 − w∗)TH(wk − wk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0. (3.10)

3ÚnD¥� a = (wk − w∗)Ú b = (wk+1 − w∗),lØ�ª (3.10)��

(PPAÂñ�Â Ø�ª) ‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H , ∀w∗ ∈ Ω∗. (3.11)

^PPA�{¦)VI,ïÆæ^?�Útµ��{ wk+1 := wk − α(wk − wk+1), α = 1.5 ∈ (0, 2).

4 ¦¦¦)))CCC©©©ØØØ���ªªª���ÏÏÏIII½½½������ PPA (C-PPA)ÚÚÚþþþ(((���PPA (B-PPA)
1). ¦¦¦)))VI (2.2)���C-PPA
l�½�ukÑu,¦�÷v (3.9)�uk+1,Ù¥

u =

(
x
y

)
, w = u, F (w) =

(
−AT y
Ax

)
, H =

(
rIn AT

A sIm

)
, rs > ‖ATA‖. (4.12)

éd (4.12)�Ñ�F ÚH , PPA�{ (3.9)�äN�ª´ eÅ«�Ü©´F (wk+1){
θ1(x)− θ1(xk+1) + (x− xk+1)T {−AT yk+1

::::::::
+ rIn(xk+1 − xk) +AT (yk+1 − yk)} ≥ 0, ∀x ∈ X ,

θ2(y)− θ2(yk+1) + (y − yk+1)T {Axk+1
:::::

+A(xk+1 − xk) + sIm(yk+1 − yk)} ≥ 0, ∀y ∈ Y.

�â½nD,�¤þ¡�1 k-gPPAS�,�±ÏL¦)e¡�f¯K�¤:{
xk+1 = argmin{θ1(x)− xTAT yk + r

2‖x− x
k‖2 |x ∈ X}, (4.13a)

yk+1 = argmin{θ2(y) + yTA[2xk+1 − xk] + s
2‖y − y

k‖2 | y ∈ Y}. (4.13b)

2). C-PPA and B-PPA for VI (2.7)
l�½�wkÑu,¦�÷v (3.9)�wk+1,Ù¥

F (w) =

(
−ATλ
Au− b

)
, H = H1 =

(
βATA+ δIn AT

A 1
β Im

)
½ H = H2 =

(
rIn AT

A 1
rAA

T + δIm

)
. (4.14)

ÏÏÏIII½½½������PPA.|^H = H1 (�(4.14))�PPA (3.9)�äN�ª´ eÅ«�Ü©´F (wk+1){
θ(u)− θ(uk+1) + (u− uk+1)T {−ATλk+1

::::::::
+ (βATA+ δIn)(uk+1 − uk) +AT (λk+1 − λk)} ≥ 0,

(Auk+1 − b
:::::::::

) +A(uk+1 − uk) + (1/β)(λk+1 − λk) = 0.

�â½nD,�¤þ¡�1 k-gPPAS�,�±ÏL¦)e¡�f¯K�¤:{
uk+1 = argmin

{
θ(u)− uTATλk + 1

2 (u− uk)T (βATA+ δIn)(u− uk) |u ∈ U
}
, (4.15a)

λk+1 = λk − β
(
A[2uk+1 − uk]− b

)
. (4.15b)

þþþ(©©©)((((JJJ)���PPA.|^H = H2 (�(4.14))�PPA (3.9)�äN�ª´ eÅ«�Ü©´F (wk+1){
θ(u)− θ(uk+1) + (u− uk+1)T {−ATλk+1

::::::::
+ rIn(uk+1 − uk) + AT (λk+1 − λk)} ≥ 0,

(Auk+1 − b
:::::::::

) +A(uk+1 − uk) + ( 1
rAA

T + δIm)(λk+1 − λk) = 0.

�â½nD,�¤þ¡�1 k-gPPAS�,�±ÏL¦)e¡�f¯K�¤: uk+1 = argmin
{
θ(u)− uTATλk + r

2‖u− u
k‖2 |u ∈ U

}
, �©Cþf¯K' (4.15a){ü (4.16a)

λk+1 = λk − ( 1
rAA

T + δIm)−1
(
A[2uk+1 − uk]− b

)
. ¦)¥�I��gCholesky©) (4.16b)

� (4.15)�',�{ (4.16) ü$
�©Cþf¯K�S�JÝ,
·�O\
éóCþ�#�ó�þ.
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