HOMOLOGICAL TRANSFER BETWEEN ADDITIVE CATEGORIES AND
HIGHER DIFFERENTIAL ADDITIVE CATEGORIES

XI TANG AND ZHAOYONG HUANG

ABSTRACT. Given an additive category C and an integer n > 2. The high-
er differential additive category consists of objects X in C equipped with an
endomorphism ex satisfying €’y = 0. Let R be a finite-dimensional basic al-
gebra over an algebraically closed field and T the augmenting functor from
the category of finitely generated left R-modules to that of finitely generated
left R/(t™)-modules. It is proved that a finitely generated left R-module M is
7-rigid (respectively, (support) 7-tilting, almost complete 7-tilting) if and only
if so is T(M) as a left R[t]/(t")-module. Moreover, R is Tp,-selfinjective if and
only if so is R[t]/(t™).

1. Introduction

Let R be an arbitrary associative ring with unit. A module equipped with an
R-linear endomorphism of square zero is called a differential R-module. Since their
appearance in Cartan and Eilenberg’s treatise [10], differential modules has played
an important role in solving some problems from commutative algebra and algebra-
ic topology [5]. Indeed, differential R-modules are exactly modules over the ring of
dual numbers, that is, the ring Re] := R[t]/(t?) (the factor ring of the polynomial
ring R[t] in one variable ¢t modulo the ideal generated by t2). For a positive integer
n > 2, Xu, Yang and Yao [31] introduced a higher analog of differential modules,
called n-th differential modules. More precisely, an n-th differential module is such
an R-module with an R-linear endomorphism of n-th power zero. Recently, Tang
and Huang [27] extended the theory of n-th differential modules to additive cate-
gories and related some homological behavior of R and those of the ring R[t]/(t").
With the help of the theory of higher differential objects in additive categories, this
paper is concerned with investigating the transfer of some homological properties
between R and RJ[t]/(t"). The paper is organized as follows.

In Section 2, some terminology and notations are given. We also collect some
useful general facts in higher differential additive categories, which will be frequently
used in the sequel.

Let C be an additive category and T : C — C[e]™ the augmenting functor. In Sec-
tion 3, we establish the relation between the (pre)covers (respectively, (pre)envelopes)
in C and C[e]™, and prove that for a subcategory X of C, X is precovering (respec-
tively, preenveloping) in C if and only if T(X) is precovering (respectively, preen-
veloping) in C[e]™ (Theorem 3.3).
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We devote the rest part of the paper to expose some applications of the obtained
results. Let R be a left noetherian ring and rpw a Wakamatsu tilting module with
S = End(gw). In Section 4, we prove that an R[t]/(t")-module M is Grp.)-
projective if and only if M is G,-projective as an R-module; and that an S[t]/(t")-
module N is in the Auslander class Ap.)(S[t]/(t")) if and only if N is in the
Auslander class A, (S) (Theorem 4.7). Moreover, we prove that for an artin algebra
R, R/(t"™) is CM-finite (respectively, CM-free) implies that so is R (Proposition 4.9);
and for a finite dimensional algebra R over an algebraically closed field, if R[t]/(t"™)
is representation finite, then so is R (Proposition 4.12). We give examples to
illustrate that neither the converses of these two propositions hold true in general.

In Section 5, we focus on the 7-tilting theory of higher differential module cat-
egories. Let R be a finite-dimensional basic algebra over an algebraically closed
field. We prove that a finitely generated left R-module M is 7-rigid (respectively,
(support) 7-tilting, almost complete 7-tilting) if and only if so is T(M) as a left
RI[t]/(t™)-module (Theorem 5.5). Then we apply it to study the transfer of the
Bongartz complement and two-term (pre)silting complexes between R and R/(t").

Section 6 deals with an application to m-precluster tilting subcategories of mod-
ule categories. Actually, we show that an artin algebra R is 7,,-selfinjective if and
only if so is R[t]/(t") (Theorem 6.4).

2. Preliminaries

Throughout this paper, R is an associative ring with unit. We use Mod R (re-
spectively, mod R) to denote the class of (respectively, finitely generated) left R-
modules. For a module M € ModR, we use pdp M to denote the projective
dimension of M.

Now we start by recalling from [27] some definitions and notations. Let C be an
additive category and n > 2. An n-th differential object of C is a pair (X, ex), where
X € obC and ex € Ende(X) satisfying €% = 0. We define the higher differential
additive category Cle]™ as follows: The objects of Cle]™ are n-th differential objects,
and the set of morphisms from (X, ex) to (Y, ey) consists of morphisms f: X — Y
of C satisfying the equality fex = ey f.

Next we introduce two functors between C and Cle]™.

(1) The forgetful functor F : Cle]® — C is defined on the objects (X, ex) of
Cle]™ by F(X,ex) = X and on the morphisms f in Cle]™ by F(f) = f.

(2) We define the augmenting functorT : C — Cle]™, which takes an object X of
C to the object T(X) = (X¥" exan) of Cle]|" with X®*" =X X @ --- & X

n

and
0 0 O 0
1 0 O 0
Exam 1= 01 0 0
0 0 1

nxn,
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and takes a morphism f in C to the morphism

f 0 -~ 0
0 f -+ 0
00 - f

nxn
in Cle]™.

We state some preliminary results on Cle]™ as follows.

Fact 2.1. Let C be an additive category, and let M, N € obC and (X,ex) €
obCle]™.

(1) If R is a ring and C = Mod R, then (Mod R)[e]™ = Mod(R][¢t]/(t"™)).

(2) Both (F,T) and (T, F) are adjoint pairs.

(3) f € Homegn (T'(M), T(N)) if and only if

al 0 0 .- 0
ag al 0 e 0
f=| a a a0 | Gith q; € Home(M, N).
an Ap—-1 Gp-—2 -°° ai
(4) If f € Homc[e]"(T(M)7 (X7 eX))? then f = (flveXf/a e 76§_1f/) with f/ €
Home (M, X).
(5) If g € Homegn (X, ex), T(M)), then g = (¢'ey ", -+, g'ex,¢')" with ¢’ €
Home (X, M).

Proof. The assertions (1), (2) and (3) follow from [27, p.130], [27, Proposition 3.1]
and [27, Proposition 3.4] respectively. The assertions (4) and (5) are obvious. [

The following definition is cited from [9)].

Definition 2.2. Let C be an additive category. A kernel-cokernel pair (i,p) in C

is a pair of composable morphisms A — B % C such that i is a kernel of p and p
is a cokernel of i. We shall call ¢ an admissible monic and p an admissible epic.

An ezact category (C, &) is an additive category C with a class & of kernel-cokernel
pairs which is closed under isomorphisms and satisfies the following axioms:

[E0] For all objects C' € C, the identity morphism 1 is an admissible monic.
[E0°P] For all objects C' € C, the identity morphism 1¢ is an admissible epic.
[E1] The class of admissible monics is closed under compositions.

[E1°P] The class of admissible epics is closed under compositions.

[E2] The push-out of an admissible monic along an arbitrary morphism exists
and yields an admissible monic.

[E2°P] The pull-back of an admissible epic along an arbitrary morphism exists and
yields an admissible epic.

Elements of & are called short exact sequences.

According to [9, 22], an additive category C is called idempotent complete if every
idempotent endomorphism e = €2 of an object X € ob( splits, that is, there exists
a factorization

X-5Y -5 X
3
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of e with mt = 1y.

Let (C,&) be an exact category, and let & be the class of pairs of composable
morphisms in C[e]™ that become short exact sequences in C via the forgetful functor
F'. The following result characterizes projective (respectively, injective) objects of
Cle]™ in terms of that of C.

Lemma 2.3. ([27, Proposition 3.6]) Let (C,&) be an idempotent complete exact
category. Then we have

(1) P is a projective object of (Cle]™, &) if and only if P = T(Q) for some
projective object QQ of C.

(2) I is an injective object of (Cle]™, &F) if and only if I = T(E) for some
injective object E of C.

Let X be a class of objects in an additive category C and M € ob(C. Recall
that an X-precover of M is a morphism f : X — M in C with X € X such that
any morphism ¢ : X’ — M in C with X’ € X factors through f. An X-precover
f:X = M of M is an X-cover if every endomorphism g : X — X in C with
fg = f is an automorphism. We call the class X precovering in C if any M € ob(C
has an A’-precover. Dually, the notions of preenvelopes and preenveloping classes
are defined (cf. [14]).

3. Precovering and Preenveloping Classes

From now on, we fix an exact category (C,&). This section investigates how to
construct precovering and preenveloping classes in C[e]” via the augmenting functor
T.

A sequence (of finite or infinite length):

s X I xS xS o
in C is called an X -resolution of M if all X; are in X and
0—-Kerf; > X;,—-Imf; -0

is a short exact sequence for any 7 > 0 (note: Im fy = M); furthermore, such an X-
resolution is called proper if it remains exact after applying the functor Home (X, —)
for any X € X. Dually, the notions of an X-coresolution and an X -coproper
coresolution of M are defined.

Proposition 3.1. Let X' be a subcategory of (C,&) and (M, epr) € obCle]™.
(1) 1If
05L2%5X "5 M—0 (3.1)

is a short exact sequence in C such that w is an X-precover of M, then there
18 a short exact sequence

0 (LX) % 7(X) L (M,er) =0 (3.2)
4
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in (Cle]™, &r) such that f is a T(X)-precover of (M,en), where f =

(m, epgmm, -« - ,671\7171') and
AN h 0 - 0
0 -1 h - 0
g=|0 0 -1 - 0 with h € Ende(X).
0 0 0 -1 n
(2) If
0sM2S x50 (3.3)

is a short exact sequence in C such that N is an X-preenvelope of M, then
there is a short exact sequence

0= (M, enr) 2o T(X) 25 (L X201 ) 50 (3.4)
in (Cle]™, &r) such that f' is a T(X)-preenvelope of (M, €n), where f' =
(Xe?[l, o Nea, V)T and

7 0 o --- 0
-1 K 0 --- 0

q = 0 -1 A --- 0 with b’ € Ende(X).
0 0 0 n nxm

Proof. (1) Since 7 is admissible epic, [9, Proposition 2.9] implies that T'(7) is ad-
missible epic. Then
f = (7T7 EMT, - ae”]]\l[lﬂ-) = pl]\/IT(ﬂ—)

is also admissible epic by [27, Lemma 3.5], where p), = (1,€enm, - - - 7671;;1). As 7 is
an X-precover of M, there is a morphism h € End¢(X) such that 7h = epym. Thus

fg=0.
Now we prove that (3.2) is a short exact sequence. Let

t=(t1,ta, - ,tn)" : C — XO"
be a morphism in C such that ft = 0. Then
Tty + eyt + -0 - + eﬁ[lﬂtn =0,
and hence
7ty + whty + - - + wh" ", = 0.
Since A is the kernel of 7, there exists a unique morphism s; : C' — L such that
Asy =t + hto + -+ A" ,.
Set
s;i= —h" T, — A", — o — bty —t; (2<i<n—1)and s, := —t,.

Clearly s = (51,82, ,8,)1 : C = L® X®(=1) gatisfies gs = t. We conclude that
g is the kernel of f.
Now we show that f is the cokernel of g. Let

u=(ug,ug, - ,u): X" = C
5



Xi Tang and Zhaoyong Huang

be a morphism in C such that ug = 0. Then
(ur Ay urh —ug, -+ yup—1h — u,) = 0.
Since 7 is the cokernel of A, there exists a unique morphism p : M — C such that
pm = uy. Notice that 7h = ey, so Th* = €}, m and
peZMTr = p?Thi =uhl =uh 1= . =uh= Ujt1

for any 1 < ¢ < n — 1. It follows that pf = u and f is the cokernel of g. There-
fore we conclude that (3.2) is a short exact sequence. Consequently we get an
endomorphism e € Ende(L @ X9 1) satisfying ge = exeng. Then €® = 0 since
€%en = 0.

Now let 8 € Homeqn (T(X'), (M, €rr)). Then g = (8',emf’, - ,ehr 1B with
B € Home (X', M) by Fact 2.1(4). Since m : X — M is an X-precover of M, there
exists a morphism v : X’ — X such that 7y = /. Thus fT(y) = f and [ is a
T(X)-precover of (M, epr).

(2) Tt is dual to (1). O

As a consequence, we get the following

Corollary 3.2. Let X be an additive subcategory of C and (M, epr) € obCle]™.

(1) If
RN SN CRELI ARELNG Y N

is a proper X -resolution in C, then there exists a proper T'(X)-resolution
o x! I X I X T (M epy) — 0
in Cle™ with X! = T(X; & X" V@@ x{".
(2) If
0 M2 Xxg 2 2 X, — -
is a coproper X -coresolution in C, then there exists a coproper T'(X)-coresolution
0— (M, ep) 2 X Dy Iy x5
in Cl™ with X! = T(X; & X" V& x{".
Proof. (1) Set M; 41 := Ker f; for any i« > 0. By Proposition 3.1(1), there exists a
short exact sequence
0— (M ® X"V ) = T(Xo) = (M, err) — 0 (3.5)
in C[e]™ such that Homegn (T'(X), (3.5)) is exact for any X € obC. Note that

0> My, = X1 XSB(”*D — M @ XSB("*D -0 (3.6)

is a short exact sequence in C such that Home (X, (3.6)) is exact for any X € obC.
Then by Proposition 3.1(1) again, we have a short exact sequence

0= (M@ (X;0XE" o1 ) 5 (X 0x8" ) o MaxPT™ ™ e =0

(3.7

in C[e]" such that Homeg» (T'(X), (3.7)) is exact for any X € obC. Continuing in
this way, we obtain the desired sequence.

(2) Tt is dual to (1). O

The following result will be used frequently in the sequel.
6
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Theorem 3.3. Let X be a subcategory of C and M € obC. Then the following
statements hold.

(1) f: X — M is an X-(pre)cover of M if and only if T(f) : T(X) — T (M)
is a T(X)-(pre)cover of T(M).

(2) g: M — X is an X-(pre)envelope of M if and only if T(g) : T(M) — T(X)
is a T(X)-(pre)cover of T(M).

(3) X is precovering in C if and only if T(X) is precovering in Cle]™.

(4) X is preenveloping in C if and only if T(X) is preenveloping in Cle]™.

Proof. We will only prove (1) and (3). Dually, we get (2) and (4).
(1) We first prove the necessity. Given a morphism f' € Homeg» (T'(X"), T(M))
with X’ € X. By Fact 2.1(3), f’ has the following form

a 0 0 A 0
as ay 0 e 0
as a2 ay e 0 with a; € HOIDC(X,7 M)
ap Ap—-1 QAap-—2 - a

By assumption, there exists a morphism b : X’ — X in C such that fb = a;. Set

b 0 0 0 0
as b 0 - 0
h = as as b R 0
Gn Qp_1 Qp—2 -+ b

It is easy to verify that T(f)h = f’. Hence T(f) : T(X) — T(M) is a T(X)-
precover of T'(M). Moreover, suppose that f is an X-cover of M. Now given a
endomorphism

C1 0 0 0
Co C1 0 0

noe=| & c a0 € Endegn (T'(X)).
Cn Cp—1 Cp—2 - G

If T(f)h' = T(f), then fc; = f. Thus ¢; must be an isomorphism since f is an
X-cover of M. Tt follows that A’ is also an isomorphism and T'(f) : T(X) — T (M)
is a T'(X)-cover of T'(M).

Next we prove the sufficiency. Let f’ : X’ — M be a morphism in C. Since
T(f) : T(X) = T(M) is a T(X)-(pre)cover of T(M), by Fact 2.1(3) there exists a
morphism

h1 0 0 0
ho  hy 0 0

hi= | hs Rz 0| € Homepgn (T(X'), (X))
hyp hp-1 hp—o hy
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such that T'(f)h = T(f’). Namely,

f 00 - 0 hi 0 0 - 0 0 0 - 0
0 f 0 -~ 0 hoy Iy 0 - 0 0 f 0 -+ 0
00 f -~ 0 hs hy hy -~ 0 |_| 0 0 f 0
000 - f B hpe1 hno - hi 00 0 - f

One can get that fhy = f’. It means that f : X — M is an X-precover of M.
Finally, it is not hard to prove that f: X — M is an X-cover of M provided that
T(f): T(X)—=T(M) is a T(X)-cover of T(M).

(3) The necessity follows from the proof of Proposition 3.1(1).

In the following, we prove the sufficiency. Let M € obC. By assumption, there
exists a T(X)-precover f : T(X) — T(M) of T(M). We may assume that f has
the following form

fi 0 0o --- 0
2 f o - 0
f=| f Ffo A 0 |yith f; € Home(X, M).

fn fn—l fn—2 e fl
We will show that f; : X — M is an X-precover of M. Given a morphism g :
X' = M with X’ € X. Since f : T(X) — T(M) is a T(X)-precover, there exists
a morphism h : T(X’) — T(X) such that fh = T(g). Note that h must have the
following form

h1 0 0 e 0
hy hy 0 e 0
h=| hs ha b 0 fith by € Home(X, X).
hn h/'n,fl hn72 . hl
It implies f1hy = g. So X is precovering in C. (I

4. Wakamatsu tilting subcategories

In this section, assume that the given exact category (C,&) has enough pro-
jectives. We will apply the established results in the previous section to study
Wakamatsu tilting subcategories through the functor 7.

Let W be a subcategory of C. We use Add W (respectively, add W) to denote the
subcategory of C consisting of objects isomorphic to direct summands of (respective-
ly, finite) direct sums of objects in W. We write * W := {X € C | Ext?l(X, W) =
0 for any W € W} and Xy := {X° € W | there exist short exact sequences

0=-X"=>W =2 X' 0,0 X' =W = X2 =0, -
in C with all W% € W and X' € *W}.
Definition 4.1. ([15, Definition 3.1]) Let W an additive subcategory of C. We

say that W is a Wakamatsu tilting subcategory of C if it satisfies the following
conditions.

(1) W is self-orthogonal, that is, W C +W.
8
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(2) Xy contains all projectives in C.

Remark 4.2.

(1) Tt is trivial that the subcategory of C consisting of all projectives is Waka-
matsu tilting in C.

(2) Let R be a left noetherian ring and ¢ = mod R. Recall from [15] that a
module w € mod R is called Wakamatsu tilting (or semidualizing) if addw
is a Wakamatsu tilting subcategory of C. This definition coincides with the
usual one (cf. [4, 18, 25, 30]).

(3) Let R be a left noetherian ring and w a Wakamatsu tilting module. If
C = ModR and W = Addw, then X)) is exactly the class of all G-
projective modules (see [23, Definition 2.5]).

(4) Let R be a left noetherian ring and w a Wakamatsu tilting module with
S = Endg(w). According to [18], the Auslander class A, (S) with respect
to w consists of all left S-modules N satisfying the following conditions: (a)
Tor$, (w, N) = 0 = Ext3' (w,w ®s N), and (b) N = Homp(w,w ®g N). If
C = Mod R and W = {Hompg(w, I) | I is injective}, then Xy is exactly the
Auslander class A, (S) (see [28, Theorem 3.11(1)]).

Proposition 4.3. Let C be idempotent complete and W an additive and self-
orthogonal subcategory of C. Then the following statements hold for any (M, ey ) €
Cle]™.
(1) M € *W if and only if (M, epr) € ~T(W).
(2) M €Xyy if and only if (M, enr) €Xpowy-
Proof. (1) Let
oo T(Pp) =5 T(Ppe1) = - = T(P1) = T(Py) = (M,epr) = 0
be a projective resolution of (M, epr) in Cle]™. Then by Lemma 2.3,
"'_>FT(Pm)_>FT(Pm—1)%"'%FT(PI)—)FT(PO)_)M—)O
is a projective resolution of M. For any W € W and ¢ > 1, by Fact 2.1(2) we have
Homc[eln(T(Pi), T(W)) 2 Home (FT(FP;), W).
This isomorphism gives the assertion.
(2) By (1), we have that M € LW if and only if (M, ep) € LT(W). It M € Xyy,

then (M, enr) € Xy by Corollary 3.2(2). Conversely, if (M, enr) € Xpgpy), then
there exist short exact sequences

0— (M,eps) >TW?) - X' =0, 0= X' - T(WH) = X2 =0, -

in C[e]™ with all T(W?) € T(W) and X € YT(W). So by (1), we get short exact
sequences

0= M- FT(W% - F(X')—0, 0= F(X') = FT(W'") - F(X?) -0, ---
in C with all FT(W?%) € W and F(X") € 1W. It follows that M €X)y. O
This induces the following easy consequence.

Corollary 4.4. LetC be idempotent complete and W an additive and self-orthogonal
subcategory of C. Then W is a Wakamatsu tilting subcategory of C if and only if
T(W) is a Wakamatsu tilting subcategory of Cle]™.

Proof. Tt follows from Proposition 4.3 and [15, Proposition 3.2]. O
9
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The following definition is cited from [6].

Definition 4.5. Let R be a ring and m > 0. A left R-module w is called m-tilting
if and only if the following conditions are satisfied.

(1) pdgw < m.

(2) wetwW for every cardinal .

(3) There exists an Add w-coresolution
0=+R—=>wy— - —=>wy—0

in Mod R.
By applying Proposition 4.3, we also get the following result.

Proposition 4.6. Let R be a ring and m > 0. Then w is an m-tilting R-module
if and only if T(w) is an m-tilting R[t]/(t"™)-module.
Proof. Observe that T(Addw) = Add T'(w). It is easy to see that pdp w < m if and
only if pd gy /4n) T'(w) < m. Moreover, for every cardinal A, the fact that w € L™
if and only if T(w) € +T(w)™ follows from the proof of Proposition 4.3(1). If R
admits an Add w-coresolution
0—+R—=>w)— = wy—0
in Mod R, then applying the exact functor T to it yields an Add T (w)-coresolution
0—>T(R) > T(wo) == T(wm) =0
of T(R) in Mod R[t]/(t"). Conversely, if T(R) admits an Add T'(w)-coresolution
0—=>T(R)— T(wy) = = T(wm) =0
in Mod RJ[t]/(t™), then it follows from [29, Lemma 4.6] that there exists an Add w-
coresolution
0> R—-w,—- - —w,—0
of R in Mod R. The proof is finished. O

The main result in this section is the following theorem.

Theorem 4.7. Let R be a left noetherian ring and w a Wakamatsu tilting module
with S = End(rw). Then the following statements hold.
(1) If M € Mod R[t]/(t"), then M is Grp(,,)-projective if and only if M is G,,-
projective as an R-module.
(2) If N € Mod S[t]/(t"), then N € Ap,(S[t]/(t")) if and only if N € A, (S).

Proof. Note that R is left noetherian if and only if so is R[t]/(t") by [27, Corol-
lary 3.8(1)]. Also note that End(gpy )T (w)) = S[t]/(t") and T'(Homp(w,I)) =
Homp gy (T'(w), T(I)) for any injective left R-module I. Then in view of Remark 4.2,
Proposition 4.3 and Corollary 4.4, we get the assertions. O

Taking W to be the subcategory of C consisting of all projectives, objects in
Xy are called Gorenstein projective (see [15, Definition 3.7]). In our setting, The-
orem 4.7(1) can be regarded as a generalisation of [31, Theorem 3.10(1)].

Let R be an artin algebra. A module M € mod R is called semi-Gorenstein-
projective provided that Extﬁl(M7 R) = 0. Moreover, R is said to be left weakly
Gorenstein if any semi-Gorenstein-projective module is Gorenstein-projective (see
26]).

10
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Corollary 4.8. Let R be an artin algebra and M € mod R[t]/(t"). Then the
following statements hold.

(1) M is semi-Gorenstein-projective R-module if and only if M is semi-Gorenstein-
projective R[t]/(t™)-module.
(2) R is left weakly Gorenstein if and only if R[t]/(t") is left weakly Gorenstein.

Proof. (1) It follows from Proposition 4.3(1).
(2) Tt follows from (1) and Theorem 4.7(1). O

Let R be an artin algebra. Recall from [7, 8] that R is called Cohen-Macaulay
finite (CM-finite, for short) provided there are only finitely many pairwise non-
isomorphic indecomposable finitely generated Gorenstein projective R-modules.
Recall from [11] that R is called CM-free if all its finitely generated Gorenstein
projective modules are projective.

Proposition 4.9. Let R be an artin algebra. If R[t]/(t™) is CM-finite (respectively,
CM-free), then so is R.

Proof. Let R[t]/(t") be CM-finite and {G1,Ga, - ,G,} the set of all pairwise
non-isomorphic indecomposable finitely generated Gorenstein projective RJ[t]/(t")-
modules. For each i, since G; is finitely generated as an R-module, G; can be
decomposed as a direct sum of finitely many indecomposable R-modules, that is,
G; = @;J:l GY. Because G is a Gorenstein projective R[t]/(t")-module, it follows
that G; is a Gorenstein projective R-module by Theorem 4.7(1). Thus each G? is
a Gorenstein projective R-module as well.

Now let G be an indecomposable Gorenstein projective R-module. Then T'(G)
is an indecomposable Gorenstein projective R[t]/(t")-module by Theorem 4.7(1).
So T'(G) is isomorphic to some G; as an R[t]/(t")-module, which implies that T(G)
is also isomorphic to G; as an R-module. Thus G is isomorphic to some GZ It
follows that R is CM-finite.

Assume that R[t]/(t") is CM-free. If G is a finitely generated Gorenstein pro-
jective R-module, then T'(G) is a Gorenstein projective R[t]/(t™)-module by Theo-
rem 4.7(1). By assumption, there exists a projective module P such that T(G) =
T(P). Thus G is projective as an R-module, and therefore R is CM-free. O

In the following, we study the transfer of representation type between R and
R/(t").

Definition 4.10. ([12]) If R is a ring and G is an R-module. We say G is a generic
module if it is indecomposable, of infinite length over R, but of finite length when
regarded in the natural way as a module over its endomorphism ring.

We need the following observation.

Lemma 4.11. If R is an artin algebra and G € Mod R, then G is a generic R-
module if and only if T(G) is a generic R[t]/(t"™)-module.

Proof. By [27, Proposition 3.4], we have that G is indecomposable if and only if

so is T(G). Note that R is an artin algebra if and only if so is R[t]/(t") by the

proof of [27, Theorem 3.13], and note that a module over an arin algebra has finite

length if and only if it is finitely generated. Thus G is of infinite length over R if

only if T(G) is of infinite length over R[t]/(t"). On the other hand, by Theorem
11
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3.3(2), we have that R admits an add G-preenvelope if and only if T'(R) admits an
add T'(G)-preenvelope. Now the assertion follows from [3, Proposition 1.2]. O

Proposition 4.12. Let R be a finite dimensional algebra over algebraically closed
field. If R[t]/(t™) is representation finite, then so is R.

Proof. Note that a finite dimensional algebra over an algebraically closed field is
representation finite if and only if it has no generic modules ([13, p.157, Corol-
lary]). If R is representation infinite, then there exists a generic R-module G. Thus
T(G) is a generic R[t]/(t")-module by Lemma 4.11. It follows that R[t]/(t™) is
representation infinite. ([l

The following example illustrates that neither the converses of Propositions 4.9
and 4.12 hold true in general.

Example 4.13. Let R be a finite-dimensional algebra over an algebraically closed
field.

(1) If R is hereditary of type Ao, then R[t]/(t"™) with n > 5 is the algebra given

by the quiver
B C ° 40> ° 3 Y
modulo the ideal generated by {8",~", a8 — ya}. It is well known that R
is representation finite, but R[t]/(¢") is not CM-finite by [24, Lemma 4.4],
and hence not representation finite.
(2) If R is given by the quiver

a/ \’Y
N7

modulo the ideal generated by {ya—3&3}, then R[t]/(t?) is the algebra given
by the quiver

modulo the ideal generated by {ya — 68, €2, 2, (%, n?, ae — e, ye — 1y, Be —
¢B,8¢ —nd}. Since R has finite global dimension, R is CM-free. However,
R[t]/(t?) is not CM-free by [19, Example 4.10].

5. Support 7-tilting modules

In this section, R is a finite-dimensional basic algebra over an algebraically closed
field k and D := Homy(—, k). We use 7r to denote the Auslander-Reiten trans-
lation and use proj R to denote the category of finitely generated projective left
R-modules. For a module M in mod R, we use Trg(M) to denote the Auslander
transpose of M. In fact, R[t]/(t™) is also a finite-dimensional basic algebra over k.
We will study how the 7-tilting theory in mod R can be lifted to that in R[t]/(¢").

12
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Firstly we need the following lemma.

Lemma 5.1. Let M € mod R and S = R[t]/(t"). Then the following statements
hold.

(1) 7s(T(M)) = T(1r(M)).
(2) 751 (T(M)) = T(1" (M
(3) Homs(T'(M),7s(T(M))
Proof. (1) Note that T'(M

exists an isomorphism

)-
= HomR(M",TR(M)).

~—

= S®pr M. For any P € proj R, we claim that there

\/ ,\:U|

Homg(T(P),S) =2 Homp(P,R) ®p S.
Suppose P = Re for some idempotent e. Then
Homg(T'(Re), S) = Homg(Se, S) =2 eS =T (eR)
= Hompg(Re, R) ®p S =2 Homp(P,R) ®g S.

The claim is proved. Now let
J RN LG N

be a minimal projective presentation of M. Since T is an exact functor, it follows
from Theorem 3.3(1) that

T(y (o)
) — ) =

T(P, T(Py T(M) =0

is a minimal projective presentation of T'(M). Then we get the following diagram
with exact rows

Homg (T (f1),5)
Homg (T (Py),S) ————— > Homg(T'(P1),S) — > Trg(T(M)) ———> 0

J{” iﬁ 'Y
Homp (f1,R)®RS v

Homp(Py,R) g S —————— > Hompi(P1,R) ®p S ———> Trr(M) ®r S ——> 0.

By the claim above, both a and 3 are isomorphisms. Thus the induced map = is
also an isomorphism. Therefore we have

75(T(M)) = D(Trr(M) ®r S)
=~ Hompg(S, 7r(M))
~ S ®p Homg(R, 7TrR(M))
>~ T(rr(M)).
(2) From the proof of (1), we have
Trs(T(M)) 2 Trr(M) g S 2 T(Trg(M)).
Thus we have
75 (T(M)) = Trs(D(T(M)))
= Trs(T(D(M)))
~ T Trp(D(M))
i

T(rgy
13
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(3) By(1), we have
Homg(T(M), 75(T(M))) = Homg (T (M), T(tr(M)))
~ Hompg(FT (M), Tr(M))
=~ Homp(M", 7r(M)).
([

For a module M in mod R, | M| is the number of pairwise non-isomorphic direct
summands of M. The next two definitions are due to Adachi, Iyama and Reiten

[2].
Definition 5.2. A module M € mod R is called
(1) 7-rigid if Hompg(M, 7r(M)) = 0.
(2) 7-tilting (respectively, almost complete T-tilting) if it is 7-rigid and |M| =
|R| (respectively, |[M| = |R| — 1).
(3) support T-tilting if there exists an idempotent e of R such that M is a
7-tilting (R/(e))-module.
Definition 5.3. Let (M, P) be a pair with M € mod R and P € proj R.
(1) We call (M, P) a 7-rigid pair if M is 7-rigid and Hompg(P, M) = 0.
(2) We call (M, P) a support T-tilting (respectively, almost complete support
T-tilting) pair if (M, P) is a 7-rigid pair and |M| + |P| = |R| (respectively,
|M|+ |P| = |R[ - 1).

The following result is crucial in proving Theorem 5.5.

Proposition 5.4. Let (M, P) be a pair with M € mod R and P € projR. Then
the following statements hold.
(1) (M, P) is a T-rigid pair if and only if (T (M), T(P)) is a T-rigid pair.
(2) (M, P) is a support T-rigid (respectively, almost complete support T-tilting)
pair if and only if (T(M), T(P)) is a support T-rigid (respectively, almost
complete support T-tilting) pair.

Proof. (1) If Homg(P, M) = 0, then
Hom gy /() (T(P), T(M)) = Homp(P, FT(M)) = Homg(P, M™) = 0

by Fact 2.1(2). Conversely, it is easy to check that Homp(P,M) = 0 when
Hom gy (¢n)(T'(P), T(M)) = 0. So Lemma 5.1(3) gives the result.
The assertion (2) follows from (1) and [27, Proposition 3.4]. O

The main result in this section is stated as follows.

Theorem 5.5. Let M € mod R. Then the following statements hold.

(1) M is a T-rigid R-module if and only if T(M) is a T-rigid R[t]/(t™)-module.

(2) M is a 7-tilting R-module if and only if T(M) is a 7-tilting R[t]/(t")-
module.

(3) M is an almost complete T-tilting R-module if and only if T(M) is an
almost complete support T-tilting R[t]/(t")-module.

(4) M is a support T-tilting R-module if and only if T(M) is a support T-tilting
R[t]/(t™)-module.

14
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Proof. Using [2, Proposition 2.3], we deduce that (M, P) is a 7-rigid (respectively,
support 7-tilting, almost complete support 7-tilting) pair if and only if M is a
T-rigid (respectively, 7-tilting, almost complete 7-tilting) (R/(e))-module, where
Re = P with e an idempotent. Hence we get (4) immediately by Proposition
5.4(2). On the other hand, when we take P = 0, it is true that (M,0) is a 7-rigid
(respectively, support 7-tilting, almost complete support 7-tilting) pair if and only
if M is a 7-rigid (respectively, 7-tilting, almost complete 7-tilting) R-module. So
the assertions (1)—(3) follow from Proposition 5.4 again. O

Given a 7-rigid module M, we use P(+7z(M)) to denote the direct sum of one
copy of each indecomposable Ext-projective module in +7x(M) up to isomorphism,
where 17(M) = {X € mod R | Homg(X,7r(M))} = 0, and use U to denote the
direct sum of one copy of each indecomposable Ext-projective module in 75 (M)
up to isomorphism that does not belong to add M. Then M @ U is 7-tilting and U
is called the Bongartz T-complement of M (see [2]). For a module M € mod R, we
use Fac M to denote the category of factor modules of finite direct sums of copies
of M.

The following result describes that the functor 1" preserves and reflects the Bon-
gartz Tr-complement of a 7-rigid module.

Corollary 5.6. Let M,U € mod R. Then U is the Bongartz Tg-complement of M
if and only if T(U) is the Bongartz Tgyy ¢ )-complement of T(M).

Proof. Tt follows from Theorem 5.5 that M is a 7-rigid R-module if and only if
T(M) is a 7-rigid R[t]/(t"™)-module.

We first prove the necessity. Since M @ U is 7-tilting by assumption, Homg (M &
U,7r(M @ U)) = 0 implies that U € *7x(M) and U is a 7-rigid R-module. Hence
HomR[t]/(tn) (T(U), TR[t]/(t”') (T(M)) = HomR[t]/(tn) (T(U), T(TR(M)))

>~ Hompg(U, FT(tr(M))) = 0.
Thus T(U) € 7y an(T(M)) and FacT(U) C *7gy n (T (M)). Note that
Lrr(M) C +7r(U) by [2, Proposition 2.9 and Lemma 2.11]. If there exists an
R[t]/(t")-module X such that Hompgy,n) (X, Try /) (T(M))) = 0, then
HomR[t]/(tn)(X, T(tr(M))) 2 Homg(FX,7r(M)) =0,
and so
HomR[t]/(tn) (X, TR[t]/(t")(T(U))) = HOHIR(FX, TR(U)) =0.
It follows that
71 ) (T(M)) © S 7rpg oy (T(U)).
Therefore, in view of [2, Proposition 2.9] again, we have
T(U) € add P(LTR[t]/(tn) (T(M)))
Since
T(M) @ T(U)| = |M & U| = [R| = [R[t]/(t")],

T(U) comprises all the indecomposable Ext-projective modules in +7gy () (T(M))
up to isomorphism not in add 7'(M). Consequently 7'(U) is the Bongartz Tg)/(n)-
complement of T'(M).

15
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Next we prove the sufficiency. Since T(M &U) is 7-tilting by assumption, M U
is 7-tilting by Theorem 5.5 and Hom gy /() (T(M @ U), Trpen)(T(M @ U)) = 0.
It follows that

Homp(FT(U),7r(M)) = Hompy)tn)(T(U), Triten) (T(M))) = 0.
Thus Hompg (U, 7r(M)) = 0 and FacU C L+7(M). New let X € mod R such that
HOIHR(X, TR(M)) = 0, then HOmR[t]/(tn)(TX,T(TR(M)) = 0 by Fact 2.1(3). Be-
cause “7gpy /ey (T(M)) € *7rp ) (T(U)) by [2, Proposition 2.9] and assumption,
we have

Hompg(FT(X),7r(U)) = Hompp) /) (T(X), T(Tr(U)) = 0.
So Hompg (X, 7r(U)) = 0, which implies t7p(M) C L7x(U). It follows from [2,
Proposition 2.9] again that U € add P(t7g(M)). The fact that
IMoUl=|T(M)oTU)| = |R[t]/(")] = |R|
gives the result. (I

Definition 5.7. ([2, Definition 1.5]) Let P € K°(proj R).
(1) We call P presilting if Hom gb(pr0 gy (P, P[i]) = 0 for any i > 1.
(2) We call P silting if it is presilting and satisfies thick P = K°(proj R), where
thick P is the smallest full subcategory of K®(proj R) that contains P and
is closed under cones, [£1], direct summands and isomorphisms.

Our next corollary concerns two-term (pre)silting complexes.

Corollary 5.8. Let
Pt P om0

be a minimal projective presentation of M in mod R. Then P = (P N Py) is

(pre)silting if and only if T(P) = (T(P1) ) T(Py)) is (pre)silting.

Proof. By Theorem 3.3(1) and assumption,

T(f) T(g)

T(P) —=T(P) —T(M)—0

is a minimal projective presentation of T'(M). We have that P = (P, EN Py) is
presilting if and only if Coker f is a 7-rigid R-module by [2, Lemma 3.4], and if and

only if T'(Coker f) is a 7-rigid R[t]/(t")-module by Theorem 5.5. So P = (P, —
T(f)

Py) is presilting if and only if T'(P) = (T'(P,) — T(P)) is presilting.
Next, we have that
A— B—C— All]
is a triangle in K®(proj R) if and only if
T(A) - T(B) - T(C) = T(A)[1]
is a triangle in K°(proj R[t]/(t")). Thus it follows from [1, Lemma 2.15] that
P = (P, L5 Py) is silting if and only it T(P) = (T(P,) “%) T(Py)) is silting. O

Following [17], R is called a tilted algebra if R is an algebra of the form End g (T),
where H is a hereditary artin algebra and T is a 1-tilting module in mod H. Recall
from [2] that a module M € mod R is sincere if every simple R-module appears as

16
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a composition factor in M. This is equivalent to the fact that Homg (P, M) # 0 for
every indecomposable summand P of R.

Proposition 5.9. If R[t]/(t") is a tilted algebra, then so is R.

Proof. Observe that an algebra R is tilted if and only if there exists a sincere module
M € mod R such that either Homp(X, M) = 0 or Hompg(M, (X)) = 0 for any
indecomposable module X € mod R ([21, Theorem]).

If R[t]/(t™) is a tilted algebra, then there exists a sincere module M € mod RJ[t]/(t"™)
such that either Hom gy ) (X, M) = 0 or Hompgpy/ny (M, Try/n) (X)) = 0 for
any indecomposable module X € mod R[t]/(t"). For any indecomposable projective
R-module P, we have

Hompg (P, F(M)) = Hompgpy ) (T(P), M) # 0,

which implies that F(M) is a sincere R-module. Given an indecomposable R-
module X. Since Hompg(X, F'(M) = Hompgy ¢ (T(X), M) and

]:_IOIHR(_F‘(,Z\4)7 TR(X)) = HOmR[t]/(tn) (JZ\47 T(TR(X)))
= HomR[t]/(tn) (M, TR[t]/(tn)(T(X))) (by Lemma 5.1),
it follows that R is a tilted algebra. O
However, the converse of Proposition 5.9 does not hold true in general.

Example 5.10. Let R be semisimple. It is obvious that R is a tilted algebra and
the global dimension of R[t]/(t"™) is infinite. If R[t]/(¢t™) is tilted, then the global
dimension must be finite by [16, Proposition 2.1], which is a contradiction. So
R[t]/(t™) is not a tilted algebra.

6. m-precluster tilting subcategories

Throughout this section, R is an artin algebra and m > 1. A subcategory C
of mod R is called a generator (respectively, cogenerator) if R € C (respectively,
D(R) € C), where D is the usual duality between mod R and mod R°P.

Definition 6.1. ([20])

(1) A subcategory C of mod R is called m-cluster tilting if C is precovering and
preenveloping and

C={M cmodR | Ext"~"(M,C) = 0}
= {M € mod R | Extp,~"<~"(C, M) = 0}.

(2) C is called an m-precluster tilting subcategory if it satisfies the following
conditions.

(i) C is a generator—cogenerator for mod R.

(i) 7n(C) := TRQ™Y(C) C C and 7,,'(C) := 7,'Q~(m=1(C) C C, where
Q=1 and Q"= are the (m — 1)-th syzygy and cosyzygy functors
respectively.

(iii) Extps<"(C,C) = 0.

(iv) C is a precovering and preenveloping subcategory of mod R.

If moreover C admits an additive generator M, then we say that M is an
m-precluster tilting module.
(3) R is called 7,,-selfinjective if R admits an m-precluster tilting module.

17
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Proposition 6.2. Let C be an additive subcategory of mod R closed under direct
summands. Then C is m-precluster tilting in mod R if and only if T(C) is m-
precluster tilting in mod R[t]/(t™).

Proof. Tt is trivial that C is a generator—cogenerator for mod R if and only if T'(C) is a
generator—cogenerator for mod R[t]/(t"). By Theorem 3.3 and Lemma 5.1, we have
that 7,,(C) C C (respectively, 7,,1(C) C C) if and only if 7,,,(T(C)) C T(C) (respec-
tively, 7., (T(C)) C C). Using [31, Theorem 3.9], we get that Ext;~'<""(C,C) = 0 if
and only if Extif[tﬁjgﬁl)(T(C), T(C)) = 0. Finally, it follows from Theorem 3.3 that

C is precovering and preenveloping in mod R if and only if T'(C) is precovering and
preenveloping in mod R[t]/(t™). Consequently, the assertion holds true. O

However, Proposition 6.2 is not true for m-cluster tilting subcategories in general,
as illustrated in the following example.

Example 6.3. Let R = k be a algebraically closed field and C = mod k. It is
obvious that C is m-cluster tilting. But 7'(C) = projk[t]/(t") is not m-cluster
tilting, since k[t]/(¢™) is not semisimple.

Now we can state the following result.
Theorem 6.4. R is 7,,-selfinjective if and only if R[t]/(t") is T, -selfinjective.

Proof. The necessity follows from Proposition 6.2 directly.

In the following, we prove the sufficiency. In view of [20, Propositon 3.5], R
is T,-selfinjective if and only if R € Z,, and Ext}me(Ln,Im) = 0 with Z,, =
add{ri (D(R))}32,. Since

T(add{r,,(D(R))}}2,) = add{r,, (D(T(R)))}Z,
by Lemma 5.1, we have that R is 7,-selfinjective by [31, Theorem 3.9(1)]. O
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