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ABSTRACT. We explore the assignment of norms to A-modules over a finite-dimensional
algebra A, resulting in the establishment of normed A-modules. Our primary contri-
bution lies in constructing a new category forP related to normed modules along with
its full subcategory &/?. By examining the objects and morphisms in these categories,
we establish a framework for understanding the categorification of integration, series
expansions and derivatives. Furthermore, we obtain the Stone—Weierstrass approxi-
mation theorem in the sense of @7P.

CONTENTS

Introduction
Preliminaries
Categories and limits
k-algebras and their completions

2.2.1. Lk-algebras
2.2.2. Topologies on k-algebras
2.2.3. Completions induced by [J-topologies

2.3.
3.

3.1.
3.2.
3.3.
4.

4.1.
4.2.
4.3.

D.

=

5.1.
5.2.

5.3.
6.

6.1.

6.2.
6.3.
7.

8.

8.1.
8.2.
8.3.

The total order of k-algebras
Normed k-algebras

Norms of k-algebras

Completions of normed k-algebras

Elementary simple functions
Normed modules over k-algebras

Norms of A-modules

Completions of normed A-modules

o-algebras and the elementary simple function set S, (1)

Two categories

The categories AorP and /P

The triple (S;(I4),1,7)

S, (I4) is a direct limit
The @/P-initial object in Aor?

The existence of morphism from (S;(I4), 1,7¢)

—

—

The uniqueness of morphism from (S, (I4),1,7¢)
The /P-initial object in Aor?

The categorification of integration

Series expansions of functions
Realizing power series expansions of functions as morphisms in .o7/?
Realizing Fourier series expansions of functions as morphisms in o7/
Stone—Weierstrass Theorem in .&7?

MSC2020: 16G10; 46B99; 46M40.

Keywords: categorification; finite-dimensional algebras; Lebesgue integration; normed modules;
Banach spaces.

*Corresponding author.

O© 3 9o

9
10
12
14
14
14
15
16
19
19
21
22
25
25
26

28
29

29

31
32
33
35
35
36
37



Yu-Zhe LIU, Shengda LIU, Zhaoyong HUANG, & Panyue ZHOU

9. Differentiations 38
9.1. Realizing variable upper limit integration as a morphism in 7" 38
9.2. Realizing differentiation as a preimage of a morphism in 7" 39
9.3. Realizing differentiation as a morphism in 27" 40
10. Applications and examples 41
10.1. Lebesgue integration 41
10.2.  Series expansions of functions 43
11.  Conclusions 44
Acknowledgements 45
References 45

1. INTRODUCTION

Mathematical analysis, encompassing branches such as integrations, differentiations,
and series expansions, is an integral component of mathematics and serves as an in-
dispensable tool in various scientific domains including physics, engineering, and life
sciences. Traditionally founded on the e definition of limits and the theory of com-
pleteness of the real numbers, mathematical analysis provides a rich and diverse array of
research topics within its sub-disciplines. However, the adaptation to different applica-
tions often obscures a unified understanding of its branches and their interconnections.
For instance, Lebesgue integration, introduced by Henri Lebesgue [[.28] in 1902, rep-
resents a critical advancement in mathematical analysis. Understanding Lebesgue’s
approach to integrability on the real line involves methodical and incremental steps
beginning with the definition of measurable sets and null sets, followed by exploring
measure convergence. The journey continues through the exploration of step functions
and simple functions, progressing to sequences of their convergence and culminating in
the sophisticated construction of spaces for integrable functions and consistent integra-
tion methods. This path, while comprehensive, paves a detailed route to fully appreciate
the depth of Lebesgue integration, as discussed in foundational texts such as | ]
and | ]. However, the intricate methodologies developed do not directly trans-
late to other branches of analysis, making it challenging to apply these achievements
uniformly across the field.

Category theory has evolved far beyond its original scope, now permeating nearly all
branches of mathematics. Initially formulated by Eilenberg and Mac Lane in the mid-
20th century within the realm of algebraic topology | |, a category fundamentally
consists of objects and morphisms—arrows that represent mappings and transforma-
tions between these objects. This framework facilitates a systematic and structural
approach to analyzing a wide range of mathematical entities, from algebraic structures
to complex topological spaces. The true utility of category theory lies in its ability
to abstractly model and examine mathematical concepts through functors and natural
transformations. Functors act as bridges, systematically relating the objects and mor-
phisms of one category to those of another, thereby uncovering deep interconnections
within mathematical frameworks. Natural transformations extend this by mapping be-
tween functors themselves, ensuring consistency across categorical representations. This
level of abstraction proves invaluable in various mathematical applications, including

the categorical descriptions of integration | , , , | and differenti-
ation | , , , , , , |, the categorical semantics of
Differential Linear Logic [ , ], the Taylor series within Cartesian Differ-
ential Categories | |, preliminary categorifications of automorphic forms and the
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analytic continuation of L-functions | ], as well as providing cohesive frameworks
for tackling complex problems such as quotient spaces, direct products, completions,
and duality. Furthermore, recent research has begun to explore the synergy between
category theory and mathematical analysis in the context of artificial intelligence. These
advancements leverage categorical structures to enhance machine learning models and

develop more abstract frameworks for Al algorithms | |. Additionally, categorical
semantics are being applied to better understand and design Al systems, providing a
robust mathematical foundation for their development and analysis | |. Through

category theory, mathematicians gain a powerful tool for unifying and elucidating the
intricacies of diverse mathematical concepts. Building on the foundational work of Le-
inster | |, we describe integration, series expansions, and differentiation using the
unified category 7P.

As the landscape of integration theory expands, so too does the exploration into
its algebraic facets, marking a significant evolution in the approach to integration.
Algebraic approaches to integration can be traced back at least to Segal’s work [ ].
Building upon the foundational works of Escardé—Simpson | |, Freyd | | and
Leinster | | constructed a special category 7P, where p is a real number at least
1. In this category, objects are triples consisting of a Banach space V', an element v
in V with |v] < 1, and a k-linear map § : V @, V. — V that satisfies §(v,v) = wv.
Here, the notation “V; @, V5" represents the direct sum of two normed spaces V; and

V4, where the norm is defined as |(v1, v2)| = (3(Jv1|P + |"02|p))1/p. Furthermore, Leinster
established three significant results as follows:

(1) (L,(]0,1]),1,~) is the initial object in &P, where 7 is a special k-linear map from
Ly((0,1]) &, Lp([0,1]) to Ly([0,1]) (indeed, ~ is the map 71 given in Corollary
10.2);

(2) (R,1,m) is an object in o', where m : R &1 R — R sends (z,y) to 2 (z + y);

(3) there exists a unique morphism

H = (14(0,1]),1,7) - (R, 1,m)
in 71,
see [ , Theorem 2.1 and Proposition 2.2]. The homomorphism H is a k-linear map

from L,([0,1]) to k sending any function f in L;([0, 1]) to its Lebesgue integral, that
is,

H(f) = (L) / f du,

where pp, denotes the Lebesgue measure on R. This profound relationship illustrates
Lebesgue integrability and integration are not merely abstract constructs; rather, they
naturally emerge from the foundational principles of Banach spaces. Consequently, it
can be logically inferred that the categorification of Lebesgue integration is inherently
connected to, and can be derived from, the categorification of Banach spaces. However,
we have discovered that Leinster’s work can be extended to a more general setting of
finite-dimensional algebras, and it encompasses not only definite and indefinite integrals,
but also includes key areas of mathematical analysis such as weak derivatives, series
expansions, and the Stone-Weierstrass approximation theorem.

Building upon Leinster’s foundational work, we extend his categorical framework to
encompass finite-dimensional algebras, thereby creating a more versatile and unified ap-
proach to integration theory. By incorporating normed modules over these algebras into
our analysis, we bridge the gap between algebraic structures and analytical methods.
This extension allows us to reinterpret classical concepts of integration, differentiation,
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and series expansions within a broader categorical context. Furthermore, our approach
facilitates the seamless integration of algebraic techniques with analytical processes, of-
fering a cohesive framework that enhances the applicability and depth of mathematical
analysis. This novel categorical perspective not only unifies disparate areas of analysis
but also opens new avenues for research and application in related scientific fields.

This study aims to explore and construct a comprehensive theoretical framework
specifically tailored for normed modules in finite-dimensional algebras. We introduce
and dissect a novel category, denoted by AorP, alongside its fully characterized sub-
category, «/P. This research endeavors to systematically categorize normed modules
and their operations, aiming to enhance our understanding of fundamental mathemat-
ical procedures such as integration, series expansions, and differentiation. The specific
research questions addressed are:

Question 1.1.

(1) How does the new categorical framework improve our comprehension of norm
structures within various normed modules over an algebra?

(2) What contributions do morphisms in the subcategory </P make towards advanc-
ing classical integration techniques?

(3) What implications does the categorification of normed modules hold for the
broader mathematical analysis landscape and its practical applications?

The investigation of these questions not only broadens the scope of category theory in
mathematical analysis and abstract algebra but also introduces novel theoretical tools
and perspectives, potentially benefiting other disciplines such as physics and automa-
tion engineering. To comprehensively address the aforementioned questions, we will
delineate the following key topics in subsequent sections.

Firstly, we introduce functions defined on a finite-dimensional algebra A, along with
the norm defined on A and any A-module M. It is pertinent to note that all A-
modules considered in this paper are left A-modules. The specifics of these structures
are elaborated in Subsections 3.1 and 4.1, respectively. A pivotal motivation for us to
introduce normed modules is the pursuit of an integration definition that transcends the
conventional reliance on L,, spaces. This approach is rooted in the understanding that an
equivalent definition of L, spaces can emerge through the integration itself. However, as
highlighted by Leinster, the notion of Lebesgue integrals is intrinsically linked to Banach
spaces. Consequently, our investigation also necessitates considering the completions of
normed finite-dimensional algebras and normed modules, see Subsections 3.2 and 4.2.

Secondly, for a special subset, denoted 14, of A, we construct the category AorP
in Subsection 5.1. Its object has the form (N,v,d), where N is a normed A-module,
v is an element in N satisfying |v| < p(I,), p is an arbitrary measure defined on I,
and 0 : N92" — N is a A-homomorphism sending (v,...,v) to v. The morphism
h:(N,v,0) = (N',v',¢) is induced by a special A-homomorphism N — N’ satisfying
hé = & (h®r?"). Furthermore, we consider the full subcategory @? of AorP, where
each object (N,v,d) consists of a Banach A-module N, an element v € N and a A-
homomorphism 6 : N9?2" — N.

Thirdly, we investigate the set S.(I,) of elementary simple functions (a special step
function defined on A), where 7 is a homomorphism between two k-algebras. We
demonstrate its structure as a A-module (Lemma 4.8). Consequently, we obtain an

o —

object (S;(I4),1,7:) (Lemma 5.5) in Aor? and an object (S;(I4),1,7,) in /7, where
S;(I4) is the completion of S;(I4) and 7 is induced by 7.
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Fourthly, we prove our main result in Section 6 to answer Question 1.1(1), which
provides a unique homomorphism from the initial object in /% to any normed module
to describe the properties of normed representations of algebra.

Theorem 1.2. (Theorem 6.3 and Remark 6.4) The triple (S;(I4),1,7¢) is an o/P-
initial object in Aor?. That is, for any object (N,v,0) in <P, there exists a unique
morphism

h e Hom«/VOTP«ST(H/O? 1, '75)7 (N7 v, 5))
such that the diagram

(S (14), 1,7¢) —
SR

(S-(1a), 1,7%)

commutes, where h is given by the completion of h : S, (I,) — N.

(N,v,0)

Sections 7, 8 and 9 realize integrations, Series expansions and derivatives as three
morphisms in 7.

In Sections 7, we construct an object (k, u(I4), m) in &7, where m : k®2" — kis a /-
homomorphism whose definition is given in this Section. Take (N, v,d) = (k, u(I4), m)
in Theorem 1.2, we obtain the following result to answer Question 1.1(2), which de-
scribes numerous integrations by using category /P in a unified way since p is an
arbitrary measure.

Theorem 1.3. (Theorem 7.6) Ifk = (k, |- |, X) is an extension of R, then there exists
a unique A-homomorphism T : S;(14) — k such that

T:(S:(Ia),1,7) = (k, p(La), m)
is a morphism in Hom 5w ((S7(L4), 1, 7¢), (]k w(ly), m)) and the diagram

( (H/l>7 ) '76) (]ka ,U(HA), m)

K /

(S-(I1), 1,7)

commutes, where T is the unique morphism lying in Homﬂp((ST(]IA) ,75) (k, u(Iy),m)).
Furthermore, if p = 1, then we have the following three properties of T by the direct
limats hngZ T = @EZ — k (The definitions of E; and T; are given in Notation 5.3
and Section 7, respectively):

(1) (The formula (7 1)) T(l) = u(ly);

(2) (Lemma 7.1) T : S.(I4) — k is a homomorphism of A-modules;

(3) (Proposition 7.5) |T(f)| < T(|f]).

The morphism T provides the categorification for integration, and we denote

T(f) = (") | fdp. (1.1)

Iz

The above (1), (2) and (3) show that

(") [ 1dp = ula),

Ia

>



Yu-Zhe LIU, Shengda LIU, Zhaoyong HUANG, & Panyue ZHOU

() / Afi+ Nafo)dp =M - (&) [ fidp+ X (@Y | fodu (M, Mg € A),
I Is Ix
(1.2)

and
o) [ o) < [ 11100
Iz Ix

respectively.

Let k[Xy, -+, Xn| (= k[X] for short) be the N variables polynomial ring over a field
k with N > dimy A = n. Then k[X] can be seen as a normed left A-module, where the
norm || - [[ix) is either (8.1) or (8.3). In Section 8, we get two corollaries as follows to
answer Question 1.1(3).

Corollary 1.4. Let &/ satisfy p=1.

(1) (Corollary 8.2/Weierstrass Approximation Theorem) If N = n and || - [Jxx) is
defined by (8.1), then the unique morphism in

Epow € Hom,zzfl((ST(H/l)7 1a ’Yf>a (]k[X]v 17 &H@))

shows that for any function f € S,(I,), there exists a sequence {P;}ien of poly-
nomials such that

Eypon(f) = P,
(2) (Corollary 8.5) If k = C, N = 2n and || - |xx] is defined by (8.3), then the
unique morphism in

EFou S HOHl%l((ST(I[A), 17 75)7 ((C[e:t27riX]’ 17 %|C[ﬁx]>)

—

shows that for any function f € S.(I4), there exists a sequence {P;}ien of tri-
angulated polynomials such that

Erou(f) = limP.

Furthermore, we show the Stone—Weierstrass approximation theorem in Subsection 8.3,
see Corollary 8.8.

Corollary 1.5 (Corollary 8.8, Stone—Weierstrass Approximation Theorem). There
exists a unique morphism

ES—W : (ST<]I/1)7 177{) — (Wa 17@)
in Hom 5,1 ((S7(I4), 1,7¢), (W, 1,7¢;)) such that the diagram

(S+(Ia); 1, %)

=

o Es_w

(S+(Ia), 1,7%)

commutes, where the definition of W is a direct limit defined in Subsection 8.3; and

—

Bs_w is the unique extension of Es_w lying in Hom g1 ((S-(I4),1,7), (W, 1,7%)).

Es_w

(W, 1, %)

In Section 9, we recall some works of Leinster and Meckes. Based on their work,
we show that differentiation, say D, is not a morphism in /! starting with the initial
object of &7, but it is a morphism in «7!.

Theorem 1.6. Letp=1, A=R=k, 7=id: R— R,z — z, [, =[0,1] and { = §;

—

and, for simplification, we write S .= S, (Iy).
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(1) (Theorem 9.3)
(i) A morphism in Homﬂl((g, lﬁ%), (N,v,9)) is zero if and only if v = 0.
(i) Furthermore, there is no morphism in & starting with (S, 1,%) such that
this morphism sends any almost everywhere differentiable function f(z) to
its weak derivative %.
(2) (Theorem 9.5) The differentiation D is a morphism in &P ending with the initial

object (§, l,ﬁé).

Finally, we provide some applications for our main results in Section 10. In Subsection
10.1, we assume k = R, (A, <, ] - |l4) = R, <,]-]), Bg = {1}, n : Bg — {1} C R=",
Ip = [0,1], £ = 3, ko(z) = %, ki(x) = 2+ and 7 = idg : R — R, and let 4, be the
Lebesgue measure. Then (1.1) is a Lebesgue integration

1
o =
(") /H Ly S =) /0 Fdu,

and (1.2) shows that Lebesgue integration is R-linear. This result provides a cate-
gorification of Lebesgue integration. In Subsection 10.2, we provide two examples for
Corollary 1.4 to show that the Taylor series and Fourier series can be realized as two
morphisms in 7! starting with the initial object.

2. PRELIMINARIES

In this section we recall some concepts in the category theory and representation
theory of algebras. These concepts are familiar to algebraists, but may not be as
familiar to those in the field of analysts.

2.1. Categories and limits. Recall that a category C consists of three ingredients: a
class of objects, a set Home (X, Y') of morphisms for any objects X and Y in C, and the
composition Home(X,Y) x Home(Y, Z) — Home (X, Z), denoted by

(f: X—=Y,g:Y>2)—gf: X = Z

for any objects X, Y and Z in C. These ingredients are subject to the following axioms:

(1) the Hom sets are pairwise disjoint;
(2) for any object X, the identity morphism 1x : X — X in Hom¢(X, X) exists;
h

(3) the composition is associative: given morphisms U v —w X,
we have
hgf) = (hg)f
Next, we review the limits in the category theory.
Definition 2.1 (cf. | , Chapter 5, Section 5.2]). Let J = (J,=) be a partially

ordered set, and let C be a category. A direct system in C over J is an ordered pair
((M;)ies, (@ij)i<j), where (M;);ey is an indexed family of objects in C and (¢;; : M; —
M;);<; is an indexed family of morphisms for which ¢;; = 1y, for all ¢, such that the
following diagram

Pik

Pij A

M;

M; M,

7
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commutes whenever ¢ < j < k. Furthermore, for the above direct system ((M;)iez, (¥ij)i<j)s
the direct limit (also called inductive limit or colimit) is an object, say LIIEMZ', and in-

sertion morphisms (o @ M; — @Mi)iej such that
(1) ajpi; = a; whenever i < j;
(2) for any object X in C such that there are given morphisms f; : M; — X satisfying
fijpij = fi for all i < j, there exists a unique morphism 0 : hﬂMZ — X making
the following diagram

commutes.

Example 2.2. Let {2, },en+ be a monotonically increasing sequence of real numbers,
and let R be the partially ordered category (R, <), in which the elements are real
numbers and the morphisms are of the form <,,,..: 1 — o (ro < 71). If {2, },en+ has
the limit x in analysis, i.e., for any € > 0, there exists N € N* such that |z, — x| < €
holds for all n > N, then x = hgxn Indeed, for any 2’ € R such that the morphisms
(v =<zt @ — 2')jen+ exist, there is a morphism 0 =<,,.: © — 2’ such that the
following diagram

commutes. It is clear that the morphism # is unique in this example. Furthermore,
x < 2’ holds because if ' < x then we can find some z; such that z; > 2/, i.e.,
oy € Homp <y(2', 2;) = &, this is a contradiction.

Definition 2.3 (Cf. | , Chapter 5, Section 5.2]). Let J = (J, <) be a partially
ordered set, and let C be a category. An inverse system in C over J is an ordered pair
((M)iea, (¥ij)j<i), where (M;);e5 is an indexed family of objects in C and (¢;; : M; —
M;);<; is an indexed family of morphisms for which v; = 1, for all ¢, such that the
following diagram

ik

o
N
M;

commutes whenever ¢ < j < k. Furthermore, for the above direct system ((M;)ie3, (¢ij)j<i),
the inverse limit (also called projective limit or limit) is an object, say @Mi, and
projects morphisms («; @MZ — M;);e5 such that

M;

8
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(1) v¥j0; = a; whenever i < j;

(2) for any object X in C such that there are given morphisms f; : X — M, satisfying
Yjif; = fi for all © < j, there exists a unique morphism ¢ : X — MMZ making
the following diagram

commutes.

Example 2.4. Let {x,},en+ be a monotonically decreasing sequence of real numbers,
and let R be the partially ordered category (R,<). If {z,},en+ has the limit x in
analysis, then we have x = @xn by a way similar to that in Example 2.3.

2.2. k-algebras and their completions. Let k be a field. In this subsection we
recall the definitions of k-algebras and the completions of k-algebras. All concepts in
this subsection are parallel to those in [ , Chapter 10, Section 10.1] which extracts
some important results about the completions of Abelian groups.

2.2.1. k-algebras.

Definition 2.5. A k-algebra A defined over k is both a ring and a k-linear space such
that

k(ad') = (ka)a" = a(ka’).
Let eq, ..., e; be the complete set of primitive orthogonal idempotents, i.e., any e; is
a primitive idempotent and e;e; = 0 holds for all ¢ # j. Then A has a decomposition
A= @5:1 Ae;, where each direct summand Ae; is an indecomposable left A-module.

We say A is basic if Ae; 2 Aej for all 1 <i# 5 <t.

Example 2.6. The set M, (k) of all n x n matrices over k, the polynomial ring
k[xy, -+, 2,], and the field k itself are k-algebras. A lk-algebra A is called finite-
dimensional if its k-dimension dimy A, i.e., the dimension of A as a k-linear space, is
finite.

Recall that a quiver is a quadruple Q = (Qy, 91,5, t) where Qy is the set of vertices,
Q; is the set of arrows, and s,t : Q; — Qy are functions respectively sending each
arrow to its starting point and ending point. Then any vertex v € Qy can be seen as
a path on Q whose length is zero, and any arrow a € Q; can be seen as a path on Q
whose length is one. A path p of length [, denoted ¢(p), is the composition «; - - - ey
of arrows ay, ..., aq, where t(o;) = s(a;41) for all 1 <i < [. Then, naturally, we define
the composition of two paths p; = a;---«ay and @9 = G- -+ 51 as:

p2p1 :Bf/Blalal
provided that the ending point t(gp1) of g, coincides with the starting point s(gp2) of @o,
otherwise (i.e., t(p1) # s(p2)), then the composition is defined to be zero. Consequently,
let Q; be the set of all paths of length I. Then kQ := spany (>, Q:), known as the
path algebra of Q, is a k-algebra whose multiplication defined as follows:

kiks - pogn,  if t(p1) = s(p2);

]kQ X ]kQ — ]kQ via (klpl,k‘gpg) —> .
0, otherwise.

9



Yu-Zhe LIU, Shengda LIU, Zhaoyong HUANG, & Panyue ZHOU

The following result shows that we can describe all finite-dimensional k-algebras using
quivers.

Theorem 2.7 (Gabriel). For any finite-dimensional k-algebra A, there is a finite quiver
Q, i.e., the vertex set and arrow set are finite sets, and an admissible ideal' T of kQ
such that the module category of A is equivalent to that of KQ/Z. Furthermore, if A is
basic, we have A 2 kQ/T.

Remark 2.8. We provide a remark for the isomorphism A = kQ/Z given in Theorem
2.7 here: the existence of the quiver Q is unique if A is basic and Z is admissible; the
definition of admissible can be found in | , Chapter I, Section 1.6].

2.2.2. Topologies on k-algebras. Now we recall the topologies of k-algebras A (not nec-
essarily basic or finite-dimensional). Let i(A) be the set of all ideals of A, which forms
a partially ordered set i(A) = (i(A), %) with the partial order defined by the inclusion.
That is, for any Ay, Ay € i(A), we have

Al j A2 if and only if Al Q AQ.

Naturally, we have at least one descending chain, denoted by 7, of ideals
Ag=A= A = Ay = -
We say a subset U of A satisfies the N-condition, if it meets the following criteria:

(N1) U contains the zero of A;
(N2) there exists some j € N such that U D A;.

Furthermore, we denote by £14(0) the set of all subsets satisfying the N-condition, which
forms a partially ordered set with the partial order “<” given by “C”.

Lemma 2.9. The set $4(0) is a topology defined on A, in other words, it satisfies the
following four conditions.

(1) For any U € $44(0), we have 0 € U.

(2) $44(0) is closed under finite intersection, that is, for any Uy, ..., U; € 44(0), we
have (< ;<, Uj € $44(0).

(3) If U € 144(0) and U CV C A, then V € $44(0).

(4) If U € $U4(0), then there is a set V. € U(0) such that V C U and U — y :=
{u—y|ueU} elus0) forally e V.

Proof. First, (1) is trivial by the condition (N1).

Second, for arbitrary two subset U; and Us, there are A;, and Aj;, such that U; 2 A
and Uy D Aj,. Then Uy NU; D A;, N Aj,. By the definition of A;, we have A; NA;, =
Amin{j1,j2}7 that iS,

Ui NUz 2 Aningj o) -

Since 0 € Uy N Uy trivially, we have U; N Uy € U4(0). By induction, we obtain (2).

Third, assume U € 44(0) and U C V C A. By the definition of 4(4(0), we have
0 € U and U D A; for some j. Thus, 0 € V and V D A;, so we obtain (3).

Finally, for each U € 44(0), we can find V in the following way. There exists an
index y such that U 2 A,y andU DA, DA D---. Take V = ﬂjS] A (=A,CU).
For any y € V, we have (N1), that is, 0 =y -y € U -y ={u—y | u € U} by
y € V C U; and have (N2) since a = (a + y) — y holds for any a € V and a +y € V.
Then we obtain U — y € 44(0), that is, (4) holds. O

LAn admissible ideal Z of kQ is an ideal such that R CIC RQQ holds for some m > 2, see | ,
Chapter II, Section IL.1, page 53], where Rtg is the ideal of kQ generated by all paths of length > ¢.

10
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Definition 2.10. The set $4(0) is called the J-topology of A. Furthermore, we can
define open sets on A.

(1) The subset in 4L4(0) is called a neighborhood of 0. For any U € £14(0), the union
Uy V of all subsets V' given in Lemma 2.9 (4) is called the interior of U and
denote (J,, V by U°.

(2) A neighborhood U is called open if U = U°. An open set O defined on A is one
of the following cases:

(a) O equals either A or &;
(b) O is the intersection of a finite number of open neighborhoods;
(c) O is the union of any number of open neighborhoods.

It induces the definitions of continuous homomorphisms of k-algebras.

Definition 2.11. Let A; and A, be two k-algebras, and let J; and 75 be two descending
chains of ideals in A; and A, respectively. Let £l4,(0) and 4, (0) be the Ji-topology
and Jo-topology given by [J; and [Js, respectively. A homomorphism h : A; — Ay of
k-algebras is called continuous if the preimage of arbitrary open set on A, is an open
set on A;.

Lemma 2.12. Let A be a k-algebra with a J-topology. Then the addition + : Ax A —
A and each k-linear transformation hy : A — A defined by a — la (A € A) are
continuous.

Proof. 1t is obvious that id4 = h; : A — A via a — a is continuous. The continuity of
hy can be given by id4.
Let J =

A=Ay = Ay = Ay = -+ .
For any open neighborhood U of 0, its preimage is
+NU) = {(21,22) | 21 + 22 €U} = U.

We need to show that U € U4, 4((0,0)) and U° = U in the case for A x A being a
k-algebra, where the descending chain, say Jaxa, of A X A is induced by J as follows.

AXA:A()XA()EAlXAliAQXAQE"'.

First of all, the zero element of A x A is (0,0) which satisfies that 0 € U and 0 + 0 =
0 € U, then (0,0) € U.

Secondly, since U is a neighborhood of 0, there exists an ideal A; of J such that
U D A;. Then for any z1, x5 € A;, we have z1 + 22 € A; C U, that is, (z1,22) € U. Tt
follows that A; x A; C U. We obtain U € U 4((0,0)).

Thirdly, for any (yi1,y2) € U , we have y; + y, € U by the definition of U , then,

(0,0) = (1 =y, 92 —y2) €U = (y1,92) = {(z1 —y1,22 — o) [ 21 + 22 € U},

that is, (N1) holds. On the other hand, for any (z1, 22) € A; X A;, we have

(21,22) = ((z1 + 1) — 1, (22 + Y2) — ¥2).

Note that 21 +y1 + 22 + y2 = (y1 + y2) + (21 + 22) is an element lying in U + (21 + 22).
Since U is open, we have

U+ (214 22)=U°—(—(z1+ 22)) ={u+ (21 + 20) | u € U} € Uy(0)
11
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by Lemma 2.9 (4) and Definition 2.10, that is, U 4 (21 4 22) is a set satisfying Lemma
2.9 (4). Then

U= |J V2oU+(a+=),
VCU, V satisfies
Lemma 2.9 (4)

and so, we obtain (y;+y2)+(21+22) € U+(21+29) C U°, that is, (y1+y2)+(21+22) € U.
Thus, (21, 2) € U. It follows that A;jxA; C U—(y1,y2), and thus (N2) holds. Therefore,
U — (y1,42) € Yaxa((0,0)). In summary, we have that U satisfies Lemma 2.9 (4), and
so, by Definition 2.10, it is clear that Ue=U. U

Definition 2.13 (Cf. | , Chapter 10, page 101]). A topology k-algebra is a k-
algebra equipped with a topology such that the addition + : A x A — A and each
k-linear transformation —h; : A — A via a — —a are continuous.

The following result is a consequence of Lemma 2.12.

Proposition 2.14. Given an arbitrary k-algebra A and its descending chain J of
ideals. Then A becomes a topology k-algebra with the J-topology $44(0).

In this paper, we refer to A as a J-topological k-algebra.

2.2.3. Completions induced by J-topologies. Assume that | - | : k — R=% be a norm
defined on the field k in this subsection, that is, | - | is the map satisfying

(1) |k| =0 if and only if k£ = 0;
(2) |k’1k32| = |]€1||]{72| holds for all ]{?1, ]{?2 € ]k,
(3) and the triangle inequality |k; + ko| < |k1| + |ko| holds for all &y, ko € k.

Then {B, = {a € k| |a| <7} | r € RT} induces a standard topology i (0) on k whose
element is called the neighborhood of 0 € k.

Let A be a J-topological k-algebra whose dimension is finite and let By = {b1,...,b,}
be a basis of A. Then, naturally, we can define the Cauchy sequence by the [J-topology.
More precisely, a sequence {z; };en in A is called a J -Cauchy sequence if for any U, lying
in 44 (0), containing some subset » -, 1;b; of A with u; € U (0) (1 < i < n), there is
m € N such that 4 — 2; € U holds for all s, > m. Two J-Cauchy sequences {z;};en
and {y; }ien are called equivalent, denoted by {z;}ien ~ {¥i}ien, if for any U € $44(0),
there is an integer m € N such that x; —y; € U holds for all « > m. It is easy to
see that “~” is an equivalence relation. We use [{z;};en] to denote the equivalence
class containing {;}ien, and use €7(A) to denote the set of all equivalence classes of
J-Cauchy sequences. Then we have three families of A-homomorphisms:

(1) (¢ji : AJA; = AJA;)j>i, where all pj; are naturally induced by A4; D Aj;
(2) (pz : Q:j(A) — A/Ai)ieN; where pi(,fo, ey L1, Ly Ty 1y - - ) = x; + AZ (pz s

called the i-th projection);
-1 i+l

(3) (u;i: AJA; = €7(A))ien, where u;(a + A;) = (0, ... ,i() ,a, 0,0...).

Let X be the category whose object set is {A/A; | i € N} U{€7(A)} and morphism
set is the collection of all A-homomorphisms as above. Then we obtain the following

12
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commutative diagram

It follows from the above construction that the following proposition holds.

Proposition 2.15 (Cf. | , Chapter 10, page 103]). Using the notations as above,
we have

limA/A; = €5 (A).

We write A := €7(A) and call it the completion of A. We call that A is complete if
A = A. In particular, if A =k, then the descending chain 7 :
AU - ]k t Al - O
induces a J-topology
1 (0) = {the neighborhood of 0}
of k. In this case, the J-Cauchy sequence coincides with the usual Cauchy sequence.

Proposition 2.16. Let A be a basic finite-dimensional k-algebra and let J be the
descending chain

Ag=A=rad’4 = A; =radAd = Ay =rad?4 > ---
Then A is complete (in the sense of J-topology) if and only if k is complete.

Proof. Let A be a basic finite-dimensional k-algebra. Then, by Theorem 2.7, there is a
finite quiver Q and an ideal Z of kQ such that

A~ kQ/T = (PHkQ,.
leN

Thus, up to isomorphism, each element a € A can be written as Z?Zl k;p;, where n is
the dimension of A, k, € k and g, is a path on Q.

Assume that k is complete. Since A is finite-dimensional, we have rad' A = spany {Q; |
i > 1}. Thus, rad“"' A = 0, where L = max,co., {(gp), that is,

J= ArradAd>=rad’A> - rad?’A>=0>=0>---.
Let {z; =Y ", kijp;}ien be a J-Cauchy sequence in A. Take

]:
B . : . L+l 4 _
U= { ZE(@):L kop | ke lie in some neighborhood in il]k(O)} (Drad"A=0).

Then, there is N(U) € N such that

v, =1 =Y (kg — kiyj)p; € rad”A holds for all s,t > N(U).
j=1
Thus, ks; — k; lies in some neighborhood in 4 (0), and so, for all 4, {k;; }ien is a Cauchy
sequence in k. Then it is clear that A is complete. R
Conversely, if A is complete, we assume that k is not complete, and k be the com-
pletion of k. Then we have a natural k-linear embedding ¢ : k — k sending k € k to

13
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{kiYien, where ki = ky = --- = k. Then there is a Cauchy sequence {z; }ien € k\e(k).
Consider the sequence {; - p}ien in A, where p € rad”A is a path of length L. Then
{z; - p}ien is a J-Cauchy sequence in A. However, we have {z; - plicn € A\A in this
case, which contradicts that A is complete. Il

2.3. The total order of k-algebras. Recall that a field k equipped with a total order
“<” is a ordered field if it satisfies the following four conditions:

(1) for any a, b € k, either a < b, b < a or a = b holds;
(2) if a 2 b, b < ¢, then a < ¢;

(3) if @ = b, then a4+ ¢ X b+ c for all ¢ € k;

(4) if a < band 0 < ¢, then ac < be.

In order to give the definition of integration defined on finite-dimensional k-algebra A,
we need to assume that k is a field with the total order “<”. However, it is well-known
that k might not always be an ordered field, as the case for k being the complex field C.
Interestingly, for our purposes, the existence of such a total order is not a prerequisite.
We only require that the finite-dimensional k-algebra involved in our study, encompasses
certain partially ordered subsets. Specifically, the subset I, outlined in Subsection 3.3
is sufficient. For the sake of simplicity, we assume that k is fully ordered, although this
assumption does not sacrifice generality. This simplification aids in our definition of
integration within the context of category theory.

Remark 2.17. We provide a remark to show that if k is total ordered, then any finite-
dimensional k-algebra A can be endowed with a total order. Let By = {b; | 1 <i < n}
be a k-basis of A. If B, is totally ordered (assuming b; < b; if and only if ¢ < j), then
we can define a total order for A as follows.

Step 1. For any two elements a,a’ € A, we define a <, @’ if and only if ¢(a) < ¢(d’),
where ¢ is a map from A to R=? (for example, ¢ is the norm || - ||, defined in Section
Step 2. Assume a = Y ;" kib; and o/ = > kib; (0 < m < n) such that k; = k]

holds for all i < m. If p(a) = p(a’), then we define a <, ¢’ if and only if k,, < k/,,.

3. NORMED Kk-ALGEBRAS

In the sequel, let A be a finite-dimensional k-algebra with a k-basis By = {b; | 1 <
i <n}. Then any element a € A is of the form a = 3" | k;b;. In this section, we define
some algebraic structure for A.

3.1. Norms of k-algebras. Take n : By — R™ a map from B, to RT and, for any
p>1,| |, : 4 = R2Yis the function defined by

Jall = || 3 ki
=1

Proposition 3.1. Any triple (A, n, || - ||,) (=A for short) is a normed k-linear space.

3=

(3.1)

= (k@) + -+ ([kaln (b)) .

p

Proof. First of all, for any a =Y | k;b; € A, we have ||al|, > 0 because n(b;) > 0 and
|k;| >0 (1 <i<n). In particular, if ||a||, = 0, then

(k[ (02))P + - -+ ([kn[n(bn))” = 0.

Since |k;|n(b;) > 0 and n(b;) > 0 hold for all 1 < i < n, we obtain |k;n(b;) = 0, and
so k; = 0. Thus, a =Y, 0b; = 0. Then it is easy to see that |lal, = 0 if and only if
a=0.

14
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Next, for any k € k and a = )", k;b; € A, we have
[kallp = |[k(k1by + - - - 4 Knby) |

- (S0kkIn0r)” = (S Ikphin)r)’

i=1

=

n 1

= [KI( Y- (iln:)))” = [kl -l

i=1

Finally, we prove the trlangle inequality ||a + d'||, < ||all, + ||@'||, for arbitrary two
elements a = " | k;b; and ' = Z k!b;. It can be induced by the discrete Minkowski
imeaquality (57, )% + (S0 428 > (S50 (s 4 3)?)? as follows:

1=1""
1 n 1

lall, + ']l = (anqkiln(bi))p)” + (kI

=1 =1
n 1
> (D (kln(v:) + Kin(6:)))
=1
= (DU + K (:)y")" = lla+dll.
=1
Therefore, (A,n,|| - ||,) is a normed space. 0

Definition 3.2. A normed k-algebra is a triple (A,n, || - ||,), where n : By — R™ and
|l -1l : A — R=Y are called the normed basis function and norm of A, respectively.

3.2. Completions of normed k-algebras. We can define open neighborhoods B(0, r)
of 0 for any normed k-algebra (A, n,| - ||,) b

B(0,r):={a€ A||al, <r}.
Let $5(0) be the class of all subsets U of A satisfying the following conditions.

(1) U is the intersection of a finite number of B(0,7);
(2) U is the union of any number of B(0,r).

Then 45(0) is a topology, say || - ||,-topology, defined on /A, and we can define the
Cauchy sequence, say || - ||,-Cauchy sequence, by the above topology.
Recall that A has a J-topology 14(0) given by the descending chain

A =rad’A = rad*A = rad®4A = - -

Thus, we obtain two completions AB and A by | - ||,-topology and J-topology, respec-

tively. The following lemma establishes the relation between AZ and A in the case for
k being complete.

Proposition 3.3. Assume that k is complete. Let A = (A, n,||-||,) be an n-dimensional
normed lk-algebra with the J-topology $44(0) given by A = rad’A = rad'A > rad®A =
(Il l, is @ norm defined on A given in Proposition 5.1). Then AP = A.

Proof. Similar to Proposition 2.16 we can show that AB = 4 (i.e., A is complete) if

and only if k = k. By using Propos1t10n 2.16 again, we have that /1 A if and only if
k = k. Then k = k if and only if AB =A="1 Equivalently,

n B n n
_ (Z]kbl-) =Y kb= kb = A
i=1 i=1 i=1

15
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g

Remark 3.4.

(1) Note that the norms defined on A is not unique. In Section 4, we will introduce
normed A-modules N over any finite-dimensional normed k-algebra A. In this
case, we need a homomorphism 7 : A — A’ between two finite-dimensional
normed k-algebras A and A’; and the norms || - || and || - ||’ respectively defined
on A and A’ may not necessarily be of the form || - ||,.

(2) If A=k and n(1) = 1, then the norm || - ||, given in Proposition 3.1 is the norm

. 1
-1, Le, [lall, = ([a]?)r = la].

3.3. Elementary simple functions. Let [ be a subset of k. Denote 4, by the subset

{ é kibi | ki € 11} T ilj(]l x (b))

of A. A function defined on I, is a map f : I, — k from I, to k. Since (A, n,| -||,) is
a normed space, /A is also a topological space induced by the norm || - ||,, and so is I,.
Thus, we can define the open set for every subset of A, including I4. The function f is
called continuous if the preimage of any open subset of k is an open set of I 4.

Let I := [a, b]i be a fully ordered subset of k whose minimal element and maximal
element are a and b, respectively. In our paper, assume that k and [a, b]; are infinite
sets and consider only the case for I = [a, bl with a < b such that there exists an
element ¢ with a < £ < b and the order preserving bijections k, : I — [a, ] and
Ky : T — [€, by exist (for example, the case of the cardinal number of I is either Ry or
Ny).

An elementary simple function on I, is a finite sum

t
Z killia
=1

where
(1) forany 1 <i <t k; € k;
(2) I; = Iy X -+ X Iy, and, for any 1 < j < n, [;; is a subset of I which is one of
the following forms
(a) (Cija dij)]k = {k’ ek | Cij <k =< dij}7
(b) [eij, dij) == {k € k| ciy 2k < dy},
(¢) (cij, dijle == {k € k| iy < k 2 dij},
(d) [eijs dijhe = A{k € k| cij 2 k 2 dj;},
where a < ¢;; < d;; X b;
(3) and 1y, is the function I; — {1} such that /;N]; = @ holds for all 1 < # j <t.
We denote S(I,4) by the set of all elementary simple functions. Then S(I,) is a k-linear
space, and S(I,) induces the direct sum S(I;)®*" whose element can be seen as the

sequence
{f(al ..... 5@(2&@)} =: f(ky,... k),
Py (61,0-6n) E{a,b} x -+ x {a,b}

Yo kib; is written as (kq, ..., k,) since {by | 1 < i < n} = By is the k-basis of 4.
Then we can characterize S(I4) together with two further pieces of data: the function
15, : I — {1} (1 is the identity element of k), and the map

Ve - S(]IA)EBQH — S(]IA), (32)

16
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say juztaposition map, sending f to the function

Ye(F) (K1, k) = Z Liss, (Iyx-oxrs, (1) * 61,0 sy (5 (K1), oo kg (),

(k1#£7"'7 kn#f%

where ¢ is an element with a < £ < b such that the order preserving bijections
Ko : I — [a, €]k and kp : T — [, b]x

exist.

Example 3.5. (1) Take A be the k-algebra whose dimension is 2, and assume that
basis of A is {b1,by}. Then I =y [a, blyby X [a, b]kbs.

For any element

= (faa fva) faap) Fop) € STa)EY,

where fes,5,) 1 I1 — k is a function in S(I4) sending each kib; + k2by to the element

f(51 52)<k17 k2) in ]k? (517 62) S {CL, b} X {CL, b} = {(CL, a)? (bv a)? (a7 b)? (bv b)}7 Ye jUXtapose
flaa)> fv.a)> flap) and fop) into a new function

Ye(fiasa)s Jva)s Fap), fowy) (K1, ko) = .f(a,a) (K1, k2)+f(b,a) (K1, k2)+f(a,b) (K1, k2)‘|’f(b,b)(kla ks)

as shown in Figure 3.1, where

fram (k1 k2) = 1, aa)(Kq (K1), kg (K2)),
f(ba (b1, ko) = 1§b]><[a§) f(ba)(ﬂgl(kl)a’fgl(@)),
aty(F1,k2) = Lagyx(ed - f<ab>(%;1(k1),m;1(k2>>,
by (K1, ko) = 1§b]><(§b by (K, (K1), syt (Ka)).

17
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b b
S%)
f(a,b)
Kp
¢ Ka b % b
b
3 5
N> S
.]E ,a). A ) S<]IA)
a o A b
b Raq b Kp
h/{l, I{/a
f(a,a) & f(b:a)
S(]IA)694
a& b a 0 b

FI1cUuRrE 3.1. Juxtaposition map

(2) This example is used to establish the relation between Banach space and Lebesgue
intersections in | ]. Take k =R, I=[0,1], £ = 3, 4 =R and the order preserving
bijections xo : I = [0,1] = k =R and x; : I = [0,1] — k = R are given by = — § and
1fe

5+, respectively. Then S(Ir) = S([0, 1]) is a normed space together with two further
pieces of data: the function 1jg4) : [0,1] — {1} and the juxtaposition map

vy +8([0,1]) @ S([0,1]) — S([0, 1))
sending (f1, f2) to the following function

’Y%(f1,f2)( )—1@(01 fl(fio () + 1, ((0,1]) f1</i1 (7))

_fh@n) zen(0.1) =0,
fo(2x —1) =z € ri((0,1]) (%71]-

Lemma 3.6. The map ¢ is a k-linear map.

Proof. Take a,b € k, f,g € S(I) and let (k;);, 1 and (6;); be the element (ki,...,k,)
in S(I,)®*", the identity function Lis, (x--xrs, 1y and the n-multiple (&1 x -+ x dy),
respectively. Then

Ye(af +bg)((ki)i) = > 1+ (af +bg)s. (k5 (k:)):)
(G0

:Z(l‘af(ai)i((/ﬂil( ka))i) + 1 - bggsy (5, (K:))2)
= GZ 1. DD 531 g (5510500
(i)

(64)s
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= ave(f)((Ki)i) + bre(g)((Ki)i)-
Thus, 7¢ is a k-linear map. Il

4. NORMED MODULES OVER k-ALGEBRAS

Let I be a subset of the field k = (k, <) with the totally ordered “=<". Then I is also
a total ordered set. For simplicity, we denote by [z, y]) the set of all elements k € k
with x < k <y in our paper, that is,

[yl ={kek|x 2k 2y}

In particular, if = y then [z, y]x = {z} = {y} is a set containing only one element.
In this section, we introduce the category .4or?P, which is used to explore the cate-
gorification of integration.

4.1. Norms of A-modules. Recall that a left A-module (=A-module for short) over
a k-algebra A is a k-linear space V' with a k-linear map h : A — EndyV sending a to
he. Thus, h provides a right action A x V' — V|, (a,v) — va := hy(v) which satisfies
the following properties:

(1) a(v+ ') = av + av’ for any v,v" € V and a € A;

(2) (a+a')v = av + a'v for anvaVanda a € A;

(3) d'(av) = (d'a)v for any v € V and a,d’ € A;

(4) 1v = v for any v € V;

(5) (ka)v = k(av) = a(kv) for any v € V, a € A and k € k.
Take A = A to be the normed k-algebra with whose norm || - ||, : 4 — R™ given by
(3.1), where the k-basis of Ais By = {b; | 1 <i <n = dimy A}.

Definition 4.1. Let 7 : 4 — k be a homomorphism between two normed k-algebras
(A, )] l,) and (k, |-|). A 7-normed A-module is a A-module M with a norm || - || : M —

R=% such that
llam|| = |7(a)| - ||m|| holds for all a € k and m € M. (4.1)

Thus, each normed A-module can be seen as a triple (M, h, || - ||) of the k-linear space
M, the k-linear map h : M — Endj M and a norm || - || : M — R=°. For simplification,
7-normed modules are called normed modules in the sequel.

The norms of A-modules yield that the following fact.

Fact 4.2.

(1) Note that || - ||, defined by (3.1) is the norm of A as a k-linear space. It is
easy to see that A is also a left A-module, say reqular module, where the scalar
multiplication is given by the multiplication A4 x 4 — A, (a,z) — az of A as a
finite-dimensional k-algebra. Thus, it is natural to ask whether || - ||, is a norm
of A as a A-module. Indeed, the norm of A as a finite-dimensional k-algebra

may not be equal to the norm || - || of A as a regular module. However, if A as
the left A-module defined by

Ax A= A (a,2) = a*xx:=T(a)z, (4.2)

where 7(a)z is defined by the scalar multiplication of A as the k-linear space
kA, then, for any . =" | k;ib; € A, we obtain

a) Z::kb - <; |T(a)ki\pn(b,;)p);

19

la x|, =




Yu-Zhe LIU, Shengda LIU, Zhaoyong HUANG, & Panyue ZHOU

~ r@I( X IPar)” = r@llal,
i=1

To be more precise, A is a (A, A)-bimodule with two norms, and A is a normed
module satisfying Definition 4.1 when it is considered as a module defined in
(4.2).

(2) For any A-homomorphism f : M — N of two A-modules M and N, if M and N
are normed A-modules, that is, M = (M, hay, || - ||a) and N = (N, hn, || - ||l~v),
then we have

[f(am)l[n = llaf(m)l[x = |7(a)] - [f(m)l|n

k 0
A= (]k ]k) |
Then a k-basis of A is BA = {EH,EQl,EQQ} where E11 = (0 O) E21 = (? 8), E22 =

(3 9). Take n be the map B4 — RT defined by n(Ey;) = n(Es) = n(Ex») = 1, then

for any element z = (}1' 9 ) in 4, we have ||z||, = ([ku1|P + |k | + |k:22|p)%.

There are three indecomposable A-modules up to A-isomorphisms:
P(1)=(E3) = (5K),P(2)=(32) and the cokernel coker (P(2) — P(1) - (

i)
Then each A-module M is isomorphic to the direct sum P(1)*1 @ P(2)%2q(P(1)/P(2))%
for some ty,t9,t3 € N. Assume that M = (M, hyy, || - ||a) and N = (N, hy, || - ||n) are
two normed A-modules. Then, naturally, M @& N is also a A-module, where the left
A-action is the map

ha @hy = ("2 )i AxMe&N—>MaeN
which sends (a, () to

n

Example 4.3. Let

).

hay O m\ _ ((ha)a(m)\ _ ram
(" 5) ) = (Gnteiy = (am).
Furthermore, we can use the 7-norms of M and N, that is, || - ||,y and || - ||, to define
a 7-norm || - |[yren of M & N by

[(m, )| sean = ([K[([m][3; + lIn]l%))7 for given k € I\{0}.
Then we have

la(m, m)luen = (K[(lamlly, + lanl[3))> = (K@) ml; + I7(@)"[nl)
= (@) (kI (mlff, + nl13))7 = (@)} (m, )| aren

=
3=

for any a € A.

Example 4.4. The quiver of the k-algebra A given in Example 4.3 is Q =1 L))

By the representation theory all A-modules M can be represented by M, ., Mo,
where M, and M, are two k-linear spaces and ¢, is a k-linear map. Indeed, the identity
element of A is E = E{; + E9, where E;1, Eyy are the complete set of primitive
orthogonal idempotents. Thus, M, as a k-linear space, has a decomposition M =
EHM D EQQM (because E11E22 =0 ylelds EHM N EQQM = 0) For any a = kuEH +
]CQQEQQ + k?glEQl and m € ]\47 we have
m = (k1B + koEoy + ka1 Eg ) (Evym + Eqom)
= knE1(Enm) + kaEoy(Exm) + knEa (E1m)

= ki1(har) gy, (B1im) + koo (has) By (E2om) + ko1 (har) By, (E1im)
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= (har) gy, (k11E1im) + (o) ks Eoy (E22m) + (has) By, (K21 E1im), (4.3)
where

(a) hy @ A — Endi M is a homomorphism of k-algebras sending a to (hys)a, which
satisfies 1y = (ha)e = (har) By, + (Aar)Eoys
(¢) (har)E,, is a k-linear map from Eq1 M to EquM (this is equivalent to (4.3)).

Therefore, we obtain that the representation corresponding to M = E11M & E5 M is
Es
E11 M— E22 M.

Generally, M, L>M2 corresponds to the module M; & M,, where the A-action
A x M, ® My — M, & M, is defined by

Eqi(mi,ma) = (ma,0), Eaa(mi,ms) = (0,m2) and E1a(mi, ma) = (0, pa(mu)).
Without loss of generality, for any representation M, AN My of Q, assume that

M, = k¥ M, = k%2 and ¢, € Maty,y, (k) (up to A-isomorphism), and for any
i = 1,2, M; is a normed space equipping with the norm || - |5, : M; = k%% — R*
1

sending m; = (m;)1<;<t, to <Z§:1 |mij]”> ” Then we can define a norm I - | ar@ns, by

3=

1(my, ma2)aneas, = ([E[(lmallag, + [lmalli, )7,

where k is a given element in k\{0}. The direct sum “@®” of k-linear spaces is the
p powers of the norm preserving in the case for k = 1, that is, |[(my, m2)|h; 0, =
lmallyy, + llmallyy,. Furthermore, if || - |la7, and || - ||as, are 7-norms of M; and My,
respectively, then, for any a € A, we have

hSAl

lamalffy, + llama|yy,))

[m(@)Pllmallly, + 7 (@)"lmaly,)

la(ma, m2)lan e, = (|K

= (Ik
(@I (Il 3, + malff,))

=7
[T (a)[lla(my, ma) || s, -

4.2. Completions of normed A-modules. Let N = (N,h,| - ||) be a normed A-
module. In this part we construct its completion. For us, we need the completion of
the finite-dimensional k-algebra A. Otherwise, there is at least one A-module which is
not complete, for instance, /A is a non-complete A-module. Therefore, we assume that
k is complete in this subsection by Propositions 2.16 and 3.3.

Similar to finite-dimensional k-algebras, we can define open neighborhoods B(0, )
of 0 for any normed A-module N = (N, h,| - ||) by

B(0,r) :={z e N | |z|| <r}.
Let £4Z(0) be the class of all subsets U of N satisfying the following conditions.

(1) U is the intersection of a finite number of B(0,7);
(2) U is the union of any number of B(0,r).

(
(

3=

Then U5 (0) is a topology defined on N, and we can define the Cauchy sequence by the
above topology.

Lemma 4.5. Let €*(N) be the set of all Cauchy sequences in the normed A-module
N = (N,h,| -||). Then €(N) is a A-module.
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Proof. First of all, € (N) is a k-linear space whose addition and k-action are given by
{zitien + {vitien = {zi + yitien (V{@i}ien, {vitien € T(N))
and k{xi}ieN = {kxi}ieN (Vk € ]k),

respectively. Furthermore, define

AX E(N) = C(N), (a,{zi}ien) = a - {Ti}ien == {a - Ti}ien,
where a - x; = hq(x;). Then €*(N) is a A-module. O

Two Cauchy sequences {x;}ien and {y;}ieny in N are called equivalent, denoted by
{2:}ien ~ {yi hien, if for any U € 45(0), there is » € N such that z, — 2; € U holds for
all s,t > r. It is easy to see that “~" is an equivalence relation. Let [{z;}ien] be the
equivalent class of Cauchy sequences containing {x;};eny and let €(N) be the set of all
equivalent classes. We naturally obtain a map

h:€(N) = &(N), {zitien = [{zitien]-
We can show that €(NV) is a A-module by using an argument similar to that in the
proof of Lemma 4.5, and further obtain Ker(h : €(N) — €(N)) = [{0}ien]. Thus we
have
C(N) = & (N)/[{0}ien]-

Then €(N) is complete, and we call it the completion of N. We use N to denote
the completion €(N) of N. The A-module N is a normed A-module, where the norm
defined on N is induced by the norm || - || : N — R=° defined on N.

Definition 4.6. Assume that A is complete. A normed A-module N is called a Banach
A-module if N = N (i.e. N is complete).

4.3. o-algebras and the elementary simple function set S.(I,). Take 7 to be
a homomorphism of k-algebras 7 : A — k. Then the elementary simple function set
S(I4) with the above homomorphism 7, denoted by S.(I,), is a A-module, where the
A-action A x S(I4) — S(I4) is given by
(aa = Z§=1 kil[i) =af = 25:1 T(a)kilh

because, for alla € A, a' € A, k €k, f =3, k1, € S(I4) and [ =3, K1y € S(I4),
the following conditions are satisfied:

(1) a(f+ f") =af + af’ (trivial);

(2) (a+d)f =af +df (trivial);

(3) (ad)f = a(a’f) because

= (ad") Z kil = Z T(aa)k;1;, = ZZT<G)T(G/)]€¢1[Z.
—az a ki1, = a(a Zkl] =a(d'f)

(4) 1f = f (trivial);
(5) We have

— (ka)f = (ka) 32, kily, = 32 7(ka)(kily,),
— k(af) =k(a ) kily,) = k)2, m(a)kily, = 32, k(7 (a)(kily,)),
— and a(kf) = a5, k(kily) = 32, 7(a) (k(k,17,)).
Since 7 is a homomorphism of k-algebras, we have
7(ka)(kilr) = k(r(a)(kily)) = ) (a)(k(kily,)) = Y kkir(a)ls,
for all . Then (ka)f = k(af) = a(kf).

22



Normed modules and the categorification of integrations, series expansions, and differentiations

Now, we introduce a norm for S, (I4) such that it is a normed A-module. To do this,
we firstly recall the definition of o-algebras.

Definition 4.7. Let S be a set and P(S) the power set of S, that is, P(S) is the set of
all subsets of S. A o-algebra is a subset A of P(S) satisfying the following conditions:

(1) @ and S lie in A,

(2) for any X € A, the complement set X := S\ X of X lies in A;

(3) for any Xi,...,X, ... € A, the union J;=, X; is an element in A.
For a class C of some sets lying in P(S), we call A is a o-algebra generated by C if A is
the minimal o-algebra containing C.

Let Y be the o-algebra generated by {(a,b)x, [a, b)x, (a, b]k, [a, bk | a = b}, and let
p Y — R20 be a measure such that u({k}) = 0 holds for any k € k, that is, u is a
function satisfying the following conditions:

(1) u(2) = 0;
(2) u(Uien Xi) = 2 ien #(X;) holds for all sets Xy, Xo, ... satisfying X; N X; = @
(i # 7).
Any two functions f and g in S(I,) are called equivalent if
p(fk = (k.. kn) € K | f(K) # g(k)}) = 0.
The equivalent class containing f is written as [f]. Then we obtain an epimorphism
S(I4) = S(a) :=A{[f] ] f € S(Ia)}

sending each function to its equivalent classes. It is easy to see that the kernel of the
above epimorphism is [0], then we have

S(I) = S(I4)/[0].
For simplification, we do not differentiate between two equivalent functions under the
above isomorphism. Therefore, we treat S(I4) and the quotient S(I4) equivalently.

Lemma 4.8. Let 7 : A — k be a homomorphism between two k-algebras. Then the
A-module S;(I4) with the map

Iy s8:(0) = B2, 5 =30kt o (St

i=1

18 normed.

Proof. Let f be an arbitrary function lying in S(I,). It is trivial that ||f||, is non-
negative. Let a be an arbitrary element in A and assume f = 2221 k;1;,. We have

||af||p = H Z k 1;, (i |T(Cl)ki‘p,u(]_li)p>;

)| (Z |kz-\f’u<1h>f’)? = I7(@)|- /1l

which satisfies the formula (4.1). In particular, if || f]|, = 0, then so is (|k;|u(L;))? =0
for all ¢, and we have |k;| = 0 in the case for pu(l;) # 0. If u(I;) = 0 holds for some
jeJ(€{1,2,...,t}), then we have f = ._ k;1;,. Clearly,

p{z e Ty | flz) #0}) = w(ly)

JjeJ
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that is, f = 0 in treating S(I4) and the quotient S(I4) equivalently. Thus, || f|, = 0 if
and only if f = 0.

Next, we prove the the triangle inequality. For two arbitrary functions f =", ki1,
and g =3, l;1y, we have

frg=2  klnun+ ) Llnun+ 3 (ilyer +llion)  (44)

by NI, =2 (Vi#1) and [ NI} = @ (Vj # 7). Then we can compute the norm of
f + g by (4.4) as the following formula:

If +glly = (R+ G+ B)r,

LA

where
R= ZZ [l (13\ Uj 1)
G = Z]. \lj|pﬂ(f}\Ui L;)";
B= 3" (Il + ") N 1y,
hmﬁ#g

On the other hand, we have the following inequality by the discrete Minkowski inequal-
ity:

>( 3 IePuttyr + 3 ity ) <. (4.5)
Since, by the definition of measure, (X UY) = u(X) + pu(Y') holds for any X, Y with
XNY =g, we obtain
pXUY) 2 p(X)P + p(Y)P, (4.6)
then
p() = p(INU, B +u(nnlJ 1)
Thus,

Do k(@ = 37 k(TN B+ 3 k(0 U, 1)
=R+ Z ykiyp< Zj w(I; 0 I]’.)>p

hm@#z

(4.6)
>R+ > |kPu(L 0 Iy (4.7)

hm%#@
Similarly,
S Gl = G+ Y A Ly (48)

Notice that
S klPu@monr+ Y GPuI 0Ly = > (kP + [N )P = B,

Iﬂw[]’#@ I;ﬂ[,#@ Izﬁljlfg
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then (4.7)+(4.8) induces &” > R + G + B. Thus, the triangle inequality || f|l, + ||lgll, >
I + gllp holds. &

5. TWO CATEGORIES

Recall that a measure defined on Yy is a countable additive function p : ¥y — R=°
with p(@) = 0. Naturally, it induces a measure, still written as p, defined on some
o-algebra of A such that, for any Z?:l Ib; (I; € Yy is measurable), the equation

(i 1ibs) = [Ti=; (1) holds.

Let dimy A = n, and let NV be a normed A-module equipped with two additional pieces
of data: an element v € N such that ||v]| < u(I4), and a continuous A-homomorphism
§: N2 — N. Here, @, denotes the direct sum of 2" normed A-modules X, ..., Xon
with the norm defined as follows:

2n n 2" 1

I P

Il €D i = B, (avsz o) o (28] S )
=1 i=1

5.1. The categories for? and o/P. Let AorP be a class of triples which are of the
form (N,v,d), where N is a normed A-module, v € N is an element with |[v||, < p(I4)
and § : N®2" — N is a A-homomorphism satisfying 6(v,v,...,v) = v such that for

any Cauchy sequence {z;}ien € N2 = N 2" the commutativity
Wmo(z;) = 6(limaz;) (5.1)

of the inverse limit and the A-homomorphism holds. For any two triples (NN, v,J)
and (N',v',¢") in AorP, we define the morphism (N,v,d) — (N',;v',d’) to be the A-
homomorphism 6 : N — N’ with #(v) = v’ such that the following diagram

)

N&»2" N
0
QEDQn: .. 0
0/ anxon
N/EBPQ" N/

6/
commutes, that is, for any (vy,...,v9n) € N®2" 0(5(v1,...,v9n)) = 8(0(v1), ..., 0(van)).
Then it is easy to check that for? is a category.

Lemma 5.1. Let

(1) € be an element in I = [a,bli with a < £ < b such that the order preserving
bijections k, : I — [a, €]k and Ky - T — [€, by exist,
(2) 1 be the identity function 1y, : I — {1},
(3) e be the map given in (5.2),
(4) 7: A — k be the homomorphism of k-algebras given in Lemma 4.8.
Then the following statements hold.
(a) 75(17 1. ]-) =1;
(b) e is a A-homomorphism.

First, we provide a remark for the above lemma.

Remark 5.2. Indeed, (S;(I4),1,7¢) is an object in the category .AorP. However,
Lemma 5.1 points out that v¢(1,1,---,1) = 1 and 7 is a A-homomorphism. Thus, we
need to show that the commutativity of the inverse limit and 7¢ holds. We will prove
this result in the following content, as shown in Lemma 5.5.
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Next, we prove Lemma 5.1.

Proof. (a) We have that S;(I,) is a normed A-module by Lemma 4.8, and 7¢ is a k-
linear map by Lemma 3.6. The formula ~¢(1,...,1) = 1 can be directly induced by
the definition of 7.

(b) Take A € A4, f € S(I4) and let (k;);, 1 and (6;); be an arbitrary element (ki, ..., k)
in S(I,)®?", the identity function Lis, (x-xng, @ and the n-multiple (07 X =+ X &),
respectively. Then we have

Ye(A - f)((Ki)s)
=) 1 (TN (a5, (Ra))a)
(62

= 7(A)e(f)((k;);) (similar to Lemma 3.6)

= A7 (f)((Fi)i)-
Thus ¢ is a A-homomorphism. O

Let 277 denote a class of triples which are of the form (N v 5) where N is a Banach
A-module (see Definition 4.6), v € N is an element with [|v]| < p(I4) and § : N92" — N

is a A-homomorphism satisfying & (v v,...,v) =v. Obviously, &? is a full subcategory
of AorP.

5.2. The triple (S;(I4),1,v¢). Let (N,v,6) be an object in A0or? and N the comple-
tion of the A-module N. Then N, as a k-linear space, is a Banach space which is a
Banach A-module. And, naturally, we obtain the A-homomorphism

/5\: N@PQn — ]Tf

induced by the A-homomorphism §. Furthermore, we have that (]/\\7 ,v,g) is also an
object in AorP, and there is a naturally embedding morphism

emb : (N,v,08) = (N,v,0)
which is induced by N C N.

Notation 5.3. Keep the notations £ =: £1, Kq, Kb, 1, 7¢ and 7 as in Lemma 5.1. Then
¢11 divides T =: I to two subsets [a, &) =: I and [€11,b]x =: 12, Next, let
&0 = &11 (= &), and denote by &1 and &3 the two elements in 14 such that

o a < &1 = Kaka(b) = Kakp(a) = kpka(a) = Ka(€11) < Ea2;

o §0 < &og = k(@) = kpkia(D) = Kykia(D) = Kp(€11) < b.
Then I is divided to four subsets which are of the form I 1) = [&,,, & 1]k (0 < t < 3)
by a = &y < &1 < &2 < &3 < &4 = b. Repeating the above step t times, we obtain a
sequence of 2! — 1 elements lying in I,

a="%E&0 <& <& < <& =b,

s+ — &4, & 1)k, and 2¢ order preserving

all 2! subsets which are of the form I
bijections rg,, from I¢ s+ to 1OV,

For any family of subsets (I“¥));<;c, (1 < v; < 2%), we denote by 1(u;0,), the
function
1, xe [, 1w

1uU:1 n “ivi:]l — 0,1,$’—> .
(wivi)i Lo |l 1Cwiv) - 24 {0, 1} {0, otherwise,

where [(#iv) 2 T(wivd) x £} C T4 holds for all i and By = {b; | 1 < i < n} is the k-basis
of A.
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Let E, be the set of all step functions constant on each of H?:l [(wivi) (1< <2w
for all 7), that is, every step function in £, is of the form

Z k(uivi)il(wvi)m
(uwiv4)s

where each k(y,q,), lies in k, the number of summands is (2*)" = 2", and each (u;v;);
corresponds to the Cartesian product [ ], 1) Then it is easy to check that each FE,,
is a normed submodule of S(I,), and E, C E, 1 because each step function constant
on each of 1) is equivalent to a step function constant on each of 11 *), Thus,

—

k>~ FECFE C...CE C...CS(I) CS(Iy).

Moreover, for any 1) = [€, ,_1, 4]k, We have two cases (i) &, < € and (i) € < &, o1
by the definition of F,. Therefore, we obtain a map

1) lies in case (i);
: H(uv) e N — ,b , H(uv) s a, )
pi {1 |ue N} — {a,b} b, T lies in case (ii).

Now we use the above map to prove the following lemma.
Lemma 5.4. The map ¢ : S(I1)®*" — S(I4) induces the following k-linear map
e E®Y S B,
which 1s an isomorphism of A-modules.
Proof. The k-linear space E, is a A-module, where A x E,, — FE, is defined by
(a,f=21-15)—=a-f=27(a) 1p.

Then it is easy to see that ¢ is a A-homomorphism. Since Ker(y¢) = 0, we have ¢ is
injective. Next, we prove that it is surjective.
Any step function f : k®" — k lying in F,,; can be written as

f(kla ceey kn) = Z fz = Z f(wl,...,wn)

(wios)i (@1om) E{ab} X% {a,b}
where
o fi = kluw)i Liwwni
[ ]
fwrwn) (K1 - En) = Z fis

7 p(I4iv))=(w1,....wn)

thus, the number of all summands of it is (2%)" = 24
e the number of all summands of Z(m’“_?wn)e{a’b}xmX{mb} is 2" (thus the number

of all summands of } 7, . fi is 2" - 2" = (utlin)
Then
Sy (s Jon) = S, (55 (1), 1) (k) € B,
and e sends { flw,,...won) Fwi,wn)e{abt xx{ap} 10 f by the definition of e, see (3.2). We
obtain that ~. is surjective. Therefore, v¢ is a A-isomorphism. U

By Lemma 5.4, the following result holds.
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Lemma 5.5. The commutativity of the inverse limit and the map 7 : S;(I4)®**" —

—

S, (I4) induced by the completion of S-(I4) holds, that is, for any sequence {f;}ien+ in

S/T(\]IA)@PQ“, if its inverse limit exists, then we have
Te(im ) — e (£.).
Furthermore, (S;(I4),1,7¢) is an object in Aor?.

Proof. Since 7 is a A-isomorphism, it is clear that 7, is also a A-isomorphism. Then,
the commutativity of the inverse limit and the map 7, holds. Thus, for any sequence
{fi}ien+ in S;(I4)®%" | if its inverse limit exists, then this inverse limit is also an element

-

in S, (I,)®?", and so

Ye(limf;) = Fe(limf,) 2l (£:) = lime(£),

where # holds since 7 is a A-isomorphism (see Lemma 5.4). Therefore, by Lemma 5.1,
(S-(I4),1,7) is an object in AorP. O

—

5.3. S;(I,) is a direct limit. Let norA be the category of normed A-modules and
A-homomorphisms between them. Then it is easy to check that all F, are objects in
norA. Furthermore, for any v < v, we have a A-homomorphism ¢,,, : £, — F, which is
induced by E,, C E,. Thus we obtain a direct system ((E;)ien, (Puv)u<v) in norA over N.
Let Ban(A) be the category of Banach A-modules and continuous A-homomorphisms
between them. Then Ban(A) is a full subcategory of nor(A), and so, naturally, we obtain
a direct system ((E;)ien, (Puv)u<v) in Ban(A) if A is a complete k-algebra.
The following lemma establishes the relation between E,, and S(I,).

Lemma 5.6. Let A be a complete k-algebra. Consider the category Ban(A) and take
(o : By = S;(Ip))ien, where every «; is the embedding given by E; C S,(14). Then
lim F7; = S, (Iy).

(Note that we assume that all morphisms in Ban(A) are continuous, which ensures
the commutativity @m?(xz) = 19(1&11%) between the inverse limit and any morphism

—

starting from S, (I4).)

Proof. Let X be an arbitrary object in norA such that there is (f; : E; — X)ien
satisfying fip;; = f; for all « < j. Then we can find the A-homomorphism 6 : ST(\]IA) —
X in the following way.

For any x € ST(\]IA), there exists a sequence {x; }4en in |J; E; such that {||z, —z||,}: is
a monotonically decreasing sequence of positive real numbers. Then we have @{th —
z|[,}+ = 0 by Example 2.4 which induces Hmz, = z. Since o, o and @;; (Vi < j) are
A-homomorphisms induced by “C” (thus they are k-linear maps induced by “C”) and
every x; has a preimage in some E, ), then A-homomorphisms (f;)ien send {x; }ten to a
sequence { fy ) (2¢) }een in X. By the completeness of X, @fu(t) () € X holds. Define

‘9<x) = l.glfU(t) (xt) - lé'lllfh?u(t) (xt) = @f(l’t),

where f is the map @Eu — X induced by the direct limit of ((E;)ien, (Puv)u<w). Then
one can check that 6 is well-defined and is a A-homomorphism making the following
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diagram commute.

Next, we show that the existence of # is unique. Assume that 6" is also a A-

—

homomorphism with &'«; = f; for all i. Then for any x € S;(I4), taking the sequence
{z1 }en in |, E; satistying @xt = x, we have

0'(x) = 0’ (lima () = LImé'(ei(z,)) = lim fi(a) = [mo(a,(2,)) = 0(limas(a4)) = 0(x),

that is, # = #’. Therefore, by the definition of direct limits, we have hngl ~S, (Iy. O

6. THE &/P-INITIAL OBJECT IN A0orP

Let C be a category. Recall that an object O in C is an initial object if for any object
Y we have Hom¢ (O, Y') contains only one morphism. Obviously, if C has initial objects,
then the initial object is unique up to isomorphism. Let D be a full subcategory of C.
An object C' € C is called a D-initial object if it is a subobject of the initial object in
D, that is, there is an object C” in D such that the following conditions hold:

e there is a monomorphism from C' to C’;
e for any D € D, Homp(C’, D) contains a unique morphism.

It is trivial that an initial object in C is a C-initial object.

—

Let A is a complete k-algebra. In this section, we show that (S;(I4),1,7;) is an
2f/P-initial object in AorP. The proof is divided to two parts: (1) there is at least one

morphism from (S, (I4),1,7¢) to any object in <7?; (2) the above morphism is unique.

6.1. The existence of morphism from (S, (I,),1,7,). In this subsection we show

—

that Hom»((S-(I4),1,7), (V,v,0)) is not empty for every object (V,v,d) in o/?.
Lemma 6.1. For any object (V,v,d) € &P, we have

—

Hom » ((S7 (1), 1,%), (V,v,6)) # @.

Proof. For each u € N, consider the map 6, : F, — V as follows:

(i) 6y : Ey — V is a map induced by the k-linear map k — V' sending 1 to v (note
that Ey = k). Then one can check that 0 is a A-homomorphism.
(ii) @441 is induced by 6, through the composition

Ve . 09 n 0
Ous1 i= | Byp1 ——— E&?" — V™" V)
+ + u

where the inverse v, U of the map Ve is given in Lemma 5.4.

Notice that vgl(f) € B, for any f € E, C E,.1, then for the case u = 0, we have
that f = klp, is a constant defined on £y, and

el(f) = 5<0(?2n(7§_1(f))) = 6(90(1{7]450)7 Qo(klEo)v ce 700(k1E0)) = kv,
29



Yu-Zhe LIU, Shengda LIU, Zhaoyong HUANG, & Panyue ZHOU

that is, 61 is an extension of . It yields 6;(1g,) = v by 0y(1g,) = v (see (i)). Further-
more, we can check that 6,,, is an extension of 6, and

0.(1g,) =v (Yu € N) (6.1)

by induction, that is, the following diagram

X %
E, .
Q41 u+1
Qg [:4»1
Equl

commutes, where o; : E; — thz and «o;; @ E; — E; (1 < j) are the embeddings
induced by E; C thl and E; C Ej, respectively. Then, for any ¢ < j, there is a
unique /A-homomorphism 6 such that the following diagram

commutes. By Lemma 5.6, we have that 6 : hﬂEZ =S, (I4) — V is a A-homomorphism

in Hom(S;(I4), V).
Next, we prove that # is a morphism in AorP. First of all, we have

In the following, we show that the following diagram

(), (6.2)

oe2" l je

Y er2" 1%
is commutative. Notice that each f = (f1,..., fan) € S/T(\I[A)@Pzn can be seen as the
inverse limit l&lfZ of some sequence {f; = (fi, ..., fani) biew in U, en E&v? , where fj; €
E,, (1 <j<2"),u; €N, such that for any ¢ < j, we have u; < u;. Thus, naturally, we

—

need to consider the following diagram (e, : By, — S;(I4) is the embedding induced
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by E,, C S, (L1)):

Ve | L@pan
Eu?” —2— Bun
22" €u;+1
2" 0
V2" V.
Since
0e(f)) = lim OS2 (£))
= lim O(ew+1(7e| poyer (£1))) (Ve = Curt1Ve| pepen)
— lim 0, (1] poyon (F1)) (6e = 0,,)
= lim (6, (f:)) (Ousve| poyon = 007)
= lim 6(0°%" (e (f2))) (0% = 09" e™")
= 0(0%*" (lim €2 (£:))) = 0(6°*°(f)),  (by (5.1))
the assertion follows. 0

6.2. The uniqueness of morphism from (S/T(\]IA), 1,7¢). Now, we show that, for any
object (V,v,d) in 7P, if the morphism in the category «/? from (S, (I4),1,7¢) exists,
then it is unique.

Lemma 6.2. Let (V,v,d) € &P be an object in o/P. If

Hom@{p((ST(H )7 7’75) (V v 5)) 7£ g,
then Hom((,{p<(s7—(]1/1) 1,7), (V,v,0)) contains a unique morphism.

Proof. Let § and 6 be two A-homomorphisms from (S;(I4),1,7) to (V,v,d) in </?.
Then 6(1) = v = ¢'(1). Since 6 and 0 are maps in 2/, the square

Vel pan
@,2" E§
E? E,
~ +1
(9|Eu—9'Eu)@2nl j9|Eu+1_9/|Eu+1
n
Vr2 Vv

commutes. Then for any f € E,.1, we have

Ol = 0150 ) () = (00 (O, — 0]2,)%" 0 (el goen) (S,

that is, 0|g,., — ¢'|E,., is determined by 0|z, —0'|g,. Consider the case for u = 0, since
0|g, and 0'|g, : Ey — V are defined by 6y(1g,) = v, we have

(8|Eo - QllEo)(klEo) = k(elEo(ll%) - 9,|E0(1E0)) = k(“ - U) =0.
Therefore 0|p, — 0’|, = 0 for all u € N by induction.

On the other hand, consider the embeddings e, : E, — ST(\]IA) and e, : K, — E,
(u <) induced by “C” and the direct system

(B Yuew, (2" - EZ = S (L)% )uen).
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we have the following commutative diagram

Since

Ly 7 (I )" = 8, (1),

there is a unique A-homomorphism ¢ : S/T(\]IA)@PZ” — V such that the following diagram

commutes. Since (0 —0")el*" = 0|z, — 0’| g,, we know that the case for ¢ = 6 — ' makes
the above diagram commute. On the other hand, the case for ¢ = 0 makes the above
diagram commute. Thus § — 6’ =0 and § = 6. O

6.3. The «/P-initial object in 40or’. Now, we can prove the following result of this
paper.

Theorem 6.3. The triple (S;(Ix),1,7¢) is an @/P-initial object in NorP.

—

Proof. For any object (V, v, ) in @77, the existence of morphisms in Hom» ((S,(I4), 1,7¢),
(V,v,6)) is proved in Lemma 6.1, and its uniqueness is proved in Lemma 6.2. Thus,

the triple (S;(I4),1,7¢), as an object in /P, is an initial object in @7?. It follows that
(S-(I4),1,7¢) is an @/P-initial object in Aor?. d

We give a remark for Theorem 6.3.
Remark 6.4. For any object (V,v,0) in &P, there is a unique morphism
h: (ST(]IA)7 1775) - (V7/07 5)

in Aor?, which can be extended to h : (Sm, 1,7) — (V,v,9). In other words, if
there exists a morphism A making the diagram

(S+(Ia), 1, %)

B

(S+(Ia), 1, %e)

commute, then the existence of h is guaranteed to be unique.

(V,v,9)
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7. THE CATEGORIFICATION OF INTEGRATION

Take k = (k, | - |, <) to be an extension of R and p = 1. Recall the symbols given in
Notation 5.3, any step function f in F, can be written as

f= Z Kugo)i Luivg),-

(uivi)s

We define the map T, : £, — k by

= % e IT 1) (1)

uvzz

note that if all coefficients k,,.,) equal to 1, then T,,(f) = u(E,)).
( i 1

Then the A- 1som0rphlsm e shown in Lemma 5.4 points out the following fact: there is
a map m, : k92" — Ik such that the following diagram

EXT B, (7.2)

7" L jTqul

S R,

commutes. Indeed, for the function fj, = i )1]1 , with £ € k, we have

(fk) ( )111/1) — )T (1HA) =k
by (7.1). Then for any k = (kl,...,kgn) € k% fe = (fiy,-- s Jom) € E s a
preimage of k under the k-linear map 772", We define
mu(k) = Tuy1(ve(fr))-

It is easy to see that m,, is a k-linear map. In particular, for the constant function 1j,
given by the measure (I4) of I4, we obtain that f,g,) is a preimage of x(I4) € k, and
then

ma(pa), -, 1(1a)) = Tusr¥e (L, 1g,) = 1 N(H 11") = 1u(Iy).
(wivi)i

Lemma 7.1. Let k = (k,| - |,=X) be an extension of R. Then T, : E, — k is a
A-homomorphism.

Proof. Note that k is a A-module given by
Axk =k (NE)—= Xk :=1(\)k.

For arbitrary two elements A;, Ao € A and arbitrary two functions f = >, k;1;, g =
> Kilp € E,, we have

TuM-f+ X 9) = (Z Akily + 7 Alel,)
(Zk11>+7>\2 (Z k/11/>

= 7(M)Tu(f) + 7(M2)Toulg)
=\ Tu(f) + Ao - Toulg).
O

Lemma 7.2. Let k = (k,| - |, X) be an extension of R and let m, be the k-linear map
given in the diagram (7.2). Then m, is a A-homomorphism.
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Proof. We can prove that m, is a A-homomorphism by using an argument similar to
proving that m, is a k-linear mapping by Lemma 7.1. U
Remark 7.3. Since £y C B, C--- C E, C--- C S, (I4) CS,(I) = @Ei, we have
that u is independent on w. Thus, we can use m to present all maps m,, (u € N) because

m0:m1:m2:

Proposition 7.4. Letk = (k, ||, X) be an extension of R. Then the triple (k, u(1,), m)
is an object in NorP. Furthermore, since A is complete, so isk. Then k®*" is a Banach
A-module, and so (k, u(I4), m) is an object in /.

Proof. 1t follows from Lemmas 7.1 and 7.2 and Remark 7.3. U
The following proposition shows that T, satisfies the triangle inequality.

Proposition 7.5. If k = (k,| - |, X) is an extension of R, then for any f € E,, the
following inequality holds for all uw € N.

TN < Tu(|f])- (7.3)
Proof. Assume that f = ) k1 € E,, where ; N [; = @ for all i # j. Then
|fl = 1>, kily,] is also a step function in £, and we have

T(1f) = T N AOIALY
=3 |ksi|u(Hi 1))
> |7 k(T 1) [ = 1T,

where (%) is given by [; N [; = @. O

Theorem 7.6. If k = (k,| - |,=) is an extension of R, then there exists a unique
morphism

T (S+(Ia), 1, %) = (K, p(lla), m)
in Hom 460 ((S-(I4), 1, ve), (k, e(L4), m)) such that the diagram
(I

(s,

s 1,7e) ——— (I, u(14), m)

(S+(I4), 1,%)

commutes, where T is the is the unique extension of T lying in Hom,Q/p((ST(\HA), 1,7),
(k, u(I4),m)). Furthermore, T is given by the direct limit imT; : limE; — k.

Proof. Denote by «;; : E; — E; (i < j) and o; : E; — hA’lEZ the monomorphism
induced by E; C E; C @Ez Then there is a unique morphism hngZ : llﬂEZ — k such
that the following diagram
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commutes. By Lemma 5.6, we have hﬂEZ > S/T(\I[A), then ligTi induces a morphism
in @? from (S;(I4),1,7) to (k,u(Is),m). Theorem 6.3 and its remark show that
liﬂTi =T and T =Tlg, 1,)- O

Definition 7.7. Let k be a field with the norm |- | : k — R=% and the total ordered
“<X” and let f: 14 — k be a function in S.(I4). We call that f is a integrable function

on I, and whose integral, denoted by (<7') [ fdu, is defined by

@) [ ran=701).

By using the limit lim7; : limF; — k given in Theorem 7.6, the formula (7.1), Lemma
7.1 and Proposition 7.5 show that

(") [ 140 = (),

Ix

(dl)/()\1'f1+)\2'f2)/i:>\1'(4271) fi4+Xa - (@) [ fapr (M1, A € A)

Ia Ia Ia
and
o) [ s <o) [ irian
Ia Ia
respectively.
In the subsection 10.1 of Section 10, we point out that Theorem 7.6 and Definition
7.7 provide a categorification of Lebesgue integration.

8. SERIES EXPANSIONS OF FUNCTIONS

Set n := dimy A, and define the n variables polynomial ring k[ X1, -+, Xy] (= k[X]
for short) over k to be the set of all NV variables polynomial rings (N > n). Then k[X]
is a left A-module whose left A-action is defined as

A x k[ X] — k[X], (a, P(z)) — 7(a)P(z).

8.1. Realizing power series expansions of functions as morphisms in &/?. Take
N = n. In this part, we define the map

IPl”du)p , (8.1)

where |P| is defined by the norm |- | : k — R=2° defined on k and |P(X)| for any
Xel, CA

|- l: k[X] = R, P ((ﬂp)

Ix

Lemma 8.1. The polynomial ring k[X| with the map (8.1) is a normed left A-module.

Proof. Each polynomial can be seen as a function lying in S/T(\HA) Then, by using the
norm |-| : k — R=% the map (8.1) induces a norm as required since |la-P|| = ||7(a)P|| =
7 (a)l - [Pl 0

—

By using Lemma 8.1, the Banach left A-module k[X], as the completion of k[X],
provides a triple (k[X], 1, 7| A/[Z]) which is an object of @7!. Thus, by Theorem 7.6, the
following result holds.
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Corollary 8.2 (Weierstrass Approximation Theorem). There exists a unique morphism

Epow : (ST(I[A)J 1775) — (]k[X]? 17%’]}?[4?])

—

in Hom 45,1 ((S-(I4), 1,7), (k[X], 1, ?5|]k/®)) such that the following diagram

Epow — .
(ST(HA)a]-aﬁ)/f) (]k[X]’]‘?P)/f‘]k/[.)a)
CL /
(ST(]IA)7 173/\5)

—

commutes, where E,; is the unique extension of Epow lying in Hom 1 ((S;(I4), 1,7¢),
(KX, 1. %)

—

The above corollary shows that for any function f € S, (I,), there exists a sequence
{P,}ien of polynomials such that

—

Epou (f) = limP, € K[X] C K[X]].
This formula is called a power series expansion of f.

Remark 8.3. In the case for N = 2n, if k[X] = k[Y},Y; ' | 1 < j < n], where X, =Y,

77
holds for any 1 < u <n, and X, = Y;l holds for any 1 < v < n, then we can obtain
the Laurent series of analytic function.

8.2. Realizing Fourier series expansions of functions as morphisms in </”.
Consider the case for N = 2n and k = C in this part. Let A be the C-linear map

A C[X] — Cle*?™X] .= Clet*™¥i | 1 < j < n)
induced by

X if1 < j<my
X — o - 8.2
! {e—%)@', ifn+1<j<2n, (82)

and define the map

I-1I: CIX] = R=?, P ((ﬂfp) AN (P)IpduL)p- (8.3)

T4

Lemma 8.4. The C-linear map A is a A-isomorphism, and C[X] = C[e**™X] with the
map (8.3) is a normed left A-module.

Proof. 1t is trivial that A is a C-linear isomorphism by (8.2). Thus, the assertion that
A is a A-isomorphism follows from the fact that the following formula

A(a-P)=A(1(a)P)=7(a) A (P) =a-A(P)

holds for any a € A. Furthermore, we can prove that the polynomial ring k[X] with
the map (8.3) is a normed left A-module by the way similar to that in Lemma 8.1. [

Next, by Lemma 8.4. we obtain that
(C[X]7 1, ’?\5|A/[Z}) = (C[ei%ix]v 1, /?5|/1/[Z])

is an object in o/P. Then the following corollary follows from Theorem 7.6.
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Corollary 8.5. There exists a unique morphism
Erpoy : (ST(]IA)v 1775) - (C[ei%iXL 177//\5‘@[@@)

in Hom 4,1 ((S7-(I4), 1, 7)), (C@X], 1, %|C[ﬁx})) such that the following diagram

H/l)) 775) Do (C[eiQFiX]717’?\§|C[(;2?X])
L 4
ST<I[ )7 775)

—_—

commutes, where EF; is the unique extension of Epy lying in Hom1((S;(I4),1,7e),
(CI], 1,54 oz

—

The above corollary shows that for any function f € S.(I4), there exists a sequence
{P,}ien of triangulated polynomials such that

Erou(f) = limP, € C[e*27X).
This formula is called a Fourier series expansion of f.

8.3. Stone—Weierstrass Theorem in @/?. Let W be a normed left A-module gen-

erated by some functions lying in S/T(\]IA) such that \/N\O and S/T(\]IA), as left A-modules,
are isomorphic preserving 1. For any u € N, define

Wu = {:Y\E|Wu71(f) |f: (fh'" ’fQ") € WEBpl }

Then we obtain a family of canonical embedding

C C C C —

W W, > Wy > (S 5:(1)),

which induced a direct limits
l;uEWu = W.

Lemma 8.6. For any completed extension Wy of W, i.e., the Banach A-module satis-
fying W C Wy, there exists a A-monomorphism

Es—w : S,(I1) = W,

between two left A-modules ST(\]IA) and W such that Es_w(1) = 1 holds in the case for
1eW.

Proof. Since W; C W, CWforanyz J ENWlthz<j,WehaveW ijgw. On
the other hand, W C S (]IA) vields W C S, (]IA) It follows that

— —

S,(I1) = W, C W, CW CS,(Iy).

— o~ —

Therefore, we get a A-isomorphism S, (I4) = W (= W) since the isomorphism S, (I,) =
W preserves 1. The composition

—

S (I) —— W W,

R
N

is the desired A-monomorphism. O
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Lemma 8.7. There exists a A-homomorphism et : W?PQ” — Wy such that following
diagram
Ve

2"
S-(Iy) — S, (]1/1)

Egafzv l ‘Esw

commutes and e;(1,...,1) =1 holds.
~1 is the desired A-homomorphism.

g

Corollary 8.8 (Stone—Weierstrass Approximation Theorem). There erists a unique
morphism

Proof. The composition Jgt := Es_w o 3¢ o (E3y)

ES—W : (ST(]IA)v 177{) — (Wv 17@)
in Hom o1 ((S7(I4), 1,7¢), (W, 1,7¢;)) such that the diagram

(S+(Ia), 1,7) (W, 1,7%;)

| =

o Es_w

(ST(HA)7 1’ ?E)

commutes, where E/s,\w is the unique extension of Es_w lying in Hom g1 ((S-(I4), 1,7),
(W, 1,%:)).

Es_w

9. DIFFERENTIATIONS

Let o/P satisfy /1 = k which is an extension of R, and take 7 =id, £ = 3,
I, =1[0,1], and 5 5 in this section. In this case, the initial object of @7? is (S,

where S = Sid([O, 1])

9.1. Realizing variable upper limit integration as a morphism in .z7'. We recall
some works of Leinster in | , Section 2]. Let C,([0,1]) be the set of all continuous
functions F': [0,1] — k such that F'(0) = 0, with the sup norm

-1+ Cu([0,1]) = R=", f = sup |f(=)].

z€[0,1]

Then the triple (C, ([0, 1]),1id, &) of the k-module C,([0, 1]), the identity function id(z) =
z, and the k-homomorphism « : C,([0,1])®? — C,([0,1]) defined by

1
K(F1, Fy) = %Fl(Za:), ? =TS
() + (22 -1)) 3<a<

is an object in «!. Then the following proposition, firstly proved by Mark Meckes,
holds.

Proposition 9.1 (| , Proposition 2.4]). There exists a unique morphism

ﬁo,ﬂ £(8.1,71) = (CL([0, 1]).id, )
n Homﬂl((g, 1,71 ), (C’*([ ),id, R)) sending each function f € S to the variable upper
limit integration F(x) = (L) / fdug,.
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9.2. Realizing differentiation as a preimage of a morphism in &', It follows
from Proposition 9.1 that for any function F' € Im(T 0,2]), there exists an element f € S
such that

(1) If F is a differentiable function (in the classical sense), then

dF
= f holds for all x € [0, 1].
dr
Here, f is seen as a function in some equivalence class lying in § and, strictly
speakmg, I is an element lying in the equivalence class containing f.

(2) Otherwise, there exists a function f such that

/ Fa)é(x)dum, = — /f £)dp

holds for any differentiable function @ : [0, 1] — k (in the classical sense) satis-
fying ¢(0) = (1) =0.
Thus, we can define the weak derivatives for functions lying in Im(ﬁow]) by using the
preimage of the k-homomorphism 7}y, as follows.

Definition 9.2. All functions lying in the preimage 77 : (F)of F e Im(ﬁow}) are called

0.5
(F(x)) as G-

weak derivatives of F', and written T-1 o

[0,7]

The following theorem shows that we can not define the weak derivatives of a function
by using the morphism in &' starting with (S, 1, ﬁé)

Theorem 9.3.
(1) A morphism in Horn!!?/l((/S\7 1,3%), (N,v,0)) is zero if and only if v = 0.
(2) Furthermore, there is no morphism D in /" starting with (S, 1, W%) such that D
sends any almost everywhere differentiable function f(x) to its weak derivative

df
dzx*

Proof. (1) For any h € Hom,: ((S, 1,%), (N,v,0)), the following diagram

~ 5 ~
S¥2 ——~8§

o |

N®?2 _ > N
1

commutes.

If v =0, then h(1) = v = 0, and the map O : S — N, f + 0 is a k-homomorphism
such that the above diagram commutes. By using Hom{dl((g, 1,%), (N,v,0)) to be a
set containing only one morphism (see Theorem 6.3), we obtain h = 0.

Conversely, if h = 0, then by the definition of morphism in &', we have v = h(1) = 0.

(2) If there is an object (N, v,d) such that D : (S, 171) — (N,v,0) is a morphism in
/1 sending each almost everywhere differentiable function f(z) to its weak derivative
%, then, by the definition of morphism in 7!, we have v = D(1) = 3—916 = 0. It follows
from (1) that D = 0, which is a contradiction. O

39



Yu-Zhe LIU, Shengda LIU, Zhaoyong HUANG, & Panyue ZHOU

9.3. Realizing differentiation as a morphism in .27'. In this subsection we provide
a description of differentiation by another morphism in 7'

Consider the triple (S id, k), where id : [0,1] — k, 2 — x is the function given in
Subsection 9.1, and & : S®2 5 Sisak homomorphism defined as

1 1
~ —F1(2I‘), OSZIJS 53
R, F) = %F 1 Lo p <1
5( (1) 4+ Fa(22—1)), 5<z<1

which is a natural extension of the k-homomorphism « (the definition of x is given in
Subsection 9.1).

Lemma 9.4. The triple (/S\,id,ﬁ) is an object in /1.

Proof. 1t is clear that % sends (id,id) to id by using the definition of K. Now, let

{(F1n, Fo.n) }nen be any Cauchy sequence in S®2 whose limits is (F1, F»). We need to
prove limx(F ,,, Fy,) = m(@l(ﬂ,n, F5,,)). Indeed, we have

@nl{(Fl,naFQ,n) — {2@1 1,n( .CE)’

L(Fon(1) + limFy (22 — 1)),

IA A

SIS
IA A

o= O
— N

IA A
— wﬂl»—‘

Fi(2x) 0<z
B {%(FQ(D +RB2e-1), i<
K(Fy, Fy)
= R(Um(Fy 5, Fop)),

as required. Il

Theorem 9.5. There exists a morphism

~

D € Hom,, ((S,id, 7), (S,1,71))

1
2
in @/t sending each element f € S to its weak derivative.

Proof. First of all, the following diagram

~ /K\: ~
S@2_>_S

v |

S —~8
v

commutes, since for any Fy(z), Fy(z) € S, we have

1d
. ——F1<213)
D<R(F, F) =4 1

57, (1) + B2z - 1)),
) fi2x), 0<zx< %;
) f22-1), f<a<1
=3(f1,f2) =7 - D¥*(F\, »),

where -LFj(z) = f;(z) and i € {1,2}. Moreover, it is obvious that D(id) = <id = 1,
thus D is a morphism in .o7*. O

o
IA
8
IA
N[

N |+
IN
8
IA
—_
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10. APPLICATIONS AND EXAMPLES

10.1. Lebesgue integration. We assume the following assumptions hold in this sub-
section.

Assumption 10.1. Take k =R, (4, =<, |l4) = (R, <, || - ||lz), Br = {1} and n : Bg —

{1} CR=% Then dimR = 1, R is a normed R-algebra with the norm |- ||[g = || : R —
R=% sending each real number r to its absolute value |r|, and any normed R-module
is a normed k-linear space. Take Ig = [0,1], £ = 3, ko(x) = %, ki(z) = £ and

7 =idg : R — R. Then any object (N, v,d) in Aor? is a triple of a normed k-module
N = (N,hn,||-|), an element v € N with ||v]|; and the k-linear map § : N &; N — N,
where the norm || - || satisfies ||rz|| = |7(r)| - ||z|| = |r| - ||z|| for any r € 4 = R and
x e N.

Under the above Assumption, we have the following properties for .for?.

(L1) The normed k-module S, (I4) = S1,([0,1]) (=S for short) is a k-linear space of
all elementary simple functions which are of the form

t
f= Z ki]‘[ﬂ»‘z‘,yi]’

where [z;,y;] N [x;,y;] = @ for any ¢ # j, and for any f(r),g(r) € S, it holds
that

f(2r), 1<r<
g(2r — 1), %<r§ ,

7;(f79)={

by the definition of e, see (3.2).

(L2) &/? is a full subcategory, (S, 11, 7%) is an object in .A40rP, but is not an object
in .«/? because S is not complete.

(L3) Let S be the completion of S, and let % be the map S@; S — S induced by

V1 Then (§, 1[071],/7\%) is an object in @7?.
By Theorem 6.3, we obtain the following result directly.

Corollary 10.2. The triple (§, 1[0,1],/7\%) is an </P-initial object in NorP.

Remark 10.3. It follows from Theorem 6.3 that (§, 1|0, 1],%) is an initial object in
/P, and then Corollary 10.2 holds. In | ], Leinster showed that the initial object
in &7? is (LP(]0,1]), 1[071},7%). Then we obtain LP([0,1]) 2 S since the uniqueness (up
to isomorphism) of initial objects in arbitrary categories.

Consider the triple (R, 1,m) of the normed R-module R, the constant function and
the map

m:R@¢, R =R

sending (z,y) to 1(z 4+ y). Then (R,1,m) is an object in &7”, and there are a family of
R-linear maps (L; : E; — k);ey such that the diagram

73
E; &, B — Eiy

(k0] |

k@, k k

m;
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commutes, where FE; is the set of all step function constants on each (t;,-l, %), L; sends
f =22 kilja,p) to 32 kilb; — ai], and m = limm;. Furthermore, we have the following

result.
Corollary 10.4. There exists a unique morphism

L:(S, 1[0,1],7%) — (R, 1,m)
in Hom 6,1 ((S, 10,17, 7%), (R,1,m)) such that the diagram

(87 1[0,1]77%) (Ra 1,771,)

)

(S> 1[0,1]7;)\%)

commutes, where L is the unique extension of L lying in Homﬁp((/S\, 1[071173%), (R,1,m)).

Furthermore, L is given by the direct limit 1;113[/1- : 11_n>1EZ — k.

Proof. Tt is an immediate consequence of Theorem 7.6. U
The morphism L induces a k-linear map sending f to E( f). Furthermore, if © = py,

is a Lebesgue measure, then Z(f) is Lebesgue integration “(L) /” of f, that is,

f(f)=:(L)/€ Jdu.,

where py, is the Lebesgue measure in this case, see [ , Proposition 2.2].

Next, as an application, we establish the Cauchy-Schwarz inequality for the morphism
T in Aort. We need the following lemma for arbitrary complete finite-dimensional R-
algebra.

Lemma 10.5. If f € S/T(\]IA) is non-negative, then so is T\(f) That is, f > 0 yields

() [ fdu>0.

—

Proof. By S,(I4) = limE,, there is a monotonically increasing sequence {fi hten+ of

non-negative functions with f; = Zf:l kvly, € E,,, such that I; N I;; = @ for any
1 j; tp < to yields uy, < uy, and fy, < fi,; and f = h_n)ift Thus, for any 1 < ¢ < 2™
and ¢t € N*, we have k;>¢, and then the following inequality

2ut

f(ft) =Tu(ft) = Z kip(Ly) > 0

holds. Furthermore, we obtain

T(f) = linT,,(f;) = imT g, (f;) = imT(f;) > 0
as required, where ling (fy) = 1tlier T'(f;) is the usual limit in R in analysis. O
—+o0

Proposition 10.6 (Cauchy-Schwarz inequality). Let f and g be two functions lying in

S.(Ly). Then
wahmwfs(wﬂﬁijwaéfw) (10.1)
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Proof. Indeed, consider the quadratic function
o(t) = T(f*) - +2T(fg) - t + T(g") (t € R).
Notice that 7T is a A-homomorphism, thus it is also an R-linear map. Then
p(t) =T(f* (t1g)* +2fg - (t1g) + ¢°)
=T((f - (t1g) + 9)%).

Notice that (f-(t1g)+g)?, written as h, is also a function defined on I lying in S, (1),
thus for any = € I, we have h(z) = (tf(z) + g(x))*> > 0. Then () > 0 by Lemma
10.5. It follows that the discriminant (27°(fg))? — 4T(f2)T(¢?) of () is at most zero,
that is, (10.1) holds. 0

The above inequality yields the Cauchy-Schwarz inequality

((L) / 1 fgduL)2 < ((L) / 1 f?duL) ((L) / 1 deuL)

for Lebesgue integration if A4or? satisfies the conditions (L1)—(L3) given in Subsection
10.1.

10.2. Series expansions of functions. We provide two examples for Corollaries 8.2
and 8.5 in this subsection.

Example 10.7 (Taylor Series). Assume that /! satisfies Assumption 10.1. Then the

A-homomorphism E/’p; in Corollary 8.2 is

—

Epow : (S7 1a/’77 ) — (]k[l‘]? 1’@“1?[;])

%
Now we show that for any analytic function f(z) € §, we have

_— X1 dkf

. - =4 k
Epow : f(@) = 2l dat

2=0
To do this, let Ay be the set of all analytic functions defined on [0, 1], and define
Au={71(f,9) | (f.9) € AJZ}
for any u € N. Then we have
klz] C Ag C A, C---CS=LY([0,1]).
Let &, be the map from A, to S sending each analytic function f(z) to its Taylor

+o0 k

1d

] d—{ 2% € k[z]. Then & is a k-linear map since for any a,b € 4 = R

Idx

k=0 =0
and f,g € S, the R-linear formula &(a- f+b-g) = a€(f)+b€&y(g) holds. Furthermore,
one can check that &g is a A-homomorphism. For any u € N, any function f in A, can
be seen as two functions f; and fs lying in A,_; such that

—

series

f1(2x), 0<z< %;

f=7 hr-1), l<z<1.

1
2

(f17f2>:{

Thus, we can inductively define

—

¢ Ay = Kkz], f— 3%(05“_1(f1)7 Cu_1(fa)).
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Let A be the direct limit limA,, given by Ag € Ay € ---. The following statements (a)

—_

and (b) show that € := lim€&, : A — k[z], induced by limA,, = A, is a homomorphism
in Aorl.

(a) First of all, it is obvious that (1) = @@u(l) = liml = 1.

(b) Next, for any two functions fi(z), fo(z) in A, the following diagram

7%|A

AP? A

commutes since

€Y1 lalf(2) 9(2))) = {QGSE

o~ —

Thus, the completion A of A induces a A-homomorphism & : A— k[x] which provides
a morphism

—

@ € Hommfl«K? 17/7\%|A>7 (]k[.%], 17/77%|]k[a:]))

in the category 27
On the other hand, since k[z] is dense in S, it follows that A is dense in S by k[z] C A.
Thus, we have an isomorphism 7 : (A, 1,’7\% A) i>(S, 1, /7\%) and an isomorphism

—_

@7]71 : (;&7 173%|A> g; (]k[l’], 17;}7%|]k[33])
in the category /' such that
+oo
— ~ 1 d*f
_ -1 _ _ k
Fpm) = @17l = &) =3 35 7|

holds for any analytic function f by using (/S\, 1,71) to be an initial object of &' (see

Theorem 6.3).

1
2

Example 10.8 (Fourier Series). Assume that /! satisfies Assumption 10.1. Then the
A-homomorphism Fg,, in Corollary 8.5 is

Eron : (S,1,7)) — (Cle**m], 1,77

cpeTamie)):

which sends each function f satisfying the Dirichlet condition to its Fourier series. The
proof of the above statement is similar to that of Example 10.7 by using C[e*?™*] to

be a dense subspace of S. In particular, Ep,, induces an isomorphism in .27

11. CONCLUSIONS

In this paper, we have significantly expanded the theoretical landscape of mathe-
matical analysis by extending the domain of classical Lebesgue integration beyond the
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real numbers and establishing a robust framework for the major branches of analysis—
differentiation, integration, and series—over finite-dimensional k-algebras. By develop-
ing the categories Aor? and /P, we have introduced a structured methodology for
examining norms and integration within an algebraic context. This approach not only
enhances our understanding of these processes but also provides a unified perspective
across various analytical branches.

Our study has not only reinforced existing mathematical theories within a generalized
algebraic setting, but has also paved the way for exploring how these concepts interact
within the realms of category theory. The categorification of key analytical operations
such as differentiation and integration through normed modules and their morphisms in
/P illustrates a significant theoretical advance, bridging various analytical disciplines
through a common categorical framework.

The implications of this work extend beyond the theoretical, suggesting application-
s in fields that benefit from a deep understanding of the algebraic underpinnings of
analysis, such as computational mathematics and theoretical physics. Looking forward,
the exploration of higher-dimensional normed modules within this categorical frame-
work promises to open new research avenues in areas such as quantum field theory and
numerical methods for differential equations.

In summary, our research not only deepens the mathematical understanding of the
interplay between algebra and analysis, but also lays a solid foundation for further ex-
plorations. Future work can extend these methods to more complex algebraic structures
and explore their practical applications in science and engineering, thereby continuing
to bridge the gap between abstract theory and real-world problem-solving.
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