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Abstract. Let o/ be an abelian category, ¥ an additive, full and self-orthogonal sub-
category of &7 closed under direct summands, rG(%) the right Gorenstein subcategory of
o relative to €, and T the left orthogonal class of €. For an object A in &7, we prove that
if A is in the right 1-orthogonal class of 7G(€), then the €-projective and rG(%€)-projective
dimensions of A are identical; if the rG(%)-projective dimension of A is finite, then the
rG(%)-projective and L% projective dimensions of A are identical. We also prove that the
supremum of the ¥-projective dimensions of objects with finite %-projective dimension and
that of the rG(%)-projective dimensions of objects with finite 7G (€ )-projective dimension
coincide. Then we apply these results to the category of modules.
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1 Introduction

In homological theory, homological dimensions are fundamental invariants and every
homological dimension of objects is defined relative to a certain subcategory. For
example, projective and injective dimensions of modules are defined relative to
the categories of projective and injective modules, respectively, and Gorenstein
projective and injective dimensions of modules are defined relative to the categories
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of Gorenstein projective and injective modules, respectively; see, e.g., [6-8, 11-13,
24, 26, 27]. Because projective modules are Gorenstein projective, the Gorenstein
projective dimension of a module is at most its projective dimension. A natural
question is when they are identical. Holm studied this question in [6, 7].

Let o/ be an abelian category and let ¥ be an additive and full subcategory
of &/. As a common generalization of Gorenstein projective and injective modules,
Sather-Wagstaff, Sharif and White [16] introduced the Gorenstein subcategory G(%)
of & relative to ¢. Huang studied in [12] when the €-projective dimension and the
G(€)-projective dimension of an object in &7 are identical. From the definition of the
Gorenstein subcategory G(%), it is known that € should be simultaneously a gener-
ator and a cogenerator for G(%), and both functors Hom (%, —) and Hom, (—, €)
should possess certain exactness. These assumptions seem to be strong to some ex-
tent. In [18], by modifying the definition of Gorenstein subcategories, the so-called
right Gorenstein subcategory rG(%) and left Gorenstein subcategory IG(€) were
introduced such that for a self-orthogonal subcategory % of &7, an object A € & is
in G(¥) if and only if it is in rG(€) NIG(¥). According to the ideas above, we will
study when the €-projective dimension and the rG(%)-projective dimension of an
object in & are identical. Our main result and its dual extend [12, Corollary 3.12
and Theorem 3.14] and their duals [12, Corollary 4.12 and Theorem 4.14], respec-
tively, and the strong assumptions on % are not needed for the one-sided Gorenstein
categories rG(€) and IG(%).

The paper is organized as follows. In Section 2, we give some terminology and
notations. Let &/ be an abelian category, ¥ an additive, full and self-orthogonal
subcategory of &7 closed under direct summands, and ~% the left orthogonal class of
% . In Section 3, for an object A in &/ we prove that if A is in the right 1-orthogonal
class of rG(%€), then the €-projective and rG(%€)-projective dimensions of A are
identical; if the rG(%)-projective dimension of A is finite, then the rG(%)-projective
and 1%-projective dimensions of A are identical (Theorem 3.3). Moreover, we
prove that the supremum of the @-projective dimensions of objects with finite &-
projective dimension and that of the rG(%)-projective dimensions of objects with
finite rG(%)-projective dimension coincide (Theorem 3.10). The dual versions of
these results are also given. In Section 4, we apply the results obtained to the
category of modules. Let R,S be rings and gCyg a semidualizing bimodule. For a
left R-module A, we prove that if either the C-projective dimension of A is finite
or A € rpC* and the injective dimension of A is finite, then the C-projective and
C-Gorenstein projective dimensions of A are identical (Corollary 4.4). It generalizes
[6, Proposition 2.27] and [7, Theorem 2.2]. As a consequence, if R € pgC*! and the
left self-injective dimension of R is finite (in particular, if R is left self-injective),
then the category of C-projective modules is projectively resolving; further, if the
projective dimension of a left R-module A is finite, then the projective, C-projective
and C-Gorenstein projective dimensions of A are identical (Proposition 4.6).

2 Preliminaries

In this paper, &7 is an abelian category and all subcategories of <7 are additive, full
and closed under isomorphisms. Let 2 be a subcategory of o/. We write
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L2 ={Ac | EXtE{I(A,X) =0 for any X € 27},

2t ={Ac o |Ext>'(X,A) =0 for any X € 2},

Ly ={Ac .o |BExt, (A X)=0forany X € 2},

2+ ={Ac o |BExtl,(X,A) =0 forany X € 2°}.
For subcategories 2, % of o7, we write 2 L % if Extf{1 (X,)Y)=0forany X € &
and Y € #; we say that 2 is self-orthogonal if Z" 1 Z .

For an object A € o7, the 2 -projective dimension of A, denoted by 2 -pd A, is
defined as

inf{n | there exists an exact sequence
0=+ X,—= =X, > Xg—A—0in & with all X; in 27},

and we set 2 -pd A infinite if no such integer exists. Dually, the 2 -injective dimen-
sion of A is defined, which is denoted by 2'-id A. For a ring R and a left R-module
A, we use pdp A and idr A to denote the projective and injective dimensions of A,
respectively.

A sequence E in & is said to be Hom (%2, —)-exact (resp., Hom gy (—, Z7)-exact)
if it is exact after we apply the functor Hom (X, —) (resp., Homy(—, X)) for any
X € . Following [16], we write

res X = {A € o | there exists a Hom,y (2", —)-exact exact sequence

Dually, cores X is defined.

Definition 2.1. [16, Definition 4.1] Let & be a subcategory of &7. The Gorenstein
subcategory G(€) of o (relative to €) is defined as

{G € o | there exists a Hom (¢, —)-exact and Hom (—, €)-exact
exact sequence --- — (4 %C’O%C’O SOl ...
in o with all C;,C" in % such that G = Im(Cy — C°)}.

The Gorenstein subcategory unifies the following notions: modules of Goren-
stein dimension zero [1], Gorenstein projective modules, Gorenstein injective mod-
ules [3], V-Gorenstein projective modules, V-Gorenstein injective modules [4], # -
Gorenstein modules [5], and so on; see [11] for details.

Let € be a subcategory of «. Following [11, Lemma 5.7], if € L€, then the
Gorenstein subcategory

G(€) = (Y€ NcoresE )N (EF NresE ).
Motivated by this fact, we introduced the following definition in [18].

Definition 2.2. rG(%) := ¢ Ncores€ (resp., IG(€) := €+ NresE ) is called the
right (resp., left) Gorenstein subcategory of &7 (relative to €).
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By the explanation above and this definition, we observe that if ¥ 1%, then we
have G(€) =rG(€)NIG(¥).

3 Main results

In this section, we fix € a self-orthogonal subcategory of o/ closed under direct
summands. We begin with the following easy observation.

Lemma 3.1. We have rG(%) L €-pd<>°, where €-pd < is the subcategory of &/
consisting of objects having finite % -projective dimension.

Proposition 3.2. Let A € & with rG(¢)-pd A < co. Then the following state-
ments are equivalent for any n > 0:

(1) rG(€)-pd A < n.

(2) ExtZ'"t(A,C) =0 for any C € €.

(3) Ext™f (A, H) =0 for any H € o/ with €-pd H < oo.

(4) Extf{"“(A, H) =0 for any H € of with €-pd H < cc.

Proof. The implications (4)=(2) and (4)=(3) are trivial, and the implications
(1)=(2)=(4) follow from dimension shifting.

(3)=(1) Let rG(%)-pd A = m (< o). By [18, Theorem 3.11], there exists an
exact sequence

0—Cp,—Cpn1——C —Gy— A—0

in & with all C; € € and Gy € rG(%). We need to prove m < n. Otherwise,
suppose m > n. Set H, 1 = Im(Cp41 — Cp), H,, = Coker(Cy,11 — Cy,) (note that
Co = Gp). Then €-pd Hpp 1 <m—n—1 < oco. Since € is self-orthogonal, we have
¢ CrG(€¢) C tHy,y1 by Lemma 3.1. So Exty, (H,, Hyy1) = Ext™ M (A, Hyp1) =0
by (3). Hence, the exact sequence

0—Hpy1 —C, — H, —0

splits. Thus H,, is isomorphic to a direct summand of C,,, and therefore H,, € rG(%€)
by [18, Proposition 3.3(1)]. It implies rG(%€)-pd A < n, which is a contradiction. [J

Because ¥ C rG(¥) C L€, we have ~¢-pd A < rG(€)-pd A < €-pd A for any
A € o/. Tt is natural to ask when these two inequalities are equalities. The following
result gives some partial answer to this question, which extends [12, Corollary 3.12
and Theorem 3.14]. It provides some relatively simple methods for computing the
rG(%)-projective dimension of objects under certain conditions.

Theorem 3.3. For an object A € 7, the following statements hold:
(1) If A € rG(€)*, then rG(%€)-pd A = €-pd A.
(2) If rG(€)-pd A < oo, then rG(€)-pd A = 1€-pd A.

Proof. (1) Notice that rG(%¢)-pdA < €-pd A, so the case rG(€)-pdA =
clearly implies the equality -pd A = rG(%¢)-pd A. Now let A € rG(%)** and
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rG(€)pd A = n (< o0). By [18, Theorem 3.10], there exists an exact sequence
0—>H—>G—A—0in & with -pdH <n—1and G € rG(¥¢). By Lemma
3.1, we have H € rG(%)*. Then G € rG(€)11. Because G € rG(€), there exists
an exact sequence 0 - G - C - G’ — 0 in & with C € ¥ and G’ € rG(%).
This exact sequence splits since G € 7G(%)**, and so G is isomorphic to a direct
summand of C. Because % is closed under direct summands, we have G € % and
€-pd A <n.

(2) Notice that *%-pd A < rG(%€)-pd A4, so the case +%€-pd A = oo clearly
implies the equality rG(%)-pd A = +%-pd A. Let *%-pd A = n (< o). Then there
exists an exact sequence

0—X,— - —X1—Xo—A4A—0

in o with all X; in +¢. So EXtiﬂJrl(A,C) = 0 for any C € . It follows from
Proposition 3.2 that rG(%)-pd A < n. O

Dual to Theorem 3.3, we have the following result, which extends [12, Corollary
4.12 and Theorem 4.14].

Theorem 3.4. For an object B € &/, the following statements hold:
(1) If B € 11IG(%), then IG(%)-id B = €-id B.
(2) IfIG(%)-id B < oo, then IG(%)-id B = ¢*-id B.

In the following, we give an application of Theorem 3.3. Before proceeding, we
note the lemma below.

Lemma 3.5.
(1) 7G(%€)* is closed under extensions and cokernels of monomorphisms.
(2) Let0 — A — M — N — 0 be an exact sequence in ./ with M, N in rG(€)*.
If A €+, then A € rG(%)* .

Proof. (1) Obvious.

(2) Let G € rG(€¢). Then Extff(G,A) = 0. Because G € rG(¥), there exists
an exact sequence 0 - G - C - G’ — 0in & with C € ¥ and G’ € rG(%).
Then Extff(G',A) = 0 by the above argument. If A € ¢!, then we have a
monomorphism Ext!, (G, A) — Ext%,(G’, A) (= 0). Therefore, Ext!, (G, A) = 0
and A € rG(%€)*. O

Now we give the following consequence of Theorem 3.3.

Corollary 3.6. For an object A € <, if one of the following conditions is satisfied,
then rG(%¢)-pd A = €-pd A:

(1) €-pd A < 0.

(2) A€ €+ andid A < c0.

Proof. If €-pd A < oo, then A € rG(%)* by Proposition 3.2. On the other hand,
note that ¢ U {all injectives in &7} C rG(%)*. So, if A € €+ and id A < oo, then
A € rG(€)* by Lemma 3.5 and dimension shifting. Thus, €-pd A = rG(%)-pd A
in both cases by Theorem 3.3(1). O
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Dually, we have the following consequence of Theorem 3.4.

Corollary 3.7. For an object B € o7, if one of the following conditions is satisfied,
then IG(%)-id B = €-id B:

(1) ¥-id B < .

(2) B€ 1% and pd B < oo.

Let R be a ring and M a left R-module. We use Prod M to denote the class
consisting of all left R-modules isomorphic to direct summands of direct products
of copies of M.

Example 3.8. (1) For an object A € 1rG(%¥), we have €-pd A > rG(€¢)-pd A in
general. For example, let R be a ring which is not left self-injective and let
0 R BB SRS S Ew) LS

be a minimal injective resolution of gR, that is, it is an exact sequence and E*(R)
is the injective envelope of Im f? for any i > 0. Put € = Prod( [Li>o EZ(R)) Then
%1% and rR € 17G(%). Since R is not left self-injective, we see that gpR ¢ € and
%-pd R > 0. On the other hand, it is clear that rR € rG(%) and rG(%)-pd R = 0.

(2) For an object A € o, whether pd A, the projective dimension of A, is finite
or infinite, we may have pd A # ¥-pd A and pd A # rG(%)-pd A in general. For
example, let R be a left and right Artinian ring with idger R = n, where n is a
positive integer or infinity, and let A be an injective cogenerator for the category of
left R-modules. Put ¥ = Prod A. Then 1% and ¢-pd A = rG(%)-pd A = 0. But
pdr A =n by [10, Lemma 17.2.4(1)].

We need the following lemma.

Lemma 3.9. Let 0 - A — B — G — 0 be an exact sequence in . If G € rG(€),
then rG(€)-pd A < rG(%)-pd B.

Proof. Let rG(%¢)-pd B = n (< 00). Then we see that there exists an exact sequence
0— K — Gy— B—0in & with Gy € rG(¥) and rG(€)-pd K < n — 1. Consider
the following pull-back diagram:

i
I
=

— >Gy— >=G-->0
I

I
I
B G 0

o
\
\i
o<-—-h=< —OQ<44N< —o
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By [18, Proposition 3.3(2)] and by the middle row in this diagram, we can obtain
G|, € rG(¥). Therefore, the exactness of the leftmost column in the above diagram
yields rG(€)-pd A < n. O

We write

&-FPD = sup{¢-pd A | A € & with €-pd A < oo},
€-FrGPD = sup{rG(%)-pd A | A € o with rG(€)-pd A < 0}.
The following result unifies some known results about absolute and Gorenstein big
(resp., small) finitistic dimensions (see Proposition 4.7).
Theorem 3.10. ¥-FPD = ¢-FrGPD.
Proof. By Corollary 3.6(1), we have ¥-FPD < ¥-FrGPD. Let A € & with
rG(%)-pd A = n < co. By [18, Theorem 3.10], there exists an exact sequence
0—A—H —G —0
in o with G' € rG(€) and €-pd H < n. If €-pd H < n — 1, then
rG(¢)-pd A <rG(%¢)-pdH <6-pdH <n-—1

by Lemma 3.9, which is a contradiction. So ¥-pd H' = n and ¥-FPD > n, which
implies ¥-FrGPD < ¥-FPD. O

Now we write

%-FID = sup{%-id B | B € &/ with ¢-id B < o},
%-FIGID = sup{IG(€)-id B | B € o with IG(%)-id B < oo}.

The following result is the dual version of Theorem 3.10.

Theorem 3.11. ¢-FID = ¢-FI1GID.

4 Applications to Module Categories

In all that follows all rings are associative rings with identity. For a ring R, Mod R
is the category of left R-modules and mod R is the category of finitely generated
left R-modules.

Definition 4.1. [9, Definition 2.1] Let R and S be rings. An (R, S)-bimodule zrCyg

is called semidualizing if the following conditions are satisfied:

(al) rC admits a degreewise finite R-projective resolution; that is, there exists an
exact sequence --- — Py — Py — rC — 0 in mod R with all P; projective.

(a2) Cs admits a degreewise finite S°P-projective resolution; that is, there exists an
exact sequence - -+ — Q1 — Qg — Cs — 0 in mod S°P with all Q); projective.

(b1) The homothety map rRzr — Homger (C,C) is an isomorphism.

(b2) The homothety map Sg LN Homp(C, C) is an isomorphism.
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(c1) Extz'(C,C) = 0.
(c2) Extgolp (c,C)=0o.

Wakamatsu [20] introduced and studied the so-called generalized tilting modules,
which are usually called Wakamatsu tilting modules; see [2, Chapter IV, Section 3]
and [14, Section 2]. Note that an (R, S)-bimodule zCy is semidualizing if and only
it rC (resp., Cg) is Wakamatsu tilting with S = End(gC) (resp., R = End(Cs)),
and if and only if both rC and Cgs are Wakamatsu tilting with S = End(rC') and
R = End(Cgs) (see [22, Corollary 3.2]). For examples of semidualizing bimodules,
we refer the reader to [9, Example 2.1] and [21, Section 3]. In particular, gRp is a
semidualizing (R, R)-bimodule.

From now on, R, S are arbitrary rings and we fix a semidualizing bimodule zC'.
By Addg C we denote the subcategory of Mod R consisting of direct summands of
direct sums of copies of C, and write

Pc(R) = {C ®g P | P is projective in Mod S},
Zc(S) = {Hompg(C,I) | I is injective in Mod R}.

The modules in P (R) and Zo(S) are called C-projective and C-injective, respec-
tively. When rCs = rRpg, C-projective and C-injective modules are exactly pro-
jective and injective modules, respectively.

Definition 4.2. [8, Definition 2.7], [13, Definition 2.5] A module M € Mod R is
called C-Gorenstein projective if M € +Pc(R) and there exists a Hompg(—, Pc(R))-
exact exact sequence

0—M-—G -G —... -G — .

in Mod R with all G* in Pc(R). Dually, the notion of C-Gorenstein injective mod-
ules in Mod S is defined.

We use GPc(R) (resp., GZ¢(S)) to denote the subcategory of Mod R (resp.,
Mod S) consisting of C-Gorenstein projective (resp., injective) modules. When
rCs = rRp, C-Gorenstein projective and injective modules are exactly Gorenstein
projective and injective modules, respectively.

e C-Gorenstein projective dimension. We have the following facts:
(i) Pe(R) = Addg C [13, Proposition 2.4(1)];
(ii) GPc(R) =rG(Pc(R)) [17, Lemma 4.7(1)];
(iii) Pe(R) LPc(R) [19, Lemma 2.5(1)].
So, putting ¥ = Pc(R) (= Addg C) in Theorem 3.3, we have the following.

Corollary 4.3. For a module A € Mod R, we have the following statements:
(1) If A € GPc(R)*, then GPc(R)-pdpA = Po(R)-pdiA.
(2) If GPc(R)-pdgrA < oo, then GPc(R)-pdpA = +Pc(R)-pdpA.
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Since Pc(R) = Addg C, we have Po(R): = rC* by [15, Proposition 7.21]. So,
putting € = Pc(R) (= Addgr C) in Corollary 3.6, we have the next result.

Corollary 4.4. For a module A € Mod R, if one of the following conditions is
satisfied, then GPc(R)-pdpA = Po(R)-pdpA:

(1) Pe(R)-pdrA < oco.

(2) A€ grCt and idgr A < oo.

Putting pCs = gRr in Corollary 4.4, we obtain the following corollary.

Corollary 4.5. [6, Proposition 2.27], [7, Theorem 2.2] For a module A € Mod R,
if one of the following conditions is satisfied, then GPr(R)-pdgA = pdg A:

(1) pdg A < .

(2) idr A < cc.

Recall from [6] that a subcategory of Mod R is called projectively resolving if it
contains Pr(R) and is closed under extensions and kernels of epimorphisms. Holm
and White stated in [9, Corollary 6.4] that Pc(R) is projectively resolving if rCg is
faithful. But it is not true and the problem is that Pc(R) does not contain Pr(R) in
general (see [9, Example 4.7(1)]). The first assertion in the following result gives a
sufficient condition for Pc(R) to be projectively resolving. We compare the second
assertion with Example 3.8(2).

Proposition 4.6. If R € ROt and idg R < oo (in particular, if R is left self-
injective), then we have the following:
(1) Pc(R) is projectively resolving.
(2) For any module A € Mod R with pdp A < oo, we have
GPc(R)-pdrA = Pc(R)-pdrA = pdg A.

Proof. (1) By [13, Corollary 2.10] we have Pr(R) C GP¢(R). Since idg R < oo, we
have Pc(R)-pdpR = GPc(R)-pdgR = 0 by Corollary 4.4(2). So R € Pc(R), and
hence Pr(R) C Pc(R). By [9, Proposition 5.2(b)] and the proof of [9, Corollary
6.4], Pc(R) is closed under extensions and kernels of epimorphisms. Thus, we
conclude that Pc(R) is projectively resolving.

(2) By (1) and [19, Proposition 4.8]. O

We define

C-FPD(R) = sup{Pc(R)-pdpA | A € Mod R with Pc(R)-pdpA < oo},
C-FGPD(R) = sup{GPc(R)-pdrA | A € Mod R with GPc(R)-pdpA < oo}.

When pCs = grRg, we write FPD(R) = C-FPD(R) and FGPD(R) = C-FGPD(R).
In addition, we write

fPD(R) = sup{pdp A | A € mod R with pdp A < oo}.

If R is a left noetherian ring, then by [25, Proposition 1.4] we have
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GPr(R) Nmod R
= {G € mod R | there exists an exact sequence 0 — P; — Py — P° — Pl — ...
in mod R with all P;, P? projective such that it remains exact after we apply
the functor Hompg(—, P) for any projective module P in mod R and
G = Im(Py — P°)}.

In this case, this category is still denoted by GPr(R), and we write
fGPD(R) = sup{GPr(R)-pdrA | A € mod R with GPr(R)-pdrA < co}.

In the following result, the assertion (2) is [6, Theorem 2.28], and the assertion
(3) was proved in [23, Lemma 4.4] when R is an artin algebra.

Proposition 4.7.
(1) C-FPD(R) = C-FGPD(R).
(2) FPD(R) = FGPD(R).
(3) If R is a left noetherian ring, then fPD(R) = f{GPD(R).

Proof. If we put ¥ = Addg C and &/ = Mod R in Theorem 3.10, then the assertion
(1) follows. The assertion (2) is the special case of (1) for RkCs = gRpg. If we put
¢ = {finitely generated projective left R-modules} and & = mod R in Theorem
3.10, then the assertion (3) follows. O

e C-Gorenstein injective dimension. The results in this part and their proofs
are completely dual to those for C-Gorenstein projective dimension above, so we
only list the results without proofs. We fix an injective cogenerator rE for Mod R
and write (—)T = Hompg(—, E). Then we have the following facts:

(i) Zc(S) = Prodg C* [13, Proposition 2.4(2)];

(ii) GZ¢(S) =1G(Zc(S)) [17, Lemma 4.7(1)];

(iii) Zc(S) LZe(S) [19, Lemma 2.5(2)].
So, putting ¥ = Z¢(S) (= Prodg CT) in Theorem 3.4, we have the following.

Corollary 4.8. For a module B € Mod S, the following statements hold:
(1) If B € 11GZ(S), then GZo(S)-idsB = I (S)-idsB.
(2) If gIc(S)-idsB < 00, then gzc(S)—idsB = Ic(S)l—idsB.

Now we define Cd = {B € Mod S | Tor*;l(C’, B) = 0}.

Observation. +Zc(S) =+(CT)=Cd.
Indeed, since Z¢(S) = Prodg C*, we have +Z¢(S) = +(C*) by [15, Proposition
7.22]. By [15, Corollary 10.63], we have the natural isomorphism
Ext%(B,C) = [Tor? (C, B)|*
for any B € Mod S and i > 1. Tt follows that Exty(B,CT) = 0 if and only if
[Tor? (C, B)]* = 0 if and only if Tory (C, B) = 0 since gE is an injective cogenerator
for Mod R. Thus, we have +(C*) = CJ{.

Putting ¢ = Z¢(S) (= Prods CT) in Corollary 3.7, we have the following.
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Corollary 4.9. For a module B € Mod S, if one of the following conditions is
satisfied, then GZ¢(S)-idsB = Z¢(S)-idgB:

(1) Ic(S)—idsB < 00.

(2) BeCJ and pdg B < oo.

Putting gpCs = gSg in Corollary 4.9, we get the next result, in which the
assertion (2) is [7, Theorem 2.1].

Corollary 4.10. For a module B € Mod S, if one of the following conditions is
satisfied, then GZs(S)-idgB = idg B:

(1) idg B < o0.

(2) pdg B < .

Recall from [6] that a subcategory of Mod S is called injectively coresolving if it
contains Zg(S) and is closed under extensions and cokernels of monomorphisms.

Proposition 4.11. If Q € CJ and pdg Q < oo for an injective cogenerator Q for
Mod S, then the following statements hold:
(1) Zc(S) is injectively coresolving.
(2) GZ¢(S)-idsB = Z¢(S)-idgB = idg B for every module B € Mod S with
idg B < o0.

We set

C-FID(S) = sup{Z¢(S)-idsB | B € Mod S with Z¢(S)-idsB < oo},
C-FGID(S) = sup{GZc(S)-idsB | B € Mod S with GZ¢(S)-idsB < 00}

When rCs = sSg, we write FID(S) = C-FID(S) and FGID(S) = C-FGID(S).
The assertion (2) in the following result is [6, Theorem 2.29].

Proposition 4.12. (1) C-FID(S) = C-FGID(S) and (2) FID(S) = FGID(S).
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