COLLOQUIUM MATHEMATICUM

VOL. 156 2019 NO. 1

HOMOLOGICAL INVARIANTS RELATED TO
SEMIDUALIZING BIMODULES

BY

XI TANG (Guilin) and ZHAOYONG HUANG (Nanjing)

Abstract. Let R and S be rings and rCs a semidualizing bimodule. We show that
the supremum of the C-projective dimensions of C-flat left R-modules is less than or equal
to that for left R-modules with finite C-projective dimension, and the latter is less than or
equal to the supremum of the C-injective dimensions of projective (or flat) left S-modules.
We also show that the supremum of the C-projective dimensions of injective left R-modules
and that of the C-injective dimensions of projective left S-modules are identical provided
that both of them are finite. Finally, we show that the supremum of the C-projective
dimensions of C-flat left R-modules (a relative homological invariant) and that of the
projective dimensions of flat left S-modules (an absolute homological invariant) coincide.

1. Introduction. The study of semidualizing modules in commutative
rings was initiated by Foxby [10] and Golod [12]. Then Holm and White [16]
extended it to arbitrary associative rings. Many authors have studied the
properties of semidualizing modules and related modules; see for example
[10], [12], [I5]-[16], [25], [28], [32]-[40] and the references therein. Among
various research areas, one basic theme is to extend the “absolute” classi-
cal results in homological algebra to the “relative” setting with respect to
semidualizing modules. One of the motivations of this paper comes from a
classical result due to Jensen [23, Proposition 6], which states that any flat
left R-module has finite projective dimension over a ring R with finite left
finitistic dimension. Simson [29, Theorem 2.7] extended this result to skele-
tally small additive categories. Another motivation comes from Emmanouil
and Talelli’s work [7], in which the relations between the supremum of the
projective lengths of injective left R-modules, the supremum of the injective
lengths of projective left R-modules, the finitistic dimension and the left
self-injective dimension of a ring R were established. We are interested in
whether these results have relative counterparts with respect to semidualiz-
ing modules. The paper is organized as follows.
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In Section 2, we give some terminology and some preliminary results.

Let R and S be rings and pCyg a semidualizing bimodule. In Section 3,
we show that the supremum of the C-projective dimensions of C-flat left
R-modules is less than or equal to that for left R-modules with finite C-
projective dimension, and the latter is less than or equal to the supre-
mum of the C-injective dimensions of projective (or flat) left S-modules.
The former part of this result is a C-version of Jensen’s result mentioned
above.

In Section 4, we show that the supremum of the C-projective dimensions
of injective left R-modules and the supremum of the C-injective dimensions
of projective left S-modules are identical provided that both are finite. If S
is a right coherent ring, then any C-Gorenstein projective left R-module is
C-Gorenstein flat provided that the supremum of the C-projective dimensions
of C-flat left R-modules is finite. At the end of this section, we give a negative
answer to the following open question posed by White [40]: for a commutative
ring R, if M is a left R-module with finite projective dimension, must the
projective and C-Gorenstein projective dimensions of M be identical?

In Section 5, we prove that if R is a left noetherian ring, then the direct
sum of the first n + 1 terms in a minimal injective resolution of rC is a
Y -embedding cogenerator for the category of modules with C-projective
dimension at most n; and if the supremum of the C-projective dimensions of
C-flat left R-modules is at most m, then the direct sum of the first m+n-+1
terms in a minimal injective resolution of rC is a Y-embedding cogenerator
for the category of modules with C-flat dimension at most n. Finally, we
show that the supremum of the C-projective dimensions of C-flat left R-
modules (arelative homological invariant) and the supremum of the projective
dimensions of flat left S-modules (an absolute homological invariant) coincide.

2. Preliminaries. Throughout this paper, all rings are associative rings
with unit. Let R be a ring. We use Mod R (resp. Mod R°P) to denote the
category of left (resp. right) R-modules, and use modR (resp. mod R°P) to
denote the category of finitely presented left (resp. right) R-modules. Let
M € ModR. We write Addr M (resp. addg M) for the subcategory of
Mod R cousisting of all direct summands of direct sums (resp. finite direct
sums) of copies of M. We use

0 o !
0—>M—=>I"(M) —I(M)—---
to denote a minimal injective resolution of M.
Let X be a full subcategory of Mod R. We write

X1 = {M € Mod R | Ext3' (X, M) = 0},
LX .= {M € Mod R | Ext3' (M, X) = 0}.
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A sequence
M:=---—> M - My — M3 — ---

in ModR is called Hompg(X,—)-eract (resp. Homp(—, X)-exact) if
Homp(X,M) (resp. Homg(M, X)) is exact for any X € X. An exact se-
quence

= X1 2 Xg—>M—=0

(of finite or infinite length) in Mod R is called an X -resolution of M if all X;
are in X. The X -projective dimension X-pdp M of M is defined as inf{n |
there exists an X'-resolution

0—-X, = =X1=+Xo—>M—=>0

of M in Mod R}. Dually, the notions of an X'-coresolution and the X -in-
jective dimension X-idr M are defined. In particular, we use pdp M, fdp M
and idg M to denote the projective, flat and injective dimensions of M
respectively.

We first give the following

LEMMA 2.1. Let X and C be full subcategories of Mod R with C additive.
(1) If X UC C C* and C-pdr X < m (< o) for any X € X, then for a
module M € Mod R with X-pdr M < n (< o0), we have C-pdp M <
m+n.
(2) If X UC C *C and C-idg X < m (< o0) for any X € X, then for a
module M € Mod R with X-idg M < n (< o0), we have C-idg M <

m+n.
Proof. (1) Let M € Mod R with X-pdr M < n and let
(2.1) 0o—-X,—w X1 —-Xo—-M-—=0

be an exact sequence in Mod R with all X; in X. Because X C ct by
assumption, the exact sequence (2.1) is Homp(C, —)-exact. Since C-pdp X
< m and C C C' by assumption, for any 0 < i < n we have a Homg(C, —)-
exact exact sequence

05C" = ... 5CH=CY =X, -0
in Mod R with all Cij in C. By [I7, Corollary 3.7], we get an exact sequence
0—-Chngn—>--—Cr—>Co—>M—0

in Mod R with all C; being direct sums of some modules in {C’f 8%3;" .

Because C is additive, all C; are in C and C-pdr M < m + n.
(2) This is dual to (1). m

DEFINITION 2.2 ([I6]). Let R and S be rings.
(1) An R-S-bimodule rCy is called semidualizing if:

(al) rC admits a degreewise finite R-projective resolution.
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(a2) Cs admits a degreewise finite S-projective resolution.

(b1) The homothety map rRgr =% Homgop(C, C) is an isomorphism.

(b2) The homothety map S5 — Homp(C, C) is an isomorphism.

(cl) EXt%l(C, C) =0, that is, rC is self-orthogonal.

(c2) Ext%olp (C,C) =0, that is, Cg is self-orthogonal.

(2) A semidualizing bimodule rCys is called faithful if:

(f1) M € Mod R and Hompg(C, M) = 0 imply M = 0.

(f2) N € Mod S°P and Homgep (C, N) = 0 imply N = 0.

Typical examples of semidualizing bimodules include the free module
of rank one, dualizing modules over a Cohen—Macaulay local ring and the
ordinary Matlis dual bimodule 4D(A) 4 of 1A, over an artin algebra A. Over
a commutative ring, all semidualizing modules are faithful [16, Proposi-
tion 3.1].

From now on, R and S are arbitrary rings and we fix a semidualizing
bimodule rCg. For convenience, we write (—), := Hom(C, —), and

rC* = {M € Mod R | Ext'Z!(C, M) = 0},
Cs' :={N eModS | ToerI(C', N) = 0}.
Following [16], set

Fo(R) :={C ®g F | F is flat in Mod S},
Pc(R) :={C ®g P | P is projective in Mod S},
Zc(S) := {L. | I is injective in Mod R}.

The modules in Fo(R), Po(R) and Z¢(S) are called C-flat, C-projective and
C-injective respectively. Symmetrically, the classes of F(S°P), Po(S°P) and
Zc(RP) are defined. Set (—)* := Homgz(—,Q/Z). We have the following

LEMMA 2.3.

(1) If M € Fo(R), then M € Zo(R°P).
(2) If S is a right coherent ring and N € Zc:(R°P), then Nt € Fo(R).

Proof. (1) This follows directly from the adjoint isomorphism theorem.
(2) Let S be a right coherent ring and N € Zo(R°P). Then there exists
an injective module I in Mod S°P such that N = I,. By [11, Lemma 2.16(c)],
CosIm=LT(=N").
By [9, Theorem 2.2], I'™ € Mod S is flat. So NT (2 C®gIt) € Fo(R). »
Let M € Mod R and N € Mod S. Then we have two canonical valuation

homomorphisms:
0 M : C Kg M, —- M
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defined by 0ps(c® f) = f(c) for any ¢ € C and f € M,, and
MNN—>(0®SN)*
defined by pun(z)(c) =c® z for any x € N and c € C.
DEFINITION 2.4 ([16]).
(1) The Auslander class Ac(S) with respect to C consists of all left S-
modules N satisfying the following conditions:
(A1) NeCs'.
(A2) C ®g N € pC+.
(A3) puy is an isomorphism in Mod S.
(2) The Bass class Bc(R) with respect to C' consists of all left R-modules
M satisfying the following conditions:
(B1) M € grC+.
(B2) M, € Cs'.
(B3) 6)s is an isomorphism in Mod R.
For a subcategory X of Mod R and n > 0, we write
X-pd="(R) := {M € Mod R | X-pdg M < n},
X-pd<>®(R) := {M € Mod R | X-pdp M < c}.
We use Z(R) to denote the subcategory of Mod R consisting of all injec-
tive modules. The following two lemmas will be used frequently.
LEMMA 2.5.
(1) Z(R) U Fo(R)-pd=>(R) C Be(R) C gC* = Pc(R)*.
(2) Zo(RP) € +Zc(R) and Zo(S) € +Zc(S).
Proof. (1) By [16, Lemma 4.1 and Corollary 6.1] and [35, Theorem 3.9],
I(R) U Fo(R)-pd~*(R) C Bc(R) C rC™.

It is well known that Ext (D, Ai, M) = [[;c; Ext’r(Ai, M) for any family
{A;}ier of modules, M € Mod R and n > 1. Because Po(R) = Addg C by
[36, Proposition 3.4(2)], it is easy to get Pc(R)* = rC*.
(2) This follows from [16l Lemma 4.1 and Theorem 6.4(b)]. m
The following result is used frequently below.
LEMMA 2.6 ([35, Theorem 3.9] and [36, Theorem 3.5]).
(1) fdg M, < Fo(R)-pdp M for any M € Mod R, with equality holding if
M € Bc(R).
(2) pdg My < Pc(R)-pdp M for any M € Mod R, with equality holding if
M € Bc(R>.
(3) idpC®s N < Zc(S)-idg N for any N € Mod S, with equality holding if
N € Ac(9).
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The following notions were introduced by Holm and Jggensen [15] for
commutative rings. We give their non-commutative versions.

DEFINITION 2.7. Let M be in Mod R.
(1) M is called C-Gorenstein projective if:
(i) Extz'(M,G) =0 for any G € Pc(R).
(ii) There exists a Homp(—, Pc(R))-exact exact sequence
G=0-M-G" -Gt - ...
in Mod R with all G* in Pc(R).
(2) M is called C-Gorenstein flat if:
(i) Torf (E,M) =0 for any E € Zc(RP).
(ii) There exists an exact sequence
Q=0->M—->Q"—=Q" —
in Mod R with all @ in Fo(R) such that F ®g Q is exact for any
E € To(R%).

We use GPc(R) to denote the subcategory of Mod R consisting of all C-
Gorenstein projective modules. If we put rRCs = grRg, then C-Gorenstein
projective modules and C-Gorenstein flat modules are the classical Goren-
stein projective modules and Gorenstein flat modules respectively [4] 5] 8, [14].

LEMMA 2.8. For a module M € Mod R, if Pc(R)-pdg M < oo, then
Pc(R)-pdg M = GPc(R)-pdg M.

Proof. The case of commutative rings has been proved in [40), Proposition
2.16]. The argument there is also valid in our setting. =

3. The C-version of a result of Jensen. In this section, we investi-
gate the relationships between some homological invariants related to rCls.
We first define the finitistic C-projective dimension FPo-dim R of R as

FPce-dim R := sup{Pc(R)-pdp M | M € Mod R with Pc(R)-pdr M < oo},
and the finitistic C-Gorenstein projective dimension FGPo-dim R as
FGPc-dim R

:=sup{GPc(R)-pdr M | M € Mod R with GP¢(R)-pdr M < oo}.

We write the supremum of the C-projective dimensions of C-flat left
R-modules as

spclfc R := sup{Pc(R)-pdr M | M € Fc(R)}.

The following result is a C-version of [23, Proposition 6]. It plays a key role
in what follows.

ProposiTiON 3.1. spclfc R < FPo-dim R.



SEMIDUALIZING BIMODULES 141

Proof. The proof is modified from [23, Proposition 6]. Let FPo-dim R
< ooand M € Fo(R). Then M = C®g F for some flat module F' in Mod S.
Now take an exact sequence

(3.1) 0—+B—>F—F—=0

in Mod S with Fj free and B flat. Assume that B is generated by R elements,
where N is a finite or an infinite cardinal number. We claim that pdg B <
FPc-dim R.

We proceed by transfinite induction on R. If R < Ry, then there exists a
pure exact sequence

0—+B—F —-F/B—0

in Mod S such that F’ is a free submodule of Fy and F’ is generated
by at most Ny elements. Hence F’'/B is a countably related flat module
by [22]. Now it follows from [2I, Lemma 2] (see also [27, Lemma 1.2]) that
pdg F’/B < 1. So B is projective and pdg B < FPc-dim R. Next from the
proof of [23] Proposition 6], we know that there exists a transfinite sequence
(Cp)p<g2 of pure submodules Cg such that B = J,_, Cg with Cg, C Cp, for
B1 < B2, and each Cj is generated by less than N elements. Then by the in-
duction hypothesis, we have pdg C3z < FPc-dim R. So pdg B < FPc-dim R
by [2, Proposition 3]. The claim is proved.

By the claim and the exact sequence (3.1), we have pdg F' < co. Notice
that F' € Ag(C) by [16, Lemma 4.1], so pp : F' — (C ®g F), is an isomor-
phism, and hence Pc(R)-pdp M = Pc(R)-pdr(C ®g5F) = pdg(C®g F), =
pdg F' < 0o by Lemma 2.6(2). It follows that Po(R)-pdr M < FPc-dim R.

For a subcategory X of Mod R, following [36] we write
idp X :=sup{ildp X | X € X'}.
The following result improves [36, Proposition 3.6].
COROLLARY 3.2.
sup{Pc(R)-pdp M | M € Mod R with Fc(R)-pdr M < oo}
< FPc-dim R < idg Pc(R).

Proof. If FPo-dim R < oo, then spclfc R < FPe-dim R by Proposition
3.1. It follows from Lemmas 2.5 and 2.1(1) that Po(R)-pdr M < oo for any
M € Mod R with Fo(R)-pdp M < oo. Thus the first inequality follows.

Let M € Mod R with Po(R)-pdr M =n (< 00) and

0—-Cp,—--—=C —=-Cop—M—=0

be an exact sequence in Mod R with all C; in Po(R) (= Addg C by [36,
Proposition 3.4(2)]). Then Ext% (M, Cy) # 0 and idr Cy, > n. So idr Pco(R)
> n and the second inequality follows. =



142 X. TANG AND Z. Y. HUANG

Motivated by [7, Section 2|, we write the supremum of the C-injective
dimensions of projective left S-modules as

siclp S := sup{Z¢(S)-idg P | P € Mod S is projective},

and write the supremum of the C-injective dimensions of flat left S-modules
as
siclf S := sup{Z¢(S)-ids F' | F € Mod S is flat}.

In the special case of those commutative noetherian rings S with siclp .S
< n, it was proved in [33, Theorem 2.6] that these are precisely the rings
over which every finitely generated module can be embedded into a module
with C-projective dimension at most n.

THEOREM 3.3.

(1) spclfc R < FGPc-dim R = FPo-dim R < idg Po(R) = siclp S = siclf S.
(2) If R is a left noetherian ring, then FPo-dim R < idg C =siclp S.

Proof. (1) By Proposition 3.1, Lemma 2.8 and Corollary 3.2, we have
spclfc R < FPo-dim R < FGPo-dim R < idg Po(R).

Now suppose that FPo-dimR = n (< oo) and M € Mod R satisfies
GPc(R)-pdr M < co. By [25, Corollary 3.4], there exists M’ € Mod R such
that Po(R)-pdr M' = GPc(R)-pdr M. So GPc(R)-pdr M < n. It follows
that FGPo-dim R < FPo-dim R. The first equality follows.

Assume that siclp S = n (< o0) and M (= C ®g P) € Pc(R) with P
projective in Mod S. Then there exists an exact sequence

(3.2) 0-P—=I1% =1 - 1" =0

in Mod S with all I* injective in Mod R. By Lemma 2.5(1), all I* are in

Bo(R). So I'y, € Cs ' and C ®g I', = I' for any 0 < i < n. Then applying

the functor C' ®g — to (3.2) yields the exact sequence

0M—-1"=I'— ... 51" =0

in Mod R. It follows that idg M < n and idg Pc(R) < siclp S. By using a

dual argument, we get siclp S < idr Po(R). The second equality follows.
Obviously siclp S < siclf S. Now let siclpS = n (< oo0) and suppose

F € Mod S is flat. Then FPo-dim R < n and Po(R)-pd(C ®s F) < oo by
the above argument. Let
0->Cp—--—C —-Ch—>CRsF—0

be an exact sequence in Mod R with all C; in P¢(R). By Lemma 2.6(3), we
have idp C; < siclpS < n. Thus idr(C ®g F) < n. Note that F' € Ac(R)
by [16, Lemma 4.1]. Then Z¢(S)-idg F' < n by Lemma 2.6(3) again. This
yields siclf S < n. Hence we conclude that siclp S = siclf S.

(2) Let R be a left noetherian ring. Then idg Po(R) < idg C by [3|
Theorem 1.1]. Now the first inequality follows from Corollary 3.2.



SEMIDUALIZING BIMODULES 143

Since idr C = Z¢(S5)-idg S by Lemma 2.6(3), we have idr C' < siclp S.
Now let idr C' = n (< o0). Since R is left noetherian, by [3, Theorem 1.1]
we have idr G < n for any G € Pco(R). It follows from Lemma 2.6(3) that
Zc(S)-idg P < n for any projective module P in Mod S. Thus siclp S < n
and siclp S <idrC. =

Note that Theorem 3.3(1) extends [I4, Theorem 2.28] and [7, Proposi-
tion 2.1]. The inequality in Theorem 3.3(2) can be strict, as illustrated in
the following example. We refer to [I] for the notions of quivers and their
representations.

EXAMPLE 3.4. Let R be the bound quiver algebra kQ/.J?, where k is a
field, @ is the quiver

Col 02 03 o4,

k@ is the path k-algebra of @), and J is the two-sided ideal of k() generated by
the arrows. If C'is the R-R-bimodule R, then FPc-dim R = 0 [13, Example
1.2], but idr C = oo.

4. Some relative homological invariants. In classical homological
algebra, it is known that for any module M € Mod R with fdgr M < n, the
nth yoke in every flat resolution of M is flat. As described in the following
result, an analogous result holds for C-flat dimension of modules.

LEMMA 4.1. Let rCs be faithful and M € Mod R. If there exist exact
sequences

O—-M,—--—C,—>Cog—>M—=>0 and
0—+Dp—--—=Dy—-Dyg—-M—=0
in Mod R with all C; and D; in Fc(R), then M, € Fco(R).

Proof. Applying the functor (—)* to both the sequences, we get the
following commutative diagram with exact rows:

0 M+ D¢ e D}, D} 0
[ \ [
| fo | fnfl | fn
A A\ Y
0 M+ cf e cr M- 0

By Lemma 2.3(1), all C;” and D;' lie in Zo(R°P). Then the existence of all f;
follows from Lemma 2.5(2). Now we may view the sequence (fo, ..., fn—1, fn)
as a quasi-isomorphism between the complexes

0— D —--—Df - Df—0 and
0->Cf = —=CH,—M—o.
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We therefore obtain an exact sequence
0—Di =Df®Cy —-- = DfeCt - MH—o.

Then M € To(R) (C Ac(R%P)) and M ®r C € Mod S is injec-
tive by Lemma 2.3(1) and [16, Lemma 5.1(c)]. Note that M,} ®r C =
Homp(C, M,)* by [1I, Lemma 2.16(c)]. So Hompg(C, M,,) € Mod S is flat
by [1I, Corollary 2.18(b)], and hence it is in A¢(S) by [16, Lemma 4.1].
Then M,, € Bo(R) by [34, Lemma 1.7]. It follows from [16, Lemma 5.1(a)]
that M, € Fo(R). =

The following example shows that the assumption about the faithfulness
of rCg in the above lemma is necessary.

ExaMPLE 4.2. Let k be an algebraically closed field and let R = k@ be
the path k-algebra of dimension 3 of the quiver

lo ——02.
Put C = I(1) @ I(2). Then rCr is a non-faithful semidualizing bimodule
and there exist exact sequences
0—S5(2) — P(1) - S(1) -0 and
0—I(1) = I(1)* = S(1) = 0,
where I(1) and P(1) are in Fo(R), but S(2) is not in Fe(R).

Motivated by the corresponding notions introduced in [7], in an analo-
gous way we write the supremum of the C-projective dimensions of injective
left R-modules as

spcli R := sup{Pc(R)-pdr I | I € Mod R is injective},

and write the supremum of the C-flat dimensions of injective left R-modules
as
sfcli R := sup{Fc(R)-pdr I | I € Mod R is injective}.

Next we turn to further investigate the relationship of the aforementioned
relative invariants. The following two results extend [7, Proposition 2.2 and
Corollary 2.3] respectively.

THEOREM 4.3.
(1) If spcliR < 0o and siclp S < oo, then spcli R = siclp S.
(2) If rCs is faithful, then spcli R < sfcli R + spclfc R.
Proof. (1) Let spcliR = n, and let I € Mod R be injective with
Pc(R)-pdg I = n. Thus there exists an exact sequence
0—-C,— - —-C1—->Co—>1—-0

in Mod R with all C; in Pc(R). Then Ext’%(I,Cy,) # 0, which implies that
idg C}, > n. We may assume that C,, &£ C®g P for some projective module P
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in Mod S. Then Z¢(5)-ids P = idg C,, > n by Lemma 2.6(3), implying that
siclp S > n. With the aid of Lemma 2.6(2), a similar argument gives the
converse inequality.

(2) Let sfcliR = n (< o0) and spclfc R = m (< o0), and let I € Mod R
be injective. Since I € Bg(R), by [35, Theorem 3.9 and Proposition 3.7]
there exists an exact sequence

0-K,—-Ch1—>--—Co—>1—-0

in Mod R with all C; in Po(R). Since Fo(R)-pdp I < sfcliR = n, it fol-
lows from Lemma 4.1 that K, € Fc(R). Since spclfc R = m, we have
P(R)c-pdr Kp, <m and P(R)c-pdrl <m +n. =

COROLLARY 4.4. Let rCg be faithful. Then the following statements are
equivalent:
(1) spcli R = siclp S < oc.
(2) sfcli R < oo and siclp S < oco.

Proof. The implication (1)=-(2) is trivial.

Let sfcli R < oo and siclp S < oo. Then spclfc R < oo by Theorem 3.3(1).

So spcli R < oo by Theorem 4.3(2). Now the implication (2)=-(1) follows
from Theorem 4.3(1). m

In the following result, we give a sufficient condition for a C-Gorenstein
projective module to be C-Gorenstein flat.

PROPOSITION 4.5. Let S be a right coherent ring. If spclfc R < oo (in

particular, if FPo-dim R < 00), then any C-Gorenstein projective module
in Mod R is C-Gorenstein flat.

Proof. By Proposition 3.1, we have spclfc R < FPg-dim R. Now let S
be a right coherent ring and spclfc R < oo. If M € Mod R is C-Gorenstein
projective module, then by definition there exists a Hompg(—, Pco(R))-exact
exact sequence

G=- 2P PG =G - ...
in Mod R with all G* in Po(R), P; projective and M = 3(Py — G°), such
that Homp(G, H) is exact for any module H € Pc(R). By induction on
dimension, it is not difficult to show that Hompg(G, H') is exact for any
H' € Mod R with Po(R)-pdp H' < .

Now let E € Z¢(R°P). Then ET € Fo(R) by Lemma 2.3(2), and so
Po(R)-pdgr ET < oo by assumption. This implies that Hompg(G, ET) is
exact. Thus F®gr G is exact by the adjoint isomorphism theorem. It follows
that M is C-Gorenstein flat. m

Recall that the big finitistic dimension FPD R of R is defined as
FPD R :=sup{pdp M | M € Mod R with pdp M < oo}.
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Following [7], we write the supremum of the projective dimensions of flat
left R-modules as

splf R := sup{pdp M | M € Mod R is flat}.

Putting pC's = rRpr in Proposition 4.5, we immediately get the following
result, which is a slight generalization of [14, Proposition 3.4].

COROLLARY 4.6. Let R be a right coherent ring. If splf R < oo (in par-
ticular, if FPD R < o0), then any Gorenstein projective module in Mod R
1s Gorenstein flat.

We use P(R) to denote the subcategory of Mod R consisting of all pro-
jective modules. Recall from [I4] that a subcategory X of Mod R is called
projectively resolving if P(R) C X and X is closed under extensions and
kernels of epimorphisms.

White asked in [40, Question 2.15]: for a commutative ring R, if M €
Mod R with pdp M < oo, must pdp M be equal to GP¢(R)-pdp M? The fol-
lowing example illustrates that the answer to both this question and its non-
commutative version is negative in general. In addition, Holm and White
stated in [16, Corollary 6.4] that Pc(R) and F¢o(R) are projectively resolv-
ing if rCyg is faithful. The following example also shows that this result is
not true.

EXAMPLE 4.7. (1) Let R be a non-self-injective commutative artinian
local ring with maximal ideal m. For example, we can take for R the ring
E[[X,Y]]/(X? XY,Y?) with k a field (see [6, p. 15]). Then C := I°(R/m) is
a faithfully semidualizing module and C'is C-(Gorenstein) projective. But C'
is an injective cogenerator for Mod R, so pdp C' = idr R # 0. We also claim
that R ¢ Pco(R). Indeed, otherwise, there exists a projective module P in
Mod R such that R = C®pg P. It follows that R is injective, a contradiction.
Consequently, Pc(R) is not projectively resolving.

(2) Let R be a Gorenstein artin algebra with idg R = idgee R =n > 1.
For example, we can take for R the bound quiver algebra kQ/J?, where k
is an algebraically closed field, @ is the quiver

a1 a2

ol 02 0325 ... M on 41,

kQ is the path k-algebra of @), and J is the two-sided ideal of k(@) generated
by the arrows. Put C := @], I'(R). Then by [39, Corollary 3.2], it is
easy to see that C' is a semidualizing (R, S)-bimodule, where S = Endg C'.
Because C' is an injective cogenerator for Mod R by [19, Theorem 2], we
have pdp C = fdr C' = idger R = n (> 1) by [20, Proposition 1]. But C is
C-(Gorenstein) projective.

The following result shows that the answer to White’s question men-
tioned above is affirmative under some condition.
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PROPOSITION 4.8. Assume that Po(R) is projectively resolving and that
M € Mod R. If pdr M < oo, then

pdg M = Po(R)-pdg M = GPo(R)-pdy M.

Proof. By assumption, Pco(R) is projectively resolving; in particular,
P(R) € Pc(R). So we have pdp M > Pc(R)-pdp M. On the other hand,
by Lemma 2.5(1), we have Pc(R) € P(R): N +P(R). So, if pdg M < oo,
then pdr M = Pc(R)-pdr M by [18, Theorem 3.10]. It follows from Lem-
ma 2.8 that Po(R)-pdg M = GPc(R)-pdp M. =

5. Y-embedding cogenerators. Recall from [26] that a module A €
Mod R is called a X' -embedding cogenerator for a subcategory B of Mod R if
every module in B admits an injection to a direct sum of copies of A.

THEOREM b5.1. Let R be a left noetherian ring and X a subcategory of
Mod R with X C CL, and let m,n > 0.

(1) If sup{Pc(R)-pdp X | X € X} <m, then @4 I'(C) is a Z-embedding
cogenerator for X-pd="(R).
(2) If sup{Pc(R)-pdp X | X €X'} < 00, then @5 I'(C) is a X-embedding
cogenerator for X-pd<*°(R).
Proof. (1) Let M € Mod R with X-pdp M < n and sup{P¢c(R)-pdp X |
X € X} <m. Then by Lemma 2.1(1), we have an exact sequence
0—-Chngn—>--—Cr—>Co—>M—=0

in Mod R with all C; in Po(R) (= Addgr C). Because R is a left noethe-
rian ring, all I/(Cy) are in Addg I7(C) for any j > 0. By [26, Corollary
1.3] (cf. [I7, Corollary 3.5]), M can be embedded into (a direct summand
of) @5" I*(Cy). So M can be embedded into a direct sum of copies of
@ IH(C). Tt follows that @h™ I*(C) is a Y-embedding cogenerator for
X-pd="(R).

(2) This is a direct consequence of (1). =

Putting X = Pc(R) in Theorem 5.1, we have the following result in
which the first assertion is a C-version of [26, Theorem 2.2].

COROLLARY 5.2. Let R be a left noetherian ring, and let n > 0. Then:

(1) B, I'(C) is a X-embedding cogenerator for Po(R)-pd="(R).
(2) B> I1(C) is a XY-embedding cogenerator for Pc(R)-pd=>(R).

As another application of Theorem 5.1, we have the following
COROLLARY 5.3. Let R be a left noetherian ring, and let m,n > 0.

(1) If spclfc R < m (in particular, if FPc-dim R < m oridg C < m), then
M IHO) is a X-embedding cogenerator for Fo(R)-pd<"(R).
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(2) If spclfc R < oo (in particular, if FPo-dinR < oo or idrC < o0),
then D, IY(C) is a X-embedding cogenerator for Fo(R)-pd<*(R).

Proof. By Theorem 3.3, we have
spclfc R < FPo-dim R < idgr C.
Note that Fo(R) € C+ by Lemma 2.5(1). So, if we put X = F¢(R) in
Theorem 5.1, then the assertions follow. m

Putting C = R in Corollary 5.3, we have the following result in which

the second assertion generalizes [26, Corollary 2.3].

COROLLARY 5.4. Let R be a left noetherian ring, and let m,n > 0.

(1) If splf R < m (in particular, if FPDR < m or idg R < m), then
EBm+" I*(R) is a X-embedding cogenerator for the subcategory of Mod R
consisting of modules with flat dimension at most n.

(2) If spf R < oo (in particular, if FPDR < oo or idg R < o0), then
D=0 I1(C) is a X-embedding cogenerator for the subcategory of Mod R
consisting of all modules with finite flat dimension.

In view of Proposition 4.5 and Corollary 5.3, we need more information
about (the finiteness of) spclfc R.

LEMMA 5.5. Let m,n > 0.

(1) If pdg N < n for any flat module N in Mod S, then Pc(R)-pdg M <
m ~+n for any module M € Mod R with Fo(R)-pdgr M < m.

(2) If pdg N <mn (resp. < o0) for any module N € Mod S with fdg N < oo,
then Po(R)-pdr M < n (resp. < 00) for any module M € Mod R with
Fo(R)-pdr M < 0.

Proof. (1) Let M € Mod R with F¢(R)-pdp M < m. By Lemmas 2.5(1)
and 2.6(1), we have M € B¢ (R) and fdg M, < m. Then by assumption and
dimension shifting, pdg M, < m + n. So there exists an exact sequence
(5.1) 0— Ppyn—-—P —P— M,—0

in Mod S with all P; projective. Applying C' ®g — to (5.1) yields the exact
sequence

0>C®sPpin——CRsP—>CRsP)y—CosM, (ZM)—0
in Mod R with all C ®g P; in Po(R). Hence Po(R)-pdr M < m + n.
(2) This has been essentially proved in (1). m
Let k be a field, and let S be a right-Noetherian k-algebra for which there
exists a left-Noetherian k-algebra R and a dualizing complex pDg. Then
pdg N < oo for any module N € Mod S with fdg N < oo [24] Theorem]. So

Pc(R)-pdr M < oo for any module M € Mod R with Fo(R)-pdr M < oo
by Lemma 5.5(2).
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As a consequence of Lemma 5.5(1), we have the following result, which
shows that the relative homological invariant spclfc R coincides with the
absolute homological invariant splf S. Compare it with Proposition 3.1.

THEOREM 5.6. spclfc R = splf 5.

Proof. Puttingm = 0 in Lemma 5.5(1), it is easy to get spclfc R < splf S.
Now let spclfc R = n (< oo) and N € Mod S be flat. Then C®g N € Fo(R)
and there exists an exact sequence

0—-Cp— -+ —=>C—>Ch—-C®sN—=0
in Mod R with all C; in Po(R) (= Addgr C). Applying Hompg(C, —) yields

an exact sequence
0=>Chy = —=C1, = Co— (CRsN) =0

in Mod S with all C;, projective. Note that N € A¢(S) by [16, Lemma 4.1].
Hence N = (C' ®g N), and pdg N < n. Thus splf S < spclfc R. =

We finish the paper by the following interesting open problem suggested
by a referee.

OPEN PROBLEM b5.7. Let C be a preadditive category and ModC the
category of additive contravariant functors from C to abelian groups. Similar
problems on pure projective resolutions, pure projective and pure injective
dimensions have been studied in Mod C [29]-[31]. It is interesting to study
how to define a semidualizing bimodule 7" in Mod C such that the results in
this paper still hold true after replacing C' (in Mod R) by T' (in ModC).
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