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Abstract. Let A, be a radical square zero Nakayama algebra with n simple modules
and I, the Auslander algebra of A,. We calculate the number |r-tilt I5,| of 7-tilting
modules and the number |s7-tilt I},| of support 7-tilting modules over I5,. In particular,
we prove the recurrence relations

|7-tilt Iy | = 3|7-tilt h—1| + |7-tilt Ih—2],
|sT-tilt I | = 6|sT-tilt [—1| + 3|sT-tilt [r—2|,

from which the exact values of |7-tilt I},| and |s7-tilt I’ | are derived.

1. Introduction. The starting point of tilting theory was the introduc-
tion of tilting modules over a hereditary algebra by Happel and Ringel [10].
Ever since, the study of tilting modules has been an important branch in the
representation theory of finite-dimensional algebras.

In 2014, Adachi, Iyama and Reiten [I] introduced 7-tilting theory re-
placing the rigidity condition Ext!(M, M) = 0 for a tilting module by the
weaker condition Hom,(M,7M) = 0 for a 7-tilting module, where A is a
finite-dimensional algebra and 7 is the Auslander—Reiten translation. The
support 7-tilting modules are in bijection with some important objects in
representation theory including functorially finite torsion classes introduced
in [5], 2-term silting complexes introduced in [I3], cluster-tilting objects in
the cluster category and left finite semibricks introduced in [3]. Therefore,
it is important to calculate the number of support 7-tilting modules over a
given algebra.

For hereditary algebras, the (support) 7-tilting modules are exactly the
(support) tilting modules. For algebras of Dynkin type, the numbers of these
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16 H. P. GAO ET AL.

modules were first calculated via cluster algebras [7], and later via represen-
tation theory [I4]. In particular, over a hereditary algebra of type A,,, the
number of tilting modules is €, and the number of support tilting modules
is Cp41, where C; is the ith Catalan number 14%1 (227’)

Recall from [4, V.3.2| that a finite-dimensional algebra is Nakayama if
its quiver is one of the following:

ATL: 192%3%"‘97@7 A’I’l: 1%—2%—3%...»7@.

Adachi [2] gave a recurrence relation for the number of 7-tilting modules over
Nakayama algebras of type A,. Asai [3] also gave a recurrence relation for
the number of support 7-tilting modules over Nakayama algebras K A,, /rad”
and K A, /rad”. More recently, Gao and Schiffler [9] extended the recurrence
relation of Adachi to 7-tilting modules over K A, /rad”.

It was showed in [6] that the number of tilting modules over the Auslan-
der algebra of K[x]/(z"™) is n!. Kajita [12] calculated the number of tilting
modules over the Auslander algebra of a hereditary algebra of Dynkin type.
Iyama and Zhang [I1] classified the support 7-tilting modules over the Aus-
lander algebra of K[z]/(z™), and they also showed that there is a bijection
between the set of support 7-tilting modules over the Auslander algebra of
K[z]/(z™) and the symmetric group of degree n. More recently, Zhang [16]
calculated the number of tilting modules over the Auslander algebra I, of a
radical square zero Nakayama algebra A,. In particular, Zhang proved that
the number of tilting modules over I, is 2n=1 if A, is of type A,; and it
is 2™ if A,, is of type A,.

In this paper, we calculate the number |7-tilt I5,| of 7-tilting modules
and the number |s7-tilt I,| of support 7-tilting modules over the Auslander
algebra I, of a radical square zero Nakayama algebra A,. Our result is as
follows.

THEOREM 1.1 (Theorems and [1.3). Let I, be the Auslander

algebra of a radical square zero Nakayama algebra A,.

(1) If Ay, is of type Ay, then

(3+V13)" — (3 — V13)"
V13- 2" ’
(342v3)" — (3 -2V3)"
2v/3 '

|7-tilt I, | =

|s7-tilt I, | =

(2) If Ay, is of type ﬁm then

(3+V13)" + (3 - V13)"
2m ’

|sT-tilt Iy| = (3 +2V3)" + (3 — 2V/3)™.

|7-tilt [, | =
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The paper is organized as follows. In Section [2| we fix some notations
and recall several results about 7-tilting modules and Auslander algebras of
radical square zero Nakayama algebras. In Section [3] we show that if A, is
of type A, then there are recurrence relations

|7-tilt I3, | = 3|7-tilt [—1| + |7-tilt I3 —a],
sT-tilt 1,| = 6|sT-tilt 15,—1| + 3|sT-tilt 14, _o|.
ilt I 6 ilt I 3 it I,

In Section |4}, we prove the same recurrence relations for A, of type En From
these recurrence relations the exact values of |7-tilt I5,| and |s7-tilt I5,| are
derived. Finally, we list the values of |7-tilt I},| and |s7-tilt I},| for 1 <n <8
in a table in Section [l

2. Preliminaries. Throughout this paper, all algebras are basic, con-
nected, finite-dimensional K-algebras over an algebraically closed field K.
For an algebra A, we denote by mod A the category of finitely generated
right A-modules and by 7 the Auslander—Reiten translation of A. We use
P, I; and S; to denote the indecomposable projective, injective and sim-
ple modules of an algebra corresponding to the vertex ¢ respectively. For any
i,j € {1l,...,n}, wewrite [i,j] = {i,i+1,...,7}if i < j; otherwise, [i,j] = 0.
Let e; be the primitive idempotent element of an algebra corresponding to
the vertex 7. We write €fij] =€ t+eir1+ - tey

For a module M € mod A, we write |M| for the number of pairwise
non-isomorphic indecomposable summands of M, and use {(M) and pd, M
to denote the Loewy length and projective dimension of M respectively. For
a finite set X, we let | X'| denote the cardinality of X. For two sets X; and X,
X1 II X5 stands for their disjoint union.

DEFINITION 2.1 (I, Definition 0.1]). Let A be an algebra and M &
mod A. Then M is called

o 7-rigid if Homy (M, M) = 0;

o T-tilting if it is 7-rigid and |M| = |A];

e support T-tilting if it is a 7-tilting A/AeA-module for some idempotent e
of A;

e proper support T-tilting if it is support 7-tilting but not 7-tilting.

Recall that M € mod A is called sincere if every simple A-module appears
as a composition factor in M. It is well-known that the 7-tilting modules are
exactly the sincere support 7-tilting modules [1, Proposition 2.2(a)|.

We denote by 7-tilt A (respectively, s7-tilt A, ps7-tilt A) the set of iso-
morphism classes of basic 7-tilting (respectively, support 7-tilting, proper
support 7-tilting) A-modules.
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Set
psT-tiltn, A := {M € ps-tilt A | M has no projective direct summands}.

THEOREM 2.2 (|2, Theorem 2.6]). Let A be a Nakayama algebra. Then
there is a bijection between T-tilt A and pst-tilt,, A.

The following result is useful.

PRrROPOSITION 2.3 (|2, Proposition 2.32|). Let A be a Nakayama algebra
of type A,,. Then each T-tilting A-module has Py as a direct summand.

As a consequence, we get

LEMMA 2.4. Let A be a Nakayama algebra of type A,. Then each support
T-tilling A-module which has Sy, ..., Syp,) as composition factors has Py as
a direct summand.

Proof. Let M be a support 7-tilting A-module which has S1,...,Sp))
as composition factors. If M is 7-tilting, then it has P; as a direct sum-
mand by Proposition Now, assume that M has Si,...,5p),...,5; as
composition factors but not S;11. Let N be the maximal direct summand
of M which only has Si,...,S5p,),...,S;j as composition factors. Then N
is a 7-tilting A/(e[j11,,))-module. By Proposition N has P as a direct
summand. =

THEOREM 2.5 (|2, Theorem 2.33 and Corollary 2.34]). Let A be a Naka-
yama algebra of type A,,. Then there are mutually inverse bijections
I(P1)
r-tilt A ¢ [T -tilt(A/(es))

i=1
given by T-tilt A > M +— M/Py and N — N @& Py € 7-tilt A. In particular,
I(P1)
rtilt Al = > Cimy - 7-tilb(A/ (e )]
=1

REMARK 2.6. Let A be a Nakayama algebra of type A,. Then every
7-tilting A-module can be decomposed M as M = P; & N1y & Ny where
N7 is a maximal direct summand of M without S7 as composition factors.
Moreover, N1 @ N3 is a 7-tilting A/(e;41)-module where j := [(N2) (see [2,
proof of Theorem 2.33]).

An algebra A is of finite representation type if there are only finitely many
indecomposable A-modules X7, ..., X, up to isomorphism. In this case, the
endomorphism algebra End(@D;, X;) is called the Auslander algebra of A.

By a straightforward calculation, we get the quiver of the Auslander al-
gebra of radical square zero Nakayama algebras:
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PROPOSITION 2.7.
(1) The Auslander algebra T}, of A, = KA, /rad? is given by the quiver

a2n—2

152235 .. sop -2 91
with the relations asi_1a0r, =0 for 1 <k <n-—1.
(2) The Auslander algebra T, of A, := K A, /rad? is given by the quiver

a2n

P N

n—1—=2n
ai a2 as a2n—1

with the relations ask_1a0p, =0 for 1 <k <n.

3. The case for I,. In this section, we will give formulas for |7-tilt I, |
and |s7-tilt I, ].
Let A, be the algebra given by the quiver

0201 %y992, 3%, . _Lon 9820y

with the relations agp_q1a9 =0 for 1 < k <n —1.
The following result gives a formula for |7-tilt I5,].

THEOREM 3.1. We have
|7-tilt [, | = 3|7-tilt Iy | + |7-tilt I, —o|
with |T-tilt I'1| = 1 and |7-tilt I3 = 3. Hence
(3+V13)" — (3 — V13)"
V13- 2n '
Proof. Applying Theorem to I, and A, we have
(1) |7-tilt I}, | = Cl - |7-tilt (L, /{e1))| + C1 - |-tilt (I}, /(e1 + e2))]
= |7-tilt Ap—q | + |7-tilt 51|

|T-tilt [, | =

and
(2)  |r-tit Ay = Co - |7-tilt (A, /(o)) | + C1 - |7-tilt(An /{eo + e1))]
+ Cy - |7-tilt (A, /(eo + e1 + e2))]
= |7-tilt I}, | + |7-tilt Ay | + 2|7-tilt [—1q].
The formula implies
|7-tilt A1 | = |7-tilt I, | — |7-tilt T, —q].
Applying it to , we have
(3) |7-tilt I, | = 3|7-tilt Ih—1| + |7-tilt I}, o]

This is a linear homogeneous recurrence relation of degree 2 and its charac-
teristic equation is 22 — 32z — 1 = 0. The proof is finished. =
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Let A be an algebra. Recall that a module M € mod A is called tilting if

e Exth (M, M) = 0;
o [M[= 4]

Thus amodule M € mod Aistilting if and only if it is 7-tiltingand pd y M < 1,
by the Auslander—Reiten formula.

The set of all tilting A-modules is denoted by tilt A. The following result
is part of [16, Theorem 2.8|. Here we give another proof.

PROPOSITION 3.2. [tilt [},| = 2"~ L.

Proof. Note that P, is the unique I,,-module which has 57 as a compo-
sition factor and its projective dimension is at most 1. By Remark and
the above argument, P; @ N is a tilting I},-module if and only if N7 is a
tilting I, /(e1)-module, since pd;, N1 = pdp, /e,y V1. Thus

6116 T3] = [616(T3 /(ex)] = [t Ay,

Note that Py and Sy are the only two A,-modules which have Sy as a
composition factor and their projective dimension is at most 1. Similarly, we
get

|tilt A, | = [til6 (A, /(eo))| + [tilt(A/{eo + e1))| = [tilt [, | + |tilt Ap_1]-
Thus [tilt I}, = 2|tilt [},_1| with [tilt I}| = 1, and so [tilt [},| = 2" . =

As generalizations of simple modules and semisimple modules, bricks and
semibricks were introduced and studied in [8, [15]. Let A be an algebra. A
A-module M is called a brick if Hom (M, M) is a K-division algebra, and a
semibrick is a set consisting of isoclasses of pairwise Hom-orthogonal bricks.
Recall from [3] that a semibrick S is called left finite if the smallest torsion
class T'(S) containing S is functorially finite. There exists a bijection between
sT-tilt A and the set of left finite semibricks of A [3, Theorem 2.3]. Note that
every torsion class is functorially finite for a representation-finite algebra. So,
for a Nakayama algebra A, there exists a bijection between s7-tilt A and the
set sbrick A of semibricks of A, and hence |s7-tilt A| = |sbrick A|. Asai gave
a method to calculate the number of semibricks over K A4, /rad”. In fact, we
have the following more general result.

PROPOSITION 3.3. Let A be a Nakayama algebra of type A,. Then

I(In)
(1) [sT-tilt A] = 2[s7-tilt(A/(en))| + >_ CialsT-tilt(A/(ef—it1,0)))|,
=2

1(Pr)
(2) |sT-tilt A| = 2|s7-tilt(A/{e1))| + Ci_l‘ST-tﬂt(/l/<6[17i]>)’.
—2

1=



NUMBER OF m-TILTING MODULES 21

Proof. (1) For a given brick X of A with top X = 5; and soc X = 5}, we
will denote §; ; := X.

We define Wy as the subset of sbrick A consisting of the semibricks with-
out S, as a composition factor. It is clear that |Wy| = |sbrick(A/(en))|.

Let W; (i =1,...,1(I)) be the subset of sbrick A consisting of the semib-
ricks which contain the brick Sy, ;11 5.

First, there is a bijection

Wy +— sbrick(A/(en))
defined by S — S\ {Snn}. So [Wy| = |sbrick(A/{en))]|.
Secondly, for i = 2,3,...,1([,), there exists a bijection
Wi+ sbrick(A/{efn—it1,n))) X sbrick(A/(1 — ej_it2,—1)))
defined by
S— ({SeS|SuppSnn—i+1,n] =0},
{SeS|SuppSCn—i+2,n—1]J}),
where Supp S stands for the support of S. Note that sbrick A = Uﬁ(:’g;) W;.
Thus we obtain
UTn)
|sTtilt A| = |sbrick A] = > [Wj|
=0
= 2|sbrick(A/{e,))]
I(In)
+ Z |sbrick(A/(ef—i+1,n))| - [sbrick(A/(1 = ef—it2 n-1)))|
=2
1(In)
= 2|sbrick(A/(en))| + Y [sbrick(A/ (e} 1,2))| - [sbrick(K A; )|
=2
1(In)
= 2|s7-tilt(A/{en))| + Z |sT-ti1t(A/(ep—it1,n)))| - [sT-tilt (K A; )]
=2
1(In)
= 2|s7-tilt(A/{en))| + Z Ci—1 - [sT-tilt(A/{epr—it1,0)))]-
=2
(2) Note that there is a bijection between s7-tilt A and s7-tilt A°P [T},
Theorem 2.14]). Now the assertion follows from (1). =

We give the following example to illustrate Proposition
EXAMPLE 3.4. Let A be the algebra given by the quiver

15228 3 44
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with the relation a8 = 0. By Proposition [.3|(1), we have
|sT-tilt A| = 2|s7-tilt(A/(ea))| + |sT-tilt(A/{es + €4))]
+ 2|s7-tilt(A/{ea + €3 + e4))|
=2x124+5+2x2=33.

On the other hand, by Proposition [3.2{2),
|sT-tilt A| = 2|s7-tilt(A/(e1))| + |sT-tilt(A/(e1 + e2))] = 2 x 14 + 5 = 33.
The following result gives a formula for |s7-tilt I7,].
THEOREM 3.5. We have
|sT-tilt I},| = 6|s7-tilt I},—1| + 3|s7-tilt I,_2]
with |sT-tilt I'| = 2 and |sT-tilt I'5| = 12. Hence
(3+2V3)" — (3—2V3)"
23 '

Proof. Applying Proposition [3.3|(2) to I, and A, respectively, we have

(4) |sT-tilt I3, | = 2[s7-tilt (L, /(e1))| + Ch - [sT-tilt (I /(€1 + e2))]
= 2|s7-tilt Ap_1| + |sT-tilt I}—1]

|sT-tilt I7,| =

and
|sT-tilt Ay | = 2|s7-tilt(A, /(e0))| + C1 - [sT-tilt (A, /{eo + €1))]
+ Cy - |s7-tilt (A, /(eg + e1 + €2))]
= 2s7-tilt I}, | + [sT-tilt Ay—1| + 2|s7-tilt I},_1].
This implies
(5) |sT-tilt I5,| = 6]sT-tilt I7,—1| + 3|sT-tilt I3, _a|.
This is a linear homogeneous recurrence relation of degree 2 and its charac-
teristic equation is 22 — 62 — 3 = 0. The proof is finished. =

Let I, be the algebra given by the quiver

azn—2 a2n—1

182 2,35 .. sop—2 229 1 2L 9
with the relations agp_jas; = 0 for 1 < k < n—1, and let A,, be the algebra
given by the quiver

a a2n—2 a2n—1

0201 20235 . 3op—2 2 op 1 22 9

with the relations asg_1a9x = 0 for 1 < k < n — 1. By using the same
argument as in Theorem we can obtain

|sT-tilt A, | = 6]sT-tilt A, _1| + 3|sT-tilt A, _s|.



NUMBER OF m-TILTING MODULES 23

4. The case for I'). In this section, we will give formulas for |7-tilt I |
and |sT-tilt I ].
Let X, be the set of all support 7-tilting I,-modules which do not have

P, ..., Py, 3 as direct summands, and let Y, be the set of all support
7-tilting A,,-modules which do not have Py, Py,..., Py, 3 as direct sum-
mands. Let X/ be the set of all support 7-tilting I',-modules which do not
have Py, ..., Py as direct summands, and let Y, be the set of all support
T-tilting A,-modules which do not have Py, Pi,..., Py,_o as direct sum-
mands.

We need the following lemma.
LEMMA 4.1.

(1) | Xn| = 3| Xn-1| + [Xn-2| and [Yn| = 3|Ys—1] + [Yn—2.
(2) [X5] = 3[X7 1| + [ X5, 5| and [V =3[V, _i[ + [V, ol

Proof. (1) By Lemma all support 7-tilting I,-modules which have
S1,59 as composition factors must have P; as a direct summand. Hence
X, consists of two parts: the first part comes from all support 7-tilting
I',-modules which do not have Pi,..., Py, 3 as direct summands and do
not have S; as a composition factor (their number is exactly |Y,,—1|); the
second part comes from all support 7-tilting I',-modules which do not have
P, ..., Py,_3 as direct summands and have S as a composition factor but
not Sy (their number is exactly |X,,—1]). Hence, | X,| = |Yo—1| + [ Xn-1]-
Similarly, we have |Y,| = |Xp| + |Yn—1| + 2|Xn—1].- These two equalities
imply | X,,| = 3| Xp—1| + [ Xn—2| and |Y,| = 3|Y,,—1] + [Yn—2|-

(2) The proof is similar. =

The following result gives a formula for |r-tilt I7,|.

THEOREM 4.2. We have

|7-tilt I | = 3|r-tilt I, _q| + |7-tilt I, _,|
with |T-tilt I'f| = 3 and |7-tilt I'5| = 11. Hence
(3+V13)" + (3 —V13)"
AL ’

Proof. We claim that every proper support 7-tilting I')-module M which
has S1,S2 as composition factors must have a projective I-module as a
direct summand. Indeed, if M does not have Sy, as a composition factor,
then it has P; as a direct summand by Lemma [2.4] Now, assume that M has
Si, Sit+1, .-+, 92,51, 52 as composition factors, but not S;_1. Then M has

P; as a direct summand by Lemma [2.4]
Now, ps7-tilty, I, consists of the following two parts:

|7-tilt I | =

(i) U: the subset of modules which do not have Sy as a composition factor.
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(ii) Usa: the subset of modules which have S as a composition factor, but
not Sj.
Since A := I} /{e3) is the quiver

a2n—2 a2n—1 aon

38 sop—2 2 9 1 2 9p 220

with the relations agy—jagr = 0 for 2 < k < n, U; is exactly the set of
support 7-tilting A-modules which do not have P3, Py, ..., Py,—1 as direct
summands, and so |U1| = | X,|. Note that I :== I} /{e1) is the quiver

29,35 . son—2 22 on 1 2 9

with the relations agg_q1a9, = 0 for 2 < k < n — 1. Thus, the number of
support 7-tilting I'-modules which do not have Py, Py, ..., Py,_o as direct
summands is exactly |V, ;|. Moreover, the number of support 7-tilting I-
modules which do not have Ps, Py, ..., Py, o as direct summands and do
not have Sy as a composition factor is exactly |X/ _;|. Therefore, |Us| =
Y, | —1X]_4| By Theorem we obtain

| r-tilt I, | = |ps-tiltnp I] = [U1] + |Uz] = [Xn| + [V, 1] = [ X5, 4.

Now, the recurrence relation for |7-tilt I')| follows from Lemma "

The following result gives a formula for |s7-tilt I} |.

THEOREM 4.3. We have

|sT-tilt I | = 6|sT-tilt I, | + 3|sT-tilt I, _o|
with |sT-tilt I']| = 6 and |sT-tilt I';| = 42. Hence
|sT-tilt T = (3 + 2v/3)" + (3 — 2V/3)™.
Proof. The set sbrick I}, of semibricks of I} consists of five parts:

Vo: the semibricks without S7 as a composition factor.
V7: the semibricks which contain S7 but not the brick Is.
V5: the semibricks which contain I7.
V3: the semibricks which contain P;.
V4: the semibricks which contain Is.
Obviously, |Vp| = |sbrick(I7,/(e1))| = |sbrick A,,_1].
There is a bijection V; + sbrick(I7,/{e1)) defined by S — S\ {51}, so
|V1| = |sbrick(I7, /{e1))| = |sbrick A,,_1].
Similarly, there are bijections
Va s sbrick(I7,/{e1 + e2,)) and V3~ sbrick(I7,/(e1 + e2)),
SO
|Va| = |sbrick(I7 /{e1 + e2n))| = |sbrick A,,_1],
V3| = |sbrick(I7,/{e1 + e2))| = |sbrick AP ,|.



NUMBER OF m-TILTING MODULES 25

Finally, we can define a bijection
Vi +— sbrick(I7, /{e1 + ea + eay)) x sbrick(I7 /{1 — e1))
by V4> S8 +— (S \ {51,12},51 N 8) Thus
|Vy| = |sbrick(I7, /{e1 + ez + e2,))| - |sbrick(I7, /(1 — e1))| = 2|sbrick I},_1].
Therefore
4
|sT-tilt I}, = |sbrick I;;| =) " |Vi]
i=0
= 2|sbrick A,,_1| + [sbrick A,_1| + [sbrick AP | + 2|sbrick [},_1|
= 2|s7-tilt Ap_q| + |s7-tilt Ay | + [sT-tilt ATP | | + 2|s7-tilt Ty—1 |
= 2s7-tilt Ay_1| + 2|sT-tilt Ay _q| + 2|s7-tilt I}, 1]

Note that |s7-tilt A,,_1] is a linear combination of |s7-tilt I},| and |s7-tilt I}, 1]
by (), so |s7-tilt A,| has the same recurrence relation as [s7-tilt I',|. In par-
ticular, [sT-tilt A,|, |s7-tilt A,|, [s7-tilt I},| have the same recurrence rela-
tions, and so [s7-tilt I} | also has the same recurrence relation. m

5. Examples. In this section, we list the numbers of (support) 7-tilting
modules over I}, and I} in the following table. The sequence |7-tilt I5,| is
listed in the On-line Encyclopedia of Integer Sequences (OEIS) as the se-
quence A006190 and |7-tilt I')| as A006497.

n 1 3 4 5 6 7 8
|T-tilt 15| 1 10 33 109 360 1189 3927
|sT-tilt I | 2 12 78 504 3258 21060 136134 879984
|7-tilt T, | 3 11 36 119 393 1298 4287 114159
|sT-tilt I;,| | 6 42 270 17464 11286 72954 471582 3048354
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