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TWO FILTRATION RESULTS FOR MODULES WITH
APPLICATIONS TO THE AUSLANDER CONDITION

BY

XI TANG (Guilin) and ZHAOYONG HUANG (Nanjing)

Abstract. Under some strong cograde conditions, we obtain two different filtrations
of modules in terms of the properties of cotransposes of modules with respect to a semid-
ualizing bimodule. Then we apply these filtrations to investigate the relationship between
artin algebras satisfying the Auslander condition and Gorenstein algebras, which is related
to a conjecture of Auslander and Reiten.

1. Introduction. Let R be a left and right noetherian ring and M
a finitely generated left R-module. In [4], Auslander devised the so-called
Auslander sequence

0 — Exthop (Tr M, R) — M — Hompgo» (Hompg (M, R), R)
— BExtop (Tr M, R) — 0,

where Tr M denotes the transpose of M. This sequence has proved very use-
ful for the homological study of noetherian rings. Huang [19, Theorem 2.3]
established a semidualizing version of this sequence. Under the Auslander
condition, Hoshino and Nishida [I8, Theorem 2.2] generalized the Auslan-
der sequence by using a certain filtration of modules. Iyama and Jasso [23]
Proposition 2.7] extended this sequence to a dualizing R-variety. Recently,
n [2§], for arbitrary associative rings R and S, we introduced the cotrans-
pose cTr, M of M with respect to a semidualizing bimodule rwg, and used
it to provide the dual Auslander sequence

0 — Tor} (w, cTr, M) = w ®g Homp(w, M) — M — Tor{ (w,cTr, M) — 0.

In analogy with the philosophy of Hoshino and Nishida, one of our aims in
this paper is to look for a special filtration of modules to generalize the dual
Auslander sequence.
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On the other hand, the grade condition for modules is linked with some
interesting homological properties; see for example, [5] 6l 11, 21, 22]. In par-
ticular, Auslander and Bridger [5, Theorem 2.37] showed that if R satisfies
some grade condition, then for any finitely generated left R-module M there
exists a spherical filtration

M, C M, 1C---CM CMy=M&P

with P a finitely generated projective left R-module. Furthermore, Huang [20]
gave a different filtration result for modules over right quasi k-Gorenstein
rings. Along this direction, another aim of this paper is to see how the
cograde condition induces some filtrations of modules.

The paper is organized as follows.

In Section 2, we give some terminology and some preliminary results.

Let R and S be rings and rwg a semidualizing bimodule. In Section 3, we
in particular describe a certain filtration of submodules of a left noetherian
R-module M with finite Ext-cograde with respect to w in case w satisfies
the oo-cograde condition (Theorem 3.12). It is a dual version of [I8, Theo-
rem 2.2]. In Section 4, we prove that if w satisfies the n-cograde condition
with n > 1, then for any left R-module M, there exists an injective left
R-module I and a chain of monomorphisms

My»— My 14— - M —My=M&I

with some interesting homological properties (Theorem 4.5).

Recall that an artin algebra R is said to satisfy the Auslander condition if
the projective dimension of the ith term in a minimal injective resolution of
rR is at most ¢ — 1 for any ¢ > 1. Auslander and Reiten [6] conjectured that
an artin algebra R satisfying the Auslander condition is Gorenstein (that
is, the left and right self-injective dimensions of R are finite). In Section 5,
we apply the two filtrations of modules obtained in Sections 3 and 4 to give
some necessary (and sufficient) conditions for an artin algebra satisfying the
Auslander condition to be Gorenstein (Theorems 5.2 and 5.4). Finally, we
introduce the notion of dual Evans—Griffith presentation of modules. We
prove that if w satisfies the n-cograde condition with n > 1, then for any
0 < i < n—1, each i-Bass-cosyzygy module admits a dual Evans—Griffith
presentation (Proposition 5.6).

2. Preliminaries. Throughout, R and S are fixed associative rings with
unit. We use Mod R (resp. mod R) to denote the class of left R-modules
(resp. finitely generated left R-modules). Let M € Mod R. We use pdp M
and idg M to denote the projective and injective dimensions of M respec-
tively, and Addr M for the subclass of Mod R consisting of all direct sum-
mands of direct sums of copies of M.
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DEFINITION 2.1 ([2,[I7]). An (R-S)-bimodule gwg is called semidualizing
if the following conditions are satisfied:

1) pw admits a degreewise finite R-projective resolution.
2) wg admits a degreewise finite S-projective resolution.

3) The homothety map pRr 2% Homgop (w,w) is an isomorphism.

5 Extlz%l(w,w) =0.
6 Extgolp (w,w) = 0.
From now on, rwg denotes a semidualizing bimodule. We write (—), :=
Hom(w, —). Following [17], set
Pu(R) :={w ®g P | P is projective in Mod S},
Z,(S) := {I. | I is injective in Mod R}.
The modules in P, (R) and Z,(S) are called w-projective and w-injective
respectively. We use Z(R) to denote the subclass of Mod R consisting of in-
jective modules, and P(.S) for the subclass of Mod S consisting of projective

modules. Let M € Mod R and N € ModS. Then we have two canonical
valuation homomorphisms:

Oy :w®g My, — M defined by Oy (z® f) = f(x)
for any x € w and f € M,; and

pn : N = (w®g N), defined by pun(y)(z) =2y
for any y € N and z € w.

(

(2)

(3)

(4) The homothety map gSg HEN Homp(w,w) is an isomorphism.
(5)

(6)

DEFINITION 2.2 ([I7]). The Bass class B, (R) with respect to w consists
of all left R-modules M satisfying the following conditions:
(1) Extz'(w, M) = 0.
(2) Torgl(w,M*) =0.
(3) Oar is an isomorphism in Mod R.
The Auslander class A, (S) with respect to w consists of all left S-modules
N satisfying the following conditions:
(1) Tor;él(w, N)=0.
(2) Extp'(w,w®g N) = 0.
(3) pn is an isomorphism in Mod S.

Note that Z,,(S)UP(S) C A,(S) and P,(R)UZ(R) C B, (R) [I7, Lemma
4.1 and Corollary 6.1]. Let M € Mod R. We use

0 fO 1 fl fz'fl i fz

(2.1) O—-M-—->I"M) —>I(M)—-—I'(M) —---

to denote a minimal injective resolution of M. For any n > 1, co2" (M) :=
Im 7! is called the nth cosyzygy of M, and in particular cof2°(M) = M.
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DEFINITION 2.3 ([28]). Let M € Mod R and n > 1.

(1) ¢Tr, M := Coker(f",) is called the cotranspose of M with respect to
Rrws, where f0is as in (2.1).

(2) M is called n-w-cotorsionfree if Tory., ., (w,cTr, M) = 0. In particular,
every module in Mod R is 0-w-cotorsionfree.

We use ¢T[,(R) to denote the subcategory of Mod S consisting of n-w-
cotorsionfree modules.
Dually, let N € Mod S. We use

(2.2) I By S By A N S0

to denote a minimal flat resolution of N in Mod S, where each F;(N) —
Coker f; is the flat cover of Coker f;. The existence of such a resolution is
guaranteed by the fact that any module has a flat cover (see [9]). Note that
(w®g —, Homp(w, —)) is an adjoint pair. So, it is reasonable to introduce
the adjoint counterparts of the notions in Definition 2.3:

DEFINITION 2.4 ([30]). Let N € Mod S and n > 1.

(1) acTr, N = Ker(1l, ® fo) is called the adjoint cotranspose of N with
respect to rwg, where fj is as in (2.2).

(2) N is called adjoint n-w-cotorsionfree if Ext?ign(w, acTr, N) = 0; and
N is adjoint co-w-cotorsionfree if it is adjoint n-w-cotorsionfree for all n.
In particular, every module in Mod S is adjoint 0-w-cotorsionfree.

We use acT (S) to denote the subcategory of Mod S consisting of adjoint
oo-w-cotorsionfree modules.

DEFINITION 2.5 ([29, Definition 6.2]). Let M € Mod R, N € Mod S and
n > 0.

(1) The Ext-cograde of M with respect to w is defined as E-cograde, M :=
inf{i > 0 | Extiy(w, M) # 0}; and the strong Ext-cograde of M with
respect to w, denoted by s.E-cograde,, M, is said to be at least n if
E-cograde, X > n for any quotient module X of M.

(2) The Tor-cograde of N with respect to w is defined as T-cograde, N :=
inf{i > 0 | Tory(w,N) # 0}; and the strong Tor-cograde of N with
respect to w, denoted by s.T-cograde, N, is said to be at least n if
T-cograde,, Y > n for any submodule Y of N.

Let M € Mod R. An exact sequence (finite or infinite)
= X1 =2 Xo—>M—=0

in Mod R is called an X -resolution of M if all X; are in X. The X -projective
dimension X-pdp M of M is defined as inf{n | there exists an X-resolution
0—- X, = =Xy - Xg—=> M — 0of M in ModR}. We always
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take X-pdp 0 = —1. Dually, the notions of X-coresolution and X -injective
dimension X-idg M are defined.

3. A filtration of modules with finite Ext-cograde. Let M €
Mod R and let 4, j be integers such that i,5 > 1 or i = j = 0. Set
MZ] = Torl-s(w,cTrw cof? (M),
-1._
My =M,
Mt =0,
M := Tor} (w, cTr, M).

The following result is a generalization of the dual Auslander formula demon-
strated in Section 1.

PROPOSITION 3.1. Let i, be integers such thati,j > 1 ori=j =0 and
let M € Mod R with Tor_; (w, Ext},(w, M)) = 0. Then there eists an ezact
sequence

M = MY — Torf (w, Extly(w, M) — M7~ — M

Z+1—>0.

Proof. The case of i = j = 0 has been proved in [28, Proposition 3.2].

Now suppose i, j > 1. Applying the functor (—), to the minimal injective
resolution (2.1), we get a complex

0 1 fj—l* . fj* i1
0—-M,—-I(M)y-T(M)y— - —SFP(M), =" (M)y—---.

Consider the following commutative diagram with exact columns and rows:

fj

. . . . ! .
0 —> Ker(f7,) ——= [I(M), —“= [I¥1(M), ™ Coker(f7,) —>0

|-
Coker(f771,)
0
with 7/ and 7/+! natural epimorphisms. As

Kerﬂj = Im(f]_l*) g Ker(fj*)v

there exists o/ : Coker(f/=1,) — I"*1(M), such that f/, = o/ - 7/ by [1]
Theorem 3.6(1)]. So we get the following commutative diagram with exact
columns and rows:
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f rit1

—> PHY(M), T~ Coker(f7,) —=0
\
S ,
Y . v
(

0 — Ker ad — Coker(fi~1,) %> [7+1(M), —> Coker o — 0

0

with f, g, h induced homomorphisms. By diagram chase, it is easy to see
that f is an isomorphism and

Coker o/ 2 Coker(f7,) = c¢Tr,, cof2? (M).
Then g is an epimorphism and h is an isomorphism by the snake lemma. So
Ker o/ = Ker(f7,)/Ker g = Ker(f7,)/Ker 7/
= Ker(f7,)/Im(f7~",) 2 Ext}y(w, M),
and hence we get the exact sequence
0 — Extly(w, M) — cTr,, cof2I~ (M) 25 [I¥1(M), — Tr,, cof2 (M) — 0,

which induces exact sequences

(3.1) 0— Extg%(w,M) — ¢Tr, co? 1 (M) — Tma? — 0
and
(3.2) 0 — Ima? — FTY M), — cTr, cof?? (M) — 0.

Note that TorS,(w, 7t} (M),) = 0 by [I7, Lemma 4.1]. So, applying the
functor w ®g — to (3.2) yields

Tor{ (w, Im ’) = Tor?, | (w, cTr,, cof¥ (M)) = sz+1
for any @ > 1. Now applying the functor w ®¢ — to (3.1) yields the exact
sequence

(3.3) Mf:ll — Tor?, | (w,Im ad) (= Ml]+2) — Tor? (w, Ext%(w, M))— M7
— Tor? (w,Ima’) (= MZJ_H) — Tor} (w, Extg%(w, M)).
As Tor? | (w, Extg%(w, M)) = 0 by assumption, the assertion follows. m

The following proposition will be useful.
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PROPOSITION 32 Let M € Mod R with E-cograde, M =n > 1. Then
7.,(S)-pdg cTr,, cof2 Y (M) < j for any 1 < j <n and M = M1,

Proof. Since E-cograde,, M =n by assumption, we get the exact sequence
(3.4(5)) 0= I°(M), = I'"(M), — -+ — (M), — cTr, cof2 (M) = 0
for any 1 < j < n. It implies that

Z.,(S)-pdg cTr,, cof?? "1 (M) < j.

Note that Torgl(w,fi(M)*) = 0 for any ¢ > 0 by [I7, Lemma 4.1]. So,
applying the functor w ®g — to (3.4(n)) gives the following commutative
diagram with exact rows:

0—= M1 —wes (M), —w®s I'(M).
|
I f lQIO(M) lerl(M)

0 ]\V4 I°(M) IY(M)

Since Oro(pr) and 071y are isomorphisms, so is f and M = M1 m

The following result establishes a relation between the strong Ext-cograde
and the strong Tor-cograde of modules.

LEMMA 3.3 ([29, Theorem 6.9]). For anyn > 1, the following statements
are equivalent:

(1) s.E-cograde, Torf (w, N)
(2) sT-cograde,, Ext(w, M)

>4 forany N € Mod S and 1 <i<n.
>1 for any M € Mod R and 1 <i <n.

Relying on this lemma, we introduce the following

DEFINITION 3.4. For n > 1, we say that w satisfies the n-cograde con-
dition if one of the equivalent conditions in Lemma 3.3 is satisfied; and w
satisfies the oco-cograde condition if it satisfies the n-cograde condition for
any n > 1.

Let R be an artin algebra and D the usual duality between mod R and
modR°?. Then D(R) is a typical semidualizing (R, R)-bimodule. Recall
from [I5] that R is said to satisfy the Auslander condition if pdz I'(R) < i
for any i > 0; equivalently, idger Hompg(P;(R), D(R)) < i for any ¢ > 0,
where P;(R) is the (i+1)st term in the minimal projective resolution of g R.
Note that an artin algebra R satisfies the Auslander condition if and only if
DR satisfies the co-cograde condition by [31, Proposition 7.7].
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Let @ be the quiver
s 3
AN
1 5
N
/e
2

and R = KQ/(Ba — 07,e7) with K a field. Take

0 0 0 1 0
10 10 10 11 01
w = D ) D D .
0 1 1 1 1
0 1 0 0 0

By [3, Example VI.2.8(a)], gw is a non-injective tilting module with pdpw
= 1. Thus w is a semidualizing (R, Endg(w))-bimodule. It is straightforward
to verify that the projective cover Py(w) of w is P(1) @ P(4)?> @ P(5).
So Py(w) € P,(R), and hence w satisfies the 1-cograde condition by [31]
Proposition 7.7]. Since pdrw = 1, we have ExtEQ(w, M) = 0 for any M in
Mod R. Thus w satisfies the oo-cograde condition.

From Propositions 3.1 and 3.2, we get the following two corollaries.

COROLLARY 3.5. Assume w satisfies the (n + 1)-cograde condition with
n > 0. If M € Mod R with E-cograde,, M = n, then T-cograde,, Ext%(w, M)
=n.

Proof. If n = 0, then M, # 0. It follows from [29, Lemma 6.1(1)] that
w®g M, # 0 and T-cograde,, M, = 0.

Now suppose n > 1. Then by Proposition 3.1, we have an exact sequence

Tor? (w, Ext(w, M)) — M1 — M., — 0.

By Lemma 3.3, T-cograde,, Ext's(w, M) > n. If T-cograde , Ext’(w, M) >n,
then the above exact sequence implies M1 = M;!, ;. So by Proposition 3.2,
M=M= Torgﬂ(w,cTrw co2™"(M)).

Then Lemma 3.3 yields E-cograde, M > n + 1, contrary to assumption. =

COROLLARY 3.6. Let M € Mod R with E-cograde , M = n > 1. Then
Tor? (w, Ext™ (w, M)) = My for anyi>n+ 1.
Proof. By the proof of Proposition 3.1, we have an exact sequence
MI'SE — My — Tor? (w, Ext(w, M)) — M.

Because i > n + 1, Proposition 3.2 yields Mi’i—ll = MZ-”_1 = 0 and the
assertion follows.
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Applying Corollary 3.5, we get the following lemma which shows how
the Ext-cograde and the Tor-cograde of modules behave in short exact se-
quences. Because the argument is standard, we omit it.

LEMMA 3.7. Assume that w satisfies the (n + 1)-cograde condition with
n > 0.

(1) Let 0 = My — My — M3 — 0 be an exact sequence in Mod R with
n; = E-cograde, M; for i = 1,2,3 and max{ni,na,n3} < n. Then
ng = min{ni,nz}.

(2) Let 0 - Ny — Ny — N3 — 0 be an exact sequence in Mod S with
n; = T-cograde, N; fori=1,2,3 and max{ni,na,ng} <n. Then ny =
min{ni,ns}.

We say that a module M € Mod R is pure of Ext-cograde k if E-cograde,,
M = E-cograde, M/M' = k for any proper R-submodule M’ of M; du-
ally, a module N € Mod S is pure of Tor-cograde | if T-cograde, N =
T-cograde,, N’ = [ for any non-zero S-submodule N’ of N.

ExaMPLE 3.8. Let R be a finite-dimensional algebra over an algebraically
closed field given by the quiver

1392 %2 3.

Then w := I(1) @ I(2) & I(3) is a semidualizing (R-R)-bimodule. Set M :=
S(2). It is easy to see that M, = 0. By [3, IV.2 Theorem 2.13] and [8, VIIL.1
Example], we have Ext}(1(1), M)=2 D Hompg(M, M) # 0 and E-cograde,, M
= 1. Because M is simple, it follows that M is pure of Ext-cograde 1 and
D(M) is pure of Tor-cograde 1.

On the other hand, because N := I(3) is a direct summand of w, it
follows that E-cograde,, N = 0. Thus E-cograde, M ® N =0 and M & N
is not pure of Ext-cograde 0. Because Torl'(D(M),w) = D(Exth(w, M))
and Tor®(D(M @ N),w) = D(Exth(w, M @ N)) for any i > 0, we find that
T-cograde, D(M @& N) =0 and M @& N is not pure of Tor-cograde 0.

PROPOSITION 3.9. Assume that w satisfies the co-cograde condition.

(1) If M € Mod R with E-cograde, M = k and Tor} (w, Ext’(w, M)) = 0
Jor any i > k+1, then M is pure of Ext-cograde k.

(2) If N € Mod S with T-cograde, N = I and Extb(w, Tor? (w, N)) = 0 for
any i > 1+ 1, then N is pure of Tor-cograde .

Proof. (1) Let M’ be a proper R-submodule of M and E-cograde, M /M’
= t. Then T-cograde,, Exthy(w, M/M') =t by Corollary 3.5.

We claim ¢ <k. If ¢t >k, then by assumption, T-cograde,, Extl,(w, M) >t
and Tory (w, Extl(w, M)) = 0. So we have T-cograde,, Extly(w, M) >t 4 1.
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Consider the exact sequence
Extly (w, M) L Extly(w, M/M') L Bxtt ! (w, M),
By Lemma 3.7(2), we have
T-cograde,, Im f > T-cograde,, Ext’(w, M) >t + 1,
T-cograde,, Im g > T-cograde,, Ext’gl(w, M) >t+1.
Thus T-cograde,, Ext’ (w, M/M’) > t+1, a contradiction. The claim follows.

Then by Lemma 3.7(1), E-cograde,, M = E-cograde, M /M’.

(2) is dual to (1). =

As a consequence, we get

COROLLARY 3.10. Assume that w satisfies the co-cograde condition. Then:
(1) Ext’f%(w,M) is pure of Tor-cograde k for any M € Mod R satisfying

E-cograde, M = k.
(2) Torf(w,N) is pure of Ext-cograde | for any N € ModS satisfying

T-cograde, N = [.

Proof. (1) Let M € Mod R with E-cograde, M = k. It follows from
Corollary 3.5 that T-cograde,, Exth(w, M) = k.

We claim that Exti(w, Tor? (w, Extf(w, M))) = 0 for any i > &k + 1.
If & = 0, then E-cograde, Tor{ (w, M,) = E-cograde, Tor{, ,(w, cTr,, M)
i+ 2 for any i > 1. If k > 1, then E-cograde, Tor? (w, Ext¥(w, M))
E-cograde,, Mik+2 > 1+ 2 for any ¢ > k + 1 by Corollary 3.6. The claim
follows. Thus Ext%(w, M) is pure of Tor-cograde k by Proposition 3.9(2).

(2) is dual to (1). =

Recall that a sequence --- — M7 — My — M3 — --- in Mod R is called
Homp(w, —)-ezxact if it is exact after applying the functor Hompg(w, —).

LeMMA 3.11. If M € B,(R), then c¢Tr, M € A,(S).

Proof. Let M € B,,(R). Then by [28| Proposition 3.7 and Theorem 3.9],
there exists a Homp(w, —)-exact exact sequence
(3.5) e W= Wy = I9(M) = T (M) — - -
in Mod R with all W; in Addg w such that M =2 Im(Wy — I°(M)). Applying
the functor (—). to (3.5) yields an exact sequence
(3.6) = W = W, = I9(M), — THM), — -

Applying wg ® — to (3.6), it is easy to verify that it remains exact. This
implies that Torgl(w, cTr, M) =0 and cTr, M € acT (S) by [30, Corollary
3.9]. Then [30, Theorem 3.11(1)] yields c¢Tr, M € A,(S). u

Now we can present the main theorem in this section, which is useful in
providing information about noetherian modules with finite Ext-cograde.

v =
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THEOREM 3.12. Assume that w satisfies the co-cograde condition. If M
is a noetherian left R-module with E-cograde, M = k < oo, then there exists
a filtration

(3.7) 0=MyC M CMC---
of R-submodules of M such that:
(1) My =---= My =0 and we have an exact sequence

0— T0r£+2(w, ¢Tr,, cof2¥(M)) — Tory (w, Exth(w, M))
— M/My, — M /M1 — 0.

(2) If Tor?(w, Exth(w,M)) # 0, then E-cograde, M/M; = i, M; # M,

and M;1/M; is pure of Ext-cograde i.
(3) If Tor} (w, Extly(w, M)) =0, then M; = M.
(4) If Bo(R)-iddr M = d < oo, then

M =My and M/M; = Tors (w, Exth(w, M)).

(5) If Bu(R)-idp M = d < oo, then fil(M) < d — k + 1, and equality holds

whenever T-cograde,, Ext's(w, M) =i for any k < i < d, where fil(M)

is the number of strict inclusions in (3.7).

Proof. By Proposition 3.1, there exists a chain of epimorphisms

Myt (=M) - M) — - = M7

Then we get a ﬁLtration 0= My <C M; C My C --- of R-submodules of M
with M/M; = M '

(1) The case k = 0 is trivial. If £ > 1, then Proposition 3.2 yields
M=M lf_l. Since there exists an exact sequence

0— My — M — M7 (2 M) -0

and M is noetherian, we deduce from [25, Proposition 1.14] that M} = 0,
and hence M; = --- = M}, = 0. Since Z,,(S)-pdp cTr,, co2*~1(M) < k by
Proposition 3.2 again, we have M,f_;ll = 0 by dimension shifting. Now we
get the desired exact sequence from Proposition 3.1.

(2) If Tor? (w, Extih(w, M)) # 0, then T-cograde, Ext’(w, M) = i by

assumption. It follows from Corollary 3.10(2) that Tor? (w, Exth(w, M)) is
pure of Ext-cograde i. By Proposition 3.1 we have an exact sequence
(3.8) My L Tord (w, Extiy(w, M) — M~ — M!, | — 0.
If M; = M1, then Mf_l = MZZ v1 and f is an epimorphism. Consqgeuently,
E-cograde,, M}, , < i by Lemma 3.7(1), a contradiction. Thus M; # M.
Since M;,1/M; = Coker f is a quotient module of Tor? (w, Exth(w, M)), we
see that M;;1/M; is pure of Ext-cograde i. Notice that E-cograde,, M} 1>
i + 1 by assumption, so E-cograde,, M /M; = i by Lemma 3.7(1).
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(3) follows directly from the exact sequence (3.8).

(4) If B, (R)-idg M = d, then co2¢(M) € B, (R) by [29, Theorem 4.2].
Lemma 3.11 yields ¢Tr,, co2?(M) € A,(S) and Mg, = Mf , = 0. Thus
M = Mgy and M/My = Tor (w, Ext&(w, M)) by the exact sequence (3.8).

(5) is a consequence of the former assertions. m

4. Another filtration of modules

DEFINITION 4.1. Let n > 1. A module M in Mod R is called n-Bass-

cosyzygy if there exists an exact sequence
B ... 5B 5B 5 M0

in Mod R with all B® in B,,(R).

We use cof2j3(R) to denote the subclass of Mod R consisting of n-Bass-
cosyzygy modules.

LEMMA 4.2. Let n > 1. If T-cograde, Ext%(w,M) > i — 1 for any
M e Mod R and 1 <i < n, then cof2x(R) = cT,,(R) for any 1 <i < n.

Proof. Because P,,(R) C By, (R) by [17, Corollary 6.1], we have ¢T,(R)
C cof2i(R) by [28, Proposition 3.7].

Assume that T-cograde,, Extz(w, M) > i — 1 for any M € Mod R and

1 < i < n. We now prove by induction on n that co2%(R) C ¢T.(R) for
any 1 < i < n. Let M € cof2;(R). Then there exists an exact sequence

0
B® L5 M — 0 in Mod R with B° € B,(R), and we get the following
commutative diagram with the bottom row exact:

L.®fO°,
w®g BY, d w®g M,
\LQBO \L@]\/[
fO
BY M 0

Since Opo is an isomorphism, we see that 637 is an epimorphism and M is
in ¢7L(R). The case n = 1 is proved.
Now let M € cof2z(R) with n > 2. Then there exists an exact sequence

n—1 1 0
(4.1) 0 L gt Logo Loy g
in Mod R with all B' in B,(R). By the induction hypothesis, we know that
Im f! € ¢7% 1 (R). Applying the functor (—). to (4.1) gives an exact se-
quence
0
(42)  0— (ImfY. — B% L5 M, = Ext?(w, Ker f71) — 0.

Set N :=1Im f°, and let f°, := a - 7 be the natural epic-monic decomposi-
tions of f0, with 7 : B, — N and o : N < M,. Then we have the following
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commutative diagram with exact rows:

0 —— Tor¥(w, N) —=w ®g (Im f1), —=w ®g B%, 2L w@g N —=0

|
(4.3) lelmﬂ laBo g
fO \
0 Im f! B M 0

So by (ly®a) (ly®@T) =0y (1,® f°,) = f2-0p0 = g- (1, @ ). Because
1, ® 7 is epic, we have the relation 0y - (1, ® @) = g and the following
commutative diagram with the top row exact:

w®g N 1u® ®s My, — w ®g Ext(w, Ker f*~1) ——=0

(4.4) l ieM
M——M

Since Oy, s1 is an epimorphism by the above argument, the snake lemma
shows that g is a monomorphism. As w ®g Ext’(w, Ker f 1 = 0 by as-
sumption, we find that #y; is an isomorphism and M € cT2(R) by the
diagram (4.4). This means that the assertion holds for n = 2. If n > 3, then
Im f! € ¢T'(R) implies 6, ;1 is an isomorphism. So Tor; (w, N) = 0 by
the diagram (4.3). In addition, we have Tor{_,.,, 3(w, (Im f1),) = 0 by [28,
Corollary 3.4(3)]. Since T-cograde,, Ext(w, Ker f*~!) > n — 1 by assump-
tion, applying dimension shifting to (4.2) we obtain Tor{«,.,, o(w, M,) = 0.
Therefore M € ¢T7(R) by [28, Corollary 3.4(3)] again. m

The following result shows how the strong Tor-cograde conditions on
modules affect the extension closure of ¢7'(R). It is a dual version of [7,
Theorem 1.1].

LEMMA 4.3. Letn > 1 and
(4.5) 0+A—-B—-C—=0
be an exact sequence in Mod R with A,C € c¢T(R). If
sT-cograde,, Exth(w, A) > n,
then B € cT(R).
Proof. Applying (—). to (4.5) gives the exact sequence
0— A, — B, — C. — Exth(w, A).

Set L = Coker(B, — Cy) and K :=Im(B, — C\).
Let n = 1. Since sT-cograde, Exth(w, A) > 1 and L C Exth(w, A), we
have w ®g L = 0. This yields an epimorphism w ®g B, — w ®g C, and the
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following commutative diagram with the bottom row exact:

wRs Ay —w®g By —w®s Cy, —=0

Jos Jos Joe

0 A B C 0

Because A, C' € ¢TL(R) by assumption, #4 and ¢ are epimorphisms. Then
by diagram chase, g is also an epimorphism and B € CT}U(R).

Let n = 2. Since sT-cograde,, Exth(w, A) > 2 and L C Extp(w, A), we
obtain an isomorphism w ®g K — w ®g C. It yields the exact sequence

WRgAy > w®®s By > w®®gCyy — 0
and the commutative diagram with exact rows
wRs Ay —w®g By —w®s Cy —=0

oo e e

0 A B C 0

Because A, C € c¢T2(R) by assumption, 64 and ¢ are isomorphisms. So 65
is also an isomorphism and B € c¢T2(R).

Let n > 3. Since s T-cograde,, Ext}(w, A) > n > 3, we have B € ¢T2(R)
by the above argument. Consider an exact sequence

0O—-—K—-Cy,—L—0.

Since L C Exth(w, A), we have Torggign_l(w, L) = 0. Then it follows that

Tor? (w, K) = Tor? (w, C,) for any 0 < i < n — 2. Because A,C € c¢T"(R)

by assumption, we have Torfgign_2(w, A)=0= Torfgign_Q(w, Cy) =0 by

[28, Corollary 3.4]. Now applying the functor w ® g — to the exact sequence
0—-A, =B, - K—=0

yields Tor{;<,_o(w, B,) = 0. Thus B € c¢T(R) by [28, Corollary 3.4]
again. m

The following proposition is crucial in proving the main result of this
section.

PROPOSITION 4.4. Assume that w satisfies the n-cograde condition with
n > 1 and M € cof2x(R) with 0 < i < n — 1. Then there exists a
Homp(w, —)-exact exact sequence

0—+A—-MeI—-B—0
in Mod R satisfying the following conditions:

(1) A€ co2f ! (R), I € Z(R) and B = cof2*(Tor?, | (w, cTr, M)).
(2) Z,(S)-pdg B, <i—1.
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Proof. Let i = 0. Set A := Im#@y, I :== 0 and B := Tory (w, cTr,, M).
Then by [28 Proposition 3.2], we have an exact sequence

(4.6) 0—+A—M-— B—0.

Since 0,40, is an epimorphism by [29, Lemma 6.1], we have w ®g M, €
¢TL(R). Note that A is a quotient module of w ®5 M,. So A € c¢TL(R)
by [28, Lemma 3.6, and hence A € cof25(R) by Lemma 4.2. On the other
hand, since E-cograde, B > 1 by assumption, we have B, = 0. So (4.6) is
the desired exact sequence.

Let i = 1. Consider the exact sequence of R-modules

0 — Tory (w,cTr, M) = I — B — 0
with I = I°(Tor$ (w,cTr, M)) € Z(R) and B = cof2!(Tor5 (w, cTr, M)).
Then by [28, Proposition 3.2], we have the following push-out diagram with
the middle column splitting:

0 0
\L f
0 — Tor} (w, ¢Tr, M) I B 0
| .
0 w®g M, M®&®l—B—0
l
M M
|
0 0

Because E-cograde, (Torj (w, ¢Tr, M)) > 2 by assumption, we see that f, is
an isomorphism. So B, (= I,) € Z,,(S) and g, is an epimorphism. Now let
Q1 — Qo — M, —0
be an exact sequence in Mod S with Qp, @1 € P(S). Then

WwRsQ1 = w®s Qo — w®s My, —0

is exact in Mod R and w ®g M, € cof2%(R). Thus the middle row in the
above diagram is the desired exact sequence.

Now suppose i > 2. By Lemma 4.2, we have M € cof25(R) = cT.(R).
Then by [28, Proposition 3.7], there exists a Homp(w, —)-exact exact se-
quence

0N Wi LWia— o 5 Wo— M0

in Mod R with all W; in Addgw and N = Ker f. As Tor?,;(w,cTr, M) =
Tor{ (w, Coker f,) and Tor?, 5(w, cTr, M) = Tor5 (w, Coker f.), by [31, Prop-
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osition 5.1] we have the exact sequence
0 — Tor?, o(w, ¢Try, M) = w @ Ny 25 N = Tor?, | (w, ¢Tr, M) — 0.

Set X := Imfy and L := Tor},(w,cTr, M). Consider the following com-
mutative diagram with exact rows and columns:

0 0 0
i i i

0 X N L 0
| l |

0 I1°(X) I°(X)® I°(L) I°(L) 0
| | |

0 1l‘) a QI d j_i 0
% i %

Since X is a quotient module of w ®g Ny, we have X € clelg(R) and
D e COle(R). Because E-cograde,, L > ¢ + 1 by assumption, we get the
exact sequence

0—I°L)y = I'(L)y = -+ = I'"Y(L)x = B, — 0.

Thus Z,(S)-pdg B« < i — 1 and S, is an epimorphism. Next we have a
commutative diagram with exact rows

0 N Wiy Wi_o S Wo M 0
! ! ! \
I gi—1 I 9i—2 I 90 lg—1
Y v i Y
0—N E° E! ci—=FE"l > H-—>0
where B/ = [/(X) @ I/(L) for any 0 < j < i— 1. The injectivity of E/ guar-
antees the existence of all g;. Now we view the sequence (gi—1,gi—2,.-.,9-1)

as a quasi-isomorphism between the complexes
0—-Wii =W, o= =>Wy—=>M-—=0

and
0F'5FE'—»... 5 E"' 5 H—o.
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We then obtain an exact sequence
0 Wig =W o@E' W, 30FE - ... 5 Wy B2
—MoE~' - H-=0.
Set
K:=Im(Wy® E™2 - M® E™").

It is not hard to see that Ext}%l(w,K) =0and K € CO.Q%(R) for j > 1.
Consider the pull-back diagram

0 0
|
0 A D 0
H | a
0—>K-—>MoFE 11 sH >0
| 8
B B
|
0 0

Since K, D € cT5H(R), we have A € ¢T. " (R) by Lemma 4.3. Thus A €
cof2ii1(R) by Lemma 4.2. Tt follows from Ext%1 (w, K) = 0 that 7, is an
epimorphism. Notice that g, is also an epimorphism, so

0=A, - (M@®E™, B, =0
is exact. The proof is finished. =
We are now in a position to give the main result in this section.

THEOREM 4.5. Assume that w satisfies the n-cograde condition withn>1.
Then for any M € Mod R, there exists an injective left R-module I and a
chain of monomorphisms

M, — My_1— - —> M —>My=Mo&I
in Mod R such that for any 0 < i <n —1, we have:
(1) B; = Coker(M;41 — M;) = cof2'(Torf, 1 (w, cTr, M)).
(2) M € co2i(R).
(3) Z ()mbBwsi—l
(4) The exact sequence 0 — M;y1 — M; — B; — 0 is Homp(w, —)-ezact.

Proof. From the proof of Proposition 4.4, we get a Hompg(w, —)-exact
exact sequence

0—>Ai+1—>Ai@I@'—>Bi—>O
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in Mod R such that Ag = M, A; € co2%(R), I; € Z(R), and
B; = co2(Tor}, | (w, cTr, M)) with Z,,(S)-pdgB;, <i—1for 0 <i<n-—1.
Set I:= @) Ii) My:= M@, M, := A, and M, := A; @@;;} I; for any
1 <4 <n—1. Now the assertion follows easily. =

As a consequence of Theorem 4.5, we have

COROLLARY 4.6. Assume that w satisfies the n-cograde condition with
n > 2. Then for any N € Mod S, there exists an injective left R-module I
and a chain of monomorphisms
Ny — Nyq— = Ny (w®g Ny @ I
in Mod R such that:
(1) Z,(S)-pdgY; < i, where Y; = ((w ®gs N)y @ I,)/Nit2 for any 0 < i <
n— 2.
(2) 0 = w®g Niyo = w®s (w®sN)y ® L) = w®gY; = 0 in Mod R is
exact for any 0 <i<n— 2.
(3) For 1 < i < mn — 2, the natural epimorphism (w ®g N). ® I, — Y; in
Mod S induces an isomorphism

Torf(w, (w®s N)x) = Torf(w,Y;) foranyl<j<mn-—2.
Proof. Let M = w ®g N. By Theorem 4.5, there exists a Homp(w, —)-
exact exact sequence
0= M —-My(EZMadI)— By—0

in Mod R such that By = Tor{(w,cTr, M), M; € cof25(R) and By,
(=0) € Z,(S). By Theorem 4.5 again, we further have Hompg(w, —)-exact
exact sequences

0—-My,—>M —B1—0, 0—>M;—My— By,—0

in Mod R such that My € co2%4(R), M3 € co24(R), Bi, € Z,(S) and
Z(S)-pdsBa, < 1. Now consider the push-out diagram

0 0
Ms, — M,
el B
0—> My, —>> My, —> By, —=0
|
0 By, Y, By, 0
0 0
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By [17, Theorem 6.4], we have Extﬁl(V, By,) = 0 for any V € Z,(S). So
Z,(S)-pdsY1 < 1 by [12, Lemma 8.2.1]. Moreover, there exists a commuta-
tive diagram with exact rows

Lo
w&s M3>)< e w s M2* w s BQ* —0
J/9M3 \LQMQ \L932
0 Ms My B 0

Because M3z € cof23%(R) = cT2(R) by Lemma 4.2, we infer that 0y, is an
isomorphism and 1, ® « is a monomorphism. Similarly 1, ® § is a monomor-
phism, and hence so is 1, ® /. Since Tor{ (w, M3,) = 0 by [28, Corollary
3.4], the sequence

0= w®s M3y > w®s My (Fw®s(wW®sN)®I) >w®sYr =0

is exact and v induces an isomorphism Tor{ (w, (w ®g N),) = Tor? (w, Y1).
Now put Yy := By, and N; := M;, for ¢ = 2,3. Continuing this process, we
may construct a submodule chain of (w ®g N). @ I, satisfying the desired
properties. =

5. Applications. In this section, we apply the two filtrations of modules
obtained in Sections 3 and 4 to study mainly the relationship between artin
algebras satisfying the Auslander condition and Gorenstein algebras.

Following [12, Definition 10.1.1], a module M in Mod R is called Goren-
stein injective if there exists an exact sequence

I: > Iy 1°—=T1"— ...

in Mod R with all I;, I € Z(R) such that Hompg(FE, ) is exact for any E in
Z(R) and M = Im(Iy — IY). We use GZ to denote the class of Gorenstein
injective modules, and Gidg M for the GZ-injective dimension (that is, the
Gorenstein injective dimension) of M.

Note that a module M in mod R belongs to Bp(g)(R) if and only if M
is in GZ by [28, Theorem 3.9 and Corollary 5.2]. So, putting w := D(R) in
Theorem 3.12, we get

COROLLARY 5.1. Let R be an artin algebra satisfying the Auslander con-
dition. If M € modR with E-cogradepp) M = k < oo, then there exists a
filtration 0 = My C My C Mo C --- of R-submodules of M such that:

(1) My =---= My =0 and there exists an exact sequence
0 — Torfl o (D(R), cTrp gy cof2®(M)) — Torj(D(R), Ext}(D(R), M))
— M/My — M/My1 — 0.

(2) If Torj'(D(R),Extiz(D(R),M)) # 0, then E-cogradep g M/M; = i,
M; # M; 11 and M;y1/M; is pure of Ext-cograde i.
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(3) If Tor®(D(R),Exth(D(R), M)) =0, then M; = M;,1.
(4) If Gidp M =d < oo, then

M = Mg, and M/My = Tork(D(R), Ext4(D(R), M)).

(5) If GidgM = d < oo, then fil(M) < d — k + 1, and equality holds
whenever T-cogradep gy Extpr(D(R), M) =i for any k <1i <d.

Auslander and Reiten [6] conjectured that any artin algebra R satisfying
the Auslander condition is Gorenstein.

THEOREM 5.2. Let R be an artin algebra satisfying the Auslander con-
dition. If R is Gorenstein with idgr R = idror R = n, then fil(co2?(R/J)) <
n — 1, and equality holds if Tor®(D(R), Exti(D(R),co2?(R/J))) # 0 for
any 0 <i<n—2 orco2*(R/J) is Gorenstein injective.

Proof. Since idgr R = n, it follows from [I2] Theorem 12.3.1] and [27]
Theorem 2.1] that Gidg R/J = n.

If n > 2, we deduce from [12, Theorem 12.3.1] that cof2"(R/J) is Goren-
stein injective. Thus Gidg cof2?(R/J) < n — 2. Because Gidg R/.J = n, we
have Gidg cof22(R/J) =n — 2. So cof2*(R/J) # 0 and D(cof2*(R/.J)) # 0.
Because D(cof2%(R/J)) is 2-syzygy, it follows from [7l, Theorems 1.7 and
4.7] that Hom g (Hom ges (D(cof2?(R/J)), R), R) = D(cof2*(R/J)) # 0. Take
w = D(R). Then

Homp(D(R),cof2*(R/J)) = Hompes (D(cof2*(R/J)), DD(R))
>~ Hompor (D(cof2?(R/J)), R) # 0
and E-cogradepp cof2’ (R/J) = 0. Now the first assertion follows from

Corollary 5.1.

If n < 2, then cof2'(R/J) is Gorenstein injective. So cof2?(R/.J) is also
Gorenstein injective by [12, Theorem 10.1.4]. m

Secondly, we turn to an application of the filtration of modules obtained
in Section 4. Inspired by [24, Definition 2.15], we give its dual version.

DEFINITION 5.3.

(1) Two homomorphisms f : A — B and [’ : A’ — B’ in Mod R are said
to be isomorphic up to a direct sum of injective modules if there exist
injective modules I, E, U, I’, E' and U’ such that

AT EL BaoFEaU

and
Aasl'eaE SBaFEaU
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are isomorphic, where g and h are given by the following matrices:

f 00 00
g=(o o0 1|, hR=|0 01
00 0 0 0 0

(2) For an integer k > 0, a module M € Mod R is called injectively sta-
tionary of type k if for any ¢ > k, the inclusions A; : M; — My and
Ak @ My — My are isomorphic up to a direct sum of injective modules,
where the M; are as in Theorem 4.5.

We use mod R to denote the stable category of mod R modulo projec-
tives.

THEOREM 5.4. Let R be an artin algebra satisfying the Auslander con-
dition. Then the following statements are equivalent:

(1) R is Gorenstein.

(2) For some k > 0, any 2-D(R)-cotorsionfree left R-module is injectively
stationary of type k.

(3) For some k > 0, any finitely generated 2-D(R)-cotorsionfree left R-
module is injectively stationary of type k.

Proof. (1)=(2). Let M € mod R.Since R is Gorenstein, we have Gidr M
< oo by [12, Theorem 12.3.1]. Then M € Bp(g)(R) by [10, Theorem 4.4]. So
cTrpr) M € Ap(g)(R) by Lemma 3.11. This implies

B; = coQi(Toer(D(R), cTrpry M)) =0
for any ¢ > 0. Thus all the M; equal My and the assertion follows.

(2)=-(3) is trivial.

(3)=-(1). By [16, Theorem 4.1], we only need to show that pdp M < k+2
for any M € mod R with pdp M < oco. Let M € mod R with pdp M =1
< oo and let

0—-Q—--—>Q1 —>Qo—M—=0

be a minimal projective resolution of M in mod R. Let M’ := Ker(Q1 — Qo)
and w := D(R). Because M’ is 2-syzygy, we have
(D(R) ®@r M"), = (D(Hompg(M',R)))sx  (by [12, Theorem 3.2.13])
=~ Hompor (Homp(M', R), R)
>~ M' (by [T, Theorems 1.7 and 4.7]).
So M’ is adjoint 2-D(R)-cotorsionfree and (D(R) ® g M'), = M'. Note that

I, is a projective left R-module for any injective left R-module I by [12]
Theorem 3.2.9]. So, putting N = M’ in Corollary 4.6, from the proof of that
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corollary we infer that there exists an exact sequence

0—>N,-+2—>M'EBP£>YZ~—>O

in mod R with P € P(R) and pdpY; < i for any ¢ > 0, and f; also induces
an isomorphism

Torf(D(R), M’ @ P) = Tor®(D(R),Y;)
for any j > 1. By [12 Theorem 3.2.13], we have
Tor®(D(R), M’ & P) = D(Ext,(M' & P, R)),
Torf(D(R),Y;) = D(Ext},(Y;, R)).
Then by [5, Lemma 2.42], any homomorphism M’ — L in mod R with

pdp L < ifactors through f;. As D(R)®gr(D(R)®@rM'). = D(R)®r M’ we
see that D(R) ®r M’ € mod R is 2-D(R)-cotorsionfree. By the construction
of Nj and [24, Lemma 2.16], we have Y}, = Y] for any i > k by the assumption
of (3). We immediately get a homomorphism g : Y;_o — M’ of left R-modules
such that 17 = g - fi_o. Hence there exists a projective left R-module @
such that M’ is isomorphic to a direct summand of ¥;_o® Q. As Y3 = Y;_5in
mod R, by [14, Proposition 3.1] there exist projective left R-modules P; and
Py such that Y o ® P 2 Y, & Ps. Thus pdp M’ < kand pdp M <k+2. =

For a commutative noetherian ring R and an n-syzygy module M in
mod R with n > 0, an Fvans—Griffith presentation of M is defined to be an
exact sequence

0—+S—B—-M-—0

in mod R with B an nth syzygy of Ext:} (Tr M, R) and S an (n+2)-syzygy
module [I3], 26]. We introduce the dual version of this notion:

DEFINITION 5.5. Let n > 0 and M € cof2}(R). A dual Evans-Griffith
presentation of M is an exact sequence

0—-M-—->B—-C—=0
in Mod R with B an nth cosyzygy of Tory_;(w,cTr, M) and C € coﬁg+2(R).
As an application of Proposition 4.4, we have

PROPOSITION 5.6. Assume that w satisfies the n-cograde condition with
n > 1. Then for any 0 < i <n —1, each module in cof23z(R) admits a dual
Evans—Griffith presentation.

Proof. Let M € cof2i(R) with 0 <4 < n — 1. Then by Proposition 4.4,
there exists an exact sequence

0 AS Mol B0
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in Mod R with A € co2i ' (R), I € Z(R) and B = cof2(Tor}, ; (w, cTr, M)).
Let v := ﬁ( 16”) and A : M — E be an embedding in Mod R with E injec-
tive. Then we have the following commutative diagram with exact columns
and rows:

0 0
M M
. (%) ()
0 4 0) M@I@E@é>B@E 0
(0 0)
0 A I8E C 0
0 0

where C' = Coker(}\). It follows from the bottom row in the above diagram
).

that C € COQ%+2(R Thus the rightmost column is a dual Evans—Griffith
presentation of M. =
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