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ABSTRACT

In this paper, the results on codimension and regularity over
noetherian local rings and coherent local rings are extended to
coherent semilocal rings and some useful examples of coher-
ent semilocal rings are constructed.
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INTRODUCTION

Throughout this paper it is assumed that all rings are commutative
coherent rings with identity and all modules are unitary. Our aim in this
paper is to extend the results on codimension and regularity which were
studied in [7] and [8] for noetherian local rings and coherent local rings to
coherent semilocal rings.
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Let R be a ring and M an R-module. Recall that M is called finitely
presented if there is a finitely generated R-module P and a finitely generated
submodule N of P such that P/N ~ M. R is called a coherent ring if every
finitely generated ideal of R is finitely presented. R is called a regular ring if
every finitely generated ideal of R has finite projective dimension ([5]). In
case R is a noctherian ring, the notion of regularity given here coincides with
that in [7].

In § 2, we study the codimension of modules, and show that if R is a
regular coherent semilocal ring and every maximal ideal of R is finitely
generated, then m-codimg(R) = Codimg (R,,) = w.gl.dimR,, for every
maximal ideal m of R, and Codimg(R) = w.gl.dim R.

§ 3 deals with the regularity of coherent semilocal rings. In [7]
Theorem 60 and Theorem 69, Kaplansky proved that a noetherian local ring
R is regular if and only if the unique maximal ideal of R is generated by a
regular R-sequence. In [8], we proved that a coherent local ring R whose
maximal ideal m is finitely generated is regular if and only if m is generated
by a regular R-sequence (see [8] Theorem 2.6). The main result of this sec-
tion is that if R is an indecomposable coherent semilocal ring whose every
maximal ideal is finitely generated, then R is regular if and only if every
maximal ideal of R is generated by a regular R-sequence if and only if
every maximal ideal m which satisfies w.gl.dim R = w.gl.dim R,, is generated
by a regular R-sequence if and only if there exists a maximal ideal m of
R such that w.gldim R = w.gl.dimR,, and m is generated by a regular
R-sequence.

In § 4 we provide an example of a non-noetherian indecomposable
coherent semilocal ring R with exactly # maximal ideals and with weak
global dimension equal to s, for any natural numbers ¢ and s.

In this paper, we use J, Max(R), gl.dimR, wgldimR, pdg(M),
fdr(M), idg(M), Codimr(M), FP-idg(M), M, f.g.xM, fir.gyM for the
Jacobson radical, the maximal spectrum, global dimension, weak global
dimension of R, projective dimension, flat dimension, injective dimension,
codimension, FP-injective dimension of R-module M, the category of R-
modules, the category of finitely generated R-modules and the category of
finitely presented R-modules, respectively.

1 PRELIMINARIES

Definition 1. Let R be a ring and I an ideal of R, M € , M. A finite sequence
oy -0, €1 is called a regular M-sequence if o; is not a zero divisor for the
module M/(oy,...,0_ )M, i=1,....n, and M # (ay,...,0,) M. We define
I-codimg(M) = sup{t | oy,...,a, is a regular M-sequence in I} and
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Codimg(M) = sup{I-codimg(M) | I is an ideal of R} which are called the
codimension of M in I and codimension of M respectively. Since every ideal of
R must be contained in a maximal ideal of R, we have Codimgy(M) = sup{m-
codimg(M) | m € Max(R)}. Particularly Codimg(R) = sup{m-codimg(R) |m €
Max(R)}.

Definition 2. Let R be a ring, M € y M. The FP-injective dimension of M,
denoted by FP-idy(M), is equal to the least integer n >0 for which
Exti™ (P, M) = 0 for every finitely presented R-module P. If no such n exists
set FP-idg(M) = oo.

In this section, we shall give some lemmas which will be used later.

Lemma 1.1 (5] Corollary 2.5.5). Let R be a coherent ring, M € f.r.;M.
Then pdgy(M) = fdp(M).

Lemma 1.2 ([6] Theorem 5). If R is a coherent semilocal ring, then
w.gl.dim R = fdg(R/J) = idg(R/J) = FP-idg(R/J).

Lemma 1.3. Let R be a ring, m € Max(R), M ez M. If oy,...,0, Em is a
regular M-sequence, then the sequence o, ..., a,, considered as elements in
R,,, is a regular M,,-sequence.

Proof. See the proof of Proposition 1.2 in [1]. O

Lemma 1.4. Let R be a coherent local ring, M € f.rzyM. Then
Codimp(M) < w.gl.dimR.

Proof. Let m be the maximal ideal of R and let o,,...,a, € m be any reg-
ular M-sequence in m. By [8] Lemma 2.3 we have pdy(M/(a, ... ,a)M) =
pdg(M) + 5. Since M is finitely presented, so is M/(a,...,o,)M. Therefore
s <pde(M/(oy,...,00)M)=fdg(M/ (o,...,00)M) <w.gldimR. Thus we
have Codimg(M) < w.gl.dimR. O

Corollary 1.5. Let R be a coherent ring, M € f.r.;M. Then Codimg(M) <
w.gl.dimR.

Proof. ByLemma 1.3 and Lemma 1.4, we have Codimz(M) = sup{m-codimy
(M) |m € Max(R)} < sup{Codimy (M,,)|m € Max(R)} < sup{w.gl.dimR,, |m
€ Max(R)} = w.gl.dimR. O

Lemma 1.6. Let R be a semilocal domain but not a field.
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(1) If m; € Max(R) and m, is finitely generated, then there exists an
irreducible element o of R in m;

(2) 1If my € Max(R) and o € my is an irreducible element of R, then
R/ () is a local ring with unique maximal ideal m; = m, JoR.

(3) Ifm € Max(R) is finitely generated and o. € m is an irreducible ele-
ment of R, then o, considered as an element in R,,, can extended to a
minimal set of generators of the unique maximal ideal mR,, of R,,.

Proof. (1) We Assume that Max(R) = {my,m,,...,m} and m; # m;, Vi # j.
We only need to prove that there exists o € m; such that a¢mm,,
Vi<ij<t

Since my, m,,...,m, are all different maximal ideals of R,
mm; =m; Nm; Smy, V2 <i< ¢

Consider the natural homomorphism ¢ : R — R,, , ¢(r) = . Since R
is a domain, ¢ is injective. If m{ = m,, then (mR,, )* = miR,, =mR,, .
Since m, is finitely generated, so is m R, . It follows from Nakayama’s
Lemma that m R, = 0,som; =0 and Ris a field, which is a contradiction.
Therefore m? < my and every m;m;(1 <i < t) is a proper submodule of m,
as an R-module and Uf‘:] mym; S m;. Thus there exists o € m; such that
agmm, V1 <i<tlIfae mm;, i,j # 1, then o = a0, o; € my, o; € M, and
;0 & my. So o = o0 & my, which is a contradiction. Therefore o & m;m;,
V1 <ij<t.

(2) It is easy to see that Max(R/aR) = {m/aR | m € Max(R), o € m}.
Since o is an irreducible element of R, a & mm; =m (\m;, i=2,...,1.
Soagm; i=2,...,t, and hence Max(R/aR) = {m;/aR} and R/aR is a
local ring.

(3) Since « is an irreducible element of R, o is also an irreducible
element of R, and o ¢ (mRm)z. From [3] § 8.3 Exercise 1 we know that o can
be extended to a minimal set of generators of mR,,. ]

Lemma 1.7 ([3] P. 299, Theorem 2). If R is a semilocal ring, then R has an
indecomposable ~ decomposition R=R,®---@®R, such that every
R;(1 <i < n)is an indecomposable semilocal ring.

Let R be a ring and R=R; @ --- ® R, an indecomposable decom-
position of R. Then every maximal ideal of R has the form

m=R & - &R OmS R, - DR, (1)

where m; € Max(R;), and we have a natural ring isomorphism R,, ~ R, .

Iy

Lemma 1.8. Let R be a coherent local ring with maximal ideal m. If m is
finitely generated, then R is regular if and only if w.gl.dim R < oo if and only if
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m is generated by a regular R-sequence. In addition, if m is generated by a
regular R-sequence with q elements, then Codimg(R) = w.gl.dimR = q.
Proof. See [8] Theorem 2.1, Theorem 2.6 and Corollary 2.7. O
Lemma 1.9. Let R be aregular coherent local ring with maximal ideal m. If m is
finitely generated and o, o, . . . , o, is a minimal set of generators of m, then
w.gl.dim R/aR = w.gl.dimR — 1 < co.
In this case R/aR is also a regular coherent local ring.

Proof. By Lemma 1.8, we have w.gl.dim R < co.
Set R= R/aR, m=m/oR, A=0oR, B=om+w;R+ - +o,R. Itis
easy to verify that

m=A+B, ANB=oaum.
So
mjum = (A + B)/oum ~ (A/om) & (B/om)
and hence
m=m/aR ~ (m/oam)/(aR/am) = (m/am)/(A/om) ~ B/am,

that is, /m is isomorphic to a direct summand of m/um as an R-module, and
so as an R-module. Therefore pdg(m) < pdg(m/om).

It follows from [11] Corollary 5 that R is a GCD domain, then « is not
a zero divisor on m and R, and thus by [5] Theorem 3.1.2 we have that
pdy(in) < pdg(mam) = pdgjue(m/am) = pdg(m) < 0o and  pdg(R/m) <
pdp(m) +1 < co. By Lemma 1.2

w.gl.dim R/aR = w.gl.dim R = fdg(R/m) < oo.

Therefore by [5] Corollary 3.1.4 we have w.gl.dim R/oaR = w.gl.dimR — 1.
O

2 CODIMENSION

Theorem 2.1. Let R be a regular indecomposable coherent semilocal ring. If
every maximal ideal of R is finitely generated, then

(1) m-codimy(R) = Codimy (R,,) = w.gl.dimR,,, Ym € Max(R).

(2) Codimg(R) = w.gl.dimR.
Proof. (1) Suppose m is a maximal ideal of R. Since R is a coherent ring and
m is finitely generated, it follows from [5] Theorem 2.4.2 that R, is a
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coherent local ring with maximal ideal mR,, and mR,, is finitely generated,
and w.gl.dimR,, < w.gl.dimR < co. By Lemma 1.8, R,, is regular and mR,, is
generated by a ¢ elements regular R,-sequence and Codimy (R,) =
w.gldimR,, =t < oco.

We will prove m-codimg(R) = t by induction on z.

If t =0, then R, is a field and mR,, = 0. Since R is a regular inde-
composable coherent semilocal ring, it follows from [11] Corollary 5 that R
is a GCD domain and thus m = 0 and m-codimg(R) = 0.

Now suppose ¢ > 0. If m=0, then R is a field and ¢ = w.gl.dim
R,, = 0, which is a contradiction. So m # 0. By Lemma 1.6, there exists an
irreducible element o of R in m such that R/oR is a local ring with maximal
ideal m/oR and o, considered as an element in R, can be extended to a
minimal set of generators of mR,. By Lemma 1.9 we have w.gl.dim
R, /aR, =w.gldimR, —1=1—1.

We denote R/aR by R, then R is also coherent. Since R is a local ring
with maximal ideal m = m/aR, R; ~ R, and since it is easy to verify that
Rﬁ1 = m/aRmv

w.gl.dim R = w.gl.dim R, = w.gl.dim R,,/oR,,

=wgldimR,—1=1t—1< 0.
By induction hypothesis, we have m-codimg(R)=1t¢— 1. In addition,
m-codimg(R) = m-codimg(R) + 1, so m-codimg(R) = 1.
The statement (2) is an immediate consequence of (1). ]

Corollary 2.2. Let R be a regular coherent semilocal ring. If every maximal
ideal of R is finitely generated, then

(1)  m-codimg(R) = Codimy (R,,) = w.gl.dimR,,, Ym € Max(R).

(2) Codimg(R) = w.gl.dimR.

Proof. By Lemma 1.7, R has an indecomposable decomposition:
R=R, &R, P --®R,, where every R, (1 <i<n)is a regular indecompo-
sable coherent semilocal ring. Now, Vm € Max(R) we assume

m=m &R, & ---®R,, m € Max(R)).

Itis easy to verify that m-codimg(R) = m,-codimg (R;). Then by Theorem 2.1
we have

m-codimg(R) = my-codimg (R,) = w.gl.dim R, = w.gl.dimR,,.
s

The statement (2) is an immediate consequence of (1). Ol
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3 REGULARITY OF COHERENT SEMILOCAL RINGS

Theorem 3.1. Let R be a coherent semilocal ring. If every maximal ideal of R
is finitely generated, then the following statements are equivalent:

(1) R is regular;

(2) wgldimR < oo;

(3) R, is regular, VYm € Max(R);

(4) pdr(R/m) < 00, Ym € Max(R);
(5) pdg(R}J) < oo;

(6) idy(R/m) < oo, Ym € Max(R);
(7) idp(R/J) < o0

(8) FP-idy(R/m) < 0o, Vm € Max(R);
(9) FP-idg(R/J) < co.

Proof. Assume that m,...,m, are all maximal ideals of R. Then R/J ~
®i_R/m; and w.gl.dimR = sup{w.gl.dimR,, || <i < t}= sup{ fdp(R/m;)|1 <
i <t}

By Lemma 1.2 we have w.gldimR = fdy(R/J) = idz(R/J) = FP-
idg(R/J). Since every m; (1 <i<t) is finitely generated, J=(_, m; =
[1_,m; is also finitely generated. Thus by Lemma 1.1 fdg(R/m;) =
pdr(R/m;), for any 1 < i<t and therefore fdgz(R/J) = pdgr(R/J). Now we
only need to prove (2) = (1). The other implications are trivial by above
argument. By [5] Corollary 1.3.9 we have w.gl.dim R = {pdgx(R/I) | I is a
finitely generated ideal of R| < |pdg(I) + 1| I is a finitely generated ideal of
R}. Since w.gl.dim R < 0o, pdg(I) < oo for every finitely generated ideal I of
R. Thus R is regular. O

Theorem 3.2. Let R be an indecomposable coherent semilocal ring. If every
maximal ideal of R is finitely generated, then the following statements are
equivalent:

(1) R is regular,

(2)  Every maximal ideal m of R is generated by a regular R-sequence
with q elements, where ¢ = w.gl.dimR,,;

(3) Every maximal ideal m of R satisfying w.gl.dimR,, = w.gl.dim R is
generated by a regular R-sequence.

(4) Thereis amaximal ideal m of R such that w.gl.dimR = w.gl.dimR,,
and m is generated by a regular R-sequence.

Proof. The implications of (2) = (3) = (4) are trivial.
(4) = (1) Let m € Max(R) with w.gl.dim R = w.gl.dim R,, and let m be
generated by a regular R-sequence o, ...,o,. Then by Lemma 1.3, o, ..., ,,
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considered as elements in mR,,, is a regular R,-sequence in mR,, and
mR,, = (o,...,4,)R,, and thus by Lemma 1.8 we have that w.gl.dim R,, =
Codimp (R,,) = t. So w.gl.dim R = w.gl.dim R,, < oo and hence R is regular
by Theorem 3.1.

(1) = (2) Suppose m is any maximal ideal of R and w.gl.dimR,, = q.

If ¢ = 0, the conclusion is trivial. Now suppose ¢ > 0. It follows from
[11] Corollary 5 that R is a GCD domain. By Lemma 1.6, there exists an
irreducible element o, of R in m such that R/a; R (denoted by R) is a local
ring with unique maximal ideal m = m/o;R. Similar to the proof of
Theorem 2.1, we can prove w.gl.dimR = w.gl.dimR,, — 1 =g —1 < 00.So R
is a regular coherent local ring whose unique maximal ideal 7 is also finitely
generated. It follows from Lemma 1.8 that /m is generated by a regular R-
sequence: o, ..., a&,. Thus m = (o, 0,...,0,) and oy, 0, ..., is a regular
R-sequence. L]

m

Corollary 3.3. Let R be a coherent semilocal ring and let R=R, DR,
@ -+ ® R, be an indecomposable decomposition of R. If every maximal ideal of
R is finitely generated and w.gl.dimR > 0, then the following statements
are equivalent:

(1) R is regular,

(2) For every maximal ideal m=R & ---®R_ & m PR,
@ ®R,, m; € Max(R;), of R, if m; # 0, then m is generated by a
q elements regular R-sequence, where g = w.gl.dimR,, = w.gl.dim

(3) E\”;’ery maximal ideal m of R which satisfies w.gl.dim R = w.gl.dim
R, is generated by a regular R-sequence.

(4) Thereis amaximal ideal m of R such that w.gl.dimR,, = w.gl.dim R
and m is generated by a regular R-sequence.

Proof. (2) = (3) = (4) Clear.

(4) = (1) It is similar to the proof of (4) = (1) in the proof of
Theorem 3.2.

(I)= (2) For convenience sake, we assume that m =m; & R,
@@ R,,m € Max(R,),m; # 0.Since w.gl.dim R > 0, such an m must exist.
Since w.gl.dim R = sup{w.gl.dim R;|1 <i<t}, wgldimR, < w.gldimR <

00, and thus R, is a regular indecomposable coherent semilocal ring. Therefore
by Theorem 3.2 the maximal ideal m, of R is generated by a ¢ elements regular

R,-sequence oc/l, e ,cx/q. Set o, =dai+e+---+e, 1<i<gqg, where
e;(2 <i < 1) is the identity of R;. It is easy to show that «y,..., o, is a regular
R-sequence and m = (o, ..., ,). So mis generated by a g elements R-sequence

and ¢ = w.gl.dim le =w.gldimR,, O
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Remark. When R satisfies the conditions of Corollary 3.3 and R is regular,
we can not obtain that every maximal ideal of R is generated by a regular R-
sequence. For example, let (R;,m;) be a noetherian local ring and
0<gldimR <oo. Set R=R, & F, F is a field. It is easy to see that R
satisfies the conditions of Corollary 3.3 and 0 < w.gl.dimR < co. But the
maximal ideal m = R, @ 0 # 0 can not be generated by a regular R-sequence.
The Jacobson radical of RisJ = m; @ 0 # 0 and J also can not be generated
by a regular R-sequence.

4 SOME EXAMPLES

In this section, we construct some interesting examples of non-
noetherian regular indecomposable coherent semilocal rings.

Proposition 4.1. Let t,n be any two natural numbers. Then there exists a
non-noetherian indecomposable coherent semilocal ring R such that: (1) R has
exactly t maximal ideals; (2) w.gl.dimR=n+1,gl.dimR=n+ 2, (3) Every
maximal ideal of R is not finitely generated.

Proof. Let K be a field with characteristic zero. Set 4 = J,», K o], It
follows from [8] Example 2 that 4 is a non-noetherian coherent local ring
with unique maximal ideal m = {f(x) € 4| f(0) = 0} which is not finitely
generated and w.gl.dimA = 1, gl.dimA4 = 2.

Let A = A[ty,1,,...,1,] be the polynomial ring over 4 on the inde-
terminates ¢, f,,...,t,. Set

mi=m+(t,+i—DA+6A+--+1,A, 1<i<t

It is easy to verify that my,...,m, are different maximal ideals of A. Set
S=A-Uj;m={seA|s¢ U_, m} Itisclear that Sis a multiplicatively
closed subset of A and 1 € S, we denote by Ay the localization ring of A at
S. We shall prove that Ay satisfies all conditions of Proposition 4.1.

First, by [11] Corollary 5, A4 is a domain. So A and Ag are domains and
hence Ay is indecomposable.

Since A4 is a coherent ring of global dimension two, it follows from [5]
Theorem 7.3.14 that A is a coherent ring and thus from [5] Theorem 2.4.2 we
know that Ag is also a coherent ring.

It is easy to verify that mAg, ..., m,Ag are all different maximal ideals
of Ag and every m;Ag(1 < i <1t) is not finitely generated.

By [5] Hilbert Syzygies Theorem 1.3.17, w.gl.dim A = w.gl.dim A+ n =
n+ 1 and gl.dimA = gl.dimA +n=n+2.

It follows from [5] Theorem 1.3.13 that w.gl.dim Ay < w.gldimA =
n+1and gldimAg < gl.dimA =n+2. Let 0 # o € m, we may easily show
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that o, t,1,,...,1t,1s a regular A-sequence in m;. By Lemma 1.3, o, ¢, ..., 1,,
considered as elements in A,, , is a regular R, -sequence and thus by The-
orem 2.1 we have w.gl.dimA,, = CodimA,, >n+1.8etS; = A —m, then
S C S, It follows from [2] § 7.2 Proposition 7.4 that A, = Ag, = (Ag)g /s-
Thus by [5] Theorem 1.3.13 we have

w.gl.dimAg> w.gl.a’imAml >n+1 and gldimAg> gl.dimA [ >n+ 1.

Therefore w.gl.dimAg=n+1and n+ 1 < gl.dim Am1 <gldimAg <n+2.

If gldimA, =n+1, then gldimA,, =w.gldimA, =n+1<oo
and so by [5] Theorem 6.2.15 the maximal ideal n,A,, is finitely generated,
which is a contradiction. Hence gl.dimA, =n+2. In addition,
gldimA,, <gldimAg<n-+?2. Thus gldimAg=n+2. O

Proposition 4.2. Let t,n be any two natural numbers. Then there exists a
non-noetherian indecomposable coherent semilocal ring R such that:

(1) R has exactly t maximal ideals;
(2) wgldimR=gl.dimR =n+ 2;
(3) Every maximal ideal of R is finitely generated.

Proof. Let (4,m) be an umbrella ring (see [9] for the definition) with
characteristic zero (For example, let A =7[x], m=(2,x) € Max(A),
T =A,, K the quotient field of 7. It follows from [9] that 4 =
K[[#)) ={f() € K[[t]]| £(0) € T} is an umbrella ring and it is easy to see that
the characteristic of 4 is zero).

By [8] Example 3, we know that 4 is a coherent local domain and
w.gl.dim A = gl.dim A = 2 and m can be generated by a two elements regular
A-sequence {a,a,} and there is a non-finitely generated prime ideal of 4. So
A is a non-noetherian super regular coherent local ring.

Set

A:A[[lﬂt27"'7tn]7
mi:(a],fxz,tl+i—1,t2,.~~7tn)7 1§l§l

Since Char 4 = 0, it is easy to prove that m,...,m, are different maximal
ideals of A. Set

S=A- Uml- = {s € Als¢ Om,}
=1 =1

We can prove that Ay satisfies the conditions of Proposition 4.2. The proof
here is similar to that of Proposition 4.1, we omit it. ]
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