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ABSTRACT
Let A, A0, and A00 be artin algebras. We prove that if there is a recollement
of the bounded Gorenstein derived category Db

GðPðMod AÞÞðMod AÞ relative

to the bounded Gorenstein derived categories Db
GðPðMod A0ÞÞðMod A0Þ and

Db
GðPðMod A00ÞÞðMod A00Þ, then A is Gorenstein if and only if so are A0 and A00.

In addition, we prove that a virtually Gorenstein algebra A is Gorenstein if
and only if the bounded homotopy category of (finitely generated) project-
ive left A-modules and that of (finitely generated) injective left A-mod-
ules coincide.
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1. Introduction

Recollements play an important role in algebraic geometry and representation theory, see [1, 9,
25], which were introduced by Be K%linson et al. in [9]. It is known that there are many interesting
homological properties or invariants in the framework of recollements. For instance, for a recolle-
ment of bounded derived categories over finite dimensional algebras, Wiedemann proved in [32]
that the finiteness of the global dimension is invariant in the recollement, and Happel proved in
[21] that the finiteness of the finitistic dimension is also invariant in the recollement, and so on.

For an artin algebra A, we use Mod A and mod A to denote the category of left A-modules
and the category of finitely generated left A-modules respectively. Let X ¼ Mod A or
X ¼ mod A. We use GðPðXÞÞ to denote the subcategory of X consisting of Gorenstein projective
modules, and use Db

GðPðXÞÞðXÞ to denote the bounded Gorenstein derived categories of X [19].
Recently, the Gorensteinness of algebras in recollements was studied by several authors. Let A,

A0 and A00 be finite dimensional algebras and the bounded derived category Dbðmod AÞ admit a
recollement

Pan proved that if A is Gorenstein, then A0 and A00 are also Gorenstein [28, Theorem 3.1].
Later, Chen and K€onig proved that A is Gorenstein if and only if A0 and A00 are also Gorenstein
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plus an extra condition [15, Proposition 3.4]. Qin and Han proved that A is Gorenstein if and
only if so are A0 and A00 provided the recollement is what they call a 4-recollement, where they
used the unbounded derived category of Mod [29, Theorem III]. On the other hand, Asadollahi,
Bahiraei, Hafezi, and Vahed studied the Gorensteinness of algebras in recollements of relative
derived categories and they showed that the Gorensteinness of certain artin algebras is an invari-
ant of recollements; that is, for artin algebras A, A0 and A00 with GðPðmod AÞÞ;GðPðmod A0ÞÞ
and GðPðmod A00ÞÞ contravariantly finite in mod A;mod A0 and mod A00 respectively, if
Db

GðPðmod AÞÞðmod AÞ admits a recollement

then A is Gorenstein if and only if so are A0 and A00 [3, Theorem 4.7]. Independently, using a dif-
ferent proof from that in [3], Gao showed in [18, Theorem 3.5] that the Gorensteinness of virtu-
ally Gorenstein artin algebras is an invariant of recollements; that is, for virtually Gorenstein
artin algebras A, A0 and A00, if Db

GðPðmod AÞÞðmod AÞ admits a recollement as above, then A is
Gorenstein if and only if so are A0 and A00.

The following is one of the main results in this paper, which is a “big module” analog of the
Asadollahi, Bahiraei, Hafezi, and Vahed’s result mentioned above as well as a Gorenstein analog
of a classical result of Wiedemann [32, Lemma 2.1].

Theorem 1.1. (Corollary 3.8) For artin algebras A, A0 and A00, if Db
GðPðMod AÞÞðMod AÞ admits a

recollement

then A is Gorenstein if and only if so are A0 and A00.
In fact, we prove this result in some more general setting (Theorem 3.7).
Let A be an artin algebra and X ¼ Mod A or X ¼ mod A. For a subcategory C of X , we use

KbðCÞ to denote the bounded homotopy category of C. Happel proved in [20, Lemma 1.5] that a
finite-dimensional algebra A is Gorenstein if and only if KbðIðmod AÞÞ ¼ KbðPðmod AÞÞ, where
Iðmod AÞ and Pðmod AÞ are the subcategories of mod A consisting of injective modules and
projective modules respectively. On the other hand, as an important generalization of Gorenstein
algebras, Beligiannis and Reiten introduced in [11] virtually Gorenstein algebras. Note that any
Gorenstein algebra is virtually Gorenstein and the converse is not true in general [11, 12]. We get
some equivalent characterizations for virtually Gorenstein artin algebras being Gorenstein, which
can be regarded as a Gorenstein analog of the above result of Happel.

Theorem 1.2. (Theorem 4.6) For a virtually Gorenstein artin algebra A, the following statements
are equivalent.

(1) A is Gorenstein.
(2) KbðGðPðMod AÞÞÞ ¼ KbðGðIðMod AÞÞÞ in Db

GðPðMod AÞÞðMod AÞ.
(3) KbðGðPðmod AÞÞÞ ¼ KbðGðIðmod AÞÞÞ in Db

GðPðmod AÞÞðmod AÞ.

2. Preliminaries

Throughout this paper, A is an abelian category and all subcategories of A are additive, full and
closed under isomorphisms. We use PðAÞ and IðAÞ to denote the subcategories of A consisting
of projective and injective objects, respectively.
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We fix a subcategory C of A. A complex X in A is called C-acyclic (resp. C-coacyclic) if
HiHomAðC;XÞ ¼ 0 (resp. HiHomAðX;CÞ ¼ 0) for any C 2 C and i 2 Z (the set of integers).

Definition 2.1. [6] Let C � D be subcategories of A. The morphism f : C ! D in A with C 2 C
and D 2 D is called a right C-approximation of D if the complex C!f D ! 0 is C-acyclic. If every
object in D admits a right C-approximation, then C is called contravariantly finite in D. Dually,
the notions of left C-approximations and covariantly finite subcategories are defined.

Let K�
C�acðAÞ (resp. K�

C�coacðAÞ) denote the subcategory of the homotopy category K�ðAÞ con-
sisting of C-acyclic (resp. C-coacyclic) complexes, where � 2 fblank;�;þ; bg. A chain map f :
X ! Y is called a C-quasi-isomorphism (resp. C-coquasi-isomorphism) if HomAðC; f Þ (resp.
HomAðf ;CÞ) is a quasi-isomorphism for any C 2 C. Let C be a subcategory of A. Then the rela-
tive derived category, denoted by D�

CðAÞ (resp. co�D�
CðAÞ), is the Verdier quotient of the homo-

topy category K�ðAÞ with respect to the thick subcategory K�
C�acðAÞ (resp. K�

C�coacðAÞ) [14]. Set
K�;Cb Cð Þ :¼ X 2 K� Cð Þjthere exists N 2 Z such that HiHomA C;Xð Þ ¼ 0 for any C 2 C and i � N

� �
:

Kþ;Cb Cð Þ :¼ X 2 Kþ Cð Þjthere exists N 2 Z such that HiHomA X;Cð Þ ¼ 0 for any C 2 C and i � N
� �

:

Lemma 2.2. [19, Theorem 3.6] and [4, Theorem 3.3]

(1) If C is contravariantly finite in A, then Db
CðAÞ ffi K�;CbðCÞ.

(2) If C is covariantly finite in A, then co�Db
CðAÞ ffi Kþ;CbðCÞ.

Definition 2.3. [31] The Gorenstein subcategory GðCÞ of A is defined as GðCÞ ¼ fM 2 Aj there
exists an exact sequence:

� � � ! C1 ! C0 ! C0 ! C1 ! � � �
in A with all Ci, C

i in C, which is both C-acyclic and C-coacyclic, such that M ffi ImðC0 ! C0Þg.
If C ¼ PðAÞ (resp. IðAÞ), then GðPðAÞÞ (resp. GðIðAÞÞ) is exactly the subcategory of A con-

sisting of Gorenstein projective (resp. Gorenstein injective) objects [16].
Let A be an artin algebra. Recall from [10, 11] that A is called virtually Gorenstein if

G P Mod Að Þð Þ?¼?G I Mod Að Þð Þ;
where

G P Mod Að Þð Þ? ¼ M 2 Mod AjExt�1
A G;Mð Þ ¼ 0 for any G 2 G P Mod Að Þð Þ

� �

and
?G I Mod Að Þð Þ ¼ M 2 Mod AjExt�1

A M;Hð Þ ¼ 0 for any H 2 G I Mod Að Þð Þ
� �

:

Definition 2.4. [5, 7] Let M 2 A and n � 0. The C-dimension C-dimM of M is said to be at
most n if there exists an exact sequence

0 ! Cn ! Cn�1 ! � � � ! C0 ! M ! 0 (2.1)

in A with all Ci objects in C. Moreover, the sequence (2.1) is called a proper C-resolution of M if
it is C-acyclic. Dually, The C-codimension C-codim M of M is said to be at most n if there exists
an exact sequence

0 ! M ! C0 ! � � � ! Cn�1 ! Cn ! 0 (2.2)

in A with all Ci objects in C. Moreover, the sequence (2.2) is called a coproper C-coresolution of
M if it is C-coacyclic.
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Definition 2.5. [9] Let T ; T 0 and T 00 be triangulated categories. A recollement of T relative to
T 0 and T 00 is a diagram

of triangle functors such that

(1) (i�; i�), (i�; i!), (j!; j�) and (j�; j�) are adjoint pairs.
(2) j�i� ¼ 0.
(3) i�; j! and j� are fully faithful.
(4) For any object X in T , there exist triangles

and

where the maps are given by adjunctions.

3. Relative singularity categories and recollements

Definition 3.1. [27] Let D be a triangulated category. An object P 2 D is called perfect if for any
object Y 2 D; HomDðP;Y½i	Þ ¼ 0 except for finitely many i 2 Z. Dually, the notion of coperfect
objects is defined.

We use Dperf (resp. Dcoperf ) to denote the triangulated subcategory consisting of perfect (resp.
coperfect) objects, which is called the perfect (resp. coperfect) subcategory of D [27]. Obviously,
Dperf and Dcoperf are thick subcategories of D, and both of them are invariants of triangle
equivalence.

Let C be a contravariantly finite subcategory of A. Li and Huang introduced in [26] the rela-
tive singularity category by the following Verdier quotient

Db
C�sg Að Þ ¼ Db

C Að Þ=Kb Cð Þ:

On the other hand, Orlov [27] defined it in a different way.

Definition 3.2. [27, Definition 1.7] Let D be a triangulated category, the singularity category of D
is defined by the Verdier quotient D=Dperf . In particular, let A be an abelian category and C a
subcategory of A. The relative singularity category is defined by the following Verdier quotient

Db
C�sg Að Þ ¼ Db

C Að Þ=Db
C Að Þperf :

In general, we have KbðCÞ � Db
CðAÞperf . In the following, we will give some sufficient condition

such that they are identical. In this case, the two definitions of the relative singularity categories
mentioned above coincide.

Rickard proved in [30, Proposition 6.2] that DbðMod AÞperf ¼ KbðPðMod AÞÞ for any ring A.
We generalize this result and [13, Lemma 1.2.1] as follows.
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Proposition 3.3. Assume that

(a) A has enough projective objects; and
(b) C is a contravariantly finite subcategory of A closed under direct summands, such

that PðAÞ � C.

Then for any G 2 Db
CðAÞ, the following statements are equivalent.

(1) G 2 KbðCÞ.
(2) There exists iðGÞ 2 Z, such that HomDb

CðAÞðG;M½j	Þ ¼ 0 for any M 2 A and j � iðGÞ.
(3) There exists a finite set IðGÞ � Z, such that HomDb

CðAÞðG;M½j	Þ ¼ 0 for any M 2 A
and j 62 IðGÞ.

Furthermore, if A is closed under direct sums, then Db
CðAÞperf ¼ KbðCÞ.

Proof. The implications ð1Þ ) ð2Þ and ð1Þ ) ð3Þ are obvious,
ð2Þ ) ð1Þ Let G 2 Db

CðAÞ. Then there exists a C-quasi-isomorphism Q ! G with Q 2 K�;CbðCÞ
by Lemma 2.2, and hence there exists N 2 Z such that HiHomAðC;QÞ ¼ 0 for any C 2 C and
i � N. It follows that HiQ ¼ 0 for any i � N since PðAÞ � C.

We claim that there exists n � N such that ImdnQ 2 C. Otherwise, there exists �n � iðGÞ such

that ImdnQ 62 C. Put M :¼ ImdnQ. Then there exists a non-zero epimorphism fdnQ : Qn ! M in A,

such that dnQ is identified with the composition of Qn ‡
ednQ
M ,!k Qnþ1. It induces the following

chain map

Notice that ImdnQ 62 C, so f is not null homotopic. Otherwise, there exists a morphism h :
Qnþ1 ! M such that fdnQ ¼ hdnQ ¼ hkfdnQ . Since fdnQ is epic, we have that 1M ¼ hk and M is a iso-
morphic to a direct summand of Qnþ1 in C. Since C is closed under direct summands by assump-
tion, it follows that M 2 C, a contradiction. So HomK�ðAÞðQ;M½�n	Þ 6¼ 0 and we have

HomDb
C Að Þ G;M �n½ 	ð Þ ffi HomD�

C Að Þ Q;M �n½ 	ð Þ
ffi HomK� Að Þ Q;M �n½ 	ð Þ 6¼ 0;

which contradicts the assumption. The claim is proved.
Now we have a C-quasi-isomorphism

with s�nþ1Q 2 KbðCÞ. Then G ffi Q ffi s�nþ1Q in D�
C ðAÞ, and it follows that G ffi s�nþ1Q 2 KbðCÞ

in Db
CðAÞ.

Similarly, we get ð3Þ ) ð1Þ.
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Furthermore, the inclusion KbðCÞ � Db
CðAÞperf is obvious. Conversely, let P 2 Db

CðAÞperf . Then
there exists a C-quasi-isomorphism Q ! P with Q 2 K�;CbðCÞ by Lemma 2.2, and hence there
exists N 2 Z such that HiHomAðC;QÞ ¼ 0 for any C 2 C and i � N. Since PðAÞ � C, we have
HiQ ¼ 0 for any i � N.

We claim that there exists n � N such that ImdnQ 2 C. Otherwise, suppose that ImdnQ 62 C for
any n � N. Take M :¼ �i�N ImdiQ 2 C and the non-zero morphism

such that dnQ is identified with the composition of Qn ‡
ednQ
M ,!k Qnþ1: It induces the following

chain map

Note that ImdnQ 62 C, so f is not null homotopic. Otherwise, by an argument similar to the
above, we have ImdnQ 2 C, a contradiction. So HomK�ðAÞðQ;M½�n	Þ 6¼ 0 and we have

HomDb
C Að Þ P;M �n½ 	ð Þ ffi HomD�

C Að Þ Q;M �n½ 	ð Þ
ffi HomK� Að Þ Q;M �n½ 	ð Þ 6¼ 0:

So there are infinitely many n such that HomDb
CðAÞðP;M½�n	Þ 6¼ 0, which contradicts the

assumption that P 2 Db
CðAÞperf . The claim is proved.

Consider the following C-quasi-isomorphism

with s�nþ1Q 2 KbðCÞ. Then P ffi Q ffi s�nþ1Q in D�
C ðAÞ, and so P ffi s�nþ1Q 2 KbðCÞ in Db

CðAÞ. It
follows that P 2 KbðCÞ. The proof is finished.

Because GðCÞ is closed under direct summands by [23, Theorem 4.6(2)], the following is an
immediate consequence of Proposition 3.3.

Corollary 3.4. Assume that

(a) A has enough projective objects; and
(b) GðCÞ is a contravariantly finite subcategory of A and PðAÞ � C.

Then for any G 2 Db
GðCÞðAÞ, the following statements are equivalent.

(1) G 2 KbðGðCÞÞ.
(2) There exists iðGÞ 2 Z, such that HomDb

GðCÞðAÞðG;M½j	Þ ¼ 0 for any M 2 A and j � iðGÞ.
(3) There exists a finite set IðGÞ � Z, such that HomDb

GðCÞðAÞðG;M½j	Þ ¼ 0 for any M 2 A
and j 62 IðGÞ.

Furthermore, if A is closed under direct sums, then Db
GðCÞðAÞperf ¼ KbðGðCÞÞ.
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Let eD and fD0 be triangulated subcategories of triangulated categories D and D0 respectively.
Recall from [2] that a triangle functor F : D ! D0 is said to restrict to eD if F restricts to a triangle
functor eD ! fD0 .

Lemma 3.5. Let F : D ! D0 be a triangle functor of triangulated categories. If F admits a right
adjoint G, then F restricts to Dperf .

Proof. Let X 2 Dperf . For any Y 2 D0, we have

HomD0 FX;Y i½ 	
� �

ffi HomD X;GY i½ 	
� �

ffi HomD X; GYð Þ i½ 	
� �

:

By the definition of perfect objects, we have FX 2 D0
perf , and hence F restricts to Dperf .

Proposition 3.6. Assume that

(1) both A and A0 are abelian categories having enough projective objects and closed under dir-
ect sums.

(2) C and C0 are contravariantly finite subcategories of A and A0 closed under direct summands
respectively, such that PðAÞ � C and PðA0Þ � C0.

If F : Db
CðAÞ ! Db

C0 ðA
0Þ is a triangle functor admitting a right adjoint G, then F restricts

to KbðCÞ.

Proof. It follows from Proposition 3.3 and Lemma 3.5.

Our main result is the following

Theorem 3.7. Assume that

(1) A; A0 and A00 are abelian categories having enough projective objects and closed under dir-
ect sums; and

(2) C; C0 and C00 are contravariantly finite subcategories of A; A0 and A00 closed under direct
summands respectively, such that PðAÞ � C, PðA0Þ � C0 and PðA00Þ � C00.

If Db
CðAÞ admits a recollement

then Db
C�sgðAÞ ¼ 0 if and only if Db

C0�sgðA
0Þ ¼ 0 ¼ Db

C00�sgðA
00Þ.

Proof. By assumption, we have Db
CðAÞ ffi KbðCÞ. Let X0;Y 2 Db

C0 ðA
0Þ. Since i� is fully faithful and

i�X0 2 Db
CðAÞðffi KbðCÞÞ, it follows from Proposition 3.3 that

HomDb
C0 A0ð Þ X0;Y i½ 	

� �
ffi HomDb

C Að Þ i�X
0; i�Y i½ 	

� �
ffi HomDb

C Að Þ i�X
0; i�Yð Þ i½ 	

� �
¼ 0

except for finitely many i 2 Z and so X0 2 KbðC0Þ. Thus KbðC0Þ ffi Db
C0 ðA

0Þ and Db
C0�sgðA

0Þ ¼ 0.
Similarly, we have Db

C00�sgðA
00Þ ¼ 0.

Conversely, let X 2 Db
CðAÞ. Then there exists a triangle
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By assumption, j�X 2 KbðC00Þ and i�X 2 KbðC0Þ. Since i� restricts to KbðC0Þ and j! restricts to
KbðC00Þ by Proposition 3.6, we have j!j�X 2 KbðCÞ and i�i�X 2 KbðCÞ, and hence X 2 KbðCÞ, which
implies that KbðCÞ ffi Db

CðAÞ and Db
C�sgðAÞ ¼ 0.

Recall that an artin algebra A is called Gorenstein if its left self-injective dimension idAA and
right self-injective dimension idAopA are finite. We have the following facts: (1) An artin algebra
A is Gorenstein if and only if Db

GðPðMod AÞÞ�sgðMod AÞ ¼ 0 [8]; (2) GðPðMod AÞÞ is contravar-
iantly finite in Mod A [10, Theorem 3.5]. So, by taking A ¼ Mod A and C ¼ GðPðMod AÞÞ in
Theorem 3.7, we have the following result, which is a Gorenstein analog of [32, Lemma 2.1] as
well as a “big module” analog of [3, Theorem 4.7] and [18, Theorem 3.5].

Corollary 3.8. Let A, A0 and A00 be artin algebras. If Db
GðPðMod AÞÞðMod AÞ admits a recollement

then A is Gorenstein if and only if so are A0 and A00.

It is well known that a ring A has finite left global dimension if and only if DbðMod AÞ ¼
KbðPðMod AÞÞ (that is, Db

PðMod AÞ�sgðMod AÞ ¼ 0). So, by taking A ¼ Mod A and C ¼
PðMod AÞ in Theorem 3.7, we have the following “big module” analog of [32, Lemma 2.1].

Corollary 3.9. (cf. [25, Corollaries 5 and 6]) Let A, A0 and A00 be rings. If DbðMod AÞ admits a
recollement

then A has finite left global dimension if and only if so do A0 and A00.

We remark that the dual counterparts of all results in this section also hold true.

4. Characterizing Gorenstein algebras

In this section, A is an artin algebra.

Lemma 4.1. We have

(1) For any X 2 K�;GðPðmod AÞÞbðGðPðmod AÞÞÞ, the following statements are equivalent.
(1.1) X 2 KbðGðPðmod AÞÞÞ.
(1.2) For any Y 2 K�;GðPðmod AÞÞbðGðPðmod AÞÞÞ,

HomK�;G P mod Að Þð Þb G P mod Að Þð Þð Þ X;Y i½ 	
� �

¼ 0

except for finitely many i 2 Z.
(2) For any G 2 Kþ;GðIðmod AÞÞbðGðIðmod AÞÞÞ, the following statements are equivalent.

(2.1) G 2 KbðGðIðmod AÞÞÞ.
(2.2) for any Y 2 Kþ;GðIðmod AÞÞbðGðIðmod AÞÞÞ,

HomKþ;G I mod Að Þð Þb G I mod Að Þð Þð Þ Y i½ 	;G
� �

¼ 0

except for finitely many i 2 Z.

Proof. The first assertion is [3, Lemma 4.5], and the second one is its dual.

Compare the following result with the last assertion in Corollary 3.4 and its dual counterpart.
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Proposition 4.2. Let A be virtually Gorenstein. Then we have

(1) Db
GðPðmod AÞÞðmod AÞperf ¼ KbðGðPðmod AÞÞÞ.

(2) co�Db
GðIðmod AÞÞðmod AÞcoperf ¼ KbðGðIðmod AÞÞÞ.

Proof. (1) Let A be virtually Gorenstein. It follows from [12, Theorem 5] that GðPðmod AÞÞ is
contravariantly finite in mod A. Then by Lemma 2.2, we have

Db
G P mod Að Þð Þ mod Að Þperf ¼ K�;G P mod Að Þð Þb G P mod Að Þð Þð Þ:

Now the assertion follows from Lemma 4.1(1).
(2) It is dual to (1).

We have the following easy observation.

Lemma 4.3. The following statements are equivalent.

(1) A is Gorenstein.
(2) Any object in GðPðMod AÞÞ has finite GðIðMod AÞÞ-codimension and any object in

GðIðMod AÞÞ has finite GðPðMod AÞÞ-dimension.
(3) Any object in GðPðmod AÞÞ has finite GðIðmod AÞÞ-codimension and any object in

GðIðmod AÞÞ has finite GðPðmod AÞÞ-dimension.

Proof. ð1Þ ) ð2Þ þ ð3Þ Let A be Gorenstein. Then any object in Mod A (resp. mod A) has finite
GðPðMod AÞÞ-dimension (resp. GðPðmod AÞÞ-dimension) by [17, Theorem 11.5.1] (resp. [22,
Theorem]). Dually, any object in Mod A (resp. mod A) has finite GðIðMod AÞÞ-dimension
(resp. GðIðmod AÞÞ-dimension).

ð2Þ ) ð1Þ (resp. ð3Þ ) ð1Þ) By assumption, we have that DðAAÞ has finite
GðPðMod AÞÞ-dimension (resp. GðPðmod AÞÞ-dimension). So DðAAÞ has finite projective dimen-
sion by [24, Corollary 3.12], and hence idAopA<1. Dually, because AA has finite
GðIðMod AÞÞ-dimension (resp. GðIðmod AÞÞ-dimension) by assumption, we have idAA<1 by
[24, Corollary 4.12]. Thus A is Gorenstein.

Lemma 4.4. Let A be virtually Gorenstein. Then there exist triangle equivalences

Db
G P mod Að Þð Þ mod Að Þ ffi co�Db

G I mod Að Þð Þ mod Að Þ;
Db

G P Mod Að Þð Þ Mod Að Þ ffi co�Db
G I Mod Að Þð Þ Mod Að Þ:

Proof. The first equivalence follows from [3, Theorem 6.3].
By [33, Proposition 3.2], we have that ðGðPðMod AÞÞ;GðIðMod AÞÞÞ is a balanced pair. Then

by [14, Proposition 2.2], we have that an exact sequence is GðPðMod AÞÞ-acyclic if and only if it
is GðIðMod AÞÞ-coacyclic, which yields the second equivalence.

As a consequence, we have the following

Proposition 4.5. Let A be virtually Gorenstein and either X ¼ Mod A or X ¼ mod A. Then
we have

(1) The following statements are equivalent.
(1.1) Any object in GðPðXÞÞ has finite GðIðXÞÞ-codimension.
(1.2) KbðGðPðXÞÞÞ � KbðGðIðXÞÞÞ in Db

GðPðXÞÞðXÞ.
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(2) The following statements are equivalent.
(2.1) Any object in GðIðXÞÞ has finite GðPðXÞÞ-dimension.
(2.2) KbðGðIðXÞÞÞ � KbðGðPðXÞÞÞ in Db

GðPðXÞÞðXÞ.

Proof. ð1:1Þ ) ð1:2Þ Let X 2 KbðGðPðXÞÞÞð� Db
GðPðXÞÞðXÞÞ. Then X 2 co�Db

GðIðXÞÞðXÞ by Lemma
4.4. We will prove X 2 KbðGðIðXÞÞÞ by induction on the width w(X) of X. Let w(X) ¼ 1. By the
dual version of [23, Corollary 5.12], there exists a finite coproper GðIðXÞÞ-coresolution

of X, which can be viewed as a GðIðXÞÞ-coquasi-isomorphism

It follows that X 2 KbðGðIðXÞÞÞ. Now suppose wðXÞ ¼ n � 2. From the following diagram

we get a triangle

with wðX1Þ ¼ n�1 and wðX2Þ ¼ 1. By the induction hypothesis, we have X1 2 KbðGðIðXÞÞÞ and
X2 2 KbðGðIðXÞÞÞ, and hence X 2 KbðGðIðXÞÞÞ.

ð1:2Þ ) ð1:1Þ Let G 2 GðPðXÞÞ, as a stalk complex, be an object in KbðGðPðXÞÞÞ. Then G 2
KbðGðIðXÞÞÞð� co�Db

GðIðXÞÞðXÞÞ by (1.2). Then there exists a GðIðXÞÞ-coquasi-isomorphism

in particular, is exact, and hence G has finite
GðIðXÞÞ-codimension.

Dually, we get ð2:1Þ () ð2:2Þ.

Now we are in a position to prove the following

Theorem 4.6. For a virtually Gorenstein algebra A, the following statements are equivalent.

(1) A is Gorenstein.
(2) KbðGðPðMod AÞÞÞ ¼ KbðGðIðMod AÞÞÞ in Db

GðPðMod AÞÞðMod AÞ.
(3) Db

GðPðMod AÞÞðMod AÞperf ¼ co�Db
GðIðMod AÞÞðMod AÞcoperf in Db

GðPðmod AÞÞðMod AÞ.
(4) KbðGðPðmod AÞÞÞ ¼ KbðGðIðmod AÞÞÞ in Db

GðPðmod AÞÞðmod AÞ.
(5) Db

GðPðmod AÞÞðmod AÞperf ¼ co�Db
GðIðmod AÞÞðmod AÞcoperf in Db

GðPðmod AÞÞðmod AÞ.
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Proof. By Lemma 4.3 and Proposition 4.5, we have ð2Þ () ð1Þ () ð4Þ.
By Corollary 3.4 and its dual counterpart, we have Db

GðPðMod AÞÞðMod AÞperf ¼
KbðGðPðMod AÞÞÞ and co�Db

GðIðMod AÞÞðMod AÞcoperf ¼ KbðGðIðMod AÞÞÞ. So the assertion
ð2Þ () ð3Þ follows. The assertion ð4Þ () ð5Þ follows from Proposition 4.2.

In summary, if A is Gorenstein, then we have the following diagram of identifications
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