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Abstract: Let <7 be an abelian category having enough projective and injective objects, and let .7 be an addi-
tive subcategory of .« closed under direct summands. A known assertion is that in a short exact sequence
in «7, the .7 -projective (resp. .7 -injective) dimensions of any two terms can sometimes induce an upper
bound of that of the third term by using the same comparison expressions. We show that if .7~ contains all
projective (resp. injective) objects of .7, then the above assertion holds true if and only if .7 is resolving (resp.
coresolving). As applications, we get that a left and right Noetherian ring R is n-Gorenstein if and only if the
Gorenstein projective (resp. injective, flat) dimension of any left R-module is at most n. In addition, in several
cases, for a subcategory ¢ of .77, we show that the finitistic ¢-projective and .7 -projective dimensions of &/
are identical.
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1 Introduction

Homological dimensions are fundamental invariants in homological theory, which play a crucial role in
studying the structures of modules and rings. Let R be an arbitrary ring, let Mod R be the category of left
R-modules, and let .7 be a subcategory of Mod R. For a module A € Mod R, we use .7 -pd A to denote the
7 -projective dimension of A. Let

0-A >A -5 A3 -0

be an exact sequence in Mod R. Consider the following assertions:

(1) 7-pdA; < max{7-pd A1, 7-pd A3} with equality if 7-pd A; + 1 # T -pd As.

(2) 7-pdA; < max{7-pdA,, 7-pd A; — 1} with equality if 7-pd A, # 7 -pd As.

(3) 7-pdA3 <max{7-pdA; +1,.7-pd A,} with equality if 7-pd A1 + 7 -pd A,.

It has been known that these assertions hold true if .7 is the subcategory of Mod R consisting of one kind of
the following modules (among others):

»  Projective modules.

o Flat modules.

o Gorenstein projective modules [9, Lemma 2.4].

o C-Gorenstein projective modules with C a semidualizing bimodule [27, Lemma 3.2].
o Gorenstein flat modules (see [7, Theorem 2.11] and [31, Theorem 4.11]).

o Auslander classes [25, Corollary 4.5].
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It is natural to ask the following question: what properties should a subcategory of Mod R have in order for
properties (1)—(3) to hold? One of the aims in this paper is to study this question. In fact, we will show that
if .7 is an additive subcategory of Mod R which is closed under direct summands and contains all projective
left R-modules, then the above assertions hold true if and only if .7 is resolving.

On the other hand, Auslander and Bridger proved that a commutative Noetherian local ring R is Gorenstein
if and only if any finitely generated R-module has finite Gorenstein dimension (or Gorenstein projective
dimension, in more popular terminology) [3, Theorem 4.20]. Then Hoshino developed Auslander and
Bridger’s arguments to prove that an artin algebra R is Gorenstein if and only if any finitely generated
left R-module has finite Gorenstein dimension [21, Theorem]. Furthermore, Huang and Huang generalized
it to left and right Noetherian rings [22, Theorem 1.4]. By applying the results obtained by studying the
question mentioned above, our other aim is to generalize this result to arbitrary modules over left and right
Noetherian rings. Note that for a left and right Noetherian ring R, if R is n-Gorenstein (that is, the left and right
self-injective dimensions of R are at most n), then the Gorenstein projective dimension of any left R-module
is at most n [13, Theorem 11.5.1]. However, the converse seems to be far from clear.

The paper is organized as follows. In Section 2, we give some notions and notations that will be used in
the sequel. Let &/ be an abelian category having enough projective objects. In Section 3, we first prove the
following result.

Theorem 1.1 (Theorem 3.2). Let .7 be an additive subcategory of <7 which is closed under direct summands
and contains all projective objects of </. Then the following statements are equivalent:
(1) 7 isresolving.
(2) For any exact sequence
0—-A>A, 5A3-0

in </, we have

(2.1) T-pdA; <max{.7-pdAq, . 7-pd A3} with equality if 7-pd A1 + 1 #+ T -pd As;

(2.2) T-pdA; <max{.7-pdA,, 7-pd A3 — 1} with equality if 7-pd A, # T -pd As;

(2.3) T-pdAs <max{.7-pdA; + 1, 7-pd A,} with equality if 7-pd A1 #+ T -pd A,.

Then we apply it to prove that if 7 is a resolving subcategory of <7 which is closed under direct summands and
admits an &-coproper cogenerator ¥ with & a subcategory of <7, then the finitistic .7 -projective dimension
of o7 is at most its finitistic 4’-projective dimension, and with equality when Exti} (T, C) =0forany T € .7 and
C € € (Corollary 3.5). We also list the duals of these results without proofs (Theorem 3.9 and Corollary 3.12).

In Section 4, we first present a partial list of examples of how the results obtained in Section 3 can be
applied (Remark 4.4). Then it is shown that Corollaries 3.5 and 3.12 can be applied in many cases for mod-
ule categories (Corollaries 4.5-4.7). Some known results are obtained as corollaries. The main result in this
section is the following theorem.

Theorem 1.2 (Theorems 4.9, 4.11 and 4.13). Let R be a left and right Noetherian ring and let n > 0. Then the
following statements are equivalent:

(1) R is n-Gorenstein.

(2) The Gorenstein projective dimension of any left R-module is at most n.

3) The Gorenstein injective dimension of any left R-module is at most n.

(4) The Gorenstein flat dimension of any left R-module is at most n.

(5) The strongly Gorenstein flat dimension of any left R-module is at most n.

(6) The projectively coresolved Gorenstein flat dimension of any left R-module is at most n.

(i)°?  Opposite side version of (i), with 2 < i < 6.

The Gorenstein symmetric conjecture states that for any artin algebra R, the left self-injective dimension of R
is finite implies that so is its right self-injective dimension (see [4, p. 410]). By Theorem 1.2, we have that the
Gorenstein symmetric conjecture holds true is equivalent to that for any artin algebra R, the left self-injective
dimension of R being at most n implies that any of (2)—(6) (resp. (2)°P-(6)°P) is satisfied.

Let R, S be arbitrary rings, let xCs be a semidualizing bimodule and let M € Mod R. We show that M is
C-flatif and only if its character module is C-injective, and that M is C-Gorenstein flat implies that its character
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module is C-Gorenstein injective (Theorem 4.17), which are the C-versions of [8, Theorem 2.2] and [18, Theo-
rem 3.6], respectively. As a consequence, we get that the C-Gorenstein flat dimension of M is at most its C-flat
dimension with equality if the C-flat dimension of M is finite; moreover, the finitistic flat and Gorenstein flat
dimensions of R are identical (Theorem 4.19). It extends [16, Theorem 2.1] and [18, Theorem 3.24].

2 Preliminaries

Throughout this paper, ./ is an abelian category and all subcategories of .7 involved are full, additive and
closed under isomorphisms and direct summands. We use P(.<7) (resp. J(7)) to denote the subcategory of .«
consisting of projective (resp. injective) objects.

Let 2" be a subcategory of .o7. We write

L2 = {A e | Ext3)(A,X) = Oforany X € 2},
2t i={Aed| Exti{l(X,A) =0forany X € 27}.
Let M € «/. The 2 -projective dimension Z -pd M of M is defined by
inf{n | there exists an exact sequence 0 — X, — --- - X; —» Xop > M — 0in & withall X; € 27},
and set 2 -pd M = oo if no such integer exists. Dually, the 2 -injective dimension 2 -id M of M is defined by
inf{n | there exists an exact sequence 0 - M — X° —» X! - ... - X" - 0in o/ withall X' € 2},

and set 2" -id M = co if no such integer exists. We use .2 -pd<® (resp. 2 -id“*°) to denote the subcategory
of &/ consisting of objects with finite .2"-projective (resp. 2 -injective) dimension. We write
% -FPD := sup{2"-pd M | M € 2 -pd**},
% -FID := sup{2™-idM | M € 2"-id**}.
Let & be a subcategory of .<7. Recall from [13] that a sequence
§:v 585 58 58—

in & is called Hom, (&, -)-exact (resp. Hom (-, &)-exact) if Hom,(E, S) (resp. Hom (S, E)) is exact for
any E € &. Let ¢ < .7 be subcategories of .«7. Recall from [24] that € is called an &-proper generator (resp.
&-coproper cogenerator) for .7 if for any T € .7 there exists a Hom (&, —) (resp. Hom ., (-, &))-exact exact
sequence

05T -5C—>T—0 (resp.O—>T—>C—>T, — 0)

ino withCe%and T € .7.When & = P(«) (resp. J(«7)), an &-proper generator (resp. &-coproper cogen-
erator) is exactly a usual generator (resp. cogenerator).
We define

rés\g_‘% := {M € «/ | there exists a Hom_, (&, —)-exact exact sequence
> Ci—>--—>C > C—> M- 0in & withall C; € ¢}.
Dually, we define
CO/@;% := {M € o | there exists a Hom 4 (-, &)-exact exact sequence
0-M—-C"—C'—... 5 C - ... ino/ withall C'in ©}.

Definition 2.1 ([24]). Let & and .7 be subcategories of .<7.
(1) The subcategory .7 is called &-preresolving in < if the following conditions are satisfied:
(1.1) 7 admits an &-proper generator.
(1.2) 7 is closed under &-proper extensions, that is, for any Hom (&, —)-exact exact sequence
0—-A1 -5A), 5 A3—>0

in «7, if both A, and A5 arein .7, then A, is alsoin .7.
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(2) The subcategory .7 is called &-precoresolving in <7 if the following conditions are satisfied:
(2.1) .7 admits an &-coproper cogenerator.
(2.2) 7 is closed under &-coproper extensions, that is, for any Hom ., (-, £)-exact exact sequence

0—-A>A, -5 A3-0
in <7, if both A, and A3 arein .7, then A, isalsoin .7.
The following definition is cited from [14].

Definition 2.2. Let %, ¥ be subcategories of .«7.
(1) The pair (%, V) is called a cotorsion pair in o7 if

U ={A e |Ext! (A, V)=0forany V e 7}

and
¥ ={A e o | Ext.,(U A)=0forany U € %}.

(2) A cotorsion pair (%, V) is called hereditary if one of the following equivalent conditions is satisfied:
(2.1) Extf;(U, V)=0foranyU e Z and V € V.
(2.2) % is resolving in the sense that P(«7) € % and % is closed under extensions and kernels of epi-
morphisms.
(2.3) 7 is coresolving in the sense that J(<7) € ¥ and 7 is closed under extensions and cokernels of
monomorphisms.

3 General results

3.1 Projective dimension relative to resolving subcategories

We begin with the following observation.

Lemma 3.1. Let M € o and n > 0.

(1) Assume that <7 has enough projective objects. If .7 is a resolving subcategory of <7, then the following
statements are equivalent:
(1.1) I-pdM < n.
(1.2) There exists an exact sequence

0-K,—»Pyq41—>--—>PL—>Pp—>M->0

in o/ with all P; projective and K,, € 7.
(1.3) For any exact sequence

0—-K,—>Ppqg—>-+—>P>Pp—>M->0

in </, if all P; are projective, then K,, € 7.
(1.4) For any exact sequence

0—-Kn—->Tp.1—>--—>T1 >To->M—->0

in,ifall T; arein 7, then K, € 7.
(2) Let & be a subcategory of <. If 7 is an &-precoresolving subcategory of </ admitting an &-coproper
cogenerator €, then the following statements are equivalent:
(2.1) I-pdM < n.
(2.2) There exists an exact sequence

0-C—-Cp1—>-+—>C>To->M—-0
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in o with all C; in ¢ and Ty € .7 ; that is, there exists an exact sequence
0-K—->T—-M->0
ino withT € 7 and ¢-pdK < n - 1.

Proof. (1) The implications (1.4) = (1.3) = (1.2) are trivial. By [24, Theorem 3.6], we have that (1.1) is
equivalent to (1.2). By [3, Lemma 3.12], we have that (1.1) implies (1.4).
(2) It follows from [24, Theorem 4.7]. O

The main result in this subsection is as follows.

Theorem 3.2. Assume that <7 has enough projective objects and 7 is a subcategory of </ containing P(<7).
Then the following statements are equivalent:
(1) T isresolving.
(2) For any exact sequence
0—-A1 5A) 5 A3 -0

in </, we have

(2.1) (@) 7-pdA; < max{.7-pd A1, .7-pd A3}, (b) the equality holds if 7-pd Ay + 1 # T -pd As;

(2.2) (@) 7-pdA; < max{.7-pdA,, 7-pd As — 1}, (b) the equality holds if 7-pd A, + 7 -pd As;

(2.3) (a) 7-pdA3 <max{.7-pdA; + 1, 7-pd A,}, (b) the equality holds if 7-pd A1 + T -pd A,.
Proof. “(2) = (1)”: By (2.1)(a) and (2.2) (a), we have that .7 is closed under extensions and kernels of
epimorphisms, respectively, and so 7 is resolving.

“1) = (2)”: (2.1) (a) If max{.7-pd A, 7 -pd A3} = 0, that is, both A; and A3 are in .7, then A, is also
in .7 by (1), and the assertion follows. Now suppose max{.7 -pd A1, 7 -pd A3} = n > 1. By Lemma 3.1 (1), we
have the following two exact sequences:

0-K,—>P,  —-— P, —Py—A —0,
0-K,—>P,  —-—P, 5Py —A;-0
in «7 with all P;. s P;’ projective and K 'n, K Z € 7. Then, by the horseshoe lemma, we get the following two exact

sequences:
0—Ky—P, 8P, , —»---—>P,eP, > P,eP, — A, -0, (3.1)

0-K, > K, — K, > 0. (3.2)

By the exact sequence (3.2) and by (1), we have K,, € .7. Then the exact sequence (3.1) implies .7-pd A, < n.
(2.2) (a) Let 7-pd A, = n, and .7 -pd A3 = n3 with n,, n3 < co.
We first suppose n3 = 0 (that is, A3 € 7). If n, = 0 (thatis, A, € .7), then A; € 7 by (1).If n, > 1, then
by Lemma 3.1 (1), there exists an exact sequence

0-A,>P—>A;—0

in .7 with P projective and .7 -pd A'2 < n, — 1. Consider the following pull-back diagram:

0 0
Ay ===4,
|
1
O0—-—>T— ——>3P——-23A4A3---0
I Il
1 Il
0 Aq A; As 0

|
1
0
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By (1) and the middle row in the above diagram, we have T € .7. Then the leftmost column in that diagram
implies .7-pd A1 < n,.
Now suppose n3 > 1. Then, by Lemma 3.1 (1), there exists an exact sequence

O—)A;—>Q—>A3—>O

in o7 with Q projective and .7 -pd A; < n3 — 1. Consider the following pull-back diagram:

0 0
I
1
3====143
I
d
0---24---460Q0—-—-->Q——--0
Il I
Il 1
0 Aq A, As 0
I
1
0 0.

By (2.1) (a) and the middle column in the above diagram, we have .7 -pd(4; & Q) < max{n,, n3 — 1}. It follows
from [24, Corollary 3.9] that .7-pd A1 < max{n,, n3 - 1}.
(2.3)(a) Let 7-pd A1 = ny and .7-pd A, = n, with ny, n, < co.If n, = 0, thatis, A, € .7, then

9-pdA3 =ni+ 1.
Now suppose n, > 1. Then, by Lemma 3.1 (1), there exists an exact sequence
0— A,2 —-P—>4,—>0

in 7 with P projective and .7 -pd A'2 < n; — 1. Consider the following pull-back diagram:

0 0
A, ===A4,
I
1
0-—>K— —-23P—-——-243---0
I Il
1 Il
0 Aq A As 0
I
1
0 0.

By (1) and the leftmost column in the above diagram, we have
T -pdK < max{.7-pdAq, ﬂ-pdA’z} < max{ny, ny — 1}.
Then the middle row in that diagram implies
T-pdAs < 7-pdK + 1 < max{ni, n, - 1} + 1 = max{n; + 1, n,}.

(2.1)(b) If T-pdA; +1 < T-pdAs3, then we have T-pdA; < 7-pdAs and T-pdAs < .T-pdA, by
(2.1) (a) and (2.3) (a), respectively. Thus, .7-pd A, = 7 -pd As.

If 7-pdAs < 7-pdA; + 1, then we have .7-pd A, < . 7-pdA; and .7-pd A; < 7-pd A; by (2.1) (a) and
(2.2) (a), respectively. Thus, .7-pd A, = T-pd A;.



DE GRUYTER Z. Huang, Homological dimensions relative to subcategories =— 513

(2.2)(0) If 7-pd A, < T-pd A3, then we have 7-pdA; < T-pdAs —1and 7-pdAs; <.T-pdA; +1 by
(2.2) (a) and (2.3) (a), respectively. Thus, .7-pd A; = 7-pd A3 — 1.

If 7-pdAs < .7-pdA,, then we have .7-pdA; < 7-pdA; and .7-pdA; < 7-pdA; by (2.2)(a) and
(2.1) (a), respectively. Thus, 7-pd A, = T -pd A,.

(2.3)(b) If 7-pd Ay < T-pd A,, then we have .7-pd A3 < 7-pdA; and 7 -pd A, < 7-pd A3 by (2.3) (a)
and (2.1) (a), respectively. Thus, .7-pd A3 = .7 -pd A,.

If 7-pdA, < .7-pdAq, then we have 7 -pdA3 < 7-pdA; +1and 7-pdA; < .T-pdAs - 1by (2.3)(a)
and (2.2) (a), respectively. Thus, .7-pd A5 = 7-pd Ay + 1. O

As an immediate consequence, we get the following result.

Corollary 3.3. Assume that </ has enough projective objects and 7 is a resolving subcategory of </. Then
T -pd*® satisfies the two-out-of-three property; that is, in a short exact sequence in <7, if any two terms are in
T -pd*®, then so is the third term.

The following result shows that if the resolving subcategory .7 of <7 admits an &-coproper cogenerator ¢,
then any object in .« with finite .7 -projective dimension is isomorphic to a kernel (resp. a cokernel) of a mor-
phism from an object in .« with finite ¥ -projective dimension to an object in 7.

Corollary 3.4. Let & be a subcategory of <. If 7 is an &-precoresolving subcategory of </ admitting an
&-coproper cogenerator €, then, for any M € o/ with 7 -pd M = n < oo, the following assertions hold:
(1) There exists an exact sequence

05K—->T—K >T -0

ino withe-pdK <n-1,¢-pdK <nandT,T € 7 suchthat M =Im(T — K').
(2) If & has enough projective objects and .7 is resolving in </, then the two “<” in (1) are “=".

Proof. (1) Let M € < with 7 -pd M = n < co. The case for n = 0 is trivial. Now suppose n > 1. By Lemma 3.1 (2),
there exists an exact sequence
0--K->T->-M->O0 (3.3)

in o7 with4-pdK < n-1and T € 7. Thus, there exists an exact sequence
05T—>C—>T -0

in 7 with C € ¥ and T' € 7. Consider the following push-out diagram:

0 0
0 K T M 0
I I
Il {
0-->K--->5C-—--5K —---50
|
1
T ===T
I
1
0 0.

By the middle row in the above diagram, we have ¢-pd K < n.Now splicing (3.3) and the rightmost column
0-M—>K >T -0, (3.4)

we get the desired exact sequence.

(2) Assume that .7 has enough projective objects and .7 is resolving in <. Then, by (3.3) and Theo-
rem 3.2(2.2), we have .7-pdK = n - 1. Since ¢-pdK > .7-pd K, we have ¥-pdK =n - 1. By (3.4) and
Theorem 3.2 (2.1), we have 7-pd K = n, and so -pd K = n. O
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Furthermore, we get the following result.

Corollary 3.5. Assume that <7 has enough projective objects and .7 is a resolving subcategory of <7 admitting
an &-coproper cogenerator ¢. Then the following assertions hold:

(1) 7-FPD < %-FPD.

2) If 7 <+, then 7-pd M = €-pd M for any M € &/ with -pd M < co.

3) If 7 <+, then 7-FPD = ¢-FPD.

Proof. (1) Let M € o with 7-pd M = n < co. By Corollary 3.4, there exists K € .« such that ¢-pd K = n. It
follows that .7-FPD < %-FPD.
(2) Let M € & with ¥-pd M = n < co. Then 7-pd M = m < n. By Corollary 3.4, there exists an exact
sequence
0-M—>K —>T -0

in & with €-pdK =m and T € 7. Since 7 c 1% by assumption, we have Exti;(T', M) = 0 by dimen-
sion shifting. So, the above exact sequence splits and M is a direct summand of K'. So, n = €-pd M < m by
[24, Corollary 3.9], and hence m = nand .7-pd M = n.

(3) By (2), we have ¢-FPD < .7-FPD. So, the assertion follows from (1). O

In the next section, we need the following two propositions.

Proposition 3.6. Let & and € be subcategories of <. If +& n cotesg ¢ is closed under (&-coproper) exten-
sions, then it is closed under kernels of epimorphisms. In particular, if cores € := coresy(.z) € is closed under
extensions, then it is closed under kernels of epimorphisms.

Proof. Let
0-A—->Ty—>T, >0

be an exact sequence in o/ with T{, T, € t&n co@‘ﬁ. Then there exists a Hom_/ (-, &)-exact exact
sequence
0T >C— T’1 -0

in .« with C € ¥ and T'1 € +& ncoresg €. Consider the following push-out diagram:

0 0
0 A Ty T, 0
I |
Il 1l
0--2A——->C——->T—-—--0
|
1l
T1::: 1
|
1l
0 0.

By [23, Lemma 2.4 (2)], all columns and rows in this diagram are Hom, (-, &)-exact exact sequences. If
L& N corese ¢ is closed under &-coproper extensions, then the rightmost column implies T € +& N coreses €,
and thus the middle row yields A € +& n coresg €.

The latter assertion follows from the former one by putting & = (). O

Proposition 3.7. Let & be a subcategory of </. If F is an &-precoresolving subcategory of </ admitting an
&-coproper cogenerator ¢, then co@}g = co’rggﬂ .

Proof. 1t is trivial that corese ¢ < coress 7. Now let M € corese .7 and let

0—>M—>T—>M,—>O
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be a Hom (-, &)-exact exact sequence in .« with T € .7 and M € co/rggﬂ . Since .7 admits an &-coproper
cogenerator ¢ by assumption, there exists a Hom,, (-, &)-exact exact sequence

05T>C>T 50

in o7 with C° € ¥ andin T € 7. Then we have the following push-out diagram:

0 0
0 M T M 0
1l |
Il
Il *L
0——-M-—-5C0-—-sM --50
|
1
T ===T
|
1l
0 0.

Since there also exists a Hom (-, &)-exact exact sequence
! " n
0O-M T - M —0

ino with T' € 7 and M" € coresg .7, we have the following push-out diagram:

0 0
0 M T M’ 0
| I
i I
O——oM - — 5T - -5 M — - 50
|
1
T ===T
|
L
0 0.

Due to [23, Lemma 2.4 (2)], all columns and rows in the above two diagrams are Hom (-, &)-exact exact
sequences. Since .7 is closed under &-coproper extensions by assumption, the middle column in the second
diagram implies T! € .7, and hence the middle row in that diagram implies M! ¢ coresg 7. Similarly, we get
a Hom (-, &)-exact exact sequence

0->M -5C'>M* >0
in .7 with C! € € and M? ¢ co/r—es\g’ﬂ . Continuing this process, we get a Hom (-, &)-exact exact sequence
0-M—->C"-Cls...5C —...

in o with all C! in €. It follows that M € coress ¢ and coress .7 < coresg %. O

3.2 Injective dimension relative to coresolving subcategories

All results and their proofs in this subsection are completely dual to those in Subsection 3.1, so we only list
the results without proofs.
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Lemma 3.8. Let M € .« and n > 0.

(1) Assume that </ has enough injective objects. If 7 is a coresolving subcategory of <7, then the following
statements are equivalent:
(1.1) 7-idM < n.
(1.2) There exists an exact sequence

0-M->IP5'5... 5 5K 50

in o7 with all I' injective and K" € 7.
(1.3) For any exact sequence

0-M->IP s —5... 5" 5K 50

in o7, if all I' are injective, then K" € 7.
(1.4) For any exact sequence

0-M->T° 5T ... 5T S K" S0

ind,ifall T'arein 7, then K" € 7.
(2) Let & be a subcategory of <. If 7 is an &-preresolving subcategory of </ admitting an &-proper genera-
tor &, then the following statements are equivalent:
(2.1) 7-idM < n.
(2.2) There exists an exact sequence

0-M->T°5Cls...5Cc™ 5" >0
in o/ with T® € 7 and all C! in ¢; that is, there exists an exact sequence
0O-M—->T—->K-O0
inog withT € 7 and ¢-idK < n - 1.

The main result in this subsection is as follows.

Theorem 3.9. Assume that <7 has enough injective objects and .7 is a subcategory of ./ containing J(.<«/). Then
the following statements are equivalent:
(1) 7 is coresolving.
(2) For any exact sequence
0—-A>A, 5A3—>0

in </, we have

(2.1) (@) 7-idA; < max{.7-id A, 7-id A3}, (b) the equality holds if 7-id A, #+ T-id A3 + 1;
(2.2) (@) 7-idA3 <max{.7-idA; - 1, .7-id A,}, (b) the equality holds if 7-id A + T -id A;;
(2.3) (@) 7-id A1 < max{.7-id A, .7-id A3 + 1}, (b) the equality holds if 7-id A, # .7 -id As.

As an immediate consequence, we get the following result.

Corollary 3.10. Assume that </ has enough injective objects and 7 is a coresolving subcategory of <7/. Then
T -id<® satisfies the two-out-of-three property; that is, in a short exact sequence in <7, if any two terms are in
T-1d*®, then so is the third term.

The following result shows that if the coresolving subcategory .7 of <7 admits an &-proper generator ¢, then
any object in .7 with finite .7 -injective dimension is isomorphic to a kernel (resp. a cokernel) of a morphism
from an object in .7 to an object in <7 with finite %-injective dimension.

Corollary 3.11. Let & be asubcategory of o/ . If 7 is an &-preresolving subcategory of </ admitting an &-proper
generator €, then, for any M € ./ with .7-id M = n < oo, the following assertions hold:
(i) There exists an exact sequence

05T 5K 5T—>K—0

in o with¢dK <n,¢idK <n-1and T, T € 7 such that M = Im(K' — T).
(ii) If o has enough injective objects and 7 is coresolving in <7, then the two “<” in (1) are

“_»
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Furthermore, we get the following result.

Corollary 3.12. Assume that </ has enough injective objects and .7 is a coresolving subcategory of </ admitting
an &-proper generator €. Then the following assertions hold:

(1) 7-FID < ¢-FID.

(2) If 7 < 6+, then 7-id M = €-id M for any M € </ with €-id M < co.

(3) If 7 < ¢+, then 7-FID = €-FID.

Proposition 3.13. Let & and ¢ be subcategories of <. If £+ Nnresg ¢ is closed under (&-proper) extensions,
then it is closed under cokernels of monomorphisms. In particular, if res ¢ := resp () ¢ is closed under exten-
sions, then it is closed under cokernels of monomorphisms.

Proposition 3.14. Let & be a subcategory of <. If 7 is an &-preresolving subcategory of </ admitting an
&-proper generator ¢, thenresgs ¢ = resg 7.

4 Applications to module categories

In this section, all rings are associative rings with unit and all modules are unital. For a ring R, we use Mod R
to denote the category of left R-modules, and we use mod R to denote the category of finitely generated left
R-modules.

Definition 4.1 ([2, 20]). Let R and S be arbitrary rings. An (R-S)-bimodule rCs is called semidualizing if the
following conditions are satisfied:

(1) rC admits a degreewise finite R-projective resolution.

(2) Cs admits a degreewise finite S°P-projective resolution.

(3) The homothety map grRg LN Homgoer (C, C) is an isomorphism.

(4) The homothety map sSs ¥, Homg(C, C) is an isomorphism.

(5) Extz'(C, C) = 0.

(6) Extz,(C,C) = 0.

Wakamatsu [37] introduced and studied the so-called generalized tilting modules, which are usually called
Wakamatsu tilting modules; see [6, 29]. Note that a bimodule g Cs is semidualizing if and only if it is Waka-
matsu tilting [39, Corollary 3.2]. Typical examples of semidualizing bimodules include the free module of
rank one and the dualizing module over a Cohen—Macaulay local ring. For more examples of semidualizing

bimodules, the reader is referred to [20, 35, 38].
From now on, R and S are arbitrary rings and we fix a semidualizing bimodule rCs. We write

(=)+ :== Hom(C, -),

and write

Pc(R) := {C ®s P | Pis projective in Mod S},

Fc(R) := {C®s F | Fis flatin Mod S},

Jc(RP) := {I. | Iis injective in Mod S°P}.

The modules in P¢(R), Fc(R) and I¢(R°P) are called C-projective, C-flat and C-injective, respectively. When
rCs = rRR, C-projective, C-flat and C-injective modules are exactly projective, flat and injective modules,
respectively.

Let % be a subcategory of Mod R°P. Recall that a sequence in Mod R is called (# ®r —)-exact if it is exact
after applying the functor B ® — for any B € %. We write

%" :={M € ModR | Tor%, (B, M) = 0 for any B € #}.

The following notions were introduced by Holm and Jgrgensen [19] for commutative rings. The following are
their non-commutative versions.
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Definition 4.2. (1) A module M € ModR is called C-Gorenstein projective if M € *P¢(R) and there exists
a Hompg (-, Pc(R))-exact exact sequence

0-M->G'S5Gls ... 56 = ...

in Mod R with all G! in P¢(R).
(2) Amodule M € ModR is called C-Gorenstein flat if M € Jc(R°P)™ and there exists an (J¢(R°P) ®g —)-exact
exact sequence
O—>M—>QO—>Ql—>---—)Qi—>~--
in Mod R with all Q' in F¢(R).
(3) Amodule N e Mod R°P is called C-Gorenstein injective if N € J¢(R°P)+ and there exists a Hompgop (Jc(RP),-)-
exact exact sequence
-+>E —>--->FE  —>Ey—>N->0

in Mod R°P with all E; in J¢(R°P).

We use GP¢(R) (resp. §F¢(R)) to denote the subcategory of Mod R consisting of C-Gorenstein projective (resp.
flat) modules, and we use §J¢(R°P) to denote the subcategory of Mod R°P consisting of C-Gorenstein injec-
tive modules. When rCs = rRp, C-Gorenstein projective, flat and injective modules are exactly Gorenstein
projective, flat and injective modules, respectively [13, 18]; in this case, we write

P(R) := Pc(R), J(RP) := Jc(RP), F(R) := Fc(R),
GP(R) := §Pc(R), SGI(RP) := GIc(RP), SF(R) := §F¢(R).
Definition 4.3 ([20]). (1) The Auslander class A¢(R°P) with respect to C consists of all modules N in Mod R°P
satisfying the following conditions:
(1.1) Tor® (N, 0) =0.
(1.2) Extz,(C,N®g C) = 0.
(1.3) The canonical evaluation homomorphism

Uy : N — (Neg 0).,

defined by un(x)(c) = x ® c forany x € N and c € C, is an isomorphism in Mod R°P.
(2) The Bass class B¢(R) with respect to C consists of all modules M in Mod R satisfying the following con-
ditions:
(2.1) Ext;'(C, M) =0.
(2.2) Tors,(C,M.) = 0.
(2.3) The canonical evaluation homomorphism

Oy:Cos M, > M,
defined by Oy(c ® f) = f(c) forany ¢ € C and f € M,, is an isomorphism in Mod R.
For a subcategory 2" of Mod R (or Mod R°P), we write
2T ={X"1XeZY},

where (-)* = Homz(-, Q/Z) with Z being the additive group of integers and Q being the additive group of
rational numbers. For simplicity, we write

resé :=resxy ¢ and cores% :=coresy 6.

In the following, we present a partial list of examples of how the results obtained in Section 3 can be
applied.

Remark 4.4. (1) Itis well known that P(R) and F(R) are resolving and J(R) is coresolving in Mod R.
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(2) Let (%, ¥) be a hereditary cotorsion pair in Mod R, and let ¢ := % n ¥ be its kernel. Then the following
assertions hold:

(a)
(b)
3) @

(b)

(c)

(4) (@)

(b)

(5) (@

% is resolving in Mod R admitting a 4’-coproper cogenerator ¢ (see [33, Lemma 4.4]).
Dually, ¥ is coresolving in Mod R admitting a %’-proper generator .
It holds that

§Pc(R) = *Pc(R) n cores Pe(R)

is resolving in Mod R admitting a P¢(R)-coproper cogenerator P¢(R) (see [33, Example 3.2 (2) and
Proposition 3.3]). In particular,

GP(R) = P(R) N cores P(R)

is resolving in Mod R admitting a P(R)-coproper cogenerator P(R).
Dually,
GIc(RP) = J¢(R°P)* N res Jc(ROP)

is coresolving in Mod R°° admitting an J¢(R°P)-proper generator J¢(R°P) (see [33, Example 3.2 (2)
and the dual of Proposition 3.3]). In particular,

GI(R°P) = J(R°P)* N res I(ROP)

is coresolving in Mod R°P admitting an J(R°P)-proper generator J(R°P).

Let R be a left and right Noetherian ring, and let p(R) be the subcategory of mod R consisting of
projective modules. Recall that a module M € mod R is said to have Gorenstein dimension zero [3] or
be totally reflexive [5] if M € Sp(R), where

Sp(R) = *rR N cores p(R),

which is resolving in mod R admitting a p(R)-coproper cogenerator p(R).
Recall from [12] that a module M € Mod R is called strongly Gorenstein flat if M € §SF(R), where

8GF(R) = “F(R) n coresyr) P(R).

It is trivial that *F(R) is closed under extensions. By the dual version of [13, Lemma 8.2.1] (cf.
[18, Horseshoe Lemma 1.7]), it is easy to see that SGF(R) is closed under extensions. It follows from
Proposition 3.6 that SGF(R) is resolving in Mod R admitting an F(R)-coproper cogenerator P(R),
which generalizes [12, Proposition 2.10 (1) and (2)].

Recall from [28, 34] that a module M € Mod R is called FP-injective (or absolutely pure) if M € FJ(R),
where

FI(R) = {M € ModR | Ext}e(X , M) = 0 for all finitely presented left R-modules X}.
Recall from [30] that a module M € Mod R is called Gorenstein FP-injective if M € GFJ(R), where
GFI(R) = FI(R)* Nreszr) I(R).

It is trivial that FJ(R)* is closed under extensions. By [13, Lemma 8.2.1], it is easy to see that GFJ(R)
is closed under extensions. It follows from Proposition 3.13 that $FJ(R) is coresolving in Mod R
admitting an FJ(R)-proper generator J(R), which generalizes [30, Proposition 2.6 (1) and (2)].
Recall from [10] that a module M € Mod R is called level if M € £L(R), where

L(R) = {M € ModR | Tor}f(X, M) = 0 for all right R-modules X

admitting a degreewise finite R°°-projective resolution}.
Also, recall that a module M € Mod R is called Gorenstein AC-projective if M € GP4-(R), where
GPac(R) = *L(R) N cores c(r) P(R).

By [10, Lemma 8.6], we have that §P,.(R) is resolving in Mod R admitting a £(R)-coproper cogen-
erator P(R).
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(6)

7

(b) Recall from [10] that a module M € Mod R is called absolutely clean if M € AC(R), where

AC(R) = {M € Mod R | Ext}h (X, M) = O for all left R-modules X

admitting a degreewise finite R-projective resolution}.
Also, recall that a module M € Mod R is called Gorenstein AC-injective if M € GJ,.(R), where
$94c(R) = ACR)* Nres aer) I(R).

By [10, Lemma 5.6], we have that §J,.(R) is coresolving in Mod R admitting an AC(R)-proper gen-
erator J(R).
(a) It holds that
Ac(RP) = L9¢(R°P) n cores Ic(R°P),

which is resolving in Mod R°P admitting an J¢(R°P)-coproper cogenerator J¢(R°P) (see [33, Example
3.2(2) and Proposition 3.3]; also, cf. [20, Theorem 2]).
(b) Dually,
Be(R) = Pe(R)* Nres Pe(R),

which is coresolving in Mod R admitting a P¢(R)-proper generator P¢(R) (see [33, Example 3.2 (2)
and the dual of Proposition 3.3]; also cf. [20, Theorem 6.1]).
Let % be a subcategory of Mod R°P. Recall from [15] that a module M € Mod R is called Gorenstein
%-flat (resp. projectively coresolved Gorenstein %-flat) if M € 2" and there exists a (% ®g —)-exact exact
sequence
O—>M—>QO—>Ql—>~--—)Qi—>~--

in Mod R with all Q' in F(R) (resp. P(R)). We use §F 5(R) (resp. PSF %(R)) to denote the subcategory of
Mod R consisting of Gorenstein %-flat modules (resp. projectively coresolved Gorenstein %-flat modules).
Also recall from [15] that 4% is semi-definable if % is closed under direct products and its definable clo-
sure () (the smallest subcategory of Mod R°P containing % which is closed under direct products, direct
limits and pure submodules) contains a pure injective module D such that any module in (48) is a pure
submodule of some direct product of copies of D.

Let B € Mod R°?, M € ModR and n > 1. By [17, Lemma 2.16 (a) und (b)], we have

(B®g —)* = Homg(-, BY), (4.1)
[TorR(B, M)]* = Ext}(M, B*). (4.2)

This yields that

ST %(R) = *(#*) n cores z+ F(R),
PSTF »(R) = L(#") N cores - P(R).

By [15, Theorem 2.8], we have that PSF z(R) is resolving in Mod R admitting an J¢(R°P)*-coproper cogen-
erator P(R). When % = J(R°P), projectively coresolved Gorenstein %-flat modules are called projectively
coresolved Gorenstein flat [31]; in this case, we write

PGF(R) := PGT %(R).
We have (see [26, Lemma 3])
P(R) € PSF(R) = 8GF(R)(R) N GF(R).

On the other hand, it follows from [15, Theorem 2.12 and Corollary 2.14] that if 2 is semi-definable,
then §F %(R) is resolving in Mod R admitting a %*-coproper cogenerator F(R). In particular, SF(R) is
resolving in Mod R admitting an J¢(R°P)*-coproper cogenerator F(R) (also, cf. [31, Theorem 4.11]).
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(8) By (4.1) and (4.2), we have that
SFc(R) = “(Ic(RP)*) n coresy rory: Fc(R),
which admits an J¢(R°P)*-coproper cogenerator F¢(R). It is trivial that
P(R) € F(R) € §F¢(R).

By Proposition 3.6, we have that if §F¢(R) is closed under extensions, then it is resolving in Mod R.

4.1 Finitistic dimensions

In this subsection, R is an arbitrary associative ring.
By Corollaries 3.5 and 3.12 and Remark 4.4 (2), we immediately get the following result.

Corollary 4.5. Let (%, V') be a hereditary cotorsion pair in Mod R with the kernel ©. Then the following asser-
tions hold:
(1) For any M € Mod R with ¢-pd M < oo, we have

% -pdM = €-pd M.

Moreover, we have
% -FPD = ¢-FPD.

(2) For any M € Mod R with ¢-id M < oo, we have
V-idM = ¢-id M.

Moreover, we have
¥ -FID = ¢-FID.

Following the usual customary notation, we write

pdg M := P(R)-pd M, idg M := I(R)-id M, fdg M := F(R)-pd M,
G-pdg M := SP(R)-pdM,  G-idg M := GJ(R)-idM,  G-fdg M := SF(R)-pd M,
Ge-pdpM := GPc(R)-pd M, Ge-idgM := SIc(R)-id M, Ge-fdgM := GF¢(R)-pd M.

By Corollary 3.5 and Remark 4.4 (3)—(7), we immediately get the following result, in which assertion (2)
extends [18, Proposition 2.27 and Theorem 2.28], and assertion (3) generalizes [40, Lemma 4.6].

Corollary 4.6. (1) For any M € Mod R with P¢(R)-pd M < oo, we have
Gc-pdgM = P¢(R)-pd M.

Moreover, we have
GPc(R)-FPD = P¢(R)-FPD.

(2) For any M € Mod R with pdg M < co, we have
G-pdr M = §Pac(R)-pd M = SGF(R)-pd M = PGF(R)-pd M = pdp M.
Moreover, we have
GP(R)-FPD = GP,c(R)-FPD = 8GF(R)-FPD = PSF(R)-FPD = P(R)-FPD.
(3) Let R be a left and right Noetherian ring. Then, for any M € mod R with pdy M < oo, we have
Sp(R)-pd M = pdg M.

Moreover, we have
Sp(R)-FPD = p(R)-FPD.
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(4) Forany N € Mod R°P with J¢(R°P)-pd N < oo, we have
Ac(R%P)-pd N = J¢(R°P)-pd N.

Moreover, we have
Ac(R°P)-FPD = J¢(R°P)-FPD.

By Corollary 3.12 and Remark 4.4 (3)-(6), we immediately get the following result, in which assertion (2)
extends [18, Theorem 2.29].

Corollary 4.7. (1) For any M € Mod R with J¢(R)-id M < oo, we have
Ge-idgM = Ic(R)-id M.
Moreover, we have
GJ¢(R)-FID = J¢(R)-FID.
(2) Forany M € Mod R with idg M < oo, we have
G-idg M = GJ5c(R)-id M = SFI(R)-id M = idg M.
Moreover, we have
GI(R)-FID = GJ,¢(R)-FID = GFI(R)-FID = J(R)-FID .
(3) For any M € Mod R with P¢(R)-id M < oo, we have
Bc(R)-id M = P¢(R)-id M.

Moreover, we have
Bc(R)-FID = Pc(R)-FID.

4.2 Equivalent characterizations of Gorenstein rings

In this subsection, R is a left and right Noetherian ring and n > 0. Recall that R is called n-Gorenstein if
idg R =idgr R < n.
The following lemma plays a crucial role in the sequel.

Lemma 4.8. Let 7 be an &-precoresolving subcategory of Mod R admitting an &-coproper cogenerator ¢,
where & is a subcategory of Mod R and ¢ < F(R). If 7-pd M < n for any M € mod R, then idge R < n.

Proof. Let M € mod R. If 7-pd M < n, then, by assumption and by Corollary 3.4 (1), there exists an exact
sequence
0-M—>K —>T -0

in Mod R with %-de' <nand T € .7. Since € ¢ F(R), we have fdp K' < n. Therefore, idger R < n by
[22, Lemma 3.8]. O

Recall from Remark 4.4 (3) and (4) that
LP(R) n cores P(R) = SP(R) 2 SGF(R) = *F(R) N coressr) P(R).

In terms of the projective dimensions relative to all six subcategories of Mod R that appear in this relation, we
give some equivalent characterizations of n-Gorenstein rings as follows.

Theorem 4.9. The following statements are equivalent:

(1) R is n-Gorenstein.

(2) G-pdg M < n for any M € Mod R.

(2)°?  G-pdge N < n for any N € Mod R°P.

3) LP(R)-pd M < n and *P(R°P)-pd N < n for any M € Mod R and N € Mod R°P.
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(4) cores P(R)-pd M < n and cores P(R°P)-pd N < n for any M € Mod R and N € Mod R°P.

(5) 8GF(R)-pd M < n for any M € Mod R.

(5)°?  8GF(R)-pd N < n for any N € Mod R°P.

(6) LF(R)-pd M < nand +F(R°P)-pd N < n for any M € Mod R and N € Mod R°P.

(7) core%T(R)-de <nand coressz(—RmT)/T(ROP)-pdN < nforany M € Mod R and N € Mod R°P.

Proof. First, the implications (2) + 2)® = 3)+(4),(5) +(5)® = (6) + (7),(5) = (2),(5)®® = (2)*,
(6) = (3)and (7) = (4) are trivial. By [13, Theorem 11.5.1], we have (1) = (2) + (2)°.

If R is n-Gorenstein, then SP(R) = 8SF(R) and GP(R°P) = SGF(RP) by [12, Corollary 2.8], and thus
(1) = (5) + (5)°° holds true.

“(3) = (1)”: By (3) and dimension shifting, it is easy to see that

B0, ) = 0 = ExG (0, R)

for any M € Mod R and N € Mod R°P. This implies idg R < n and idge R < n.

“(2) = (1)”: By (2) and dimension shifting, it is easy to get Extﬁ"”(M , R) = 0 forany M € Mod R, and
so idg R < n. By [18, Theorem 2.5], we have that GP(R) is resolving in Mod R admitting a P(R)-coproper
cogenerator P(R) (€ F(R)). Thus, idge R < n by (2) and Lemma 4.8.

Symmetrically, we get (2)? = (1).

“(4) = (1)”: By the dual version of [13, Lemma 8.2.1] (cf. [18, Horseshoe Lemma 1.7]), we have that
COEEHD/(R) is closed under P(R)-coproper extensions. Thus co@/(R) is a P(R)-precoresolving subcategory
of Mod R admitting a P(R)-coproper cogenerator P(R) (€ F(R)). Thus, idger R < n by (4) and Lemma 4.8.
Symmetrically, we have idg R < n. O

The following result is a dual version of Lemma 4.8.

Lemma 4.10. Let .7 be an &-preresolving subcategory of Mod R admitting an & -proper generator ¢, where &
is a subcategory of Mod R and ¢ < IJ(R). If 7-id M < n for any M € Mod R, then idg R < n.

Proof. Let N € mod R°P. Then N* € Mod R and .7-id N* < n by assumption. It follows from Corollary 3.11 (1)
that there exists an exact sequence

0T oK LN So
in Mod R with T' € 7 and ¢-id K’ < n. Since ¢ < J(R), we have idg K < n. It follows from [16, Theorem 2.2]
that fdger K < 1.

On the other hand, by [13, Proposition 5.3.9], there exists a monomorphism A : N = N** in Mod R°P,
and hence Af* : N — K " isalsoa monomorphism in Mod R°P. Thus, idg R < n by [22, Lemma 3.8]. O

Recall from Remark 4.4 (3) that
GI(R) = I(R)* NnresI(R).

In terms of the injective dimensions relative to all three subcategories of Mod R that appear in this equality,
we give some equivalent characterizations of n-Gorenstein rings as follows.

Theorem 4.11. The following statements are equivalent:

(1) R is n-Gorenstein.

2) G-idg M < n for any M € Mod R.

(2)°P  G-idger N < n for any N € Mod R°P.

3) J(R)*-id M < n and J(R°P)*-id N < n for any M € Mod R and N € Mod R°P.

(4) res J(R)-id M < n and res J(R°P)-id N < n for any M € Mod R and N € Mod R°P.

Proof. The implications (2) + (2)°®* = (3) + (4) are trivial. On account of [13, Theorem 11.2.1], we have
1) = @+@%.

“(3) = (1)”: By [16, Theorem 2.1], we have (Rg)" € J(R) and (xR)* € J(R°P). Then, by (3) and dimen-
sion shifting, it is easy to see that

Exty" (Re)", M) = 0 = Extzi (zR)", N)
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for any M € Mod R and N € Mod R°P. This implies
fdr(RR)" < de(RR)+ <n and fdge(gR)* < deop(RR)+ <n.

It follows from [16, Theorem 2.2] that idge» R < nand idg R < n.

“(2) = (1)”: Similar to the proofof (3) = (1), we haveidge R < n.By[18, Theorem 2.6], we have that
GJ(R)is coresolving in Mod R admitting an J(R)-proper generator J(R). Thus, idg R < nby (2) and Lemma 4.10.

Symmetrically, we get (2)? = (1).

“(4) = (1)”:By[13, Lemma 8.2.1], we have that res J(R) is closed under J(R)-proper extensions. Thus
ré_sﬂ\(ﬁ) is an J(R)-preresolving subcategory of Mod R°P admitting an J(R)-proper generator J(R°P). Thus,
idg R < n by (4) and Lemma 4.10. Symmetrically, we have idgo R < n. O

Recall from [13] that a module M € Mod R is called cotorsion if Ext}e(F, M) = 0 for any F € F(R) (equivalently,
M € F(R)*). We write
FC(R) := {flat and cotorsion modules in Mod R}.

Lemma 4.12. (1) J(R°P)* is an J(R°P)*-coproper cogenerator and FC(R) is an FC(R)-coproper cogenerator
for F(R).
(2) We have
corm09)+ = COI'ESJ/(RO\W/H:G(R) = coresIRo\p): F(R)
= cores FC(R) = cores}\e(};? (R) 2 cores F(R).
Moreover, all of these subcategories except cores F(R) are closed under J(R°)*-coproper extensions.
Proof. (1) It essentially follows from [32, Proposition 4.4] and its proof. However, we still give the proof in

details.
Let Q € F(R). By [17, Corollary 2.21 (b)], there exists the following pure exact sequence:

0-Q—-Q"—-Q"/Q—0 (4.3)

in Mod R. Since Q* € J(R°P) and Q** € J(R°P)* n F(R) by [16, Theorems 2.1 and 2.2], we have Q**/Q € F(R)
by [20, Lemma 5.2(a)], and so (4.3) is a Homg(-, J(R°P)*)-exact exact sequence by [32, Lemma 4.13]. It
follows that J(R°P)* is an J(R°P)*-coproper cogenerator for F(R).

Since Q** is pure injective by [13, Proposition 5.3.7], we have Q** € FC(R) by [32, Proposition 4.4 (1)].
Notice that (4.3) is a Homg(—, FC(R))-exact exact sequence, so FC(R) is an FC(R)-coproper cogenerator
for F(R).

(2) Since J(R°P)* < FC(R) < F(R) by [13, Proposition 5.3.7] and [32, Lemma 4.13], we have

core/gﬂ\(l_folf’)Jr C cores{(l_g;gf’f@(R) c cores}z@; F(R) 2 cores/;e\gg)/”f(R) 2 cofés\SF/(R).
By (1) and Proposition 3.7, we have
cormOP)+ = cores}?Ro\p): F(R) and coré_s?é(R) = cores%”f(R).
Suppose that M ¢ Coresg(?o;): F(R) and
0-M—->F SF ... S F ... (4.4)

is a Homg(—, J(R°P)*)-exact exact sequence in Mod R with all F! flat. Let D € FC(R). Then D** € J(R°P)* by
[16, Theorem 2.1]. Since D is pure injective by [32, Proposition 4.4 (1)], D is a direct summand of D** by
[17, Theorem 2.27]. Notice that (4.4) is Homg(—, D**)-exact, so it is also Homg (-, D)-exact. Thus,

M e cores%?(R) and coresm F(R) ¢ cores%?(R).

Since J(R°P)* is closed under J(R°P)*-coproper extensions by [18, Horseshoe Lemma 1.7], the latter asser-
tion follows. O
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Recall from Remark 4.4 (7) and (8) and [32, Theorem 4.6] that

L(I(R°P)*") N coresg(rony- F(R) = *FC(R) N coresser) F(R)
= LFC(R) n cores FC(R) = GF(R)
> PSF(R)

= L(I(R°?)*) N coresyroryr P(R).

In terms of the projective dimensions relative to cores F(R) and all eight subcategories of Mod R that appear
in the above relation, we give some equivalent characterizations of n-Gorenstein rings as follows.

Theorem 4.13. The following statements are equivalent:

(1) R is n-Gorenstein.

(2) G-fdg M < n for any M € Mod R.

(2)°?  G-fdger N < n for any N € Mod R°P.

3) L(I(R°P)*)-pd M < nand +(J(R)*)-pd N < n for any M € Mod R and N € Mod R°P,

(4) LFC(R)-pd M < n and *FC(R°P)-pd N < n for any M € Mod R and N € Mod R°P.

(5) coresg@; F([R)-pd M < nand coresj’(;g\):ﬁt (R°P)-pd N < n for any M € Mod R and N € Mod R°P.
(6) cores/;e\(Rd)?(R)-de < nand coreszr/e_(};;? (R°P)-pd N < n for any M € Mod R and N € Mod R°P.
7) corﬁé(R)-de < nand core?ﬂ’\G(ROP)-pdN < nforany M € Mod R and N € Mod R°P.

(8) co@/(R)-de < nand corég?(j?OP)-pdN < n forany M € Mod R and N € Mod R°P.

9) PGF(R)-pd M < n for any M € Mod R.

(9)°®  PSF(R°P)-pd N < n for any N € Mod R°P.

(10) coresg@; P(R)-pd M < n and coresmmop)-pd N < n forany M € Mod R and N € Mod R°P.

Proof. Theimplications (2)+(2)®® = (3)+(4),(9) = (2),(9)® = (2)°?and(9)+(9)®® = (10) = (5)
are trivial. By Lemma 4.12, we have (5) < (6) < (7) & (8).
Since
cofés\fﬁR) 2 core%ﬂ’(R) and corég?f@/%op) 2 coresbg(R\op)J P(RoP),

we have (1) = (8) by Theorem 4.9.
By [16, Theorem 2.2] and [32, Lemma 4.13], we have J(R°?)* ¢ FC(R) and J(R)* < FC(RP). Thus,

LIRP)") 2 +FC(R) and *H(I(R)') 2 “TFC(RP),

and the implication (4) = (3) follows.
“(1) = (9) +(9)°"”: By (1) and [26, Theorem 2], we have

8GF(R) = PSF(R) and SGF(RP) = PGF(RP).

Now the assertion follows from Theorem 4.9.
“(3) = (1)”: By [16, Theorem 2.1], we have (xkR)* € J(R°P) and (Rg)* € J(R). Then, by (3) and dimen-
sion shifting, it is easy to see that

Ext™ (M, (xR)*) = 0 = EXEIHL(N, (Rp)*™)

for any M € Mod R and N € Mod R°P. This now implies idr(zR)** < n and idgee (Rg)** < n. It follows from
[16, Theorems 2.1 and 2.2] that

idg R = fClROp(RR)Jr <n and idgeR = de(RR)+ <n.

“(2) = (1)”: Similar to the proof of (3) = (1), we have idg R < n. By Remark 4.4 (7), we have that
GF(R) is resolving and admits an J¢(R°P)*-coproper cogenerator F(R). Thus, idgr R < nby(2) and Lemma 4.8.

Symmetrically, we get (2)? = (1).

“(5) = (1)”: It follows from Lemma 4.12 (2) that cores}@; F(R) is an J(R°P)*-precoresolving subcat-
egory of Mod R admitting an J(R°P)*-coproper cogenerator F(R). Thus, idger R < n by (5) and Lemma 4.8.
Symmetrically, we have idg R < n. O
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4.3 C-Gorenstein flat modules

In this subsection, R, S are arbitrary rings and gCs is a semidualizing bimodule.
Lemma 4.14. For any M € Mod R, we have fds M. = idse» M* ®g C.
Proof. By [17, Lemma 2.16 (c)], we have
(M)t =M" e C.

It follows from [16, Theorem 2.1] that

fds M, = idgor (M.)* = idger M* ®5 C,
as desired. O
We also need the following observation.

Lemma 4.15. Let n > 0. Then the following assertions hold:
(1) For any M € Mod R, we have

Fe(R)-pdM <n ifandonlyif M € B¢(R) and fds M. < n.
(2) Forany N € Mod R°P, we have
Jc(R°P)-idN <n ifandonlyif N € Ac(R°P)and ids» N ®g C < n.

Proof. By [20, Corollary 6.1], we have

Fo(R)-pd® € Be(R) and  J¢(RP)-id“*® < Ac(R%P).
Then the assertions follow from [36, Lemma 2.6 (1) and (3)]. O
For any M € Mod R, we have the following canonical evaluation homomorphism:

oy:M— M

defined by oy (x)(a) = a(x) forany x € Mand a € M*.

Lemma 4.16. (1) Let I be an injective right S-module. Then (I,)** = (I**),. Moreover, (I.)* € Fc¢(R) if S is
a right coherent ring.

(2) Letf: M] — M3 be a homomorphism in Mod R°P with M1, M, € Mod R. If M1 is pure injective, then there
exists a homomorphism g : M, — M, in Mod R such that f = g*.

Proof. (1) Let I be an injective right S-module. Then (I,)* = C ® I* by [17, Lemma 2.16 (c)], and hence
(I*)++ = (C ®s I+)+ = (I++)*

by [17, Lemma 2.16 (a)]. If S is a right coherent ring, then I* is a flat left S-module by [11, Theorem 1], and
hence (I.)" = C®s I' € Fc(R).

(2) Let f: M7 — M3 be a homomorphism in Mod R°P with M, M, € Mod R. If M; is pure injective, then
oM, : M1 — M]™ is a split monomorphism in Mod R by [17, Proposition 2.27]. So there exists a split epimor-
phism 8 : M{" — M, in Mod R such that fop, = 1y,, and hence (ou,)* " = Ly On the other hand, we also
have (oum,)" oy = 1y by [1, Proposition 20.14 (1)]. It follows that

ﬁ+ = O-MI' (45)

Since the diagram

M —

O+ Oyt
MIJ, ijz

f++
M'{++ M;++
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is commutative, we have oy f = f** o+ . Then, by [1, Proposition 20.14 (1)] and (4.5), we have
f=1mf = (om) op:f = (o) [ oue = (om,) BT = (BfTom,)".
Setg := ff*om,. Then f = g*. O

The assertions in the following result are the C-versions of [16, Theorem 2.1] and [18, Theorem 3.6],
respectively.

Theorem 4.17. For any M € Mod R, the following assertions hold:
(1) Fc(R)-pd M = I¢(R°P)-id M.
(2) G¢-fdgM = Ge-idger M* with equality if S is a right coherent ring.

Proof. (1) For any n > 0, we have, by Lemma 4.15 (1),
Fc(R)-pdM <n ifandonlyif M € B¢(R) and fds M. < n.
The latter is equivalent, by [25, Proposition 3.2(b)] and Lemma 4.14, to
M" € Ac(R°P) and idge» M* ®g C < n,
which in turn, by Lemma 4.15 (2), is equivalent to
Jc(R°P)-id M* < n.
(2) Let E € J¢(R°P) and n > 1. By [17, Lemma 2.16 (a) and (b)], we have
(E®g -)" = Homgor (E, (-)*), (4.6)
[TorR(E, -)]* = Extl, (E, (-)F). (4.7)
If G € §F¢(R), then G € J¢(R°P)™ and there exists an (J¢(R°P) ®g —)-exact exact sequence
0565050 >...5Q = ...
in Mod R with all Q in F¢(R). It follows from (1) and the above two isomorphisms that
G* € Jc(RP)* nres Ic(RoP),

and thus G* € S§J¢(R°P) by Remark 4.4 (3) (b). Then it is easy to get G¢-fdg M > G¢-idger M for any M € Mod R.
Now, let S be a right coherent ring and let G € Mod R.
Claim. If G* € GJ¢(R°P), then G € GF¢(R).

By Remark 4.4 (3) (b), we have
G* € Ic(R°P)* nres I-(RoP).

It follows from (4.7) that G € J¢(R°P)T. In addition, there exists the following Hompge (Jc(R°P), —)-exact exact
sequence:

in Mod R°P with all I; injective right S-modules. Set K; := Im((I;)» — (I;_1)«) foranyi > 1. Since I & IZ) ="
for some injective right S-module Ié), from Lemma 4.16 (1) and the exact sequence (4.8), we get the following
Hompger (J¢(R°P), —)-exact short exact sequence:

0 — Ky @ (Ip). — (o). ® (Iy). (= ((Ip).)™) —» G* = 0

in Mod R°P. Similarly, since (I, ® Ié)) eBI'l =(I; elalé))’“’r for some injective right S-module I;’ from Lemma
4.16 (1) and the exact sequence (4.8), we get the following Hompgor (J¢(R°P), —)-exact short exact sequence:

0 Ko (I)s = (). @ (Iy)s & ())a(= (I ® 1)) - Ky @ (Iy), — 0
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in Mod R°P. Continuing this process and splicing these obtained short exact sequences, we get the following
Hompger (J¢(R°P), —)-exact exact sequence:

o (el )0 - o (e ly).)™ = (T))H - Gt -0 (4.9)

in Mod R°P with all I:. injective right S-modules. Since ((Ip).)" and all ((I; eBI:._l)*)+ are pure injective by
[13, Proposition 5.3.7], according to Lemma 4.16 (2), we can rewrite (4.9) as follows:

(g0)* (80)*
-

(et L e ot B (et B 6t ——o.

Then, by (4.6), we get the following (J¢(R°P) ®g —)-exact exact sequence:
0— 62 (U))" S (el — - S (el ).) — -

in Mod R. By Lemma 4.16 (1), we have that ((Ip).)" and all ((I; @I;_l)*)+ are in F¢(R). Consequently, we
conclude that G € §F¢(R). The claim is proved.
Let M € Mod R with G¢-idge M* = 1 < 00, and let

0-K,—>Gpq1—o-—>G >G> M—->0
be an exact sequence in Mod R with all G; in §F¢(R). Then we get the following exact sequence:
0->M" -G, —->G]---—> G}, ->K;—0

in Mod R°P. By the former assertion, all G; are in GJ¢(R°P). It follows from Remark 4.4 (3) (b) and Lemma
3.8(1) that K} € SJc(R°P). Then K, € $F¢(R) by the above claim, and thus G¢-fdg M < n. O

As a consequence, we get the following result, in which assertion (1) generalizes [20, Lemma 5.2 (a)].

Corollary 4.18. For any n > 0, the following assertions hold:

(1) The class of left R-modules with F¢(R)-projective dimension at most n is closed under pure submodules and
pure quotients; in particular, the class F¢(R) is closed under pure submodules and pure quotients.

(2) If S is a right coherent ring, then the class of left R-modules with $F¢(R)-projective dimension at most n
is closed under pure submodules and pure quotients; in particular, the class GF¢(R) is closed under pure
submodules and pure quotients.

Proof. (1) Let
0-K—->G—->L—->0

be a pure exact sequence in Mod R with F¢(R)-pd G < n. Then, by [13, Proposition 5.3.8], the induced exact
sequence
0-L">G"—-K"'—-0

splits and both K* and L* are direct summands of G*. By Theorem 4.17 (1), we have J¢(R°P)-id G* < n.
Since J¢(RP) is closed under direct summands by [20, Proposition 5.1 (c)], the class of right R-modules with
Jc(R°P)-injective dimension at most n is closed under direct summands by [24, Corollary 4.9]. It follows that
Jc(R°P)-id K* < nand J¢(R°P)-id L* < n. Thus, F¢(R)-pd K < nand F¢(R)-pd L < n by Theorem 4.17 (1) again.

(2) It is trivial that J¢(R°P)* is closed under direct summands. By [23, Theorem 4.6 (1)], the class
res Jc(R°P) is closed under direct summands. Notice that

GIc(R°P) = J¢(R°P)* N res I (ROP)

by Remark 4.4 (3) (b), thus GJ¢(R°P) is also closed under direct summands. We also know from Remark
4.4 (3) (b) that GJ¢(RP) is coresolving in Mod R°P. Thus, the class of right R-modules with GJ-(R°P)-injective
dimension at most n is closed under direct summands by [24, Corollary 4.9]. Now applying Theorem 4.17 (2),
we obtain the assertion by using an argument similar to that in the proof of (1). O

In the following result, assertion (1) is the C-version of [8, Theorem 2.2]. Assertion (3) means that the assump-
tion “R is a right coherent ring” in [18, Theorem 3.24] is superfluous; compare it with Corollaries 4.6 (2)
and 4.7 (2).
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Theorem 4.19. (1) For any M € Mod R, it holds
Ge-fdgM < Fc(R)-pd M,

with equality if Fc(R)-pd M < co.
(2) Fc(R)-FPD < GF¢(R)-FPD, with equality if F ¢(R) is closed under extensions.
(3) F(R)-FPD = GF(R)-FPD.

Proof. (1) Since §F¢(R) € F¢(R), we have
Ge-fdgM < F¢(R)-pdM  for any M € Mod R.
Now let F¢(R)-pd M < co. By Theorem 4.17 (1),
Je(RP)-id M™* < 0.

This implies, by Corollary 4.7 (1),
Ge-idgop Mt = Jc(ROP)-id M™.

This in turn implies, by Theorem 4.17,
Ge-fdgM > Fc(R)-pd M,

which finally implies
Ge-fdgM = F¢(R)-pd M.

(2) The assertion that F¢(R)-FPD < GF¢(R)-FPD follows from (1).
It is trivial that P(R) < F(R) < GF¢(R). By Remark 4.4 (8), we have that

GF¢(R) = +(Ic(RP)*) N coresy, rory Fc(R)
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and it admits an J¢(R°P)*-coproper cogenerator F¢(R). If $F(R) is closed under extensions, then §F¢(R) is
resolving in Mod R by Proposition 3.6. Now let M € Mod R with G¢-fdgM = n < co. By Corollary 3.4 (2), there

exists an exact sequence
0-M—>K T =0

in Mod R with F¢(R)-pd K’ = n. It follows that GF¢(R)-FPD < F¢(R)-FPD.

(3) Since SF(R) is closed under extensions by [31, Theorem 4.11], the assertion follows from (2) by

putting rCs = grRRg.

Funding: The research was partially supported by NSFC (Grant Nos. 11971225, 12171207).

References

O

[1] F.W.Anderson and K. R. Fuller, Rings and Categories of Modules, 2nd ed., Grad. Texts in Math. 13, Springer, New York,

1992.

[2] T. Araya, R. Takahashi and Y. Yoshino, Homological invariants associated to semi-dualizing bimodules, J. Math. Kyoto Univ.

45 (2005), no. 2, 287-306.

[3] M. Auslander and M. Bridger, Stable Module Theory, Mem. Amer. Math. Soc. 94 (1969), 1-146.

[4] M. Auslander, I. Reiten and S. O. Smalg, Representation Theory of Artin Algebras, Cambridge Stud. Adv. Math. 36,

Cambridge University, Cambridge, 1997.

[5] L.L.Avramov and A. Martsinkovsky, Absolute, relative, and Tate cohomology of modules of finite Gorenstein dimension,

Proc. Lond. Math. Soc. (3) 85 (2002), no. 2, 393-440.

[6] A.Beligiannis and I. Reiten, Homological and homotopical aspects of torsion theories, Mem. Amer. Math. Soc. 188 (2007),

no. 883, 1-207.

[7]1 D.Bennis, Rings over which the class of Gorenstein flat modules is closed under extensions, Comm. Algebra 37 (2009),

no. 3, 855-868.



530 —— Z.Huang, Homological dimensions relative to subcategories DE GRUYTER

(8]
9

[33]

[34]
[35]
[36]

[37]
[38]

[39]
[40]

D. Bennis, A note on Gorenstein flat dimension, Algebra Collog. 18 (2011), no. 1, 155-161.

D. Bennis and N. Mahdou, First, second, and third change of rings theorems for Gorenstein homological dimensions,
Comm. Algebra 38 (2010), no. 10, 3837-3850.

D. Bravo, J. Gillespie and M. Hovey, The stable module category of a general ring, preprint (2014),
https://arxiv.org/abs/1405.5768.

T.). Cheatham and D. R. Stone, Flat and projective character modules, Proc. Amer. Math. Soc. 81 (1981), no. 2, 175-177.
N. Ding, Y. Li and L. Mao, Strongly Gorenstein flat modules, /. Aust. Math. Soc. 86 (2009), no. 3, 323-338.

E. E. Enochs and O. M. G. Jenda, Relative Homological Algebra, De Gruyter Exp. Math. 30, Walter de Gruyter, Berlin, 2011.
E. E. Enochs and L. Oyonarte, Covers, Envelopes and Cotorsion Theories, Nova Science, New York, 2002.

S. Estrada, A. lacob and M. A. Pérez, Model structures and relative Gorenstein flat modules and chain complexes,

in: Categorical, Homological and Combinatorial Methods in Algebra, Contemp. Math. 751, American Mathematical
Society, Providence (2020), 135-175.

D. ). Fieldhouse, Character modules, Comment. Math. Helv. 46 (1971), 274-276.

R. Gobel and ). Trlifaj, Approximations and Endomorphism Algebras of Modules. Volume 1. Approximations, De Gruyter
Exp. Math. 41, Walter de Gruyter, Berlin, 2012.

H. Holm, Gorenstein homological dimensions, J. Pure Appl. Algebra 189 (2004), no. 1-3, 167-193.

H. Holm and P. Jgrgensen, Semi-dualizing modules and related Gorenstein homological dimensions, J. Pure Appl. Algebra
205 (2006), no. 2, 423-445,

H. Holm and D. White, Foxby equivalence over associative rings, J. Math. Kyoto Univ. 47 (2007), no. 4, 781-808.

M. Hoshino, Algebras of finite self-injective dimension, Proc. Amer. Math. Soc. 112 (1991), no. 3, 619-622.

C. Huang and Z. Huang, Torsionfree dimension of modules and self-injective dimension of rings, Osaka J. Math. 49 (2012),
no. 1, 21-35.

Z. Huang, Proper resolutions and Gorenstein categories, /. Algebra 393 (2013), 142-169.

Z. Huang, Homological dimensions relative to preresolving subcategories, Kyoto J. Math. 54 (2014), no. 4, 727-757.

Z. Huang, Duality pairs induced by Auslander and Bass classes, Georgian Math. J. 28 (2021), no. 6, 867-882.

A. lacob, Projectively coresolved Gorenstein flat and ding projective modules, Comm. Algebra 48 (2020), no. 7,
2883-2893.

Z. Liu, Z. Huang and A. Xu, Gorenstein projective dimension relative to a semidualizing bimodule, Comm. Algebra 41
(2013), no. 1, 1-18.

B. H. Maddox, Absolutely pure modules, Proc. Amer. Math. Soc. 18 (1967), 155-158.

F. Mantese and I. Reiten, Wakamatsu tilting modules, /. Algebra 278 (2004), no. 2, 532-552.

L. Mao and N. Ding, Gorenstein FP-injective and Gorenstein flat modules, J. Algebra Appl. 7 (2008), no. 4, 491-506.

J. Saroch and ). Stovicek, Singular compactness and definability for Z-cotorsion and Gorenstein modules, Selecta Math.
(N.S.) 26 (2020), no. 2, Paper No. 23.

W. Song, T. Zhao and Z. Huang, Duality pairs induced by one-sided Gorenstein subcategories, Bull. Malays. Math. Sci. Soc.
43 (2020), no. 2, 1989-2007.

W. Song, T. Zhao and Z. Huang, One-sided Gorenstein subcategories, Czechoslovak Math. J. 70(145) (2020), no. 2,
483-504.

B. Stenstrom, Coherent rings and F P-injective modules, /. Lond. Math. Soc. (2) 2 (1970), 323-329.

X. Tang and Z. Huang, Homological aspects of the dual Auslander transpose, Il, Kyoto J. Math. 57 (2017), no. 1, 17-53.
X. Tang and Z. Huang, Homological invariants related to semidualizing bimodules, Collog. Math. 156 (2019), no. 1,
135-151.

T. Wakamatsu, On modules with trivial self-extensions, J. Algebra 114 (1988), no. 1, 106-114.

T. Wakamatsu, Stable equivalence for self-injective algebras and a generalization of tilting modules, /. Algebra 134 (1990),
no. 2, 298-325.

T. Wakamatsu, Tilting modules and Auslander’s Gorenstein property, J. Algebra 275 (2004), no. 1, 3-39.

C. Xi, On the finitistic dimension conjecture. Ill. Related to the pair eAe < A, J. Algebra 319 (2008), no. 9, 3666—3688.


https://arxiv.org/abs/1405.5768

	Homological dimensions relative to preresolving subcategories II
	1 Introduction
	2 Preliminaries
	3 General results
	3.1 Projective dimension relative to resolving subcategories
	3.2 Injective dimension relative to coresolving subcategories

	4 Applications to module categories
	4.1 Finitistic dimensions
	4.2 Equivalent characterizations of Gorenstein rings
	4.3 $C$-Gorenstein flat modules



