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Let A be a finite dimensional string algebra over a field with the quiver @ such that the
underlying graph of @ is a tree, and let |Det(A)| be the number of the minimal right
determiners of all irreducible morphisms between indecomposable left A-modules. Then
we have

[Det(A)] =2n—p—q—1,
where n is the number of vertices in Q, p = |{|7 is a source in @ with two neighbors}|

and ¢ is the number of vertices such that the associated vertex ideals are not zero.
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1. Introduction

In the seminal Philadelphia notes [2], Auslander introduced the notion of morphisms
determined by objects, which generalized that of almost split morphisms. However,
because “the basic definition may look quite technical and unattractive, at least at
first sight” [12, p. 409] such that it is not easy to grasp it, this useful notion and
related results in [2] gained the deserved attention until recently, see [7, [9-T3].
The (minimal) right determiners of morphisms were introduced in [4]. Krause [9],
Chen and Le [7] established a close relation between right determiners of morphisms
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and dualizing varieties as well as the Serre duality. Let A be an artin algebra and
mod A the category of finitely generated left A-modules. We have the following
facts:

(1) Obviously, an indecomposable right determiner is the minimal one if it exists.

(2) The minimal right determiner of a morphism in mod A is a direct summand of
any of its right determiners [, Proposition XI.2.4].

(3) A morphism in mod A is right C-determined, then f is right (C'® B)-
determined for any B € mod A [2, Proposition 2.6].

Thus, among all right determiners of a morphism, the minimal one is the most essen-
tial one. Moreover, notice that any morphism in mod A admits a right determiner
[2, Theorem I1.3.17] and [II, Theorem 1], so one expects concrete computations
leading to a better understanding of the above notions and a classification of the
minimal right determines of a certain class of (irreducible) morphisms. It is very
difficult in general and few related results have been known.

Ringel corrected in [T1], Theorem 1] a formula in [3, Theorem 2.6] for calculating
a right determiner of a morphism in mod A; and then he reproved in [12] Theo-
rem 3.4] a formula originally in [4] for calculating the minimal right determiner
of a morphism in mod A. Based on these formulas, we determined in [T3, The-
orems 3.13 and 3.15] the minimal right determiners of all irreducible morphisms
between indecomposable modules over a finite dimensional algebra of type A,,. We
use Det(A) to denote the set of the minimal right determiners of all irreducible
morphisms between indecomposable modules in mod A, and use |Det(A)| to denote
the cardinality of Det(A).

In this paper, we continue the previous work mentioned above. For a finite
dimensional string algebra A over a field K with the quiver @) such that the under-
lying graph of @ is a tree, we will determine the set Det(A) completely. The key
point is to introduce the so-called vertex ideals. Roughly speaking, the definition of
a vertex ideal depends on the restriction of the admissible ideal of K@ to certain
full subquiver around that vertex, see Definition [3.3] for details. In particular, if A
is of type A,,, then vertex ideals are exactly sink ideals, which played a crucial role
in [I3]. Our main result is the following.

Theorem 1.1. Let A be a finite dimensional string algebra over a field with the
quiver @ such that the underlying graph of Q is a tree. Then we have

Det(A)] =2n—p—q—1,

where n s the number of vertices in Q, p = |{i]i is a source in Q with two
neighbors}| and q is the number of vertices such that the associated vertex ideals
are not zero.

We prove it in Sec. Bl Note that the proof of Theorem [[1lis constructive, from
which we can determine the set Det(A). In fact, it provides explicit computations
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and a complete classification of minimal right determiners of all irreducible mor-
phisms between indecomposable modules in our setting. In Sec. [, we apply Theo-
rem [Tl to the case of algebras whose quiver is Dynkin type; and in particular, we
obtain a unified version of [I3, Theorems 3.13 and 3.15]. Finally, we give in Sec.
an example of non-Dynkin type to illustrate this theorem.

2. Preliminaries

Throughout this paper, A is a finite dimensional algebra over a field K with the
quiver @, mod A is the category of finitely generated left A-modules and 7 is the
Auslander-Reiten translation. For an arrow « in @, s(«) and e(«) are the starting
and end points of «, respectively. We use P(i) and S(¢) to denote the indecompos-
able projective and simple modules corresponding to the vertex i, respectively. For
a module M in mod A, we use Soc(M) and addy M to denote the socle of M and
the full subcategory of mod A consisting of direct summands of finite direct sums
of copies of M, respectively. For a set S, we use |S| to denote the cardinality of S.

The original definition of morphisms determined by objects in [2] is based on
the notion of subfunctors determined by objects. However, in the relevant papers,
one prefers the following definition since it is easier to understand.

Definition 2.1 ([1I, 12]). For a module C' € mod A, a morphism f € Homy
(X,Y) is said to be right determined by C' (simply C-right determined) if
the following condition is satisfied: given for any f’ € Homa (X’,Y) such that f'¢
factors through f for all ¢ € Homy (C, X'), then f’ factors through f; that is, in
the following diagram, if there exists ¢’ € Homu (C, X) such that f'¢ = f¢’, then
there exists h € Homu (X', X) such that f' = fh.

/

C’—>X’—>Y

cC—--= X AN Y.
In this case, C' is called a right determiner of f.

Definition 2.2 ([I1, p. 984]). Given a morphism f € Homa(B,C) with B =
By & By such that By C Ker f and f|p, is right minimal, then we call Ker f|p, the
intrinsic kernel of f.

Definition 2.3 ([I2} p. 418]). An indecomposable projective module P € mod A
is said to almost factor through f € Homp (M, N) provided that there exists a
commutative diagram of the following form

radP ——= P

Lk

M ———N,
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where ¢ is the inclusion map and rad P is the radical of P, such that Im A is not
contained in Im f.

The following is the determiner formula.

Theorem 2.4. Let f be a morphism in mod A. Let C(f) be the direct sum of the
indecomposable modules of the form T 'K, where K is an indecomposable direct
summand of the intrinsic kernel of f and of the indecomposable projective modules
which almost factor through f, one from each isomorphism class. Then we have

(1) [12 Theorem 3.4; [II, Theorem 2| and [4, Corollary XI.2.3] f is right
C-determined if and only if C(f) € adda C.

(2) [13, Theorem 2.4(2)] If f is irreducible, then C(f) = 7' Ker f @ (& P;), where
all P; are pairwise nonisomorphic indecomposable projective modules almost
factoring through f.

The first assertion in this theorem suggests to call C(f) the minimal right
determiner of f [IT]12]. We use Det(A) to denote the set of (representative of the
isomorphism classes of) the minimal right determiners of all irreducible morphisms
between indecomposable modules in mod A.

We use Qo := {1,...,n} and @1 to denote the set of vertices and the set of
arrows in @, respectively.

Definition 2.5. [5] p. 534] and [6l p. 157] Let A = KQ/I with I an ideal of KQ.
Then A is called a special biserial algebra provided the following conditions are
satisfied.

(1) Foreachi € Qo, wehave [{a € Q1 ]s(a) =i} <2and [{a € Q1 ]e(a) =i} <2.
(2) For a, 8,7 € Q1 with e(a) = e(8) = s() and a # 3, we have ya € [ or v € 1.
(3) For o, 8,7 € Q1 with s(a) = s(8) = e(y) and a # 3, we have ary € T or By € 1.
A special biserial algebra is called a string algebra if the following condition is
satisfied.

(4) The ideal I can be generated by zero relations.

3. Tree String Algebras

In this section, A is a string algebra with the quiver @ such that the underlying
graph of @ is a tree. Then either A = K@ or A = KQ/I with I an admissible ideal
of K@Q. By the definition of string algebras, the former case occurs only if A is of
type A,,. In either case, A is of finite representation type [6, p. 161, Theorem] or
[8, Theorem 1.2(2)], and we may assume that there are n vertices and n — 1 arrows
in . All morphisms considered are irreducible morphisms between indecomposable
modules in mod A.
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By [0l p. 147], there are only two types of almost split sequences in mod A, that
is, the middle term in an almost split sequence is indecomposable or is a direct sum
of two indecomposable modules:

0—>L—M-=N=0 (3.1)
and
0—L— M &M, — N —0. (3.2)

Proposition 3.1 ([6, p. 174, Corollary]). (1) The only almost split sequences
in mod A of type (Bl) are those of the form

0—-U(B)—NB)— V() —0

with B an arrow in Q.

(2) The number of almost split sequences of type BJl) in mod A isn — 1.

In the following, we describe the modules in Eq. (B) briefly. Let 8 be an arrow of
Q. We denote by 57! a formal inverse of 8 with s(371) = e(8) and e(871) = s(),
and write (371)~! = 3. We form ‘paths’ ¢; - - - ¢, of length n > 1, where all the ¢;
are of the form 8 or 37! and s(c;) = e(ciy1). Define (c1---¢,) ' =¢, -
s(er--en) = s(en), e(er---cn) = e(er). A path ¢1 -+ - ¢, of length n > 1 is called a
string if ¢;;1 # ci_1 for any 1 < ¢ < n — 1, and neither subpath ¢;c;41 - - - ¢;y¢ nor
its inverse belong to the ideal I. Also, the two strings of length 0 is defined just as
the trivial path €; at each vertex i and its inverse.

Let S be the set of all strings. We say that a string w starts (respectively
ends) on a peak if there exists no arrow « such that wa € S (respectively
a"lw € 8); similarly, a string starts (respectively ends) in a deep if there
exists no arrow 3 such that wB~! € S (respectively fw € S). A stringw = oy - a,
is called direct if all «; are arrows, and called inverse if its inverse is direct.

For every arrow « in Q, let N, = U,aV,, be the unique string with U, and V,
both inverse and N,, starts in a deep and ends on a peak. By [5, Remarks 3.2(1)],
there exists an almost split sequence with an indecomposable middle term:

¢yt and

0 ——=MUs) —= M(No) —= M(Va) —=0

for every arrow «, and all almost split sequences of this type are constructed in this
way. Here, M (w) denotes the indecomposable module corresponding to the string
w. Note that M (w) and M (w™1!) are always isomorphic (c.f. [5] [6]).

We give the following useful remark.

Remark 3.2. In [13], the algebra A is assumed to be of type A,. We point out
that all results from 3.1 to 3.8 in [I3] hold true in the setting of this paper even
without changing the proofs there. To avoid repeating, we will not list these results
in details here, but cite them directly when needed.
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Note that an irreducible morphism is either a proper monomorphism or a proper
epimorphism. By [I3] Corollary 3.7], we have

{C(f)| f is an epic irreducible morphism in mod A}
= {the last terms in almost split sequences of type B

as in Proposition 3.1},

and its cardinality is n — 1. So, in the following, we only need to determine the
minimal right determiners of all irreducible monomorphisms.

For a € @1, recall from [I}, p. 43] that s(a) and e(a) are called the neighbors
of e(a) and s(«), respectively. By the definition of string algebras, we can give a
complete classification of the vertices in @) as follows.

(vl) The vertex 47 with a unique neighbor:
ig — - (v1.1)
and
= (v1.2)

(v2) The vertex io with two neighbors:

ey, (v2.1)
g~ - (v2.2)
and
ey (v2.3)

(v3) The vertex i3 with three neighbors:

i

iy —2s (v3.1)

Y
e

J2
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such that at least one in {azai, aszas} is in I; and

such that at least one in {3, asas} isin 1.
(v4) The vertex i4 with four neighbors:

N
14
J2 Ja

such that at least one of the two sets {aga;, agas} and {agaq, azas}
isin 1.

For convenience sake, we denote the subquivers in (v3) with 4 vertices including
the vertex i3 and its 3 neighbors by X;,, and denote the subquivers in (v4) with 5
vertices including the vertex i4 and its 4 neighbors by X;,. A full subquiver of @
between two vertices ¢ and j is denoted by (7, j). For a subquiver Q’ of Q, we write
Il := 1N KQ'. The following definition is crucial in the sequel.
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Definition 3.3. For the vertex i in ), we define the vertex ideal J; of A according
to the above classification of vertices as follows:

(1) For the sink i1 of type (v1.2), define

0, if there exists j € Qo such that [{a € Q1]s(a) =7} =2,

J (j,41) is linear and I|(;,,y = 0;
o A, if A is a path algebra with a unique sink 1;

I, otherwise.
(2) For the sink is of type (v2.2), define

0, if there exists j € Qo such that [{a € Q1]s(a) =7} =2,
(j,i2) is linear and I|(;,y = 0;

Ji, =
' A, if A is a path algebra with a unique sink is;

I, otherwise.

(3) For the vertex i3 of type (v3), define

(a) if i3 is of type (v3.1); or
(b) if ig is of type (v3.2) and there exists j € Qo such that

Jiw =3 o€ Q1 [5(a) = j}| =2, {j,is) is linear, T](;.) =0,
(g0 7 0 and | 5y 7# 0;
I|x,,, otherwise.

(4) For the vertex i4 of type (v4), define

0, if there exists j € Qo such that [{a € Q1 |s(a) = j}| =2,
Ji, = (j,ia) is linear, I|(; .,y =0, I|¢ 4,y # 0 and I,y # 0;
Ix,,, otherwise.

By [13, Corollary 3.2], we have that the minimal right determiner of any irre-
ducible monomorphism is indecomposable projective. The following lemma gives
some criteria for determining when an indecomposable projective module is the
minimal right determiner of an irreducible monomorphism.

Lemma 3.4. For an irreducible monomorphism f in mod A, the following state-
ments are equivalent.

(1) P(i) = C(p).

(2) There exists an irreducible monomorphism fi : X — P(j) with X indecompos-
able such that C(f1) = P(i) = C(f).

(3) P(i) almost factors through f.

(4) S(i) = Soc(Coker f).
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If one of the above equivalent conditions is satisfied and j is as in (2), then the
subquiver (j,1) is linear and I ;y = 0.

Proof. By [13] Theorem 3.5(1)], we have (1) < (2). By Theorem 2.4(2) and [13,
Remark 3.3], we have (1) < (3). By [13, Corollary 3.4(1)], we have (1) < (4).

If one of the above equivalent conditions is satisfied and j is as in (2), then P(7)
almost factors through f; and Homy (P(i), P(j)) # 0, which indicates that there
exists a nonzero path from j to 7 in @, that is, (j,4) is linear and I|;; ;y = 0. O

We need some further preparation.

Lemma 3.5. For a vertex i € Qy, we have

(1) Ha € Q1]s(a) =i} =1 if and only if rad P(i) is indecomposable. In this case,

for any irreducible monomorphism X — P(i) with X indecomposable, we have
=~ rad P().

(2) {a € Q1]s(a) = i}| = 2 if and only if rad P(i) = M; & N; with M, and
N; indecomposable. In this case, for any irreducible monomorphism X — P(q)
with X indecomposable, there exists an indecomposable module Y € mod A,
such that rad P(i) 2 X @ Y.

Proof. The first assertions in (1) and (2) are well known. If X — P(i) is an
irreducible monomorphism, then X is isomorphic to a submodule of the unique
maximal submodule rad P(i) of P(i), and hence isomorphic to a direct summand
of rad P(i) by [, Lemma V.5.1(b)]. O

The following three lemmas are useful.

Lemma 3.6. Let i € Qo with [{a € Q1]s(a) = i}| = 1. Then P(i) =
C(rad P(i) — P(i)).

Proof. It follows from LemmasBH(1) and B4l O

Lemma 3.7. Leti € Qo with [{a € Q1 |s(a) =i} #1 and P(i) € Det(A).

(1) If j is as in LemmaBAY2), then |[{a € Q1 |s(a) = j}| = 2.
(2) If the vertex i is a sink i1 of type (v1.2) (respectively a sink is of type (v 2.2)),
then J;, = 0 (respectively J;, = 0).

Proof. (1) Let i € Qo with [{« € Q1 |s(a) = j}| # 1 and P(i) € Det(A). If j is as
in Lemma[3.4(2), then the subquiver (j, ) is linear and I|; ;y = 0 by Lemma B.4 If
[{a € Q1]s(a) =7} =0 (that is, j is a sink), then rad P(j) = 0, and hence f; =0
by Lemma[BH(1), a contradiction. If [{a € @Q1]s(a) = j}| =1, then C(f1) = P(j)
by Lemmas BE(1) and B@. It is clear that ¢ # j, so we have C(f1) # P(i), also a
contradiction. Consequently we conclude that [{a € Q1 |s(a) =5} = 2.
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(2) If the vertex i is a sink 41 of type (v1.2) (respectively a sink iy of type (v2.2)),
then J;, = 0 (respectively J;, = 0) by (1) and the definition of vertex ideals. O

Lemma 3.8. Let i € Qo with |[{a € Q1|s(a) =i}| =2. Then P(i) # C(f) for any
irreducible monomorphism f:X — P(i).

Proof. Let i € Qo with [{a € Q1|s(a) = i}| = 2. Suppose P(i) = C(f) for some
irreducible monomorphism f : X — P(7). It is clear that f can be assumed to be
an inclusion. By Lemma 3.5(2), we have that rad P(i) = M; ® N; with M; and
N; indecomposable and that either X = M; or X = N,. Consider the following
diagram:

: e

Vo vV
e — K< K—0— -

or

)

: 1k

Y Vi v
In either diagram, the above is part of the representation of S(i) around ¢ and
the below is part of the representation of Coker f around . Notice that neither
the left square in the first diagram nor the right square in the second diagram is
commutative, so S(7) is not a submodule of Coker f. It implies S(i) # Soc(Coker f),
which contradicts Lemma 341 The assertion follows. |

The following is a key step toward proving the main result.

Theorem 3.9. For a vertez iy in Q, P(ix) € Det(A) if and only if iy is one of the
following types.

(1) (1.1) a source iy of type (vl.1);
(1.2) a sink iy of type (v1.2) and J;, = 0.
(2) (2.1) a sink iz of type (v2.2) and J;, = 0;
(2.2) iz of type (12.3).
(3) (3.1) i3 of type (v3.1);
(3.2) i of type (v3.2) and J;; = 0.

(4) 14 of type (v4) and J;, = 0.

Proof. (1) If i; is a source of type (v1.1), then P(i;) = C(rad P(i1) < P(i1)) by
Lemma 6]

Let i1 be a sink of type (v1.2). If J;, = 0, then there exists j € Qo such that
Ha € Q1]s(a) = j}| =2, (j,i1) is linear and I|(; ;,y = 0. By Lemma 3.5(2), we have
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rad P(j) = M; & N; with M; and N; indecomposable. So there exists a subquiver
of the Auslander—Reiten quiver of mod A as follows:

P(i1)

Coker f.

It is straightforward to calculate that Soc(Coker f) = S(i1). So P(i1) = C(f)
by Lemma [3.4l Conversely, if P(i1) € Det(A), then J;; = 0 by Lemma [3.7(2).

(2) Let i3 be a source of type (v2.1). If P(is) € Det(A), then by Lemmas [3.4]
and B.7[1), there exists an irreducible monomorphism f; : X — P(j) with X
indecomposable such that P(iz) = C(f1), [{a € Q1|s(a) = j}| = 2, the subquiver
(j,i2) is linear and I|(; ;,y = 0, and hence j = iy. It contradicts Lemma B.8] Thus,
we have P(iz) ¢ Det(A).

Let i2 be a sink of type (v2.2). If J;, = 0, then there exists j € Qo such that
Ho € Qils(a) = j}| =2, (j,i2) is linear and I|(; ;,) = 0. By Lemma[Z.5](2), we have
rad P(j) = M; @ N; with M; and N; indecomposable. So there exists a subquiver
of the Auslander—Reiten quiver of mod A as follows:

Coker f.

It is straightforward to calculate that Soc(Coker f) = S(iz). So P(i2) = C(f)
by Lemma [3:4l Conversely, if P(iz) € Det(A), then J;, = 0 by Lemma [3.7(2).

If i5 is of type (v2.3), then P(iz) = C(rad P(i3) — P(i2)) by Lemma B.6]

(3) If i3 is of type (v3.1), then P(i3) = C(rad P(i3) <— P(i3)) by Lemma 3.6l
again.

Let i be of type (v3.2). If J;, = 0, then there exists j € @ such that
|{OZ S Ql | s(a) = j}| = 2, <], i3> is linear, I|(j,i3) = 0, I|(j,j3) 75 0 and I|<j,k3) 75 0.
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By Lemma [B.5(2), we have rad P(j) = M; & N; with M; and N; indecompos-
able. So there exists a subquiver of the Auslander-Reiten quiver of mod A as
follows.

M;,

3 g1

P(i3)

92
7

N,

Coker f.

It is straightforward to calculate that Soc(Coker f) = S(i3). So P(iz) = C(f)
by Lemma

Conversely, if P(i3) € Det(A), then by Lemma B4, there exists an irreducible
monomorphism f; : X — P(j) with X indecomposable such that C(f1) = P(i3),
the subquiver (j,43) is linear and I|(;;,y = 0. By Lemmas [3.8 and B7(1), we have
Jj # iz and [{o € Q1]s(a) = j}| = 2. Parts of the representations of S(iz) and
Coker f around i3 are shown as below.

_0\

- J2

=0 :

B ke

A
vy ¢y
q /

Mj2

Because S(iz) = Soc(Coker f) by Lemma 3.4, the above diagram is commutative.
It implies Mj, = 0 = Mj,. So I|; j,y # 0 and I|(; ;,) # 0. Thus, we have J;; =0
by the definition of vertex ideals.

(4) Let iy be of type (v4). If J;, = 0, then there exists j € (o such that
Ha € Q1]s(a) = 7} = 2, (j,44) is linear, I|¢; .,y = 0, I|; .y # 0 and 1|,y # 0.
By Lemma [B3(2), we have rad P(j) = M; & N; with M; and N; indecomposable.

JsJ1 JsJ2



Minimal right determiners of irreducible morphisms in tree string algebras 1075

So there exists a subquiver of the Auslander—Reiten quiver of mod A as follows.

M;

Coker f.
It is straightforward to calculate that Soc(Coker f) = S(is). So P(i4)

by Lemma B4

=C()

Conversely, if P(i4) € Det(A), then by Lemma B4l there exists an irreducible
monomorphism f; : X — P(j) with X indecomposable such that C(f1) = P(i),
the subquiver (j,44) is linear and I|(;,;,y = 0. By Lemmas[3.8 and B7(1), we have
Jj # 4 and [{a € Q1]s(a) = j}| = 2. Parts of the representations of S(i4) and

Coker f around i4 are shown as below.

0
N\
0
o
N
jlgz) ]6
NS
: 14
K
7
: J2(j1) : Ja
0
0
\v e
K
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Because S(iy) = Soc(Coker f) by Lemma the above diagram is commuta-
tive. It implies M;, = 0 = Mj,. So 1|,y # 0 and I|(; ;) # 0. Thus, we have
Ji, = 0 by the definition of vertex ideals. O

We are now in a position to give the main result in this paper.

Theorem 3.10. Set
p = [{i|i is a source of type (v2.1)}|,
g = {7, £0]1<j <4},

Then we have

[Det(A)|=2n—p—q—1.

Proof. By [13, Corollary 3.7], we have that the number of the (nonprojective)
minimal right determiners of all irreducible epimorphisms is n — 1. By Theorem
3.9, we have that the number of the (projective) minimal right determiners of all
irreducible monomorphisms is n — p — ¢. So we have

Det(A)j=(n—1)+(n—p—q)=2n—p—q—1. O

The following two results show that the distribution of the projective minimal
right determiners can determine the orientation of a quiver in some cases. The first
one is a generalization of [I3] Corollary 3.12].

Proposition 3.11. Assume that there are no vertices of type (v4) in Q and j € Qg
is a sink of type (v1.2). Then the following statements are equivalent.

(1) The projective minimal right determiners are {P(i)|1 <i <n but i # j}.
(2) j is the unique sink in Q.

Proof. (2) = (1) Assume that j is the unique sink in Q. Let i € Qo with i # j.
Then i is one of the following types: (v1.1), (v2.3), (v3.1). Now the assertion follows
from Theorem [3.91

(1) = (2) Assume that the projective minimal right determiners are {P(i)|1 <
i <nbuti#j} Let i€ Qo with i # j. Because P(i) € Det(A) by (1), we have
that ¢ is not of type (v2.1) by Theorem [39 So, to show that 4 is not a sink, it
suffices to show that ¢ is not of any one of the following types: (v1.2), (v2.2), (v3.2).
Assume that i is of one of these three types. It follows from Lemmas [3.4] and [3.8]
that there exists k1 € Qo with k1 # ¢ such that [{a € Q1|s(a) = k1}| = 2 and
(k1,14) is linear. It is clear that k; # j. So P(k1) € Det(A) and kq is of type either
(v2.1) or (v3.2).

If &y is of type (v2.1), then by Theorem 3.9, we have P(k1) ¢ Det(A), a con-
tradiction. If &y is of type (v3.2), then by Lemmas B4 and 3.8 again, there exists
ko € Qo with ko # kq such that [{a € Q1] s(a) = ko}| =2 and (ky, k2) is linear. It
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is clear that ko # j. So P(ke) € Det(A) and ko is of type either (v2.1) or (v3.2). By
the same reason as above, we have that ks is of type (v3.2) but not of type (v2.1).
Note that the quiver @ is acyclic. So, continuing this process, we have that there
are infinitely many vertices of type (v3.2). It contradicts the fact that @ is finite.
Consequently, we conclude that j is the unique sink in Q. O

Similarly, we have the following.

Proposition 3.12. Assume that there are no vertices of type (v4) in Q and j € Qo
is a sink of type (v2.2). Then the following statements are equivalent.

(1) The projective minimal right determiners are {P(i)|1 <1i <mn buti# j}.
(2) j is the unique sink in Q.

The following example illustrates that the assumption “there are no vertices of
type (v4) in Q” is necessary for Propositions[3.11] and [3.12.

Example 3.13. Let Q be the quiver
1 4
Y V
3
2 5
N

6,

and let A = KQ/I such that at least one of the two sets {asar, asas} and {aya,
aza} is in the admissible ideal T of K@ (that is, A is a string algebra). Then the
projective minimal right determiners in mod A are {P(1), P(2), P(4), P(5), P(6)}
by Theorem B9 But the vertex 4 is the unique sink of type (v1.2) and the vertex
5 is the unique sink of type (v2.2) in Q.

The following example illustrates that the assumption “j € Qg is a sink of type
(v1.2)” in Proposition[3.11] and the assumption “j € Qq is a sink of type (v2.2)” in
Proposition[3:12] are necessary, and that neither of the source counterparts of these
two propositions holds true.

Example 3.14.
(1) Let @ be the quiver
1 2 3 4

and A = K@Q. Then the projective minimal right determiners in mod A are
{P(1),P(2),P(4)} by Theorem B9l
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(2) Let @ be the quiver

and A = KQ/I a bound quiver algebra. If T is generated by {ajas, asas},
then by Theorem [3.9] the projective minimal right determiners are
{P(1),P(2),P(3),P(5)}. If I is generated by {aias}, then by Theorem [3:
again, the projective minimal right determiners are {P(1), P(2), P(5)}.

4. Algebra Whose Quiver is Dynkin Type

In this section, the quiver ) is of Dynkin type and J;,, Ji,, Ji; are as in Defini-
tion B3 Note that there are no vertex ideals of type J;, in this case.

It is trivial that if A is of type A,,, that is, the underlying graph of @ is of the
form

1%2%3% e

Qp—2 Qp—1
n—1 n,

then A is string. So by Theorem B10, we immediately have the following.
Corollary 4.1. If A of type A,,, then we have
Det(A)| =2n—p—q—1,
where p = [{i|i is a source in Q with 2 <i<n—1}| and ¢ = |{J;; #0|j =1,2}|.
Let A be of type A,,. Then there are no vertex ideals of type J;, or J;,.

(1) If there is a unique sink in @, then we have the following facts.

(1.1) There are no sources ¢ with 2 <i <mn — 1.
(1.2) Either J;, # 0 or J;, # 0.

So p =0 and ¢ = 1, and hence |Det(A)| = 2n — 2 by Corollary 11

(2) If A is a path algebra with at least two sinks in @, then [{J;, # 0}| = 0= |{J;, #
0}|. By Corollary[ZT], we have |Det(A)| = 2n — p — 1. Thus [I3} Theorem 3.13]
follows.

(3) If A is a bound quiver algebra with at least two sinks in @), then it is straight-
forward to check that the notion of vertex ideals is exactly that of sink ideals
in [I3] Definition 3.14]. By Corollary 1] we have |Det(A)] =2n —p — ¢ — 1.
Thus [I3, Theorem 3.15] follows.

In conclusion, Corollary ETlis a unified version of [T3] Theorems 3.13 and 3.15].
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If A is of type D,,, then the underlying graph of @ is of the form

1
o
\3 T g )
e
2
If A is of type E,, with 6 < n < 8, then the underlying graph of @ is of the form
6
as
1——2 -3 425
7
e
1l——2 -3 4 526,
or
8
ar
1 ——2--3- 452 -0

In the above four cases, we denote the subquivers in (Q with 4 vertices including
the vertex 3 and its 3 neighbors by Xj5. By the definition of string algebras, we
have.

Proposition 4.2. Let A be of type Dy, Eg, E7 or Eg. Then A is a string algebra
if and only if A is a bound quiver algebra and I|x, # 0.

By Proposition [£:2] and Theorem B.10, we have the following two corollaries.

Corollary 4.3. Let A be a bound quiver algebra of type D,, with I|x, # 0. Then
we have

Det(A)| =2n—p—q—1,
where p = |{i|i is a source in Q with4 <i <n—1}|andq = |{J;; #0[j =1,2,3}|.

Corollary 4.4. Let A be a bound quiver algebra of type K, with 6 < n < 8 and
I|x, # 0. Then we have

Det(A)| =2n —p—q—1,

where p = [{i|i is a source in Q with i # 1,3,n —1,n}| and q = [{J;; # 0|j =
1,2,3}].
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5. An Example of Non-Dynkin Type

In this section, we give an example of non-Dynkin type to illustrate Theorem 3.10.

Example 5.1. Let Q(©) be the quiver with a unique vertex but no arrows: o. Let
QW be the quiver

and Q? the quiver:

o [¢] o [e]

NS

S |
/\/\
O\O/\/O
A NEZAN

o [¢] o O.

We call the following the first step: Q1) is a quiver of type X;,, which is obtained
by adding 4 vertices of type (v1.1) around the unique vertex in Q©); and call the
following the second step: Q) is obtained by adding 3 vertices of type (v1.1)
around each vertex of type (v1.1) in Q) such that all the 4 new branches in Q(?)
are of type X;,. Inductively, in the nth step, Q™ is obtained from Q"1 by
adding 3 new vertices of type (v1.1) around each of all 4 x 3"~2 vertices of type
(v1.1) in Q=Y such that all the 4 x 3"~2 new branches are of type X;,. In Q"
the number of vertices is 2 x 3™ — 1.

For any n > 1, let A = KQ /I with I the admissible ideal of KQ(
generated by all the paths of length 2. Notice that there are no vertices of type (v2)
or (v3), so |[{Ji, # 0} =0 =|{Ji; # 0}|. It is easy to see that |[{J;, # 0} = 0.
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If n > 2, then we have that some J;, # 0 if and only if it is the vertex ideal of
a vertex of type (v4) in the outermost ring of Q™). So [{J;, # 0}| = 4 x 372, and
hence by Theorem 3.10, for any n > 2, we have

IDet(AM)| =2(2x 3" 1) —0—4x 3" 2 —1=32x3"2—3,

where the number of the projective minimal right determiners is 14 x 3"~2 — 1 and
the number of the nonprojective ones is 2 x 3" — 2. Moreover, by Theorem [3.9], we
have that P(i) ¢ Det(A™) if and only if i is one of the 4 x 3”2 vertices added in
the (n — 1)th step.

If n =1, then |{J;, # 0}| = 1. So by Theorem 3.10, we have

Det(AM) =2x5-0—1—1=8,

where both the number of the projective minimal right determiners and the number
of the no-projective ones are 4. By Theorem B0, we have that P(i) € Det(A(M) if
and only if ¢ is one of the four vertices added in the first step.

Acknowledgment

This research was partially supported by NSFC (Grant Nos. 11571164, 11801275)
and the Startup Foundation for Introducing Talent of NUIST. The authors thank
the referee for useful suggestions.

References

[1] I. Assem, D. Simson and A. Skowroniski, Elements of the Representation Theory of
Associative Algebras. Vol. 1, London Mathematical Society Studies Texts, Vol. 65
(Cambridge University Press, Cambridge, 2006).

[2] M. Auslander, Functors and morphisms determined by objects, in Representation
Theory of Algebras (Proc. Conf., Temple Univ., Philadelphia, Pa., 1976), Lecture
Notes in Pure Applied Mathematics, Vol. 37 (Dekker, New York, 1978), pp. 1-244.

[3] M. Auslander, Applications of morphisms determined by modules, in Representation
Theory of Algebras (Proc. Conf., Temple Univ., Philadelphia, Pa., 1976), Lecture
Notes in Pure Applied Mathematics, Vol. 37 (Dekker, New York, 1978), pp. 245-327.

[4] M. Auslander, I. Reiten and S. Smalg, Representation Theory of Artin Algebras.
Corrected reprint of the 1995 original, Cambridge Studies in Advanced Mathematics,
Vol. 36 (Cambridge University Press, Cambridge, 1997).

[5] T. Briistle and J. Zhang, On the cluster category of a marked surface without punc-
tures, Algebra Number Theory 5 (2011) 529-566.

[6] M. C. R. Butler and C. M. Ringel, Auslander-Reiten sequences with few middle
terms and applications to string algebras, Comm. Algebra 15 (1987) 145-179.

[7] X.-W. Chen and J. Le, A note on morphisms determined by objects, J. Algebra
428 (2015) 138-148.

[8] F. Huard and S. P. Liu, Tilted string algebras, J. Pure Appl. Algebra 153 (2000)
151-164.

[9] H. Krause, Morphisms determined by objects in triangulated categories, in Algebras,
Quivers and Representations, Abel Symposium, Vol. 8 (Springer, Heidelberg, 2013),
pp. 195-207.



1082 X. Wu & Z. Huang

[10]
[11]
[12]

[13]

H. Krause, Morphisms determined by objects and flat covers, Forum Math. 28 (2016)
425-435.

C. M. Ringel, Morphisms determined by objects: The case of modules over artin
algebras, Illinois J. Math. 56 (2012) 981-1000.

C. M. Ringel, The Auslander bijections: How morphisms are determined by modules,
Bull. Math. Sci. 3 (2013) 409-484.

X. X. Wu and Z. Y. Huang, Minimal right determiners of irreducible morphisms in
algebras of type Ay, J. Algebra 481 (2017) 68-90.



	Introduction
	Preliminaries
	Tree String Algebras
	Algebra Whose Quiver is Dynkin Type
	An Example of Non-Dynkin Type
	References

