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1. Introduction

Let 7 be an abelian category and %" an additive subcategory of &7. As a common gen-
eralization of Gorenstein projective and Gorenstein injective modules, Sather-Wagstaff,
Sharif and White [31] introduced the Gorenstein subcategory G(%) of < relative to €.
From the definition of the Gorenstein subcategory G(%), it is known that & should be
simultaneously a generator and a cogenerator for G(%) and both functors Hom (€, —)
and Hom g (—,%) should possess certain exactness. It leads to some limitations. To
overcome such limitations, Song, Zhao and Huang [33] introduced one-sided Gorenstein
subcategories by modifying the definition of Gorenstein subcategories, and then Gao and
Wu [13] generalized them to a more general setting. On the other hand, Beligiannis and
Reiten [3] introduced Gorenstein categories by categorizing Gorenstein rings, and com-
pare the relevant results about Gorenstein rings to Gorenstein categories. It is a natural
topic to study the relation between Gorenstein categories and (one-sided) Gorenstein
subcategories, we will study it in a more general setting.

In homological theory, homological dimensions are important and fundamental in-
variants, which play a crucial role in studying the structures of modules and rings. The
properties of modules and rings have been studied when certain homological dimen-
sions relative to some special one-sided Gorenstein subcategories of a given module or
all modules are finite, see [8,13,14,19,22,33], and so on. In this paper, we will introduce
generalized Gorenstein categories and give them some equivalent characterizations in
term of the finiteness of certain homological dimensions relative to one-sided Gorenstein
subcategories, which provide a unified framework for some related results.

The paper is organized as follows. In Section 2, we give some notions and preliminary
results which will be used in the sequel.

Let o7 be an abelian category and let ¥ and 2 be additive subcategories of o7. In
Section 3, we introduce left or right n-(%", 2)-Gorenstein categories with n > 0. Assume
that o/ has enough projective and injective objects and satisfies the AB4 and AB4*
conditions (that is, & has arbitrary direct sums and products which are exact) and &
is closed under direct summands. We prove the following result.

Theorem 1.1. (Parts of Theorems 3.11 and 3.14) It holds that

(1) Let rG(€,2) be the right Gorenstein subcategory of < relative to € and 9, which
contains P(/) consisting of all projective objects in <. If € is closed under kernels
of epimorphisms and € is contained in the intersection of 2 and its left orthogonal
category, then the following statements are equivalent.

(1.1) & is a right n-(€, 2)-Gorenstein category.

(1.2) The rG(€, 2)-projective dimension of any object in < is at most n.

(1.3) The three categories respectively consisting of objects with P-projective, injec-
tive and € -projective dimensions at most n coincide.
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(2) Let IG(€,2) be the left Gorenstein subcategory of < relative to € and 2, which
contains (/) consisting of all injective objects in <. If € is closed under coker-
nels of monomorphisms and € is contained in the intersection of 2 and its right
orthogonal category, then the following statements are equivalent.

(2.1) o is a left n-(€¢, P)-Gorenstein category.

(2.2) The lG(€, P)-injective dimension of any object in o is at most n.

(2.3) The three categories respectively consisting of objects with P-injective, projec-
tive and € -injective dimensions at most n coincide.

As a consequence of Theorem 1.1, we get that o is n-Gorenstein if and only if the
Gorenstein projective dimension of any object in &7 is at most n, if and only if the
Gorenstein injective dimension of any object in & is at most n, if and only if & is
right n-(P (), P(&))-Gorenstein, if and only if o is left n-(Z(«),Z(%/))-Gorenstein,
and if and only if the two categories respectively consisting of objects with projective
and injective dimensions at most n coincide. (Theorem 3.17). This result extends [3,
Proposition VII.2.4(i)].

In Section 4, we apply the results obtained in Section 3 to module categories. The study
of generalized tilting modules, which were usually called Wakamatsu tilting modules, was
initiated by Wakamatsu [40]. It follows from [42, Corollary 3.2] that rC is Wakamatsu
tilting with S = End(gC) if and only if Cg is Wakamatsu tilting with R = End(Cs),
and if and only if gCg is semidualizing bimodule in the sense of [16]. Many authors have
studied the properties of Wakamatsu tilting modules and semidualizing bimodules and
related modules, see [1,3], [12], [15,16], [19-22], [26], [28], [35—42] and references therein.

Let R be an arbitrary ring and rC' a Wakamatsu tilting module with S = End(rC).
We use Pco(R) and Fe(R) to denote the classes consisting of C-projective and C-flat
left R-modules, respectively, and use Z¢(S) and FZ¢(S) to denote the classes consisting
of C-injective and C-FP-injective left S-modules, respectively (see Section 2.2 for the
definitions of these modules). As an application of Theorem 1.1, we get the following
result.

Theorem 1.2. (Theorem 4.6) It holds that

(1) For any n > 0, the following statements are equivalent.
) The category of left R-modules is right n-(Pc(R), Pc(R))-Gorenstein.

2) The category of left R-modules is right n-(Pc(R), Fo(R))-Gorenstein.

3) The category of left S-modules is left n-(Zc(S), Zc(S))-Gorenstein.

4) The category of left S-modules is left n-(Zc(S), FZc(S))-Gorenstein.

.5) The C-Gorenstein projective dimension of any left R-module is at most n.
6) The C-strong Gorenstein flat dimension of any left R-module is at most n.
7)
8)

The C-Gorenstein injective dimension of any left S-module is at most n.

~ S S S S~ S
H = == = e

S

The C-Gorenstein FP-injective dimension of any left S-module is at most n.

(2)

is faithful, then all the above and below conditions are equivalent.
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(2.1) The two categories respectively consisting of left R-modules with injective and
Pc(R)-projective dimensions at most n (and the category consisting of left
R-modules with Fo(R)-projective dimension at most n) coincide.

(2.2) The two categories respectively consisting of left S-modules with projective and
Zc(S)-injective dimensions at most n (and the category consisting of left S-
modules with FLc(S)-injective dimension at most n) coincide.

(3) If R is a left Noetherian ring and S is a right coherent ring, then all conditions
in (1) are equivalent to that both the FP-injective dimensions of rC and Cg are at

most n.

Note that the conditions in Theorem 1.2(1) are not left-right symmetric in general
(Remark 4.17(1)), and that the assumption “R is a left Noetherian ring and S is a right
coherent ring” in Theorem 1.2(3) can not be weakened to “R is a left coherent ring and
S is a right coherent ring” (Example 4.13).

By Theorem 1.2, we obtain several equivalent characterizations for the category of
left R-modules and the ring R to be n-Gorenstein (Corollary 4.7). As an immediate
consequence of Theorem 1.2, we also get that the suprema of C-Gorenstein projective
and C-strong Gorenstein flat dimensions of all left R-modules and the suprema of C-
Gorenstein injective and C-Gorenstein FP-injective dimensions of all left S-modules are
identical (Corollary 4.8(1)). It extends some results in [4,22,23,43].

The Auslander class Ac(S) and Bass class Bo(R) with respect to a semidualizing
bimodule zrCs (equivalently, a Wakamatsu tilting module rC with S = End(gC)) origi-
nated from [12] are now collectively known as Foxby classes, and they are linked together
by Foxby equivalence [12,16] and duality pairs [20]. These two classes of modules play
a crucial role in studying the homological theory related to semidualizing bimodules
and Wakamatsu tilting modules, see [1,12,15,16], [19-22], [26,28], [35-42] and references
therein.

We use pdi C and pdge, C to denote the projective dimensions of gC and Cg, re-
spectively. The Wakamatsu tilting conjecture states that for artin algebras R and S, it
holds that pdp C' = pdger C (cf. [3,28]). This conjecture remains still open. It was proved
in [38, Proposition 4.1] that pdp C' = pdger, C' when both of them are finite, which was
proved in [40, Proposition 7] when R and S are artin algebras. As another application
of Theorem 1.1, we get the following result, which greatly improves [38, Theorems 4.2
and 4.10]. Compare it with Theorem 1.2.

Theorem 1.3. (Part of Theorem 4.15) For any n > 0, the following statements are equiv-
alent.

(1) pdg C =pdge, C < n.

(2) The category of left R-modules is left n-(Pc(R), Pc(R))-Gorenstein.
(3) The category of left S-modules is right n-(Zc(S),Zc(S))-Gorenstein.
(4)

4) The Beo(R)-injective dimension of any left R-module is at most n.
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(5) The Ac(S)-projective dimension of any left S-module is at most n.
(1)°P The symmetric version of (i) with 2 < i <5.

As an immediate consequence, we get that the supremum of A (S)-projective dimen-
sions of all left S-modules and that of Bo(R)-injective dimensions of all left R-modules
are identical, and they are left and right symmetric (Corollary 4.16). Over coherent semi-
local rings, we establish the relation between the projective dimension of C' and the Bass
injective dimension as well as the Auslander projective dimension of certain semisimple
module (Proposition 4.19). Then we obtain a necessary condition for the validity of the
Wakamatsu tilting conjecture (Corollary 4.20).

2. Preliminaries
In this section, we give some notions and preliminary results needed in the sequel.
2.1. Relative homological dimensions and one-sided Gorenstein subcategories

In this paper, &7 is an abelian category and all subcategories of &/ involved are full,
and closed under isomorphisms. We use P(&) and Z(«/) to denote the subcategories of
&/ consisting of projective and injective objects, respectively.

Let 2 be a subcategory of &/. We write

Lty ={Acd | Extél(A,X) =0 for any X € 2},

2t ={Ac o |Ext2}(X,A) =0 for any X € 2}.
The subcategory 2" is called self-orthogonal if 2 C 2" (equivalently, 2" C Z™1). A se-
quence E in ¢ is called Hom g (2", —)-ezact (resp. Hom g (—, Z7)-ezact) if Hom (X, E)
(resp. Hom 4 (E, X)) is exact for any X € 2.

Let A € . The 2 -projective dimension Z -pd A of A is defined as
inf{n | there exists an exact sequence 0 - X,, = -+ = X; - Xg > A -0
in o with all X; in 27},

and set Z"-pd A = oo if no such integer exists. Dually, the 2 -injective dimension Z -id A
of A is defined as

inf{n | there exists an exact sequence 0 — A — X — X' — ... 5 X" =0

in .o/ with all X" in 2},

and set 2 '-id A = oo if no such integer exists. For simplicity, we write
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pdA:=P(«)-pdA and id A :=7Z()-id A.

For any n > 0, we use 2 - pd=" and 2"-id=" to denote the subcategories of <7 consisting
of objects with 2 -projective and Z -injective dimensions at most n, respectively; and
use 2 -pd<> and 2'-id<*> to denote the subcategories of <7 consisting of objects with
finite 2 -projective and % -injective dimensions, respectively. For a subcategory % of
o/, we write

Z-pd% :=sup{Z-pdY |Y € ¥} and 2-id¥ :=sup{Z-idY |Y € #}.

Recall that 2" is called resolving in o if P(&/) C Z and 2 is closed under extensions
and kernels of epimorphisms; dually, 2" is called coresolving in & if Z(«7) C 2 and 2
is closed under extensions and cokernels of monomorphisms.

Lemma 2.1. Let 2 be a subcategory of &/ closed under direct summands.

(1) If 2 is resolving in <, then 2 -pd=" is closed under direct summands for any
n > 0.

(2) If 2 is coresolving in <f , then 2 -id=" is closed under direct summands for any
n > 0.

Proof. If 2 is resolving (respectively, coresolving), then 2" is P(&)-resolving admitting
a P(o)-proper generator P(«/) (respectively, Z(4)-coresolving admitting an Z(</)-
coproper cogenerator Z(«f)) in the sense of [18]. Now the assertions follow from [18,
Theorems 3.9 and 4.9], respectively. O

Definition 2.2. ([8]) Let 2" be a subcategory of /. A morphism f: X — A in & with
X € Z and A € « is called an 2 -precover of A if Hom (X', f) is epic for any X' € 2.
The subcategory 2 is called precovering in o if any object in &/ admits an 2 -precover.
Dually, the notions of an 2 -preenvelope and a preenveloping subcategory are defined.

For subcategories 2" and % of &7, we write

. m —dAe| there exists a Hom (%, —)-exact exact sequence
v o X, o Xy 5 Xg— A= 0in o withall X; in 27 [
and
~— there exists a Hom, (—, % )-exact exact sequence
oy X =¢Aed 7 .
coresgy { | 0—-A—=X">X'5. ... X' ... in & with all X; in 2

For simplicity, we write

P S

—_~—

cores & := coresg Z and cores 2 := coresqy Z .



112 Z. Huang / Journal of Algebra 697 (2026) 106—144

Lemma 2.3. Let 2 be a subcategory of of. Assume that M € cores Z" and N € res 2,
that is, there exist a Homy (—, Z7)-exact exact sequence

f o f° 1 !
0—-M-——X"— X — .- (2.1)
and a Homy (2, —)-exact exact sequence
X B XL NS0 (2.2)

in o with all X* and X; in 2. Then (2.1) is Hom (—, N)-ezact if and only if (2.2) is
Hom (M, —)-ezact.

Proof. From (2.1) and (2.2), we get the following commutative diagram:

(X191 (X,g1) (M,g1)
(F'.%1) (f°.%1) (f,X1)
(LX) S (X0 ) S (M) > 0
(Xlxgo) (Xouqo) (]\/1790)
(£'.X0) (£°,X0) (f:X0)
X Xg) T (X0, Xo) T (M X)) —— 0
(xX'.9) (X%.9) (M.g)
1IN ON N
W) ety 8 0y Y gty .
0 0 0,
where (—,—) = Homg/(—,—). By assumption, all rows but the bottom one and all

columns but the rightmost one are exact. Thus the bottom row is exact if and only if
so is the rightmost column, that is, (2.1) is Homg (—, N)-exact if and only if (2.2) is
Hom (M, —)-exact. O

Definition 2.4. ([31]) Let € be a subcategory of <. The Gorenstein subcategory G(€) of
o/ relative to € is defined to be {G € & | there exists an exact sequence

e O = Cp = C0 =t — -

in &/ with all C;,C" in ¢, which is Hom (%, —)-exact and Hom (—,%)-exact, such
that G = Im(Co — C%)}.
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Note that G(P(«/)) and G(Z(&)) are exactly Gorenstein projective and injective
subcategories of &7, respectively ([8]).
For a subcategory € of o7, following [17, Lemma 5.7], if € is self-orthogonal, then

G(%) = (1€ Ncores @) N (€L Nres?).
Motivated by this, one-sided Gorenstein subcategories were introduced as follows.
Definition 2.5. Let € and 2 be subcategories of «7. Write

rG(€) :==+€ N cores € (respectively, 1G(€) := €+ N ﬂe_s\c/f),
rG(€,92):=12n co@‘f (respectively, 1G(€, D) := 2+ N rgs:j/‘g).

We call rG(%) (respectively, IG(€)) the right (respectively, left) Gorenstein subcategory
of of relative to € ([33]), and call rG(%€, Z) (respectively, IG(€, 2)) the right (respec-
tively, left) Gorenstein subcategory of of relative to € and 2 ([13]).

It is easy to see that if ¥ C ¢ and 2 2 2', then rG(¥¢,2) C rG(¥',2') and
16(¢, ) € 16(€", 7).

2.2. Wakamatsu tilting modules

In this paper, all rings are arbitrary associative rings with unit. Let R be a ring. We
use Mod R to denote the category of left R-modules, and use P(R), F(R) and Z(R) to
denote the subcategories of Mod R consisting of projective, flat and injective modules,
respectively. For a left R-module M, we use pdp M, fdgp M and idr M to denote the
projective, flat and injective dimensions of M, respectively, and use Addg M (addr M)
to denote the subcategory of Mod R consisting of direct summands of direct sums of
(finite) copies of M.

Definition 2.6. ([40,42]). Let R be a ring. A left R-module C is called generalized tilting
if the following conditions are satisfied.

(1) rC admits a degreewise finite R-projective resolution.
>1

(2) Exty (C,C) =0.

(3) There exists a Homp(—,addg C)-exact exact sequence

0rR—-C*—=C'— ... 5 C' — ...

in Mod R with all C? in addg C.

Generalized tilting modules are usually called Wakamatsu tilting modules, see [3,28].
Let C be a left R-module and S = End(C). It follows from [42, Corollary 3.2] that rC
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is Wakamatsu tilting if and only if Cs is Wakamatsu tilting with R = End(Cy), and if
and only if RCs is semidualizing bimodule in the sense of [1,16]. Typical examples of
Wakamatsu tilting modules include the free module of rank one and the dualizing module
over a Cohen-Macaulay local ring. For more examples of Wakamatsu tilting modules,
the reader is referred to [16,37,41].

Recall from [27,34] that a module M € Mod R is called FP-injective (or absolutely
pure) if M € FI(R), where FZ(R) = {M € Mod R | Exty(X, M) = 0 for any finitely
presented left R-module X }.

In the following, let R be an arbitrary ring, and let RpC be a Wakamatsu tilting module
with S = End(gC). We write

(=)« = Hom(C, -),
and write
Pc(R) :={C®s P|PeP(S)} and Pc(S?):={P' @rC| P € P(R?)},

Te(S) = {I, | T € Z(R)} and Zo(R%):={I.|I' € I(S°)},

Fo(R):={C®s F|FeF(S)} and FZc(S):={M.|M € FI(R)}.
The modules in Pc(R) (respectively, Pco(SP)), Fo(R), Zc(S) (respectively, Zo (RP))
and FZ¢(S) are called C-projective, C-flat, C-injective and C-FP-injective, respectively.
When rCg = rRpg, C-projective, C-flat, C-injective and C-FP-injective modules are

exactly projective, flat, injective and FP-injective modules, respectively.

Lemma 2.7. It holds that
idPe(R) =id Fo(R) = Zo(S)-1d P(S) = Za(S)-1d F(S).
Proof. By [39, Theorem 3.3(1)], we have
idPo(R) = Zc(S)-id P(S) = Ze(S)-id F(S).

Since F(S) C Ac(S) by [16, Lemma 4.1], we have id Fo(R) = Zc(S)-id F(S) by [37,
Theorem 3.5(3)]. O

The first two notions in the following definition were introduced by Holm and Jgr-
gensen [15] for commutative rings, and their non-commutative versions were given in
[26].
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Definition 2.8.

(1) A module M € Mod R is called C-Gorenstein projective if M € rG(Pc(R)).

(2) A module N € Mod S is called C-Gorenstein injective if M € IG(Z¢(S)).

(3) ([22]) A module M € Mod R is called C-strong Gorenstein flat if M € rG(Pc(R),
Fo(R)).

(4) A module Ne Mod S is called C-Gorenstein FP-injective if MelG(Za(S), FZc(S)).

When rCs = rRg, C-Gorenstein projective, C-Gorenstein injective, C-strong Goren-
stein flat and C-Gorenstein FP-injective modules are exactly Gorenstein projective,
Gorenstein injective, strong Gorenstein flat and Gorenstein FP-injective modules, re-
spectively ([7,8,14,29]).

Definition 2.9. ([16])

(1) The Auslander class Ac(S) with respect to C' consists of all modules N in Mod S
satisfying the following conditions:
(A1) Tor$,(C,N) =0.
(A2) Extz'(C,C ®g N) = 0.
(A3) The canonical evaluation homomorphism

un: N = (C®g N),

defined by pn(y)(z) =z ® y for any y € N and « € C is an isomorphism.

(2) The Bass class Bo(R) with respect to C' consists of all modules M in Mod R satis-
fying the following conditions:
(B1) Extz'(C, M) = 0.
(B2) Tor,(C,M.) = 0.
(B3) The canonical evaluation homomorphism

QM:C(X)SM**)M

defined by 6y (x ® f) = f(x) for any € C and f € M, is an isomorphism.
(3) The Auslander class Ac(R°P) in Mod R°? and the Bass class Bo(S°P) in Mod S°P
are defined symmetrically.

The Auslander and Bass classes are certain right and left Gorenstein subcategories,
respectively (see Section 4.2 for details).
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3. General results

In this section, 27 is an abelian category.
3.1. Relative projective and injective dimensions

Lemma 3.1. Let % be a subcategory of of . Assume that one of the following two condi-
tions is satisfied:

(a) % is self-orthogonal and closed under kernels of epimorphisms;
(b) % is precovering and resolving and % s closed under direct summands.

Then for any M € o/ and n > 0, the following statements are equivalent.

(1) % pdM <n.
(2) There exists a Hom g (%, —)-exact exact sequence

0=-U,—= - =U =-Uy—-M—=0

in o with all U; in % .

Proof. (2) = (1) It is clear.
(1) = (2) If the condition (a) is satisfied, then any exact sequence

0—-U,—= - —=U —-Uy—>M-—=0

in & with all U; in % is Hom (% , —)-exact, and the assertion follows.
Now suppose that the condition (b) is satisfied. We proceed by induction on n. The
case for n = 0 is trivial. Suppose n > 1. Then there exists an exact sequence

0K —-U,—-M—0

in o with U} € % and % -pd K’ < n by (1). It yields that any % -precover of M is epic.
Since % is precovering in 7, there exists a Hom (%, —)-exact exact sequence

0—-K—=Uy—>M—=0

in o with Uy € % . Consider the following pull-back diagram:
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0 0
I
I
Y
K:::K
I
[

A
0-->K' —-—->X-->Uy-->0
Il I

Il Y
0 K’ ofs M 0
|
|
A
0 0

Since % is resolving, applying [19, Theorem 3.2] to the middle row in the above diagram
yields Z-pd X < n — 1. On the other hand, since the middle column in the above
diagram is Hom,, (%, —)-exact by [17, Lemma 2.4(1)], it splits and X = K & Ujj. Thus
% -pd K < n by [18, Corollary 3.9], and the assertion follows by induction. O

Dually, we have the following result.

Lemma 3.2. Let & be a subcategory of o7 . Assume that one of the following two conditions
is satisfied:

(a) & is self-orthogonal and closed under cokernels of monomorphisms;
(b) & is preenveloping and coresolving and & is closed under direct summands.

Then for any M € o/ and n > 0, the following statements are equivalent.

(1) £-4d M < n.
(2) There exists a Hom g (—, &)-exact exact sequence

0-M—-E"-E'-...5E"=0

in & with all B* in &.

Remark 3.3. Both the condition “% is closed under kernels of epimorphisms” in
Lemma 3.1(a) and the condition “& is closed under cokernels of monomorphisms” in
Lemma 3.2(a) are superfluous. However, in view that they are necessary to prove the
rest results in this subsection, for the sake simplicity of subsequent statements we include
them there.
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Proposition 3.4. Let % and & be subcategories of <. If one of the conditions (a) and (b)
in Lemma 3.1 is satisfied, then for any n > 0, the following statements are equivalent.

(1) % -pdé& <n.
(2) &£-4d~> C % -pd=".

Proof. (2) = (1) It is trivial.
(1) = (2) Let M € &-id<>°. Then there exists the following exact sequence

0-M—-E"-E'-... 5 E™ =0

in & with m > 0 and all E' in & is exact. By (1) and Lemma 3.1, there exists a
Hom ., (% , —)-exact exact sequence

0=U. = - =Ul U —-E =0

in & with all U; in % for any 0 <¢ <mand 0 < j < n. Applying [17, Corollary 3.3(1)]
yields the following two exact sequences:

0— & U, = = @t Ul — & Ul U — M0, (3.1)
0=U—= ol Ui - o Ul — - = UM teU™ - U" -0, (3.2)

where Uf = 0 whenever ¢ > n + 1. Since % 1is additive and closed under kernels of
epimorphisms, we have U € % by (3.2). It follows from (3.1) that -pd M < n and
M e %-pd=". O

Dually, we have the following result.

Proposition 3.5. Let % and & be subcategories of <. If one of the conditions (a) and (b)
in Lemma 3.2 is satisfied, then for any n > 0, the following statements are equivalent.

(1) &4d % < n.
(2) % -pd=>® C &-id=".

As a consequence of Propositions 3.4 and 3.5, we get the following result.

Proposition 3.6. Let % and & be subcategories of <. If one of the conditions (a) and
(b) in Lemma 3.1 and one of the conditions (a) and (b) in Lemma 3.2 are satisfied.

(1) If ¥ is a subcategory of o/ containing % , then for any n > 0, the following state-
ments are equivalent.
(1.1) %-pd& <n and &£-id ¥ < n.
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(1.2) % -pd=S" = £-4dS" = ¥ -pd=".
(2) If & is a subcategory of & containing &, then for anyn > 0, the following statements
are equivalent.
(2.1) &-4id% <n and % -pd F < n.
(2.2) &-idS" = U -pd=" = F-id=".

Proof. (1) By Propositions 3.4 and 3.5, we have that Z-pd& < n and &-id¥ < n if
and only if

Y -pd=" C ¥-pd<>® C &-id=" C £-id<®° C X-pd=".

Since % C ¥ by assumption, we have %-pd=" C ¥-pd=", and the assertion follows.
(2) It is dual to (1). O

Remark 3.7. In the case when all “< n” in Propositions 3.4-3.6 are replaced by “< 00”,
all these results still hold true.

3.2. One-sided Gorenstein categories

In this subsection, & is an abelian category having enough projective and injective
objects. We first introduce one-sided Gorensrein categories as follows.

Definition 3.8. Let € and 2 be subcategories of 7, and let n > 0.
(1) « is called a right n-(¢, 2)-Gorenstein category if
¢-pdZ(«) <nand idZ <n.
In particular, if € = 2, then a right n-(%, 2)-Gorenstein category is called a right

n-% -Gorenstein category for short.
(2) o is called a left n-(€, P)-Gorenstein category if

¢-idP(«/) <nand pd 2 < n.

In particular, if € = 2, then a left n-(¥¢, 2)-Gorenstein category is called a left
n-% -Gorenstein category for short.

If€ C ¢ and 2 O 2, then a right n-(%¢, 2)-Gorenstein category and a left n-(¢, 2)-
Gorenstein category are right n-(¢”, 2’)-Gorenstein and left n-(¢", 2')-Gorenstein, re-
spectively. We list some examples of one-sided Gorenstein categories as follows. See
Section 4 for more examples.
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Example 3.9. Recall from [3, Definition VII.2.1] that < is called Gorenstein if id P(«/) <
oo and pdZ(&) < co. It follows from [3, Proposition VII.1.3(vi)] that & is Gorenstein
if and only if idP(&) = pdZ(#) < oo. If idP(«) = pdZ(&/) < n < oo, then we
call & n-Gorenstein. It is easy to see that &/ is n-Gorenstein if and only if it is right
n-P(<7)-Gorenstein, and if and only if it is left n-Z(.7)-Gorenstein.

From now on, assume that o7 satisfies the AB4 and AB4* conditions, that is, &/ has
arbitrary direct sums and products which are exact.

Lemma 3.10. For any M € <f, there exists an exact sequence
O-MSX POl -+M>DX —0
in </ with P projective and I injective.
Proof. Let M € &7, and let
-—=P—--=>P P —->M=0
and
0-M-—=1'=T' - ... 5T — .-

be a projective resolution and an injective coresolution of M in &7, respectively. Decom-
pose them respectively into short exact sequences:

0—>U¢—>Pi—>Ui_1—>0,
and
0>Vl viso,

where U; = Im(P;31 — P;) and V¥ = Im(I* — I'™!) with ¢ > 0, and in particular,
U_; = V! = M. Then we get the following two exact sequences:

0— @i>oU; = ®i>o P > M & (Bi>0U;) = 0
and
0— M@ (>oV?) = sel" — iV — 0.
It induces the following exact sequence:
0O-MoUeV)-Pal-MaUaV)—0,

where U = @iZOUi7 V = Hizovi, P = @izopi € ’P(sz) and [ := Hiz()[i € I(ﬁ) O
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We write
pd=":={Ac o |pdA<n}and idS" :={A e o/ |idA < n}.
The following is the main result in this section.

Theorem 3.11. Let € and 2 be subcategories of of with € closed under direct summands.
Assume that

€ CI2NtD and P(A) CrG(€, D)
and n > 0. Consider the following conditions.

(1) o is right n-(€¢, 2)-Gorenstein (that is, €-pdZ(«) <n and id 2 < n).
(2) rG(€,2)-pd M <n for any M € o .

(3) rG(€¢,2)-pdI(H) <n and id P < n.

(4) P-pd=" =id=" = €-pd=".

(5) P-pd=" Cid=" C rG(€,Z)-pd=".

It holds that (4) = (1) <= (2) <= (3) < (5).

(i) If € is closed under kernels of epimorphisms, then all the conditions (1)—(4) are
equivalent.

(ii) If rG(€, D) is precovering and resolving, then all the conditions (1)~(3) and (5) are
equivalent.

Proof. By [13, Proposition 4.6(1)], we have (1) <= (3).
(2) = (3) Let M € &. By (2), there exists an exact sequence

0—-G,—-—=GL—-Gy—M—=0

in o/ with all G; in rG(%, 2). For any D € 2, applying the functor Hom (—, D) to the
above exact sequence yields

Ext™ (M, D) = Ext.,(G,, D) = 0,

and thus id D < n.
(3) = (2) Let M € &/. By Lemma 3.10, there exists an exact sequence

O—-— M X —>PPplI—-M>pX —0

in o/ with P projective and I injective. By the horseshoe lemma, we get the following
commutative diagram with exact columns and rows:
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0 0 0

I
I
\

0--->K,————— Gy ——— — — K, -—-->0
I
I
A

077>Qn717*>Qn71€9Qn71**>Qn717*>0
\
4
|
\
Y

0= Q- = QOQ ————=Qi———=0
I
\

0~ —=Qo-——~=Q®Qy -~~~ =@~ =0
I
I
\

0 — Mae X Pol M®X —0
I
I
\

0 0 0

in & with all Q; projective. Since P € rG(%¢, 2) and rG(¥¢, Z)-pd I < n by assumption,
we have rG(¥¢, 2)-pd(P ® I) < n. Since P(«) C rG(¥,Z) by assumption, it follows
from [13, Theorem 3.4] that rG(%, 2) is resolving. Then G,, € rG(%, 2) by [19, Lemma
3.1(1)].

Since id Z < n by (3), according to the leftmost or rightmost column in the above
diagram, it is easy to get K,, € ~2 by dimension shifting. Then we get the following
Hom, (—, 2)-exact exact sequence:

=Gy = =G> GGy == Gy

in which the image of each homomorphism is K,,. By [13, Proposition 3.12], we have K,, €
rG(%¢,2). According to the leftmost or rightmost column in the above diagram again,
we have rG(¥¢, 2)-pd(M & X) < n. Since rG(¥, 2) is closed under direct summands by
[13, Theorem 3.6, it follows from Lemma 2.1(1) that rG(€, Z)-pd M < n.

It is easy to get (4) = (1) and (5) = (3).

Note that Z(«) is self-orthogonal and closed under cokernels of monomorphisms.

Assume that 4 is closed under kernels of epimorphisms. Since % is self-orthogonal
by assumption, the implication (1) = (4) follows by putting % = ¢, ¥ = 2 and
& = Z(«/) in Proposition 3.6(1).
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Assume that rG (%, 2) is precovering and resolving. By [13, Theorem 3.6], we have that
rG(€, 2) is closed under direct summands. If (3) holds true, then rG(¥¢, 2)-pdZ(«) < n,
and hence

id=<" C rG(€, 2)-pd="

by putting Z = rG(%,2) and & = Z(«/) in Proposition 3.4. On the other hand, we
have

Z-pd=" C id="

by putting Z = % and & = Z(«/) in Proposition 3.5, and thus the assertion (5) follows.
This proves (3) = (5). O

The following result is a special case of Theorem 3.11.

Corollary 3.12. Let € be a self-orthogonal subcategory of o7 closed under direct sum-
mands. If P(of) C rG(€), then for any n > 0, the following statements are equivalent.

(1) o is right n-€-Gorenstein (that is, €-pdZ(&/) <n and id€ < n).
(2) rG(€)-pd M <n for any M € .
(3) rG(%)-pdZ(&) <n and id€ < n.

Furthermore, if € is closed kernels of epimorphisms, then all the above and below con-
ditions are equivalent.

(4) €-pd=" =id=".
We also have the following corollary.

Corollary 3.13. Let 2 be a subcategory of & containing P(<7). Then for any n > 0, the
following statements are equivalent.

(1) o is right n-(
(2) rG((P(#),2)
(3) rG((P(#),2)
(4) 7-pd=" =

-pdM <n for any M € <.

-pdZ() <n and id 2 < n.
<n <n

id=" = pd=".

P(), D)-Gorenstein (that is, pd (/) < n and id 2 < n).
)
)

Proof. It is trivial that P(«/) C rG((P(«), Z)). Putting ¢ = P(«) in Theorem 3.11,
the assertion follows. O

The following result is dual to Theorem 3.11, we omit its proof.
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Theorem 3.14. Let € and 2 be subcategories of o/ such that € is closed under direct
summands. Assume that

€ C 2Nt and IT() CIG(E, D)
and n > 0. Consider the following conditions.

1) o is left n-(€, D)-Gorenstein (that is, €-idP(«/) < n and pd 2 < n).

2) IG(€,2)-id M <n for any M € o
IG(¢,2)1dP() <n and pd Z < n.
4) P4d=" = pd=" = €-id=".

(1)
(2)
(3)
4) 2

(5) 2-id=™ C pd=" CIG(¥, 2)-id=".

It holds that (4) = (1) <= (2) <= (3) <= (5).

(i) If € is closed under cokernels of monomorphisms, then all the conditions (1)—(4)
are equivalent.

(i) IfIG(¥,2) is preenveloping and coresolving, then all the conditions (1)—~(3) and (5)
are equivalent.

The following result is a special case of Theorem 3.14.

Corollary 3.15. Let € be a self-orthogonal subcategory of o7 closed under direct sum-
mands. If Z(/) CIG(E), then for any n > 0, the following statements are equivalent.

(1) o is left n-€-Gorenstein (that is, €-idP() < n and pd€ < n).
(2) IG(€)-4d M <n for any M € .
(3) IG(¥)-1dP() <n and pd € < n.

Furthermore, if € is closed cokernels of monomorphisms, then all the above and below
conditions are equivalent.

(4) €-id=" = pd=".
We also have the following corollary, which is dual to Corollary 3.13.

Corollary 3.16. Let 2 be a subcategory of < containing Z(2Z). Then for any n > 0, the
following statements are equivalent.

(1) o is left n-(Z(), D)-Gorenstein (that is, idP() <n and pd Z < n).
(2) IG((Z(), 2))-idM <n for any M € <.
(3) I9(Z(), 2))-1dP() <n and pd Z < n.



Z. Huang / Journal of Algebra 697 (2026) 106—144 125

(4) 2-id=" = pd=" =id=".
We write
G-pd M :=rG(P(«))-pdM and G-idN :=I1G(Z(<))-id N.

As a consequence of Corollaries 3.12 and 3.15 (or Corollaries 3.13 and 3.16), we obtain
some equivalent characterization of n-Gorenstein categories as follows, which extends [3,
Proposition VII.2.4(i)].

Theorem 3.17. For any n > 0, the following statements are equivalent.

o is n-Gorenstein (that is, pdZ(o/) = id P(&) < n).
G-pd M <n for any M € o .

Proof. Putting ¥ = P(&) in Corollary 3.12, we get (1) < (2) < (4) < (6).
Putting ¥ = Z(&) in Corollary 3.15, we get (1) < (3) < (5) < (6). O

Finally, we list other cases that satisfy the conditions in Corollaries 3.12 and 3.15.

Remark 3.18. Let R be a ring and let (%, %) be a hereditary cotorsion pair in Mod R
with =% nNnVv.

(1) If P(R) C ¥, then P(R) C rG(¥) and the conditions in Corollary 3.12 are satis-
fied. For example, by [6, Corollary 3.4(1)], we have that (G(P(R)),G(P(R))*) is a
hereditary cotorsion pair and P(R) C ¢ := G(P(R)) N G(P(R))" .

(2) If Z(R) C ¥, then Z(R) C IG(%¥) and the conditions in Corollary 3.15 are satisfied.
For example, by [30, Theorem 5.6], we have that (*G(Z(R)), G(Z(R))) is a hereditary
cotorsion pair and Z(R) C € := 1G(Z(R)) N G(Z(R)).

4. Categories of interest

In this section, R is an arbitrary ring and rC is Wakamatsu tilting module with
S = End(zC). For any subcategory 2 of Mod R and n > 0, we use 2 -pd="(R)
and 2-id="(R) to denote the subcategories of Mod R consisting of modules with .2 -
projective and % -injective dimensions at most n, respectively. We write

(_)+ := Homg (—, Q/Z)’
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where Z is the additive group of integers and Q is the additive group of rational numbers.
Proposition 4.1. Let 2 be a coresolving subcategory of Mod R closed under direct sum-

mands, and let % be a resolving subcategory of Mod R°P closed under direct summands.
Assume that the following conditions are satisfied:

(a) For a module X € Mod R, it holds that X € 2 if and only if XT € ¥ ;
(b) For a module Y € Mod R°P, it holds that Y € % if and only if Y+ € X .

Then we have

(1) Z-idM =% -pd M+ for any M € Mod R.
(2) #-pdN = Z-dN™" for any N € Mod R°P.

Proof. (1) Let M € Mod R. We first prove #-pd M+ < 27-id M. If 2-id M = oo, then
the assertion follows trivially. Now suppose that 2 -id M = n < co and

0-M—-X" X 5. 5 X" 50
is an exact sequence in Mod R with all X in 2. It yields the following exact sequence
0= X" 5. xS X S Mt o
in Mod R°?. By assumption, we have that all X" are in # and H-pdM*T < n =
Z-id M.

In the following, we prove 2 -id M < #-pd M*. If #-pd M+ = oo, then the assertion
follows trivially. Now suppose that #-pd M T = n < oo and

0=M—=1°=sT' ... 55 X" 50
is an exact sequence in Mod R with all I? injective. It yields the following exact sequence
(VN LAY (L SN ST LAy Ny
in Mod R°P. Since all I* are in 2", we have that all T it are in #. Since ¥ is resolving
and closed under direct summands, we have X" € % by [19, Lemma 3.1(1)]. Then
X" € 2 by assumption, and thus 2 -idM <n=%-pdM™.
(2) It is dual to (1). O

Recall from [8,14] an exact sequence

0O>K—>M—L—0
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in Mod R is called pure exact if

0> AQR K 2 AQr M - A®Qr L — 0

is exact for any A € Mod R°P. In this case, K and L are called a pure submodule and
a pure quotient of M, respectively. As a consequence of Proposition 4.1, we obtain the
following result.

Corollary 4.2. It holds that

(1) Under the assumptions in Proposition 4.1, for any n > 0, both %—idS"(R) and
@-pdS"(ROP) are closed under pure submodules and pure quotients.

(2) For anyn >0, both Bo(R)-id=" and Ac(S)-pd=" are closed under pure submodules
and pure quotients.

Proof. (1) Let

0>K—>M—L—0

be a pure exact sequence in Mod R with 2™-id M < n. Then by [8, Proposition 5.3.8],
the induced exact sequence

0Lt - M" Kt =0

splits and both K and L™ are direct summands of M. By Proposition 4.1(1), we have
Z-pd M* < n. Since % is resolving and closed under direct summands, we have that
% -pd="is closed under direct summands by Lemma 2.1(1). It follows that #-pd K+ < n
and #-pd LT < n. Thus 2™-id K < n and 2™-id L < n by Proposition 4.1(1) again.

Similarly, we have that & —pdS"(ROP ) is closed under pure submodules and pure quo-
tients.

(2) By [16, Theorem 6.2 and Proposition 4.2(a)], we have that both Bs(R) and
Bc(S°P) are coresolving and closed under direct summands, and both Ax(S) and
Ac(RP) are resolving and closed under direct summands. On the other hand, by [20,

Proposition 3.2], we have

(a) amodule B € Mod R (respectively, Mod S°P), it holds that B € Bo(R) (respectively,
Bc(S°P)) if and only if BT € A¢(RP) (respectively, Ac(S));

(b) a module A € Mod R°P (respectively, Mod S), it holds that A € Ac(R°P) (respec-
tively, Ac(S)) if and only if AT € Bo(R) (respectively, Bo(S°P)).

Now the assertion follows from (1). O
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For a left R-module M, we use E(M) to denote the injective envelope of M, and write
FP-idg M := FZ(R)-id M.

The following result shows that the assumption “R is a left coherent ring” in [21, Propo-
sition 3.3 and Theorem 3.4] is superfluous.

Proposition 4.3. It holds that

(1) If M € FI(R), then M is a direct summand of E(M)T and M., is a direct
summand of E(M),™.

(2) FI(R) C Bo(R) and FLc(S)-id~* C Ac(S) € +Zo(S).

(3) FP-idgC ®s N < FIc(S)-idN for any N € ModS; the equality holds true if
N € Ac(S).

Proof. Let M € FZ(R). Then M is a pure submodule of E(M).

(1) By using an argument similar to that in the proof of Corollary 4.2(1), we get
that M is a direct summand of E(M)*, and hence M+ ®p C is a direct summand of
E(M)* @g C. Since M," = M* @ C and E(M),* = E(M)* @ C by [10, Lemma
1.16(c)], it follows that M, ™ is a direct summand of E(M), .

(2) Since E(M) € Be(R) by [16, Lemma 4.1], we have M € B¢ (R) by Corollary 4.2(2),
and thus FZ(R) C B¢o(R). Then by [16, Proposition 4.1], we have FZo(S) C Ac(S). It
follows from [16, Theorem 6.2] and [38, Corollary 3.5(2)] that FZ¢(S)-id<> C Ac(S) C
L7c(9).

(3) When R is a left coherent ring, the assertion (3) was proved in [21, Theorem 3.4]
and its proof depends on that the containment FZ(R) C B¢(R) holds true. In view that
FI(R) C Be(R) over arbitrary rings by (2), the argument in the proof of [21, Theorem
3.4] is valid in our setting. O

The following observation is useful.

Proposition 4.4. Let 5 be a subclass of res Pc(R), and let T be a subclass of cores T (S).
It holds that

(1) P(R) CrG(Pc(R), ) and Z(S) C1G(Zc(S), T ).
(2) If Pc(R) C 52, then rG(Pc(R), ) is resolving. If To(S) C 7, then IG(Zc(S), T)

is coresolving.

Proof. (1) Let P € P(R) and I € Z(S). Since rG(Pc(R)) is resolving and IG(Zc(S))
is coresolving (cf. [19, Remark 4.4(3)]), there exists a Hompg(—, Pc(R))-exact exact se-
quence

0-P-Q"-Q' = = ---Q"'— - (4.1)
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in Mod R with all Q" in Pc(R), and there exists a Homg (Z¢(S), —)-exact exact sequence

R N T = = (| (4.2)

—_~—

in Mod S with all E; in Zo(S). On the other hand, since . C resPo(R) and 7 C

coresZ¢(S) by assumption, we have that for any H € 5 and T € 7, there exists a
Hompg(Pc(R), —)-exact exact sequence

= Q= =2 QL > Qo —H =0 (4.3)
in Mod R with all @; in Pc(R), and there exists a Homg(—, Zx(S5))-exact exact sequence
0T —E">FE' —-...5...B' ... (4.4)

in Mod S with all E* in Zo(S). It is trivial that (4.3) is Hompg (P, —)-exact and (4.4) is
Homg(—, I)-exact. Then (4.1) is Hompg(—, H)-exact and (4.2) is Homg(T, —)-exact by
Lemma 2.3. So P € coreszz Pc(R) and I € resg Zc(S), and hence

P ¢+ N cores » Pc(R) = rG(Po(R), )

and

—_~—

I€ I NressIo(S) =1G(Zc(S), 7).

(2) If Pc(R) C s and Z(S) C 7, then rG(Pc(R), ) is closed under extensions
and kernels of epimorphisms and IG(Z¢(.5), ) is closed under extensions and cokernels
of monomorphisms by [13, Theorem 3.4] and its dual result, respectively. Now both
assertions follow from (1). O

We write

Io(RP)Y .= {ET | E € To(RP)}.

For simplicity, we write

GFc(R) :=rG(Fo(R),Ic(RP)T) and PGFc(R) :=rG(Pc(R),Ic(RP)T),
SGFc(R) :=rG(Pc(R), Fo(R)) (the class of C-strong Gorenstein flat left R-modules),
GFIo(S):=IG(Zc(S), FZe(9)) (the class of C-Gorenstein FP-injective left S-modules).

Corollary 4.5. It holds that

(1) P(R) C PGFc(R) C GFc(R).
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(2) Both SGFc(R) and rG(Pc(R),Bc(R)) are resolving.
(3) Both GFIZc(S) and IG(Zc(S), Ac(S)) are coresolving.

Proof. We have the following facts:

(i) Since Z¢(R%P) C Ac(R°P) by [16, Corollary 6.1], it follows from [20, Proposition
3.2(1)] and [16, Theorem 6.1] that Z¢(R°P)* C Be(R) C res/7—3\(:~(R).
(ii) Pe(R) C Fe(R) C Be(R) C res/7_3\TR) by [16, Corollary 6.1 and Theorem 6.1].
(iii) Ze(S) € FZe(S) C Ac(S) C core/s—\I_c/(S) by Proposition 4.3(2) and [16, Theorem
2].

Now all assertions follow from Proposition 4.4. O

Note that GFc(R) := rG(Fc(R),Zc(RP)1) and PGF o (R) := rG(Pc(R), Lo (RP)™)
are exactly the classes of C-Gorenstein flat and C-projectively coresolved Gorenstein flat
left R-modules, respectively ([22]). When rCs = gRpg, they are exactly the classes of
Gorenstein flat and projectively coresolved Gorenstein flat left R-modules, respectively
([8,30]).

4.1. Usual C-Gorenstein subcategories

Following the usual customary notation, we write

Ge-pdp M = 1G(Po(R))-pd M and Ge-idg N = IG(Zc(S))-id N,
SGF c-pdg M := SGFc(R)-pd M and GFPc-idg N := GFZc(S)-id N.

A Wakamatsu tilting module rC with S = End(gC) (equivalently, a semidualizing
bimodule rCy) is called faithful if the following conditions are satisfied: (i) if M € Mod R
satisfies M, = 0, then M = 0; and (ii) if N € Mod S°P satisfies N, = 0, then N = 0
([16]). In the following result, the implications (1.1) <= (1.2) < (2.1) <= (2.2) have
been obtained in [22, Theorem 5.4(1)].

Theorem 4.6. It holds that

(i) For any n > 0, the following statements are equivalent.
(1.1) Mod R is right n-Pc(R)-Gorenstein (that is, Pc(R)-pdZ(R) < n and
idPc(R) < n).
(1.2) Ge-pdr M <n for any M € Mod R.
(1.3) Ge-pdZ(R) <n and idPc(R) < n.
(2.1) Mod S is left n-Z¢(S)-Gorenstein (that is, Zc(S)-1d P(S) < n and pd Z¢(S) <
(2.2) Gg-idg N <n for any N € Mod S.
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(2.3) Ge-idP(S) <n and pdZc(S) < n.
(3.1) Mod R is right n-(Pc(R), Fo(R))-Gorenstein (that is, Po(R)-pdZ(R) < n
and id Fo(R) < n).
(3.2) SGFe-pdr M < n for any M € Mod R.
(3.3) SGF¢-pdZ(R) < n and id Fe¢(R) < n.
(4.1) Mod S is left n-(Zc(S), FZc(S))-Gorenstein (that is, Zc(S)-id P(S) < n and
pd FZc(S) <n).
(4.2) GFP¢-idg N <n for any N € Mod S.
(4.3) GFP¢-dP(S) <n and pd FZc(S) < n.
(ii) If the Wakamatsu tilting module C is faithful, then all conditions in (i) and the
below conditions are equivalent.
(1.4) id="(R) = Pc(R)-pd=".
(2.4) pd="(8) = I (S)-id=".
(3.4) Fo(R)-pd=" =id="(R) = Pc(R)-pd=".
(4.4) FIo(S)-idS" = pd="(S) = Zc(S)-id=".
(iii) If R is a left Noetherian ring and S is a right coherent ring, then all conditions in
(i) and the below condition are equivalent.
(5) FP-idg C <n and FP-idgor C < n.
(iv) If R is a left Noetherian ring and S is a right Noetherian ring, then all conditions
in (i) and the below condition are equivalent.
(6) idr C < n and idger C < n.

Proof. Note that the following assertions hold true:

(a) Both Po(R) and Zo(S) are self-orthogonal by [22, Lemma 2.7].

(b) rG(Pc(R)) is resolving and IG(Z¢(S)) is coresolving (cf. [19, Remark 4.4(3)]).

(c) If the Wakamatsu tilting module grC with S = End(gC) is faithful, then Po(R)
is closed under kernels of epimorphisms and Zc(S) is closed under cokernels of
monomorphisms by [16, Corollary 6.4].

Putting € = 2 = Pc(R) in Theorem 3.11, we get (1.1) < (1.2) < (1.3) (<= (1.4)
if C is faithful). Putting € = 2 = Z¢(S) in Theorem 3.14, we get (2.1) < (2.2) —
(2.3) (<= (2.4) if C is faithful). By [22, Theorem 5.4(1)], we have (1.2) < (2.2).

By Corollary 4.5, we have P(R) C SGF¢(R) and Z(S) C GFZc(S). Note that

Po(R) € Fo(R) N1 Fo(R) and Zo(S) € FIo(S) N FIo(S)*H

by [39, Lemma 2.5(1)] and Proposition 4.3(2), respectively. Putting ¥ = Pc(R) and
2 = Fc(R) in Theorem 3.11, we get (3.1) <= (3.2) <= (3.3) (<= (34) if C is
faithful). Putting ¢ = Z¢(S) and 2 = FZo(S) in Theorem 3.14, we get (4.1) <—
(4.2) <= (4.3) (<= (4.4) if C is faithful)

By Lemma 2.7, we get (1.1) <= (3.1). It is trivial that (4.1) = (2.1).
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(2.1) + (3.1) = (4.1) By (2.1), it suffices to prove pdg N < n for any N € FZs(S5).
Let N € FZ¢c(S). Then N = M, for some M € FI(R). By Proposition 4.3(2), we
have M € B¢ (R) and N € Ax(S). It holds that

Fo(R)-pd M =fds M, (by [37, Theorem 3.5(1)])
=idger M," <idger E(M),* (by [11, Theorem 2.1] and Proposition 4.3(1))
=fdg E(M). <pdg E(M). <n. (by [l1, Theorem 2.1] and (2.1))

Since id Fo(R) < n by (3.1), we have idg M < n. Since M € B¢ (R), we have C ®g M, =
M. Notice that N € A¢(S), it follows from [37, Theorem 3.5(3)] that

Zo(S)-id N =idg C ®s N = idg C ®g M, = idg M < n.

Since pdZ¢(S) < n by (2.1), we have pdg N < n. This proves (i) and (ii).

The assertion (iv) is a special case of (iii). In the following, we prove (iii).

Let R be a left Noetherian ring and S a right coherent ring. By [16, Lemma 4.1], we
have Z(R) C B¢ (R). Then

FP-idgor C = fdZo(S) = Fo(R)-pd Z(R) (4.5)

by [46, Lemma 2.1(2)] and [37, Theorem 3.5(1)].
(1.1) = (5) By the assertion (1.1), we have FP-idr C' = idr C < n. Then by the
equality (4.5) and the assertion (1.1) again, we have

FP-idgor C = Fo(R)-pd Z(R) < Pe(R)-pd Z(R) < n.

(5) = (1.1) By the assertion (5), we have idg C = FP-idgr C' < n. Since Po(R) =
Addgr C by [26, Proposition 2.4(a)], we have id Pc(R) < n by [2, Theorem 1.1]. On
the other hand, since F¢(R)-pdZ(R) = FP-idger C' < n by the equality (4.5) and the
assertion (5), it follows from [22, Lemma 5.19(1)] that Po(R)-pdZ(R) <n. O

In general, the conditions in Theorem 4.6(i) are not left-right symmetric, see Re-
mark 4.17(1) below.
When rCs =r Rgr, we write

G-pdp M := Geg-pdg M and G-idg M := G¢-idg M,
SGF-pdp M := SGFc-pdp M and GFP-idg M := GFP¢-idg M.
Recall that a left and right Noetherian ring R is called n-Gorenstein if idg R = idger R <

n. The following result provides several equivalent characterizations for the category
Mod R and the ring R to be n-Gorenstein.
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Corollary 4.7. It holds that

(i) For any n >0, the following statements are equivalent.

Mod R is n-Gorenstein (that is, pd Z(R) < n and id P(R) < n).

G-pdp M <n for any M € Mod R.

G-pdZ(R) <n and idP(R) < n.

G-idg N <n for any N € Mod R.

G-idP(R) <n and pdZ(R) < n.

ids"(R) = pd="(R).

id="(R) C pd="(R) C G-id="(R).

Mod R is right n-(P(R),F(R))-Gorenstein (that is, pdZ(R) < n and
idF(R) <n).

SGF-pdp M <n for any M € Mod R.

SGF-pdZ(R) < n and id F(R) < n.

fd="(R) = id="(R) = pd="(R).

Mod R is left n-(Z(R),FZ(R))-Gorenstein (that is, idP(R) < n and
pd FZ(R) < n).

GFP-idgr M < n for any M € Mod R.

GFP-ildP(R) <n and pd FI(R) < n.

FP-id="(R) = pd="(R) = id="(R).

FP-id<"(R) C pd="(R) C GFP-id="(R).

(ii) If R is a left Noetherian and right coherent ring, then all conditions in (i) and the

below condition are equivalent.
(4) FP-idg R < n and FP-idgor R < n.
(iii) If R is a left and right Noetherian ring, then all conditions in (i) and the below

condition are equivalent.
(5) R is n-Gorenstein.

Proof. By [30, Theorem 5.6] and [14, Theorem 2.6] (respectively, [9, Theorem 3] and [45,
Theorem 2.8]), we have that the class of Gorenstein injective (respectively, Gorenstein

FP-injective) left R-modules is preenveloping and coresolving. On the other hand, if R is
a left and right Noetherian ring, then (1.2) <= (4) by [19, Theorem 1.2]. Now, putting
rCs = rRp in Theorem 4.6, and then, by combining with Theorem 3.14, we obtain the

desired conclusion. 0O

As an immediate consequence of Theorem 4.6 and Corollary 4.7, we get the following

result, in which the first equality in the assertion (1) was proved in [22, Corollary 5.13(1)].

Corollary 4.8. It holds that

(1)

sup{Go-pdr M | M € Mod R} = sup{G¢-idg N | N € Mod S}
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=sup{SGF¢-pdr M | M € Mod R} = sup{GFP¢-idg N | N € Mod S}.
(2) ([4, Theorem 1.1], [23, Corollary 8.8] and [43, Theorem 1.1])

sup{G-pdp M | M € Mod R} = sup{G-idg M | M € Mod R}
= sup{SGF-pd; M | M € Mod R} = sup{GFP-idg M | M € Mod R}.

By Theorems 3.11 and 3.14, we also get the following result, which can be regarded
as a supplement to Corollary 4.7.

Proposition 4.9. Let n > 0.

(1) Let 2 be a subcategory of Mod R containing P(R). Then the following statements
are equivalent.
(1.1) Mod R is right n-(P(R), 2)-Gorenstein (that is, pd Z(R) < n and id Z < n).
(1.2) rG(P(R),2)-pd M < n for any M € Mod R.
(1.3) rG(P(R), 2)-pdZ(R) < n and id 2 < n.
(1.4) 2-pd="(R) =id="(R) = pd="(R).

(2) Let 2 be a subcategory of Mod R containing Z(R). Then the following statements
are equivalent.
(2.1) Mod R is left n-(Z(R), 2)-Gorenstein (that is, id P(R) < n and pd 2 < n).
(2.2) IG(Z(R), 2)-idM < n for any M € Mod R.
(2.3) IG(Z(R), 2)-idP(R) <n and pd 2 < n.
(2.4) 2-id=" = pd="(R) = id="(R).

Proof. It is trivial that P(R) C rG(P(R),Z) and Z(R) C IG(Z(R),Z). Putting € =
P(R) in Theorem 3.11, we get the assertion (1). Putting € = Z(R) in Theorem 3.14, we
get the assertion (2). O

Recall from [5] that a module M € Mod R is called level if M € L(R), where L(R) =
{M € Mod R | Tor®(X, M) = 0 (equivalently, TorZ, (X, M) = 0) for any right R-module
X admitting a degreewise finite R°P-projective regolution}; and a module M € Mod R
is called Gorenstein AC-projective if M € GP4.(R), where

GPac(R) :=rG(P(R), L(R)).
Also recall from [5] that a module M € Mod R is called absolutely clean if M € AC(R),
where AC(R) = {M € Mod R | Exth(X, M) = 0 (equivalently, Extz'(X, M) = 0)

for any left R-module X admitting a degreewise finite R-projective resolution}; and a
module M € Mod R is called Gorenstein AC-injective if M € GZ,.(R), where

gIac(R) = lg(I(R)7 AC(R))
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Lemma 4.10. For any M € Mod R, it holds that

(1) AC(R)-id M = L(R)-pd M.
(2) L(R)-pd M = AC(R°P)-id M.

Proof. By [5, Propositions 2.7(3) and 2.10(3)], we have that both AC(R) and AC(R°P) are
coresolving and closed under direct summands, and both £(R) and L£(R°P) are resolving
and closed under direct summands. On the other hand, by [5, Theorem 2.12], we have

(a) a module M € Mod R (respectively, Mod R°P), it holds that M € AC(R) (respec-
tively, AC(R°P)) if and only if M+ € L(R°P) (respectively, L(R));

(b) a module N € Mod R° (respectively, Mod R), it holds that N € L(R°?) (respec-
tively, L(R)) if and only if NT € AC(R) (respectively, AC(RP)).

Now the assertion follows from Proposition 4.1. O
The following result provides some special n-Gorenstein categories.

Proposition 4.11. Let n > 0.

(1) The following statements are equivalent.
(1.1) Mod R is right n-(P(R),L(R))-Gorenstein (that is, pdZ(R) < n and
idL(R) <n).
GPuc(R)-pd M < n for any M € Mod R.
GPuc(R)-pdZ(R) <n and id L(R) <n
L(R)-pd=" =id="(R) = pd="(R).
L(R)-pd=" Cid="(R) C rG(P(R), L(R))-pd=".
(2) The following statements are equivalent.
(2.1) Mod R is left n-(Z(R), AC(R))-Gorenstein (that is, id P(R) < n and pd AC(R)
< n).
2) GZue(R)-dA M < n for any M € Mod R.
3) GZ,.(R)-idP(R) <n and pd AC(R) <n
4)
5)

(1
(1.
(1
(1

2)
3)
4)
5)

AC(R)-id=" = pd="(R) = id="(R).
AC(R)-id=" C pd="(R) C IG(Z(R), AC(R))-id=".

If one of the equivalent conditions in (1) or (2) is satisfied, then it holds that

(3) idg R < n and AC(R°P)-id R < n.
(4) AC(R)-id R <n and AC(R°?)-id R < n.

If R is a left Noetherian and right coherent ring, then all the above conditions are equiv-
alent.
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Proof. By [5, Theorem 8.5 and Lemma 8.6], we have that GP,.(R) is precovering and
resolving. By [5, Theorem 5.5 and Lemma 5.6], we have that GZ,.(R) is preenveloping
and coresolving. Putting € = P(R) and 2 = L(R) in Theorem 3.11, we get the assertion
(1). Putting ¥ = Z(R) and 2 = AC(R) in Theorem 3.14, we get the assertion (2).

(1.4) (respectively, (2.4)) = (3) By (1.4) (respectively, (2.4)), we have idg R < n.
Since RT € Z(R) by [11, Theorem 2.1], we have

AC(R°?)-idR = L(R)-pdRT <pdp Rt <n

by the symmetric version of Lemma 4.10(1) and (1.4) (respectively, (2.4)).
Since Z(R) C AC(R), we have AC(R)-id R < idg R, and thus (3) = (4) follows.
Assume that R is a left Noetherian and right coherent ring. Then

L(R) = F(R) and AC(R) = FI(R) = Z(R).

It yields (4) = (3) immediately. In addition, it yields (1.4) < (3) < (2.4) by
Corollary 4.7. O

It is interesting to ask the following question.
Question 4.12. In general, are all the conditions in Proposition 4.11(1)(2) equivalent?

We claim that the answer to this question is positive provided that R is either a left
and right coherent ring or a commutative ring. The reasons are as follows: (i) If R is a
left and right coherent ring, then £(R) = F(R) and AC(R) = FIZ(R). So L(R)-pd=" =
fd="(R) and AC(R)-id=" = FP-id="(R), and hence the equivalence (2.4) <= (3.4) in
Corollary 4.7 implies the equivalence (1.4) <= (2.4) in Proposition 4.11. (ii) Let R be a
commutative ring. Suppose that £(R)-pd=" = id<"(R) = pd="(R) holds true. If M €
AC(R)-id=", then M+ € L(R)-pd=" = pd="(R) by Lemma 4.10(1). It follows from [11,
Theorem 2.1] that M € idS"(R). So AC(R)-id=" C id="(R), and hence AC(R)-id<" =
id="(R) = pd="(R). Conversely, suppose that AC(R)-id=" = id>"(R) = pd="(R) holds
true. If M € L(R)-pd=", then Mt € AC(R)-id="™ = pd="(R) by Lemma 4.10(2). It
again follows from [11, Theorem 2.1] that M € idS"(R) = pd="(R). So L(R)-pd=" C
pd="(R), and hence L£(R)-idS" = idS"(R) = pd="(R). This proves the equivalence
(1.4) <= (2.4) in Proposition 4.11.

The following example illustrates that the assumption “R is a left Noetherian and
right coherent ring” in Corollary 4.7(ii) and the last assertion in Proposition 4.11 can
not be weakened to that “R is a left and right coherent ring”, and hence the assumption
“R is a left Noetherian ring and S is a right coherent ring” in Theorem 4.6(iii) can not
be weakened to that “R is a left coherent ring and S is a right coherent ring”.
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Example 4.13. If R is a left and right coherent ring, then in Proposition 4.11, the con-
dition (3) is equivalent to that idr R < n and FP-idper R < n, and the condition (4) is
equivalent to that FP-idg R < n and FP-idgo» R < n.

Let D be a division ring and let V' be an infinite dimensional right D-vector space.
Set R := End(Vp). Then R is a von Neumann regular ring (that is, any left R-module
is flat) by [25, Example 3.74A], and hence R is a left and right coherent ring and
FP-idg R = FP-idger R = 0 by [25, Example 4.46(b)] and [27, Theorem 5]. Moreover, we
have idg R # 0 and idger R = 0 by [25, Example 3.74B]. In this case, we have (4) % (3)
in Proposition 4.11.

Now set R’ := R°P. Then R’ is also a von Neumann regular ring, and hence R’ is a
left and right coherent ring and FP-idr R’ = FP-idge»r R’ = 0. By [27, Theorem 5], we
have Mod R’ = FZ(R'). In addition, we have idg: R’ = 0 and idgser R’ # 0 by the above
argument, which implies that R’ is not semisimple, and thus P(R’) & Mod R’ = F(R’)
and Z(R') & Mod R" = FI(R'). In this case, we have (3) # (1.4) and (3) # (2.4) in
Proposition 4.11.

4.2. Auslander and Bass classes

We first establish the relation among the projective dimension of C' and certain relative
homological dimensions.

Lemma 4.14. It holds that
(1) pdg C = pdPc(R) = Pc(SP)-idP(5P) = Pc(SP)4dS = Fe(SP)-idS =
B (5°P)-id S = id Zo(R°P) = Ze(S)-pd Z(S) = Ze(S)-pd ST = Ac(S)-pd ST.
(2) pdger C = pdPc(S?) = Pe(R)-iIdP(R) = Pc(R)4dR = Fe(R)-idR =
Be(R)-d R = id o (S) = Zo(RP)-pd T(R?) = To(R%P)-pd RT = Ac(RP)-pd R*.
Proof. (1) Since Pc(R) = Addgr C by [26, Proposition 2.4(a)], we have
pdr C = pdPc(R).
By [38, Lemma 4.3], we have

pd C = Po(S%)-id S.

Since Pa(S°P) C Feo(S°P) C Be(S°P) by the symmetric version of [16, Corollary 6.1],
we have

Pe(S°P)-id S = Fe(S°)-id S = Be(S°P)-id S

by the symmetric version of [38, Lemma 4.5].
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Note that Pc(S°P) = Add Cs by the symmetric version of [26, Proposition 2.4(a)]. If
Pc(5°P)-id S = n < oo, then it is easy to see that Po(S°P)-id F' < n for any free right S-
module F'. It follows from the symmetric version of [37, Lemma 4.6] that Pc(S°P)-id P <
n for any projective right S-module P. This shows P (S°P)-id P(S°P) < Pc(S°P)-id S,
and hence

Pc(S)-id P(SP) = Pc(SP)-id S.

Since Z¢(RP) = Prod(grC)*t by the symmetric version of [26, Proposition 2.4(b)],
we have idger (RC)T = idZo(R°P). On the other hand, by [11, Theorem 2.1], we have
pdi C = fdg C = idrer (rRC) T, and hence

pdp C =idZo(RP).

Suppose Z¢(S)-pd ST = n < oo. Since Z(S) is closed under direct products by [16,
Proposition 5.1(c)], we have Z¢(S)-pd(S*)”/ < n for any set J. For any injective left S-
module E, since E is a direct summand of (ST)7 for some set .J, we have Zo(S)-pd E < n
by [38, Lemma 4.7]. This shows Z¢(S)-pd Z(S) < Z¢(S)-pd ST, and hence

ZcS)-pd Z(S) = Zc(S)-pd ST

By [38, Lemma 4.8] and the symmetric versions of [20, Proposition 3.2] and Proposi-
tion 4.1(1), we have

Zo(S)-pd ST = Ac(S)-pd ST = Bo(SP)-id S.
(2) It is the symmetric version of (1). O

By [16, Theorems 1 and 6.1] (cf. [38, Theorem 3.11(1)] and [36, Theorem 3.9]), we
have

Ac(S) = 1T (S) N cores I (S) = rG(To(S)),

Ac(R°P) = L To(R°P) N cores Io (R°P) = rG(Tc(RP)),

Bo(R) = Po(R)* Nres Po(R) = IG(Pe(R)),
Bo(SP) = Po(S°P)* Nres Po(S°P) = IG(Pc(S°P)).

The following result greatly improves [38, Theorems 4.2 and 4.10].

Theorem 4.15. For any n > 0, the following statements are equivalent.

(1) pdr C =pdger C < .
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(a-1) Mod S is right n-Zc(S)-Gorenstein (that is, Zc(S)-pd Z(S) < n and idZc(S) <

AC(S) -pd N <n for any N € Mod S.
Ac(S)-pdZ(S) <n and idZc(S) < n.
Ac(S)-pd ST <n and idZc(S) < n.
Zc(S)-pd ST <n and idZc(S) <n
Zo(S) pdS” Cid="(S) € Ac(S)-pd=".

-2) ( )-id M <

-3) Bo(R)-idP(R) < n and pd Po(R) < n.
-4) Bc(R)-id R < n and pd Pc(R) < n.
-5) Po(R)-idR < n and pd Pc(R) < n.
6) (R)-id=" deén( )c BC( )idS”

Proof. By [20, Theorem 3.3] and [16, Theorem 6.2], we have that both Ac(S) and
Ac(R°P) are precovering and resolving, and that both Bo(R) and Be(S°P) are preen-
veloping and coresolving. Putting € = 2 = Z¢(S) in Theorem 3.11, we get (a-
1)<=(a-2)<=(a-3)<=(a-6). Putting € = 2 = Pc(R) in Theorem 3.14, we get
(b-1)<=(b-2)<=(b-3)<=>(b-6). By Lemma 4.14, we have (1)<=(a-3)<=(a-4)<=(a-
5) and (1)<=(b-3)<=(b-4)<=(b-5), and (a-4)°? <=(b-4). By symmetry, the proof is
finished. O

As an immediate consequence, we obtain the following result.

Corollary 4.16. It holds that

sup{Ac(S)-pd N | N € Mod S} = sup{Ac(R?)-pd N' | N' € Mod R°?}
=sup{Bc(R)-id M | M € Mod R} = sup{Bc(S°)-id M’ | M’ € Mod S°"}.

We give the following remark.
Remark 4.17. Compare Theorems 4.6(i) and 4.15.
(1) It is natural to ask whether the conditions in Theorem 4.6(i) are left-right symmetric.

In general, the answer is negative. Otherwise, if the conditions in Theorem 4.6(i) are
left-right symmetric, then so are those in Corollary 4.7(i). It yields

{G-pdr M | M € Mod R} = {G-pdpe» N | N € Mod R°?}.
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By [14, Proposition 2.27], if gl.dim R < oo and gl.dim R°? < oo, where gl.dim R and
gl.dim R°P are the left and right global dimensions of R, respectively, then

gl.dim R={G-pdp M | M € Mod R} and gl.dim R°?={G-pdg. N | N € Mod R°"}.
On the other hand, for any 0 < m # n < oo, there exists a ring R such that
gl.dim R = m and gl.dim R°? =n
by [24, p.439, Corollary]. In this case, we have
{G-pdp M | M € Mod R} =m # n = {G-pdge N | N € Mod R°?},

which is a contradiction.
For any n > 0, it is also natural to consider the following conditions:
(i) Mod R is left n-Pc(R)-Gorenstein (that is, Po(R)-id P(R) < n and pd Po(R) <

(if) Mod S is right n-Z¢(S)-Gorenstein (that is, Zo(S)-pd Z(S) < n and idZa(S) <

(iii) Mod R is left n-(Pc(R), Fo(R))-Gorenstein (that is, Po(R)-id P(R) < n and
pd Fe(R) < n).

(iv) Mod S is right n-(Z¢(S), FZc(S))-Gorenstein (that is, Zo(S)-pd Z(S) < n and
idFZo(S) <n).

By Theorem 4.15, we have (i)<=-(ii). It is trivial that (iii)=(i) and (iv)=-(ii).

Putting gCs = gRpr and n = 0, we have that the assertions (i) and (ii) hold true.

In this case, the assertion (iii) holds true <= pd F(R) = 0 <= R is a left perfect

ring by [8, Theorem 5.3.2]; and the assertion (iv) holds true <= id FZ(R) = 0 <

R is a left Noetherian ring by [27, Theorem 3]. Thus, in general, we have

(i) 4 (ii) # (iii), (i) 4 (i) % (iv), (i) % (iv) and (iv) % (iii).

In the following, we apply Theorem 4.15 to coherent semilocal rings. We need the

following result.

Proposition 4.18. It holds that

(1) Let I be an ideal of R such that R/I is a semisimple ring. Then

Be(R)-id R/I = Ac(R°P)-pd R/1

provided that both of them are finite.
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(2) Let I' be an ideal of S such that S/I' is a semisimple ring. Then

Bc(8°P)-id S/I' = Ac(S)-pd S/I'

provided that both of them are finite.
Proof. (1) For any n > 0, we have

Bo(R)-idR/I <n
— Extz" " (C,R/T) =0 (by [37, Theorem 4.2])
<:>Tor§n+1(R/LC') =0 (by [32, Lemma 3.1])
<—Ac(R?)-pd R/I <n. (by [20, Theorem 4.4])

(2) It is the symmetric version of (1). O

Recall that a ring R is called semilocal if R/J(R) is a semisimple ring, where J(R) is
the Jacobson radical of R.

Proposition 4.19. It holds that
(1) Let R be a left coherent semilocal ring. Then

pdp C < min{B¢(R)-id R/J(R), Ac(R?)-pd R/J(R)}.

Furthermore, if pdge, C' < 00, then

pdy C = Be(R)-id R/J(R) = Ac(R)-pd R/ J(R).

(2) Let S be a right coherent semilocal ring. Then

pdgor C < min{Be(S)-id S/J(S), Ac(S)-pd S/J(S)}.

Furthermore, if pdp C' < oo, then

pdgor C = Be(S)-id 8/J(S) = Ac(S)-pd S/J(S).

Proof. (1) If Bo(R)-idR/J(R) = n < oo, then Extz"t'(C,R/J(R)) = 0 by [37,
Theorem 4.2], and hence pdp C < n by [44, Theorem 2(1)]. This proves pdp C <
Be(R)-id R/ J(R).

If Ac(RP)-pdR/J(R) = n < oo, then Tor%,  ,(R/J(R),C) = 0 by [20, Theorem
4.4]. Tt follows from [32, Lemma 3.1] that Ext7" ™" (C, R/J(R)) = 0, and thus pd C < n
by [44, Theorem 2(1)] again. This proves pdp C' < Ac(R°P)-pd R/J(R).
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Now suppose pdge, C' < 00. Let pdr C' = n < oo. Then pdyp C = pdge, C = n by
[38, Proposition 4.1]. Thus Be(R)-id R/J(R) < n and Ac(R°P)-pd R/J(R) < n by
Theorem 4.15. Tt follows from Proposition 4.18(1) that

Ac(R)-pd R/J(R) = Bo(R)-id R/J(R) < n = pdy, C.

The proof is finished.
(2) It is the symmetric version of (1). O

The Wakamatsu tilting conjecture states that if R and S are artin algebras, then
pdg C = pdgop C ([3,28]). The following result provides a necessary condition for the
validity of this conjecture.

Corollary 4.20. Let R be a left coherent semilocal ring and S a right coherent semilocal
ring. If pdp C = pdgep C, then

Bo(R)-id R/J(R) = Bo(S)-id §/J(S) = Ac(R)-pd R/J(R) = Ac(S)-pd S/J(S).
(4.6)

Proof. Suppose Bo(R)-id R/J(R) = n < oo. Then pdy C = pdgop, C = n by assumption
and Proposition 4.19(1), and thus

Bo(5%)-id 5/ J(S) = Ac(R™)-pd R/ J(R) = Ac(S)-pd S/ J(S) =n

by Proposition 4.19. This shows that the first quantity in (4.6) is at least the last three
ones. Similarly, we get that any quantity in (4.6) is at least the other three ones. O

As a consequence, we get the following result.

Corollary 4.21. Let R be a left coherent semilocal ring and S a right coherent semilocal
ring. Then the following statements are equivalent.

(1) pdgrC =pdge C < 0.
(2) Bc(R)-idR/J(R) < 0o and B (S°P)-id S/J(S) < oo.
(3) Ac(R°?)-pd R/J(R) < 00 and Ac(S)-pd S/J(S) < co.

If one of the above conditions is satisfied, then all these six quantities are identical.
Proof. The implications that (1) = (2) and (1) = (3) follow from Theorem 4.15, and

the implications that (2) = (1) and (3) = (1) follow from Proposition 4.19. The last
assertion follows from Corollary 4.20. O



Z. Huang / Journal of Algebra 697 (2026) 106—144 143

Declaration of competing interest
The author declares that he has no conflict of interest.
Acknowledgments

The author thanks Jiangsheng Hu and Junpeng Wang for constructive communica-
tion, and thanks the referee for useful suggestions.

Data availability
No data was used for the research described in the article.

References

[1] T. Araya, R. Takahashi, Y. Yoshino, Homological invariants associated to semi-dualizing bimodules,
J. Math. Kyoto Univ. 45 (2005) 287-306.

[2] H. Bass, Injective dimension in Noetherian rings, Trans. Am. Math. Soc. 102 (1962) 18-29.

[3] A. Beligiannis, I. Reiten, Homological and homotopical aspects of torsion theories, Mem. Am. Math.
Soc. 188 (883) (2007), Amer. Math. Soc., Providence, RI.

[4] D. Bennis, N. Mahdou, Global Gorenstein dimensions, Proc. Am. Math. Soc. 138 (2010) 461-465.

[5] D. Bravo, J. Gillespie, M. Hovey, The stable module category of a general ring, Preprint is available
at arXiv:1210.0196.

[6] M. Cortés-Izurdiaga, J. Saroch, The cotorsion pair generated by the Gorenstein projective modules
and A-pure-injective modules, Isr. J. Math. (2025), https://doi.org/10.1007/s11856-025-2826-y.

[7] N.Q. Ding, Y.L. Li, L.X. Mao, Strongly Gorenstein flat modules, J. Aust. Math. Soc. 86 (2009)
323-338.

[8] E.E. Enochs, O.M.G. Jenda, Relative Homological Algebra, vol. 1, second revised and extended
edition, de Gruyter Expositions in Math., vol. 30, Walter de Gruyter GmbH & Co. KG, Berlin,
2011.

[9] J. Gillespie, A. Iacob, Ding injective envelopes in the category of complexes, Rend. Circ. Mat.
Palermo 2 (72) (2023) 997-1004.

[10] R. Gobel, J. Trlifaj, Approximations and Endomorphism Algebras of Modules, vol. 1, Approxima-
tions, second revised and extended edition, de Gruyter Exp. in Math., vol. 41, Walter de Gruyter
GmbH & Co. KG, Berlin, 2012.

[11] D.J. Fieldhouse, Character modules, Comment. Math. Helv. 46 (1971) 274-276.

[12] H.B. Foxby, Gorenstein modules and related modules, Math. Scand. 31 (1972) 267-284.

[13] Z.H. Gao, W. Wu, The right Gorenstein subcategory rG(%, Z), Acta Math. Sin. Engl. Ser. 39 (2023)
339-362.

[14] H. Holm, Gorenstein homological dimensions, J. Pure Appl. Algebra 189 (2004) 167-193.

[15] H. Holm, P. Jorgensen, Semi-dualizing modules and related Gorenstein homological dimensions,
J. Pure Appl. Algebra 205 (2006) 423-445.

[16] H. Holm, D. White, Foxby equivalence over associative rings, J. Math. Kyoto Univ. 47 (2007)
781-808.

[17] Z.Y. Huang, Proper resolutions and Gorenstein categories, J. Algebra 393 (2013) 142-169.

[18] Z.Y. Huang, Homological dimensions relative to preresolving subcategories, Kyoto J. Math. 54
(2014) 727-757.

[19] Z.Y. Huang, Homological dimensions relative to preresolving subcategories II, Forum Math. 34
(2022) 507-530.

[20] Z.Y. Huang, Duality pairs induced by Auslander and Bass classes, Georgian Math. J. 28 (2021)
867—-882.

[21] Z.Y. Huang, On the C-flatness and injectivity of character modules, Electron. Res. Arch. 30 (2022)
2899-2910.


http://refhub.elsevier.com/S0021-8693(26)00113-4/bib5E7E983A5CC2C2C6EB7AD4169C92A2EFs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib5E7E983A5CC2C2C6EB7AD4169C92A2EFs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib9D5ED678FE57BCCA610140957AFAB571s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib19D3326F3137CBADD21CE901A9BED4A7s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib19D3326F3137CBADD21CE901A9BED4A7s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib5089FA881630360A9B3361469C1A0C5Ds1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib86C45DE369728E4219886D840E026043s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib86C45DE369728E4219886D840E026043s1
https://doi.org/10.1007/s11856-025-2826-y
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib0E28F35877B25B8243CB6FF84BDD61D8s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib0E28F35877B25B8243CB6FF84BDD61D8s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibD20E791E6C5898AAFC29C12E6D7BB432s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibD20E791E6C5898AAFC29C12E6D7BB432s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibD20E791E6C5898AAFC29C12E6D7BB432s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib02C73FE4EFABC7A908C3768C18D8FFE3s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib02C73FE4EFABC7A908C3768C18D8FFE3s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibCD6A9BD2A175104EED40F0D33A8B4020s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibCD6A9BD2A175104EED40F0D33A8B4020s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibCD6A9BD2A175104EED40F0D33A8B4020s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib800618943025315F869E4E1F09471012s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib5AA893720ECE073A2FCFFBB779659DC7s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibC17D19F7520BE36ADDBEB5D2C76AB7CFs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibC17D19F7520BE36ADDBEB5D2C76AB7CFs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibC1D9F50F86825A1A2302EC2449C17196s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibE0CA540DD370A7796FF1B694A9992D2Fs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibE0CA540DD370A7796FF1B694A9992D2Fs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib4BD2241A3A809D3CC2BB28E951CC183As1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib4BD2241A3A809D3CC2BB28E951CC183As1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibB6D387A8C2D158CAE5181B2A3492209As1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib9ABB4176A8186FD43348A1BE7085CDF3s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib9ABB4176A8186FD43348A1BE7085CDF3s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib3776BEAF6362B27DDDA504697473BC17s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib3776BEAF6362B27DDDA504697473BC17s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib36C99F77E592006B60332A423C98AC6Bs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib36C99F77E592006B60332A423C98AC6Bs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibFF6B70E8DD574836EF9D1A38F1585FEEs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibFF6B70E8DD574836EF9D1A38F1585FEEs1

144 Z. Huang / Journal of Algebra 697 (2026) 106—144

[22] Z.Y. Huang, M.Z. Sheng, Gorenstein modules induced by Foxby equivalence, Publ. Res. Inst. Math.
Sci. 62 (2026) 27-73.

[23] M.Y. Huerta, O. Mendoza, M.A. Pérez, m-periodic Gorenstein objects, J. Algebra 621 (2023) 140,
Corrigendum, J. Algebra 654 (2024) 70-81.

[24] A.V. Jategaonkar, A counter-example in ring theory and homological algebra, J. Algebra 12 (1969)
418-440.

[25] T.T. Lam, Lectures on Modules and Rings, Graduate Texts in Math., vol. 189, Springer-Verlag,
New York, 1999.

[26] Z.F. Liu, Z.Y. Huang, A.M. Xu, Gorenstein projective dimension relative to a semidualizing bimod-
ule, Commun. Algebra 41 (2013) 1-18.

[27] B.H. Maddox, Absolutely pure modules, Proc. Am. Math. Soc. 18 (1967) 155-158.

[28] F. Mantese, I. Reiten, Wakamatsu tilting modules, J. Algebra 278 (2004) 532-552.

[29] L.X. Mao, N.Q. Ding, Gorenstein FP-injective and Gorenstein flat modules, J. Algebra Appl. 7
(2008) 491-606.

[30] J. Saroch, J. Stovicek, Singular compactness and definability for S-cotorsion and Gorenstein mod-
ules, Sel. Math. New Ser. 26 (2) (2020) 23.

[31] S. Sather-Wagstaff, T. Sharif, D. White, Stability of Gorenstein categories, J. Lond. Math. Soc. 77
(2008) 481-502.

[32] W.L. Song, Z.Y. Huang, Gorenstein flatness and injectivity over Gorenstein rings, Sci. China Ser.
A 51 (2008) 215-218.

[33] W.L. Song, T.W. Zhao, Z.Y. Huang, One-sided Gorenstein subcategories, Czechoslov. Math. J. 70
(2020) 483-504.

[34] B. Stenstrom, Coherent rings and FP-injective modules, J. Lond. Math. Soc. 2 (1970) 323-329.

[35] R. Takahashi, D. White, Homological aspects of semidualizing modules, Math. Scand. 106 (2010)
5-22.

[36] X. Tang, Z.Y. Huang, Homological aspects of the dual Auslander transpose, Forum Math. 27 (2015)
3717-3743.

[37] X. Tang, Z.Y. Huang, Homological aspects of the dual Auslander transpose II, Kyoto J. Math. 57
(2017) 17-53.

[38] X. Tang, Z.Y. Huang, Homological aspects of the adjoint cotranspose, Colloq. Math. 150 (2017)
293-311.

[39] X. Tang, Z.Y. Huang, Homological invariants related to semidualizing bimodules, Colloq. Math.
156 (2019) 135-151.

[40] T. Wakamatsu, On modules with trivial self-extensions, J. Algebra 114 (1988) 106-114.

[41] T. Wakamatsu, Stable equivalence for self-injective algebras and a generalization of tilting modules,
J. Algebra 134 (1990) 298-325.

[42] T. Wakamatsu, Tilting modules and Auslander’s Gorenstein property, J. Algebra 275 (2004) 3-39.

[43] J.P. Wang, Gorenstein regular rings, singularity categories and Ding modules (in Chinese), Acta
Math. Sinica (Chin. Ser.) 62 (2019) 331-344.

[44] J.Z. Xu, F.C. Cheng, Homological dimensions over non-commutative semi-local rings, J. Algebra
169 (1994) 679-685.

[45] G. Yang, Z.K. Liu, L. Liang, Ding projective and Ding injective modules, Algebra Colloq. 20 (2013)
601-612, J. Algebra 169 (1994) 679-685.

[46] H.Y. Zhu, N.Q. Ding, Wakamatsu tilting modules with finite FP-injective dimension, Forum Math.
21 (2009) 101-116.


http://refhub.elsevier.com/S0021-8693(26)00113-4/bib55A055409207A12D5937B243FD508BDEs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib55A055409207A12D5937B243FD508BDEs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib00F72D2C7EE28A8D8C31A13682B4E5B0s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib00F72D2C7EE28A8D8C31A13682B4E5B0s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibFF44570ACA8241914870AFBC310CDB85s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibFF44570ACA8241914870AFBC310CDB85s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibD20CAEC3B48A1EEF164CB4CA81BA2587s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibD20CAEC3B48A1EEF164CB4CA81BA2587s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibAE03FBCDBE0373487555F3E68D826C5Es1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibAE03FBCDBE0373487555F3E68D826C5Es1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib69691C7BDCC3CE6D5D8A1361F22D04ACs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibD5C44258D51659F96279C470CE8185DCs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib7DC10E66DA5549D351765BD940B81BE9s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib7DC10E66DA5549D351765BD940B81BE9s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibD53AEB78ABC83A52AB8982F5C82A3D5Bs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibD53AEB78ABC83A52AB8982F5C82A3D5Bs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib2B31B95924F051C8CBC0608C7F12C5D3s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib2B31B95924F051C8CBC0608C7F12C5D3s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibEC5704F0D56945D1E5B8F9A2384A2B4Bs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibEC5704F0D56945D1E5B8F9A2384A2B4Bs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib6DD9B6F1278B8DBD4BA92E60F5519CE6s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib6DD9B6F1278B8DBD4BA92E60F5519CE6s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibE3A8BBDD4638397265F88E83A52C22AEs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib3D9975706BE3087CA199F440B1589B9Es1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib3D9975706BE3087CA199F440B1589B9Es1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib222DA094FE48A2436C64FBC852A3CA29s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib222DA094FE48A2436C64FBC852A3CA29s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibB79620B1BBA1108C700CAFAF0C401F8Bs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibB79620B1BBA1108C700CAFAF0C401F8Bs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib55F6D3A65EC4FE2F493AF4DD47B1DA7Bs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib55F6D3A65EC4FE2F493AF4DD47B1DA7Bs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib3A19CA40C39C028726BF4C914E38166Fs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib3A19CA40C39C028726BF4C914E38166Fs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib1E9944DFAC1EAC7A602D65620B492A48s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib6636B1BCDBA2ECE333B879B21FFB949Ds1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib6636B1BCDBA2ECE333B879B21FFB949Ds1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib68E9A43837D92FF2FA81A83C4ED80A45s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib151A19784BD63713527668B1D48A0B17s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib151A19784BD63713527668B1D48A0B17s1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib17A931BA9905835DD08DB446B3D33E1Bs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib17A931BA9905835DD08DB446B3D33E1Bs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib52021D8B6C14AF0336752FD41CCD80DAs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bib52021D8B6C14AF0336752FD41CCD80DAs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibF5920B129DBC7C92E7DCD1CB3D88621Fs1
http://refhub.elsevier.com/S0021-8693(26)00113-4/bibF5920B129DBC7C92E7DCD1CB3D88621Fs1

	Generalized Gorenstein categories
	1 Introduction
	2 Preliminaries
	2.1 Relative homological dimensions and one-sided Gorenstein subcategories
	2.2 Wakamatsu tilting modules

	3 General results
	3.1 Relative projective and injective dimensions
	3.2 One-sided Gorenstein categories

	4 Categories of interest
	4.1 Usual C-Gorenstein subcategories
	4.2 Auslander and Bass classes

	Declaration of competing interest
	Acknowledgments
	Data availability
	References


