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1. Introduction

Let (A, ) be an exact category in the sense of [17] and K(.A) its homotopy category.
Then one can consider the triangulated quotient of K(A) by &, called the derived cate-
gory of (A, £), which was studied by Neeman in [13]. Now let R be a ring and R-Mod the
category of left R-modules. It is known that there are two interesting exact structures
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in R-Mod; one is the usual and the other is the pure exact structure. The derived cate-
gory with respect to the first one is traditional which provides a broader framework for
studying homological algebra, and to the second one is the pure derived category which
has attracted many authors, see [5,7,9,12,15,20] for the details.

In general, triangulated quotients are not intuitive since they are usually realized
as calculus of fractions. However, bounded derived categories are well understood since
they are equivalent to certain homotopy categories of projective modules. It is known
that pure projective modules are exactly projective objects with respect to the pure
exact structure, see [11,6,16], and [21]. So, it is expected that bounded pure derived
categories will share some nice properties of classical bounded derived categories. In
Section 3, we show that for a ring R, R-Mod is a full subcategory of its bounded pure
derived category. Moreover, we show that the bounded pure derived category of R-Mod
is triangulated equivalent to a triangulated full subcategory of the bounded above (resp.
below) homotopy category of pure projective (resp. injective) R-modules. Note that the
results in this section are standard analogs of the corresponding classical ones.

In Section 4, we devote to building triangulated functors from (bounded) pure de-
rived categories. A very natural choice is the right “derived” version of Hom. For this,
we first establish the pure projective (resp. injective) resolutions of bounded complexes,
and then use them to define right pure derived functors of Hom which preserve the cor-
responding triangles. As applications, we introduce and study the pure projective (resp.
injective) dimension of complexes. In particular, we obtain some criteria for computing
this dimension in terms of the properties of pure projective (resp. injective) resolutions
and the vanishing of pure derived functors. As a consequence, we get some equivalent
characterizations for the finiteness of the pure global dimension of rings. The results in
this section are standard analogs of main results in [2], and generalize the corresponding
ones for modules in [11] and [19].

In Section 5, pure projective (resp. injective) resolutions of certain unbounded com-
plexes are considered. We use the technique of homotopy (co)limits to show that any
bounded below (resp. above) complex admits a pure projective (resp. injective) resolu-
tion.

2. Preliminaries

Throughout this paper, R is an associate ring with identity and R-Mod is the category
of left R-modules. As usual, we use C(R) and K(R) to denote the category of complexes
and homotopy category of R-Mod, respectively. When we say “R-module”, without an
adjective, we mean left R-module. For any X € C(R), we write

. dic! o di , o ,
Xi= - — Xxi! Xi X+t Ty xi+z

We regard an R-module M as the stalk complex, that is, a complex concentrated in
degree 0.
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We recall the bounded conditions for complexes which are standard in homological
algebra, see for example [8]. Let X € C(R). If X = 0 for i > 0, then X is called bounded
above (or bounded on the right). If X* =0 for i < 0, then X is called bounded below (or
bounded on the left). X is called bounded if it is bounded above and below. A cochain
map f: X — Y in C(R) is called a quasi-isomorphism if it induces isomorphic homology
groups; and f is called a homotopy equivalence if there exists a cochain map g: Y — X
such that there exist homotopies go f ~ Idx and f o g ~ Idy. For Con(f) we mean the
mapping cone of a cochain map f. Let X,Y € C(R). We use Homp(X,Y) to denote the
total complez, that is, a complex of Z-modules (where Z is the additive group of integers)

mn

o d o
- —— J] Homg(X% Yi*") —— [] Hompg(X® Yitntl) —— ...
i€z i€Z

where [] Hompg(X?, Y**") lies in degree n. For any ¢ € Hompg(X,Y)", d"(p) = (d4f" o
i€z
o' — (=1)"p"! o d% );cz. Note that this construction defines a bifunctor

Hompg(—,—) : K(R)? x K(R) — K(Z).
Definition 2.1. (See [21].) A short exact sequence
0sALBSC50
in R-Mod is called pure ezact if for any right R-module M, the induced sequence
0> M®RrA—->M®rB—>MrC —0
is exact. In this case, f is called pure monic and g is called pure epic.

Remark 2.2. Using the Cohn’s theorem (see [18, Theorem 3.69]), we have that a short
exact sequence

0+A—-B—-C—=0
in R-Mod is pure exact if and only if
0 — Homp(F, A) — Hompg(F, B) - Homg(F,C) — 0
is exact for any finitely presented R-module F'.
In general, the exactness of a complex of R-modules is defined “pointwise”. This
definition provides convenience for understanding bounded derived categories. Let (A, £)

be an exact category in the sense of [17]. Following [13], a complex X is called exact (or
acyclic) with respect to the exact structure of A if each differential d’ decomposes as
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Xi s Dz — Xi+1,

where the former morphism is admissible epic and the latter one is admissible monic;
furthermore, the sequence

Di — Xi+1 — Di+1

is exact for any ¢ € Z, see also [9, Section 4.2]. Now it is natural for us to propose the
following definition, which provides convenience for understanding bounded pure derived
categories later.

Definition 2.3. Let X € C(R) and n € Z. Then X is called pure exact at n, if the
differentials d’;{l and d% can decompose as above, and the sequence

0K X" 50" 150

is pure exact, where K™ = Kerd’% and C"~! = Coker d?{l. X is called pure exact if it
is pure exact at n for all n.

Remark 2.4.

(1) X € C(R) is pure exact if and only if M ®r X is exact for any right R-module M,
and if and only if Hompg(F, X) is exact for any finitely presented R-module F'.

(2) A direct limit of pure exact complexes is again pure exact, since the tensor functor
commutes with direct limits by [18, Theorem 5.27].

(3) By definition, pure exact complexes coincide with the exact structure in the sense
of Neeman [13].

Definition 2.5. (See [21].) A module M € R-Mod is called pure projective (resp. injective)
if it is projective (resp. injective) with respect to every pure exact complex.

Let PP (resp. PZ) be the class of all pure projective (resp. injective) R-modules.
We use K~ (PP) (resp. KT (PZ)) to denote the bounded above (resp. below) homotopy
category of PP (resp. PI).

Remark 2.6.

(1) We write (—)* := Homgz(—, Q/Z), where Q is the additive group of rational numbers.
By [6, Proposition 5.3.7], we have that M ™ is a pure injective left R-module for any
right R-module M. Using the fact that every R-module is a direct limit of finitely
presented R-modules [18, Lemma 5.39], we have that pure projective modules are
nothing but summands of direct sums of finitely presented modules.
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(2) By (1), it is easy to check that a complex X is pure exact if and only if Hompg (P, X)
is exact for any P € PP, and if and only if Hompg (X, I) is exact for any I € PZ.

We need the following definition.

Definition 2.7. A cochain map f: X — Y in C(R) is called a pure quasi-isomorphism if
its mapping cone Con(f) is a pure exact complex.

Remark 2.8.

(1) A cochain map f: X — Y in C(R) is a pure quasi-isomorphism if and only if
M®Rf2M®RX—>M®RY
is a quasi-isomorphism for any right R-module M.

(2) By Remark 2.6, a cochain map f: X — Y in C(R) is a pure quasi-isomorphism if
and only if

Homp(P, f) : Homg(P, X) — Hompg(P,Y)
is a quasi-isomorphism for any P € PP, and if and only if
Hompg(f,I): Hompg(Y,I) — Homp(X, 1)

is a quasi-isomorphism for any I € PZ.

The following result concerning both pure exact complexes and pure quasi-isomor-
phisms is essentially contained in [3].

Lemma 2.9.

(1) Let X € C(R). Then X is pure exact if and only if Hompg(P, X) is exact for any
P e K~ (PP), and if and only if Homg (X, I) is exact for any I € KT (PI).

(2) A cochain map f in C(R) is a pure quasi-isomorphism if and only if Hompg(P, f)
is a quasi-isomorphism for any P € K~ (PP), and if and only if Homg(f,I) is a
quasi-isomorphism for any I € K*(PI).

Proof. The assertion (1) follows from Remark 2.6(2) and [3, Lemmas 2.4 and 2.5], and
the assertion (2) follows from Remark 2.8(2) and [3, Propositions 2.6 and 2.7]. O

Lemma 2.10.

(1) Let f: X = Y be a pure quasi-isomorphism in C(R) with X, Y € K~ (PP). Then
f is a homotopy equivalence.
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(2) Let f: X =Y be a pure quasi-isomorphism in C(R) with X,Y € K¥(PI). Then f
is a homotopy equivalence.

Proof. (1) Because there exists a quasi-isomorphism
Hompg(Y, f) : Homg(Y, X) — Hompg(Y,Y)
by Lemma 2.9, we have an isomorphism
HO (Homp (Y, f)) : HO(Hom g (Y, X)) — HO(Homp(Y, ).

One can easily check that there exists a cochain map g : Y — X such that fog ~ Idy.
Similarly, there exists a cochain map h such that goh ~ Idyx. As a consequence, we have
that g and f are homotopy equivalences.

(2) It is the dual of (1). O

Lemma 2.11.

(1) Let Y — X be a pure quasi-isomorphism in C(R) with X € K*(R) andY € K*(R).
Then there exists a pure quasi-isomorphism X' — Y with X' € K*(R).

(2) Let X =Y be a pure quasi-isomorphism in C(R) with X € K*(R) and Y € K(R).
Then there exists a pure quasi-isomorphism Y — X' with X’ € K*(R).

Proof. (1) We can assume that Y™ = 0 for any n < 0 and that H' Homg(P,Y) = 0 for
any P € PP and i > m + 1. We have the following commutative diagram:

0 Yo S ym-1 Ker d¥ 0
o] | | |
0 Yo ym-1! W ym ym+1

Let the upper row be the complex X’. Since Homg (P, —) preserves kernels, the cochain
map is clearly a pure quasi-isomorphism by Remark 2.8(2).

(2) We can assume that H/(M ®g Y') = 0 for any right R-module M and i < —1. We
have the following commutative diagram:

dy?

G Vs y-1 yo vl
I
F— 0 0 Coker dy' y!

Let the lower row be the complex X’. Since M ®p — preserves cokernels, the cochain
map is clearly a pure quasi-isomorphism by Remark 2.8(1). O
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3. Pure derived categories

Put Kpg(R) ;= {X € K(R) | X is pure exact}. Notice that pure exact complexes are
closed under homotopy equivalences, so Kpg(R) is well defined. If f : X — Y is a cochain
map between pure exact complexes, then Con(f) is again pure exact. Thus Kpg(R) is a
triangulated subcategory of K(R). Because pure exact complexes are closed under sum-
mands, Kpg(R) is a thick subcategory of K(R). Then by the Verdier’s correspondence,
we get the pure derived category

Dpur (R) = K(R) /Kpe ().
Similarly, we define

Dpur(R) := K*(R) /K pe(R)

pur

for x € {+,—,b}. Note that the pure derived category coincides with the one given in
[13] and pure exact complexes here are exactly the exact structure there.

Note that, as usual, a morphism from X to Y in Dy, (R) can be viewed as a graph
(left roof)

X<==e¢ ">V
with s a pure quasi-isomorphism [8, Chapters IT1.2.8 and TI1.2.9]. Two roofs

’

X<t eV and X <2—e_"y

are equivalent if there exists the following commutative diagram:

with g a pure quasi-isomorphism. So, two complexes X and Y are isomorphic in Dpyy (R)
if there exists a graph

X <2 e —2- Y

with s and a pure quasi-isomorphisms. If either Y € KT (PZ) or X € K~ (PP), then
morphisms in Homme(R)(X ,Y) are easy enough as showed below.
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Proposition 3.1.

(1) Let X e K~ (PP) and Y € K(R). Then the localization functor
F: Homg gy (X,Y) = Homp__ (r)(X,Y), f+> f/ldx (left roof),

induces an isomorphism of abelian groups.
(2) Let Y € KT (PI) and X € K(R). Then the localization functor

F: Homg gy (X,Y) — Homp__ (r)(X,Y), f+> Idy\f (right roof),
induces an isomorphism of abelian groups.

Proof. We only need to prove (1). If f/Idx = 0 = 0/Idx, then there exists a pure
quasi-isomorphism g : Z — X such that f o g ~ 0. By the proof of Lemma 2.10, there
exists a pure quasi-isomorphism h : X — Z such that go h ~ Idx. So f ~ 0. For any
f/s € Homp_ . (r) (X,Y), since s is a pure quasi-isomorphism, again by the proof of
Lemma 2.10 there exists a pure quasi-isomorphism ¢ such that s ot ~ Idx. So we have
f/s=(fot)/Idx in Dpu(R). O

Proposition 3.2. For a ring R, we have

(R) is a full subcategory of Df,.(R), and D, (R) is a full subcategory of

pur(

ur

(

(
() r(
(
(

3 )

pur(R), and Dy (R) is a full subcategory of

ur

(1) D pu )
R).
R) is a full subcategory of D
R).
pur R) Dpur( ) N D;ur(R)
Proof. The assertion (1) is a consequence of [8, Proposition 3.2.10] and Lemma 2.11,
and the assertion (2) is the dual of (1). The assertion (3) is an immediate consequence

of (1) and (2). O

Theorem 3.3. For a ring R, R-Mod is a full subcategory of Dpur(R), that is, the com-
position of functors

R-Mod — KP(R) — D2 (R)

pur

18 fully faithful.
Proof. For any XY € R-Mod, it suffices to prove that the morphism

F: Hompg(X,Y) = Homp_ () (X,Y)

pur

is an isomorphism.
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Let f € Hompg(X,Y). If F(f) = 0, then there exists a pure quasi-isomorphism
s: Z — X such that fos~ 0. So H°(f) o H(s) = 0. Since H°(s) is an isomorphism, we
have f = 0.

Let a/s be a morphism in Homp_ (r)(X,Y). Then we have a diagram

X<—=—z7">Y,

where s is a pure quasi-isomorphism, and hence a quasi-isomorphism. So H°(s) €
Hompz(HY(Z), X) is an isomorphism in R-Mod (note that H(X) = X). Put f :=
H°(a) o H%(s) ™! € Hompg(X,Y). Consider the truncation

—1

d
U= —— 772 7z Kerdy, — 0

of Z and the canonical map ¢ : U — Z. Note that, as in Lemma 2.11, ¢ is a pure
quasi-isomorphism. Then s o ¢ is also a pure quasi-isomorphism. From the commutative
diagram

U%Z

| |
HO(s)

H(Z) —— X,

we get fosoi=Ha)oH"s)"tosoi=aoi. So the following diagram of complexes:

is commutative. It follows that F(f) = f/Idx =a/s. O
For any X € C(R), we write

inf, X :=inf{n € Z | X is not pure exact at n}, and

suppX :=sup{n € Z | X is not pure exact at n}.

If X is not pure exact at n for any n, then we set inf, X = —oo and supp X =o0. If X
is pure exact at n for all n, that is, X is a pure exact complex, then we set inf, X = oo
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and supp, X = —oco. We will heavily rely on these two numbers in the remainder of this
paper.
Put

K~ PP(PP) := {X € K (PP) | inf, X is finite}, and
K+’pb(PI) :={X € K*(PI) | suppX is finite}.

Proposition 3.4. Let X € C(R). Then the following hold:

(1) X is pure exzact in degree <n if and only if M ®r X is exact in degree <n for any
right R-module M.

(2) X is pure exact in degree >n if and only if Homg (P, X) is exact in degree >n for
any P € PP.

(3) The numbers inf, X and suppX are well defined for any X € Dpyue(R), that is, if
X 2Y in Dpur(R), then infp, X = inf,Y and supp X = suppY.

(4) K=PP(PP) and K+PP(PI) are triangulated subcategories of K~ (PP) and K+ (PI),
respectively.

Proof. (1) Consider the following commutative diagram (tensor products act on R):

M@dy?! M®dYy,
C—> M ® Xn1 = M® X" ~ M@X" ...
M% %j” M@% %@w:“
M® Cn—Z M® Cn—l

where glv"X_Q (resp. J}_l) denotes the cokernel of d% 2 (resp. d'y ') and (™ (resp. (1)
denotes the kernel of d% (resp. d™"). Then the assertion follows standardly.

(2) The proof is similar to that of (1).

(3) We only need to prove the assertion whenever both inf, X (resp. suppX) and
inf,Y (resp. suppY) are finite. By Remark 2.8, it is an immediate consequence of (1)
and (2).

(4) We only prove that K—"PP(PP) is a triangulated subcategory of K~ (PP) and the
proof of the other assertion is similar. Observe that K—PP(PP) is closed under shifts.
So it suffices to show that K=PP(PP) is closed under extensions. Let

X =Y —>Z-— X[
be a triangle in K~ (PP) with X, Z € K—PP(PP). Then we have a triangle

X®RM—>Y®RM—>Z®RM—>X[1}®RM
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in K(Z) for any right R-module M. It induces a long exact sequence of homological
groups since H%(—) is cohomological by [8, Chapter IV.1.6]. By (1) there exists n € Z
such that both X ® g M and Z ® p M are exact in degree <n, so Y ®p M is also exact
in degree <n. Thus we have Y € K—PP(PP). 0O

Proposition 3.5.

(1) There exist a functor P : KP(R) — KPP(PP) and a pure quasi-isomorphism
fx : Px — X for any X € KP(R), which is functorial in X.

(2) There exist a functor I : KP(R) — KtPP(PI) and a pure quasi-isomorphism
gx : X = Ix for any X € KP(R), which is functorial in X.

Proof. We first prove that for any X € KP(R), there exists a pure quasi-isomorphism
Px — X with Px € K~"PP(PP). We proceed by induction on the cardinal of the finite
set W(X):={i€Z|X"#0}.

If W(X) = 1, then the assertion follows from the fact that every module admits a
pure projective precover (see [6, Example 8.3.2]).

Now suppose that W(X) > 2 with X7 # 0 and X¢ = 0 for any i < j. Then we have a
distinguished triangle

X, X, X X1[1]

in KP(R), where X; = X7[—j — 1] and Xy = X>J. By the induction hypothesis, there
exist pure quasi-isomorphisms fx, : Px, — X; and fx, : Px, = Xs with Px,,Px, €
K~—PP(PP). Then by Lemma 2.9, fx, induces an isomorphism

HOHIK(R)(PX“PXQ) = HOHIK(R)(PX“XQ).

So there exists a morphism f : Px, — Px,, which is unique up to homotopy, such that
fx, o f =uo fx,. We have the distinguished triangle

le ! PX2 Con(f) e PX1 [1}

in K—"PP(PP). Then there exists a morphism fx : Con(f) — X such that the following
diagram:

Py, Px, Con(f) —— Px,[1]
fxll fle fxl fxl[l]l
X —— X, X —— Xi[1]

in K(R) commutes. For any P € PP, we have the following commutative diagram:
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Hompg(P, Px,) —— Homg(P, Px,) ——— Hompg(P,Con(f)) ——— Homg(P, Px,[1])

(fxl)*l <fx2)*l (fx)*l (Fx, m)*l

Homg (P, X;) —— Homg(P,Xs) — Homp(P,X) ——— Homg(P,X:[1])

in K(Z), where both rows are exact triangles and (—). denotes the functor Hompg (P, —).
Since both fx, and fx, are pure quasi-isomorphisms, we have that both (fx,). and
(fx,)« are quasi-isomorphisms. Passing to homology we get that (fx). is a quasi-
isomorphism, so fx is a pure quasi-isomorphism by Remark 2.8(2).

Put Px := Con(f). Then we have a pure quasi-isomorphism fx : Px — X with
Px € K—PP(PP). In the following we prove that fy is functorial in X.

Let X,Y € K*(R). Then we have two pure quasi-isomorphisms fx : Px — X and
fv : Py — Y. These induce an isomorphism

Homg (r)(Px, Py) = Homg g)(Px,Y).

Let f : X — Y be a cochain map. Then there exists a cochain map fo fx : Px — Y. Us-
ing the above isomorphism, we have that there exists a unique cochain map [’ : Py — Py
such that the following diagram:

fx
Py — X

f'l fl
P sy

commutes up to homotopy. This completes the proof by putting Y = X. O

(2) Tt is the dual of (1) just using the fact that every module admits a pure injective
preenvelope by [6, Proposition 5.3.9].

Theorem 3.6. For a ring R, there exist triangle-equivalences as follows:

(1) Db, (R) ~ K PP(PP).
(2) DB, (R) ~ K+PP(PI).

Proof. We only need to prove (1). Let H be the composition of the embedding
K~ PP(PP) — K (R)
and the localization functor

F:K (R) = D5 . (R).

pur(
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For any X € K~PP(PP), there exists n € Z such that inf, X = n. So X is pure exact
in degree <n — 1 and the following cochain map f is a pure quasi-isomorphism:

Xi= — X" — xn Ly xntt  oxmt2
/| | | | |
X>"i=... ——» 0 —— Cokerd"™' — X" — - x"*? ...,

It follows that H(X) = X°" in Dpyur(R). So H(X) € DE,,.(R) and hence H induces a

functor from K—PP(PP) to DB, .(R), again denoted by H. By Propositions 3.1 and 3.5,

pur

H is fully faithful and dense. This completes the proof. O
4. Derived functors and dimensions

In this section, we introduce and investigate the pure projective and injective dimen-
sions of complexes based on pure derived functors of Hom in ng(R). For the pure
projective and injective dimensions of modules and pure derived functors in R-Mod, we
refer to [11] and [19].

We have already known that Hompg(P,—) transforms pure quasi-isomorphisms to
quasi-isomorphisms for any P € K~ (PP). In order to define pure projective (resp.

injective) resolutions of complexes in Dpyr(R), we need the following lemma.

Lemma 4.1. Let X be a pure exact complex of R-modules. Then we have

(1) M ®g X is a pure exact complex for any right R-module M.
(2) Homp(P, X) is a pure exact complex for any P € PP.
(3) Homp(X,I) is a pure exact complex for any I € PT.

Proof. (1) It is obvious by the associativity of tensor products.

(2) We will prove that Homgz(F, Hompg(P, X)) is exact for any finitely presented
Z-module F and P € PP.

By Remark 2.6, PP consists of summands of direct sums of finitely presented
R-modules. So we may assume that P is finitely presented. Note that P ®z F is a
finitely presented R-module. So by the adjoint isomorphism Homgz(F, Homg(P, X)) &
Hompg (P ®yz F, X), we have that Hompg (P, X) is pure exact.

(3) Let I € PZ. Then [ is a direct summand of I by [6, Proposition 5.3.9]. We may
assume [ = M for some right R-module M. Let F be a finitely presented Z-module.
By the adjoint isomorphism theorem, we have the isomorphisms

Homy(F, Homg(X, M ")) = Homg(F, (M @ X)T) = (F®z M @r X)T.

By (1), F®z M ®g X is pure exact. So (F®z M ®@r X)T is exact, and hence Hompg (X, I)
is pure exact. 0O
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Remark 4.2. By [3, Lemmas 2.4 and 2.5] and Lemma 4.1, after a standard computation
we have

(1) Hompg (P, —) preserves pure exact complexes for any P € K~ (PP).
(2) Homp(—, I) preserves pure exact complexes for any I € KT (PI).

Definition 4.3. Let X € Dpur(R).

(1) A pure projective resolution of X is a pure quasi-isomorphism f: P — X with P a
complex of pure projective R-modules, such that Hompg(P, —) preserves pure exact
complexes. Dually, a pure injective resolution of X is defined.

(2) X is said to have pure projective dimension at most n, written p.pdp X < n, if
there exists a pure projective resolution P — X with P! = 0 for any i < —n. If
p-pdr X < n for all n, then we write p.pdr X = —oo; and if there exists no n such
that p.pdp X < n, then we write p.pdp X = oo. Dually, the pure injective dimension
p.idp X of X is defined.

Remark 4.4.

(1) Let X be an R-module (viewed as a complex concentrated in degree 0), then these
definitions coincide with the usual ones, see [11] and [19].
(2) In the above definition, p.pdp X = —oo means that X is a pure exact complex.

These dimensions can be also expressed by the following equalities:

p.pdr X = —sup{inf{n € Z | P" #0} | P — X is a pure projective resolution}, and

p.idp X = inf{sup{n € Z | I" # 0} | X — I is a pure injective resolution}.

Let X € D2 ,.(R). Then by Proposition 3.5, there exists a complex P € K~ (PP) such
that P 2 X in Dgur(R). By Remark 4.2, Hompg(P, —) preserves pure exact complexes,
and hence preserves pure quasi-isomorphisms. Then after an easy computation we get a
pure quasi-isomorphism from P to X. The statements for the pure injective version are
dual. Thus, if X € DB,,.(R), then X admits pure projective (resp. injective) resolutions.

Now we may define a functor

b b
RHOmR(—,—) : Dpur(R)op X Dpur(R) - DPUI‘(Z)
using either the pure projective resolution of the first variable or the pure injective res-
olution of the second variable. More precisely, let Px be a pure projective resolution
of X and Iy a pure injective resolution of Y. Then we have a diagram of pure quasi-
isomorphisms
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RHomg(X,Y) := Homg(Px,Y) — Homg(Px, Iy) + Homg(X, Iy) := RHomg(X,Y).

It follows that R Homp(—,—) is well defined, and we call it the right pure derived functor
of Hom.

Let P — X be a pure projective resolution of X and Y — I a pure injective resolution
of Y. In order to coincide with the classical ones in [11] and [19], we put

Pext’ (X,Y) := H* R Homg(X,Y) = H  Homg(P,Y), and
Pext(X,Y) := H' R Homg(X,Y) = H Hompg (X, I).

Recall that X € C(R) is called contractible if it is isomorphic to the zero object in
K(R), equivalently, the identical map Idx is homotopic to zero. That is to say, X is
splitting exact (see [22, Exercise 1.4.3]).

Theorem 4.5. For any X € DBUT(R) and n € Z, the following statements are equivalent:

(1) p.pdg X <n.

(2) inf, X > —n, and if f' : P’ — X is a pure projective resolution of X, then the
R-module Coker d;,”fl s pure projective.

(3) If f' : P! = X is a pure projective resolution of X, then P = P, P P, where
Pj =0 for any i < —n and P, is contractible.

(4) Pext(X,Y) =0 for any Y € Dpur(R) and i > n + suppY.

(5) inf, X > —n and Pexts™ (X, N) = 0 for any N € R-Mod.

Proof. (1) = (2) Let p.pdp X < n. Then there exists a pure projective resolution
f: P — X with P! = 0 for any i < —n. By Proposition 3.4, we have inf, X > —n.
Let f' : P' — X be another pure projective resolution of X. Then there exists a quasi-
isomorphism of complexes

Hompg(P, f') : Hompg(P, P') — Hompg(P, X).
Thus there exists a cochain map ¢ : P — P’ such that f’' o g = f, and therefore
HOHIR(F, fl> © HomR(Fv g) = HomR(F7 f)

for any finitely presented R-module F. It follows from Remark 2.8(2) that g is a pure
quasi-isomorphism. Then g is a homotopy equivalence by Lemma 2.10. It is easy to check
that the exact sequence

—n—1 F-n—1
dn; dp;

c— Pl p - Cokerdp'™! —— 0

is contractible. So Coker d;,"_l is pure projective.
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(2) = (3) Let f' : P — X be a pure projective resolution of X. Because infp P’ =
inf, X > —n, we have that the sequence

/ —n—1 d;?il / — g;'"% —n—1 (4.1)
- — PP ——— P’ ——— Cokerdy, — 0
is pure exact. Because Coker dpp; ™! is pure projective by assumption, (4.1) is contractible.
Now let P'~" = M @ Coker d;,,"_l, and put

Py = —0— Cokerdp ' — P'~"*t — p/="2 ... and

Poi=-- P2 P M 50—

Then we have P’ = Py @ P», where P{ = 0 for any i < —n and P, is contractible.

(3) = (1) By (3), we have that the embedding P, < P’ is clearly a pure quasi-
isomorphism. This implies that X admits a pure projective resolution P, — P’ — X
with P} = 0 for any i < —n.

(3) = (4) We only need to consider the situation when suppY = m < c0. Let P — X
be a pure projective resolution of X. Then P = P, @ P,, where P} = 0 for any i < —n
and Ps is contractible. So we have

Pext(X,Y) = H Homp(P,Y) = H' Homg(P;,Y).

As in Lemma 2.11, let Y’ be the right canonical truncation complex of Y at degree m.
Then the embedding Y’ < Y is a pure quasi-isomorphism. So we have

H'Homp(Py,Y) = H Homg(P;,Y’) =0

for any i > n +m. Thus Pext’z(X,Y) = 0 for any ¥ € Dpyur(R) and i > n + suppY.
(4) = (5) For any N € R-Mod, we have sup, N = 0 and Pext;" (X, N) = 0 by (4).
Let M be a right R-module. Then

H (M @ X)*) = H (Homp (X, M*)) = Pext’n(X, M*) =0

for any ¢ > n by the adjoint isomorphism theorem and (4). So M ®g X is exact in
degree <—n, and hence X is pure exact in degree <—n by Proposition 3.4. It implies
that inf, X > —n.

(5) = (3) Let P’ be a pure projective resolution of X and N € R-Mod. Then we
have inf, P’ = inf, X > —n. So P’ is pure exact in degree <—n — 1, and hence the
sequence

e P2 s prnl P Cokerpt ! —— 0
is pure exact and it is a pure projective resolution of Cokerff*l. We have the following
equalities:
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Pextp,(Cokerp' ™', N) = H"™! Homg(P', N) = Pext,™ (X, N) = 0.

It implies that Coker},"*1 is pure projective. Thus the above pure exact com-
plex is contractible, and therefore P’ = P @ P, where P} = 0 for any i <
—n. 0O

Dually, we have the following

Theorem 4.6. For any Y € Dgur(R) and n € Z, the following statements are equivalent:

(1) pidrY <n.

(2) suppY < n, andif f': Y — I' is a pure injective resolution of X, then the R-module
Ker d}, is pure injective.

(3) If f' 1 Y — I' is a pure injective resolution of X, then I' = I, @ I, where It = 0
for any i > n and I is contractible.

(4) Pextz(X,Y) =0 for any X € Dpyue(R) and i > n —inf, X.

(5) suppY < n and Pext’s™ (M,Y) =0 for any M € R-Mod.

By the above two theorems and Proposition 3.4, for any complex X € DP (R), we

pur
have the following characterizations of p.pdy X and p.idp X via the pure derived functor

R Hom:

p.pdgr X = sup{i € Z | Pext’y (X, N) # 0 for some N in R-Mod}, and
pidg Y = sup{i € Z | Pextz(M,Y) # 0 for some M in R-Mod}.

Recall that the left pure global dimension of R, written p.gldim R, is the supremum
of the pure projective dimension of all modules in R-Mod. It is also equals to the supre-
mum of the pure injective dimension of all modules in R-Mod. It is well known that
p.gldim R < n if and only if Pexts (M, N) = 0 for any M, N € R-Mod and i > n, see for
example [19, p. 95]. We have the cochain complex version of this result.

Theorem 4.7. For any n € Z, the following statements are equivalent:

(1) pgldimR <n.

(2) p.pdg X <n—inf, X for any X € DB, .(R).

(3) pidpY <n+suppY for anyY € DY, (R).

(4) Pextiz(X,Y) =0 for any X,Y € DB, (R) and i > n + suppY — infp X.

Proof. The implications (2) = (4) and (3) = (4) follow from Theorems 4.5 and 4.6, re-
spectively. The implication (4) = (1) is obvious just letting both X and Y be R-modules.
The implication (1) = (2) is the dual of (1) = (3). So it remains to prove the implication
(1) = (3)-
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Let suppY = m and Y — I be a pure injective resolution of Y. Then supp,/ = m
and [ is pure exact in degree >m + 1. So

0 — Kerdp — I™ — ™t — ...
is a pure injective resolution of Ker d}". By (1), we have p.idp Ker d7* < n. Let
0— Kerd] - K- K'— ... 5 K" -0
be a pure injective resolution of Kerdj'. Then it is easy to check that
oM 2 5 K0 o S K S K0
is a pure injective resolution of ¥ and p.idp Y <n+m. O

5. The case of unbounded complexes

In this section, we study the existence of pure projective resolutions of unbounded
complexes. We need the tools of homotopy colimits and limits [14].
Let

X, J1 X, J2 X, J3 N (5.1)

be a sequence in K’(R), where j; is a morphism of complexes for any i > 0. Then we
can form the homotopy colimit of this sequence, written Ho colim X;, by the triangle

o0 1-shift o0 =
DX, —— DX, —— HocolimX; —— (@ Xi)[1]
i=0 i=0 - =0

in K(R). The notion of homotopy limits is defined dually, and denoted by Ho %in
For the sequence (5.1), we can also form the direct limit, written colim X;, in C(R).

We have the following exact sequence of complexes (note: the morphism 1-shift is monic):

0o 1-shift 0 L
0 —— EBXi S @Xi — colimX; —— 0. (5,2)
i=0 i=0 E—

Then it is easy to check that there exists a morphism « : Ho colim X; — colim X;, since
— e

¢ o (1-shift) = 0. Passing to homology we conclude that « is a quasi-isomorphism, since
HY(—) is cohomological by [8, Chapter IV.1.6].

Because Homp (F, —) commutes with direct limits in C(R) for any finitely presented
R-module F by [1, Corollary 1.54] (see also [20, Remark 4.13] or [4, Corollary 4.6]),
we have that (5.2) is pure exact in C(R), that is, it is pure exact in each degree. So
after applying the functor Homp(P,—) for any P € PP, we get the following exact
sequence:
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Hompg (P,1-shift)
0 ——— Hompg(P, @ X;) ————— Homg(P, EB X;) ——— Hompg(P, colim X;) — 0,

and the following exact triangle:

oo Homp (P,1-shift)
Hompg (P, @ X;) ——— Hompg(P, @ X;) —— Hompg(P,Ho colim X;) ——— Hompg(P, @ i)[1]
i=0

in K(R). When passing to homology we see that « is a pure quasi-isomorphism.

Theorem 5.1. Let X € C(R) be a bounded below complex. Then there exists a complex
P consisting of pure projective R-modules satisfying the following properties:

(1) There exists a pure quasi-isomorphism f: P — X.
(2) Homp (P, —) preserves pure exact complexes.

That is, f : P — X is a pure projective resolution of X.

Proof. (1) Write X := %HXZ' with the structure map j;11 : X; — X411, where X; is
a bounded complex for any ¢ > 0. By Proposition 3.5, for any X; there exists a pure
quasi-isomorphism f; : P, — X; with P, € K= (PP) for any ¢ > 0. Then we obtain the
following commutative diagram:

Jit1
P 27 Py,

f'iJ/ fri+1l

Jit1
X; —— Xin

in K(R), where j; 11 is induced by j;11. So there exists a morphism of exact triangles

1-shift 0 0o
@P ——— @ P, —— HocolimP, —— (6 P,)[1]
=0 1=0 — 1=0

| ! /| !

0 1-shift =
PXi — P X, —— HocolimX; —— (P X;)[1]
i=0 =0 ‘

in K(R). After applying the localization functor, it is a morphism of exact trian-
gles in Dy, (R). Since pure quasi-isomorphisms are closed under coproducts by Re-
mark 2.8(2), we have that the first two vertical maps in the above diagram are pure
quasi-isomorphisms. So f and

ao f: P=Hocolim P; — Ho colim X; — colim X;
—
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are also pure quasi-isomorphisms. By the construction, we have that Hocolim P; is the

mapping cone of some cochain map between complexes consisting of pure projective
R-modules. Thus Ho colim P; is also a complex consisting of pure projective R-modules.

(2) We will prove that Homgz (F, Homp (P, X)) is exact for any pure exact complex X of
R-modules and any finitely presented Z-module F'. Consider the following commutative
diagram:

Homp (P, X) — HomR@ PLX) — HomR@ P, X) — (Homga(P,X))[1]

| | | l

Homp(P, X) —— I] Homa(P;, X) —— [] Homn(P:, X) — (Homa(P, X))[1]

1=0 =0
in K(Z), where both rows are exact triangles. We have the following isomorphisms:
Homyz,(F, Homp (€D P;, X)) = [ [ Homgz (F, Hompg(P;, X)).
i=0 1=0

Note that the latter one is exact by Remark 4.2. Because Homgz(F, —) is a triangulated
functor, the assertion follows standardly. O

Theorem 5.2. Let X € C(R) be a bounded above complex. Then there exists a complex I
consisting of pure injective R-modules satisfying the following properties:

(1) There exists a pure quasi-isomorphism f: X — 1.
(2) Hompg(—,I) preserves pure exact complexes.

That is, f : X — I is a pure injective resolution of X.

Proof. Write X := lim X; with X; a bounded complex for any i < 0. Then by [10,
Lemma 2.6], we have X 2 Holim X; in K(R). Note that pure quasi-isomorphisms are
closed under products by Romzﬁ 2.8(2). Now by using an argument similar to that in
the proof of Theorem 5.1, we get the assertion. 0O

Remark 5.3. One can find that the derived functor

R Hompg(—,—) : D2,.(R)°? x DB .(R) = Dpur(Z)

pur pur

may be extended to

R Homp(—,—) : D3, (R)? x D5y (R) — Dpur(Z).

pur pur

The corresponding characterizations of dimensions in Section 4 also hold in this situa-
tion.
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