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Cograde Conditions and Cotorsion Pairs

by

Xi TANG and Zhaoyong HUANG

Abstract

Let R and S be rings and rws a semidualizing bimodule. We investigate when the dou-
ble functor Tor? (w, Ext% (w, —)) preserves epimorphisms and the double functor Ext (w,
Tor? (w, —)) preserves monomorphisms in terms of the (strong) cograde conditions of
modules. Under certain cograde condition of modules, we construct two complete cotor-
sion pairs. In addition, we establish the relation between some relative finitistic dimen-
sions of rings and the right and left projective dimensions of w.
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dimensions.

81. Introduction

Let R be a left and right Noetherian ring and n > 1. It was proved by Auslander
that the flat dimension of the ith term in the minimal injective resolution of Ry is
at most i for any 0 < ¢ < n if and only if the strong grade of ExtE(M, R) is at least
i for any finitely generated left R-module M and 1 < i < n; this result is left—right
symmetric ([FGR, Thm. 3.7]). In this case, R is called Auslander n-Gorenstein.
If R is Auslander n-Gorenstein for all n, then it is said to satisfy the Auslander
condition. This condition is a noncommutative version of commutative Gorenstein
rings. It is known that Auslander n-Gorenstein rings and the Auslander condition
play a crucial role in homological algebra, representation theory of artin algebras
and noncommutative algebraic geometry; see [AR1, AR2, B, CSS, EHIS, FGR,
H1, H3, HI, HQ, IS, IY1, IY2] and references therein. In particular, Auslander
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n-Gorenstein rings and some generalized versions were characterized in terms of
the properties of the double functor Exthe, (Exth(—, R), R) and certain (strong)
grade conditions of Ext-modules, and a series of cotorsion pairs were constructed
under the Auslander condition ([HI]).

It is well known that the (Auslander) transpose is one of the most powerful
tools in representation theory of artin algebras and Gorenstein homological alge-
bra; see [AB, ARS, EJ]. To dualize this important and useful notion, we introduced
in [TH1] the notion of the cotranspose of modules and then obtained many dual
counterparts of interesting results ([TH1, TH2, TH3, TH4]). As a dual of the notion
of the (strong) grade of modules, we introduced in [TH1, TH4] the notion of the
(strong) cograde of modules, and obtained the dual versions of some results about
the (strong) grade of modules. Let R and S be rings and gwg a semidualizing bi-
module. In this paper, we will study when the double functor Torf (w, Exth(w, —))
preserves epimorphisms and the double functor Extlé(w,Torf (w,—)) preserves
monomorphisms in terms of the (strong) cograde conditions of modules and some
related properties of the cotranspose of modules, and also investigate the relation-
ship between certain cograde conditions of modules and complete cotorsion pairs.
This paper is organized as follows.

In Section 2 we give some terminology and some preliminary results.

Let R and S be rings and grwg a semidualizing bimodule. In Section 3 we inves-
tigate when Tor? (w, Ext% (w, —)) preserves epimorphisms and Ext’,(w, Tor? (w, —))
preserves monomorphisms in terms of the (strong) cograde conditions of modules.
Let n, k > 0. We prove that the Tor-cograde of Extg’k(w, M) with respect to w is
at least 7 for any left R-module M and 1 < i < n if and only if Tor{ (w, Ext’ (w, f))
is an epimorphism for any epimorphism of left R-modules f: B — C with B, C
being a (k + 1)-cosyzygy and 0 < ¢ < n — 1 (Theorem 3.5), and that the Ext-
cograde of Tor} 1 (w, N) with respect to w is at least 4 for any left S-module N
and 1 < i < n if and only if Exth(w, Tors (w,g)) is a monomorphism for any
monomorphism of left S-modules g: B’ — C’ with B’, C' being a (k + 1)-yoke
and 0 < i < n—1 (Theorem 3.7).

Moreover, we prove that the strong Tor-cograde of ExtzHC (w, M) with respect
to w is at least ¢ for any left R-module M and 1 < i < n if and only if for any
exact sequence of left R-modules0 - A — B L ¢ = 0 with A an (1—1)-P,(R)-
syzygy of an (i + k — 1)-cosyzygy, Torf (w, Extﬁ(w, f)) is an epimorphism for any
0 < i <n—1 (Theorem 3.8), and that the strong Ext-cograde of Tor;%rk (w, N)
with respect to w is at least ¢ for any left S-module N and 1 < i < n if and only if
for any exact sequence of left S-modules 0 — A % B — € — 0 with C an (i — 1)-
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7.,(S)-cosyzygy of an (i + k —1)-yoke, Ext (w, Tors (w, g)) is a monomorphism for
any 0 < ¢ <n—1 (Theorem 3.9).

In Section 4 we introduce the notion of w satisfying the (quasi) n-cograde
condition in terms of the properties of the strong cograde of modules. By using
the results obtained in Section 3 we give some equivalent characterizations for w
satisfying such conditions (Theorems 4.8 and 4.14). In particular, the n-cograde
condition is left-right symmetric, but the quasi n-cograde condition is not. In
addition, we prove that the Tor-cograde of Exté,—i(w,M ) with respect to w is at
least ¢ — 1 for any M € Mod R and 1 < 7 < n if and only if the Ext-cograde of
Torf(w7 N) with respect to w is at least ¢ — 1 for any N € ModS and 1 < i< n
(Theorem 4.19).

In Section 5 we prove that if one of the equivalent conditions in Theorem 4.19
mentioned above is satisfied, then the right S-projective dimension pdge, w of w
is at most n — 1 if and only if (P,,-idS" ' (R), gw'") forms a complete cotorsion
pair, and that the left R-projective dimension pdp w of w is at most n — 1 if and
only if (wg ™, Z,-pdS"71(S)) forms a complete cotorsion pair (Theorem 5.6); see
Sections 2 and 5 for the details of this notation.

In Section 6 we introduce the finitistic P, (R)-injective dimension FP,-id R
of R and the Z,,(S)-projective dimension FZ,-pd S of S. We prove that if the Tor-
cograde of Extipfrk (w, M) with respect to w is at least ¢ for any M € Mod R and
i > 1, then FP,-id R < pdpw < FP,-id R+ k. Further, we prove that if the Ext-
cograde of Tori_k (w, N) with respect to w is at least i for any N € Mod S and i > 1,
then FZ,,- pd S < pdgep w < FZ,,- pd S+k (Theorem 6.3). As an application, we get
that for an artin algebra R, if R satisfies the Auslander condition then FPD R°P =
FID R°? = idgor R = idg R = FPD R = FID R, and if R satisfies the right quasi
Auslander condition then FPDR < FIDR = idge» R = idg R < FPDR + 1,
where FID R, FPD R, idgor R and idg R are the finitistic injective dimension, the
finitistic projective dimension, the right and left self-injective dimensions of R
respectively (Corollary 6.9).

82. Preliminaries

Throughout this paper, all rings are associative rings with units. For a ring R,
Mod R (resp. mod R) are the class of left (resp. finitely generated left) R-modules.
Let M € Mod R; we use Addg M to denote the subclass of Mod R consisting of
modules consisting of direct summands of direct sums of copies of M, and use
pdp M, fdg M and idr M to denote the projective, flat and injective dimensions
of M respectively.
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Definition 2.1 ([ATY, HW]). Let R and S be rings. An (R-S)-bimodule gpwg is
called semidualizing if the following conditions are satisfied:

(al
(a2
(

) rw admits a degreewise finite R-projective resolution.
)
b1) The homothety map rRr ™3 Homgop (w,w) is an isomorphism.
)
)
)

ws admits a degreewise finite S-projective resolution.

(b2) The homothety map gSs x Homp(w,w) is an isomorphism.
(cl Ext?(w,w) =0.
(c2) ExtZa,(w,w) = 0.

Wakamatsu in [W1] introduced and studied the so-called generalized tilting
modules, which are usually called Wakamatsu tilting modules; see [BR, MR]. Note
that a bimodule rwg is semidualizing if and only if it is Wakamatsu tilting ([W3,
Cor. 3.2]). Examples of semidualizing bimodules are given in [HW, S; TH2, TH4,
W2].

From now on, R and S are arbitrary rings and we fix a semidualizing bimodule
rws. For convenience, we write

(-). = Hom(w,—) and ()" := Hom(,w),
pwt = {M € Mod R | EXtil(W,M) =0},
U.)ST = {N = Mod S | Torgl(waN) = O}

For any n > 1 we write

rwb := {M € Mod R | Ext;,~'S"(w, M) = 0},

ws '™ :={N € Mod S | Torf@gn(w,N) =0};
in particular, pw'® = Mod R and wg'® = Mod S. We define wg'™ and pw'"
symmetrically. Following [HW] set
Fo(R) :={w®g F | F is flat in Mod S},
Pu(R) :={w®g P | P is projective in Mod S},
Z,(S) := {I. | I is injective in Mod R}.

The modules in F,(R), P,(R) and Z,(S) are called w-flat, w-projective and w-
injective respectively. Note that P,(R) = Addgw ([TH4, Prop. 3.4(2)]). The
classes of F,(S°P), P,(S°P) and Z,,(R°P) are defined symmetrically.

Let M € Mod R and N € Mod S. Then we have the following two canonical
valuation homomorphisms:

Op:w®s M, — M
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defined by Oy(z ® f) = f(x) for any = € w and f € M,, and
pun: N = (w®g N).

defined by un(y)(z) = ¢ ® y for any y € N and z € w. Recall that a module
M € ModR is called w-cotorsionless (resp. w-coreflexive) if 65 is an epimor-
phism (resp. an isomorphism) ([TH1]), and a module N € Mod S is called adjoint
w-cotorsionless (resp. adjoint w-coreflexive) if ppn is a monomorphism (resp. an
isomorphism) ([TH3]).

Definition 2.2 ([HW]). (1) The Auslander class A, (S) with respect to w con-
sists of all left S-modules N satisfying the following conditions:
(Al) N e u)ST.
(A2) w®s N € pwt.
(A3) pp is an isomorphism in Mod S.
(2) The Bass class B,(R) with respect to w consists of all left R-modules M
satisfying the following conditions:
(B1) M € RWT.
(BQ) M, € OJST.
(B3) 0 is an isomorphism in Mod R.

For a module M € Mod R we use

i

0 1 i—1 .
(2.1) 0 M—1°mM) L 1v(M) L s () L -

to denote the minimal injective resolution of M. For any n > 1, coQ"(M) :=
n—1

Img is called the n-cosyzygy of M; in particular, COQO(M) = M. We use
co)"(R) to denote the subclass of Mod R consisting of n-cosyzygy modules. We

defined co2"(S°P) symmetrically.

Definition 2.3 ([TH1]). Let M € Mod R and n > 1.

(1) ¢Tr, M := Coker(g",) is called the cotranspose of M with respect to pws,
where ¢° is as in (2.1).

(2) M is called n-w-cotorsionfree if ¢Tr,, M Ewg '™ and is called co-w-cotorsionfree
if it is n-w-cotorsionfree for all n.

We use cT,(R) (resp. ¢T(R)) to denote the subclass of Mod R consist-
ing of n-w-cotorsionfree modules (resp. oo-w-cotorsionfree modules). We define
cT 7 (S°P) symmetrically. By [TH1, Prop. 3.2] we have that a module in Mod R is
w-cotorsionless (resp. w-coreflexive) if and only if it is in ¢71(R) (resp. ¢T2(R)).
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Recall from [E] that a homomorphism f: FF — N in Mod S with F' flat is
called a flat cover of N if Homg(F’, f) is epic for any flat module F’ in Mod S,
and an endomorphism h: F' — F is an automorphism whenever f = fh. Let
N € Mod S. Bican, El Bashir and Enochs proved in [BBE] that N has a flat cover.
We use

(2.2) I m Ny D B () S By(N) = N 0

to denote the minimal flat resolution of N in Mod S, where each F;(N) — Coker f;
is a flat cover of Coker f;. For any n > 1, Q%(N) := Im f,,_; is called the n-yoke
of N; in particular, Q%(N) = N. We use Q%(S) to denote the subclass of Mod S
consisting of n-yoke modules. We define Q' (R°P) symmetrically.

Definition 2.4 ([TH3]). Let N € Mod S and n > 1.

(1) acTry, N := Ker(1l, ® fo) is called the adjoint cotranspose of N with respect
to rwg, where fy is as in (2.2).

1

(2) N is called adjoint n-w-cotorsionfree if acTr, N € gw—" and is called adjoint

o00-w-cotorsionfree if it is adjoint n-w-cotorsionfree for all n.

We use acT . (S) (resp. acT w(S)) to denote the subclass of Mod S consisting
of adjoint n-w-cotorsionfree modules (resp. adjoint oco-w-cotorsionfree modules).
We define ac7, (R°P) symmetrically. By [TH3, Prop. 3.2] we have that a module
in Mod S is adjoint w-cotorsionless (resp. adjoint w-coreflexive) if and only if it is

in acTL(S) (resp. acT2(S)).

Definition 2.5 ([TH4]). (1) Let M € Mod R and n > 0. The Ext-cograde of M
with respect to w is defined as E-cograde, M := inf{i > 0 | Ext’(w, M) # 0}
and the strong Ext-cograde of M with respect to w, denoted by s.E-cograde,, M,
is said to be at least n if E-cograde, X > n for any quotient module X of M.
The (strong) Ext-cograde of a module in Mod S°P is defined symmetrically.

(2) Let N € Mod S and n > 0. The Tor-cograde of N with respect to w is defined
as T-cograde, N := inf{i > 0 | Tor{ (w, N) # 0} and the strong Tor-cograde
of N with respect to w, denoted by s.T-cograde,, N, is said to be at least n if
T-cograde,, Y > n for any submodule Y of N. The (strong) Tor-cograde of a
module in Mod R°P is defined symmetrically.

Let X be a subclass of Mod R and M € Mod R. An exact sequence (of finite
or infinite length)

=X, =2 X1 =2 Xo 2> M—-0
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in Mod R is called an X-resolution of M if all X; are in X. The X -projective
dimension X-pdg M of M is defined as inf{n | there exists an X-resolution

0=-X, = =2X1=+Xg—-M—=0

of M in Mod R}. The notions of an X -coresolution and the X-injective dimension
X-idgr M of M are defined dually.

Let F be a subclass of Mod R. A module M € Mod R is said to have special
F-precover if there exists an exact sequence

0O—-K—>F—M—0

in Mod R with F € F and Exty(F’, K) = 0 for any F’ € F. The class F is called a
special precovering if any module in Mod R has a special F-precover. The notions

of special F-preenvelopes and special preenveloping classes are defined dually (see
[EJ]).

Definition 2.6 ([GT]). Let U, V be subclasses of Mod R. The pair (U, V) is called
a cotorsion pair if U = 11V := {U € Mod R | Exts(U,V) = 0 for any V € V} and
V=U":={VeModR | Ext,(U,V) =0 for any U € U}.

The following is Salce’s lemma.

Lemma 2.7 (Cf. [GT, Lem. 2.2.6]). Let (U, V) be a cotorsion pair in Mod R. Then
the following statements are equivalent:

(1) Any module in Mod R has a special U-precover.
(2) Any module in Mod R has a special V-preenvelope.

In this case, the cotorsion pair (U, V) is called complete.

Definition 2.8. Let X be a subcategory of an abelian category £ and n > 1. If
there exists an exact sequence

0O-N—-Xg—=>--—=X,-1—>M—=0

in £ with all X; in X, then N is called an n-X-syzygy of M and M is called an
n-X-cosyzygy of N.

For subcategories X', ) of an abelian category £ and n > 1, we write

Q% () :={N € A| N is an n-X-syzygy of some object in Y},
coQy (V) :={M € A| M is an n-X-cosyzygy of some object in V}.
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In particular, Q% (Y) = ¥ = coQ% (V) and Q') = 0 = coQ3' (V). For conve-
nience, we write
OL(S) = 4o (Mod S), 92 (8) == 9o (ModS),
Q%w (ROP) = Q%w(Rop)(MOd }%Op)7
coQg(R) := coQp gy (Mod R),  coQx (R) := coQl (g (Mod R),
coQlp (R) = colp (g)(Mod R), co2p_(SP) := co2p_(gery(Mod SP).

Lemma 2.9. We have

(1) QF (S) = acT,(5);
(2) cop_(R) =cTL(R).

Proof. (1) By [TH3, Prop. 3.8] we have acT,(S) C QL (S). Now let N € Q) (S)
and let fO: N » I° be a monomorphism in Mod S with I° € Z,,(S). Then from
the commutative diagram

fO

No—u [0

luz\f i“lo
Lu®f0).
(wos N 2w e 1),

with o an isomorphism, we get that py is a monomorphism and N € acT(S).
It implies Q1 (S) C acTL(S).

(2) By [THL, Prop. 3.7] we have ¢T_(R) C coQp_(R). Now let M € coQp_(R)
and let fo: Wy — M be an epimorphism in Mod R with Wy € P, (R). Then from
the commutative diagram

1,® fo,
w®s Wo, 4f0>w®sM*

o
fo

Wo M

)

with @y, an isomorphism, we get that 6y, is an epimorphism and M € ¢T(R).
It implies coQp_(R) C cTL(R). O

Let C, £ be abelian categories and A: C — £ a functor. Recall that a sequence
T in C is called A-ezact if A(T) is exact in €.
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§3. (Strong) cograde conditions and double homological functors

In this section we investigate when Torgq (w, Ext’y(w, —)) preserves epimorphisms
and Extke, (w, Tor®(—,w)) preserves monomorphisms in terms of the (strong)
cograde conditions of modules.

§3.1. Cograde conditions

We begin with the following lemma.

Lemma 3.1. (1) Let M € Mod R with the minimal injective resolution as (2.1).
Then there exists an exact sequence

(3.1) 0= Exth(w, M) =25 ¢Try, M -5 I'(M),/ co (M), — 0

in Mod S such that 1, ® 7 is an isomorphism.

(2) Let N € Mod S with the minimal flat resolution as (2.2). Then there exists an
exact sequence

(3.2) 0 — Im(l, ® f1) % acTr, N - Tor{ (w, N) = 0
in Mod R such that o, is an isomorphism.

Proof. (1) Let ¢° = a-f (where 8: I°(M) — coQ* (M) (= Im ¢°) and a: coQ* (M)
— I'(M)) be the natural epic-monic decomposition of g°. Then we have the
commutative diagram with exact columns and rows

0 0
I
I
5 Al
0 —— M, — I°(M), ——> coQ* (M), — Exth(w, M) —=0
I
q°. ¥ v
0— M, —=I°(M), —>T1'"(M), ——cTr, M ——=0
I
T |
Y
C C
I
I
A
0 0

in Mod S, where C' = I'(M)./coQ*(M),, m; is the natural epimorphism, A and
7 are induced homomorphisms. The rightmost column in the above diagram is
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exactly the exact sequence (3.1). Notice that

1
0 — coQ! (M), 25 IY(M), L= 12(M),

is exact, so there exists a homomorphism 6: C — I?(M), in Mod S such that
g', =6-m,and hence g', =0 -7 =0 -7 .

By [HW, Lem. 4.1], for any injective module I € Mod R we have w®g I, = |
canonically. So the upper row in the commutative diagram

(0] 1
w®s (M), 220w @g IV (M), =202 w0 12(M),

ih@v TIW(@&
1,Qm
w®g cTry, M w®g C

is exact. Let z € Ker(1, ® 7). Then there exists y € w ®g I'(M), such that
x = (1, ®y)(y). It follows that

(Lo ® ")) = (1u®0) - (Lo ®7) - (L, ®7)(y) = (1w ®6) - (L, @ 7)(z) = 0.

So y € Ker(l, ® ¢g,) = Im(1, ® ¢°,), and hence there exists z € w ®g I°(M),
such that y = (1, ® ¢*,)(2). Thus

=L@y =lo®7) (lu®g’)(2) = (lo® (v-¢°,))() =0,
which implies that 1, ® 7 is a monomorphism, and hence an isomorphism.

(2) Let fo = o - 8 (where f': Fi(N) - Q%(N)(= Im f) and o/: Q% (N) —
Fy(N)) be the natural epic-monic decomposition of fy. Then we have the commu-
tative diagram with exact columns and rows

0 0
I
I
\
Im(lw Y fl) _— Im(lw ® fl)
I
| o o1

\ 1,® fo

0*>&CTFMN*TI>OJ®5F1(N)*>W®5F0( ——w®g N —>0

7—>w®sN—>0

v ’
1 1,Q«a

N)
I
I 1,88
0 — Torf (w, N) —— w @5 Q%L (N) > w ®g Fy(N)

\
\
Y
0 0
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in Mod R, where ¢ and 7 are induced homomorphisms. The leftmost column in
the above diagram is exactly the exact sequence (3.2). Notice that

w®s Fa(N) 2 wos FI(N) 2 w05 QL(N) = 0

is exact, so there exists a homomorphism ¢: w ®g Fo(N) — Im(1,, ® f1) in Mod R
such that 1, ® fi =01 - ¢, and hence 1, ® fi=01-¢0=1n-0-¢.

By [HW, Lem. 4.1], for any flat module F' € Mod S we have F & (w ®g F).
canonically. So the upper row in the following commutative diagram is exact:

(1.®f1)« (1,8 f0)~
(w®s Fa(N)), ——"(w @s Fi(N)). —=(w ®s Fo(N)).

im I

(Im(1, ® f1))s——— (acTry, N)..

Let z € (acTr,, N).. Since ((1o ® fo)« - ) (@) = (((1u ® fo) - n)+)(x) = 0, we have
that n.(z) € Ker(l, ® fo)« = Im(1, ® f1). and there exists y € (w ®g F2(N)).
such that 7. (z) = (1, ® f1)«(y). Thus

1:(2) = (Lo @ f1)«(y) = (1 - 0w - D) (v)-

As n* is monic we have z = 0.(¢.(y)). It means that o, is an epimorphism, and
hence an isomorphism. O

The following two lemmas are useful in this section.

Lemma 3.2. Assume that coQ"(R) C ¢T ) (R) with m,n > 0. Then the following
statements are equivalent:

(1) T-cograde, Ext);t!(w, M) = m for any M € Mod R.
(2) coQ"H(R) C T (R).

Proof. Because any injective module in Mod R is in ¢7(R) by [THI, Lem. 2.5(2)],
we have coQ" " (R) C ¢TL(R) for any n > 0, and the case for m = 0 follows. Now
suppose that m > 1 and M € Mod R. By Lemma 3.1(1) there exists an exact
sequence
0 — Exth(w, coQ™(M)) = ¢Tr, coQ™ (M) = C — 0

in Mod S such that 1, ®7 is an isomorphism, where C' = I"t1(M), /coQ" (M), .
Because coQ"(R) C ¢7'(R) by assumption, we have that both ¢Tr, coQ™ (M)
and ¢Tr,, coQ" (M) are in wg ™. It yields that

Tor} (w, Exty (w, M)) 2 Tor} (w, Extj(w, coQ™(M))) = Torf,  (w, C)
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for any 0 < ¢ < m — 1. In addition, we also have an exact sequence
0— C — I""2(M), — cTr, coQ" ™ (M) =0
in Mod S. By [HW, Cor. 6.1] we have I"*2(M), € ws'. So
Tor{ (w, Exts™ (w, M)) 2 Torf, ; (w, C) = Tor}, 5 (w, cTr,, coQ™ (M)

for any 0 < ¢ < m — 1. Thus we conclude that Torggigm_l(w,Ext%H(w,M)) =
0 if and only if ¢Tr, coQ" (M) € wg ™+, and if and only if coQ™** (M)
T H(R). The proof is finished.

O m

Lemma 3.3. Assume that Q%(S) C acT,, (S) with m,n > 0. Then the following
statements are equivalent:

(1) E-cograde,, Tor,SLH(w, N)=m for any N € Mod S.
(2) QF(S) CacTH(S).

Proof. Because any flat module in Mod S is in acT . (S) by [TH3, Cor. 3.5(1)], we
have Q%(S) C acTL(S) for any n > 0, and the case for m = 0 follows. Now
suppose that m > 1 and N € ModS. By Lemma 3.1(2), there exists an exact
sequence

0= Im(ly ® fri1) = acTr, QE(N) 5 Tory (w, QE(N)) = 0

in Mod R such that o, is an isomorphism. Because Q'%(S) C acT, (S) by assump-
tion, we have that both acTr,, Q%(N) and acTr, Q" (N) are in grw'™. It yields
that

Extl (w, Tors, ; (w, N)) 2 Exty (w, Tor? (w, Q%(N))) = Extif (w, Im(1y ® fni1))
for any 0 < ¢ < m — 1. In addition, we also have an exact sequence

0 — acTr, Q% (N) = w ®g Fupa(N) = Im(1y @ fri1) = 0
in Mod R. By [HW, Cor. 6.1] we have w ®g F,,42(N) € rwt. So

Ext (w, Tor, ; (w, N)) 2 Extd ! (w,Im(1, @ fri1)) = Exti?(w, acTr, Q% (N))

for any 0 < 7 < m— 1. Thus we conclude that Ext%~"S™ ! (w, Torsy, 1 (w,N)) = 0 if
and only if acTr, QF(N) € gwt=+1, and if and only if QFT(N) € acT T (9).
The proof is finished. O

Let 7 C W be subcategories of an abelian category £. Recall that T is called
a generator (resp. cogenerator) for W if for any W € W, there exists an exact
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sequence
O0—=-W T —=W —=0 (resp. 0> W =T — W' —0)
in €& with T €7 and W e W.

Lemma 3.4. (1) P,(R) is a generator for B,(R).
(2) coQ™(R) C coQj3(R) = cox (R) = coQlp_(R) for any n > 1.

Proof. (1) Let M € B,,(R). Then by [TH1, Thm. 3.9 & Prop. 3.7] there exists an
exact sequence
= W =W Wy =M =0

in Mod R with all W; € P,,(R) such that it remains exact after applying the functor
Homp(w, —). Put My := Im(W; — Wy). Then M; € ¢T,(R) by [TH1, Prop. 3.7].
Because both M and W are in rw', we have M; € rwt. So M; € B,(R) by
[TH1, Thm. 3.9].

(2) Let n > 1. By [HW, Lem. 4.1] we have that B, (R) contains all injective left
R-modules, which yields coQ"(R) C coQi(R). Because B, (R) 2 F,(R) 2 P, (R)
by [HW, Cor. 6.1], we have coQj(R) 2 coQ% (R) 2 cof2p (R). Because By (R) is
closed under extensions by [HW, Thm. 6.2], we have coQ2z(R) = coQp_(R) by (1)
and [H4, Cor. 5.4(2)]. O

In the following result, we characterize when the double functor Torf(w,
Extzé(w,—)) preserves epimorphisms in terms of the Tor-cograde conditions of
Ext-modules.

Theorem 3.5. Conditions (1)—(3) below are equivalent for any n,k > 0. If k > 1

then (1)—(4) are equivalent.

(1) T-cograde,, Ext*(w, M) > i for any M € Mod R and 1 <i < n.

(2) Torf(w,Ext}é(w,f)) is an epimorphism for any epimorphism f: B — C in
Mod R with B,C € COQI;;:l(R) and 0 <i<n—1.

(3) Torf(w,EthR(w,f)) is an epimorphism for any epimorphism f: B — C in
Mod R with B,C € co2**'(R) and 0 <i <n— 1.

(4) co*(R) C cTE(R) for any 1 <i < n.

Proof. By using induction on 4, (1) < (4) follows from Lemma 3.2.

(1) = (2) Let f: B — C be an epimorphism in Mod R with B,C € COQ%tl(R).
Then C' = COQ;C;—:l(C/) for some C’ € Mod R. By (1) we have

Tor? (w, Ext’y (w, 0)) = Tor} (w, Extd ™ (w,C") =0
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for any 1 < i < n— 1. Thus Tor (w, Ext’s(w, f)) is epic. In the following we will
show that 1“J ® [« is epic.

If k > 1 then co®j, (R) C ¢T 5(R) by Lemma 2.9(2). So coQpt ' (R) € ¢T3 (R)
by Lemma 3.2, and hence B,C € ¢T2(R). It follows that 1, ® f. = f and 1, ® f.
is epic.

Now suppose k£ = 0. We have an epimorphism p: W — B in Mod R with
W € Addgr w. From the exact sequence

0= M W2 o0

in Mod R with M; = Ker(f - p), we get the exact sequence

(f D)

W C. — BExth(w, M;) = 0

in Mod S. By (1), w ®s Exty(w, M1) =0. S0 (1, ® f) - (1o @ ps) = 1, @ (f - p)«
is epic, which implies that 1, ® f. is also epic.

By Lemma 3.4(2), we have (2) = (3).
(3) = (1) Let M € Mod R. From the exact sequence
0 — coQ*(M) — I*(M) N coQ* (M) — 0
in Mod R, we get the exact sequence
I(M), L2 o (M), = BxthH (w, M) = 0

in Mod S. Since 1, ® f, is an epimorphism by (2), we have w®g Ext}™ (w, M) =0
and T-cograde,, Ext§;t! (w, M) > 1. In addition, for any 1 <i <n — 1,

P 3 (w,Ext?, (w
0 = Tor (w, Extp(w, 1*(a1))) " 250

Tor? (w, Bxt (w, co* (M)
is epic by (3), so we have
Tor? (w, Ext’grkﬂ(w, M) 2 Tor? (w, Extiy (w, co* 1 (M))) = 0.
Thus T-cograde,, Ext " (w, M) > i+ 1 for any 0 <i < n — 1. O

Lemma 3.6. (1) Z,(S) is a cogenerator for A,(S).
(2) Q%(S) € QY(S) = Q% (S) for anyn > 1.

Proof. (1) Let N € A, (S). Then by [TH3, Thm. 3.11(1)] there exists an (w®g—)-
exact exact sequence

0> N>US U S U2
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in Mod S with all U? € Z,(S). Put N! := Im(U° — U'). Then N! € acT,(S)
by [TH3, Cor. 3.9]. Because both N and U° are in wg' we have N* € ws'. So
N' e A,(S) by [TH3, Thm. 3.11(1)] again.

(2) Let n > 1. By [HW, Lem. 4.1] we have that A, (S) contains all flat left S-
modules, which yields Q%(S) C Q7 (S). Because A, (S) is closed under extensions
by [HW, Thm. 6.2], we have Q7 (S) = Q% (S) by (1) and [H4, Cor. 5.4(1)]. O

In the following result we characterize when the double functor Ext(w,
Tor;9 (w, —)) preserves monomorphisms in terms of the Ext-cograde conditions of
Tor-modules.

Theorem 3.7. Conditions (1)—(3) below are equivalent for any n,k > 0. If k > 1
then (1)—(4) are equivalent.

(1) E-cograde,, Tor?, (w, N) =i for any N € Mod S and 1 < i < n.

(2) Exty(w, Tors (w,g)) is a monomorphism for any monomorphism g: B' — C'
in Mod S with B',C" € Q5™(S) and 0 < i <n—1.

(3) Exth(w, Tor? (w,g)) is a monomorphism for any monomorphism g: B' — C'
in Mod S with B',C" € Q% (S) and 0 <i<n— 1.

(4) QIFF(S) CacTLH(S) for any 1 < i < n.

Proof. By using induction on i, (1) < (4) follows from Lemma 3.3.

(1) = (2) Let g: B' — C’ be a monomorphism in Mod S with B’,C" € Qéjl(S)
Then B’ = Qéjl(B”) for some B” € Mod S. By (1) we have

Ext (w, Tor} (w, B')) = Extly(w, Tor?, ;1 (w, B")) =0

for any 1 <i < n — 1. Thus Ext%(w, Tor? (w, g)) is monic. In the following we will
show that (1, ® g), is monic.

If k > 1 then QF (S) C acT}(S) by Lemma 2.9(1). So Q5+!(S) C acT(S)
by Lemma 3.3, and hence B’,C’ € acT?2(S). It follows that (1, ® g). = g and
(1, ® g)« is monic.

Now suppose k = 0. We have a monomorphism 7: C’ »— U in Mod S with
U € Z,(5). From the exact sequence

0B X% UL, —0

in Mod S with L; = Coker(i - g), we get the exact sequence

lo®

0 — Tor? (w, L1) — w®g B’ o), ®Rs U
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in Mod R. By (1), (Tor} (w,L1))s = 0. So (1, ® i)y - (1y ® g)u = (Lo @ (i - g))s i
monic, which implies that (1, ® g). is also monic.
By Lemma 3.6(2) we have (2) = (3).
(3) = (1) Let N € Mod S. From the exact sequence
0— Q5EFH(N) L Fy(N) — Q5% (N) =0

in Mod S, we get the exact sequence

0 — Torj 1 (w, N) = w®g Q5E(N) 89 ®s Fy(N)

in Mod R. Since (1, ®g). is a monomorphism by (2), we have (Tory, ; (w, N)). =0
and E-cograde,, Torfﬂ(w, N) > 1. In addition, for any 1 < i< n—1,

Ext® (u.uTorf (w,9))
R

Extl (w, Tor} (w, Q% (N))) Ext (w, Tor? (w, Fi(N))) = 0

is monic by (3), so we have
Ext’ (w, Torf+k+1(w, N)) = Extly(w, Torf(Q§:+1(w, N)))=0.
Thus we conclude that E-cograde,, TorerkH (w,N) zi+1lforany0 <i<n—-1. O
83.2. Strong cograde conditions
Compare the following result with Theorem 3.5.

Theorem 3.8. For any n > 1 and k > 0, the following three statements are
equivalent:

(1) s.T-cograde,, Ext*(w, M) > i for any M € Mod R and 1 <i < n.

(2) For any exact sequence

OHA%Bi)C%O

in Mod R with A € Q;;:(coflé,tkfl(R)), Tor? (w, Extl (w, f)) is an epimor-
phism for any 0 < i< n—1.

(3) For any exact sequence

05AsB-1050

in Mod R with A € Q;;wl(coQHk_l(R)), Tor? (w, Bxth(w, f)) is an epimor-
phism for any 0 <i<n—1.

Moreover, if k =0 then any of the above statements is equivalent to the following
one:
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(4) For any exact sequence

0A—=B-L 00
in Mod R, Torf(w,ExtﬁR(w, 1)) is an epimorphism for any 0 <i < n— 1.

Proof. (1) = (2) Let A = Q;;wl(coQ%kfl(A’)) with A’ € Mod R. For any i > 0,
by dimension shifting we have an exact sequence

Extjé(w,f)

Ext*(w, A") % Exth(w, B) Exth(w, C) — Ext5 1 (w, A")

in Mod S, which induces exact sequences
Tor? (w, Bxth (w, B)) —— Tor? (w, Im(Ext (w, f))) — Tory_ (w, Ker(Exth (w, £)))
and
Tor? (w, Im(Ext (w, f))) —= Tor? (w, Exth (w, C)) — Tor? (w, Coker(Exth (w, £)))
in Mod R. Since Coker(Exth(w, f)) C Exti* ! (w, A’), by (1) we have
Tor? (w, Coker(Exth(w, f))) =0

for any 0 < ¢ < n — 1. Moreover, it follows from (1) and the exact sequence

0 — Kerg — Ext*(w, A") — Ker(Exth(w, f)) — 0

in Mod S that Tory | (w, Ker(Ext%(w, f))) = 0 for any 0 < i < n — 1. Thus
Tor? (w, Extl (w, f)) = b - a is an epimorphism for any 0 < i < n — 1.

By Lemma 3.4(2) we have (2) = (3).

(3) = (1) Let M € ModR. Fix i (1 € ¢ < n) and an S-submodule L of
Exti;iHC (w, M). Take an epimorphism a: P — L in Mod S with P projective and

a’ the composition
a ,
P — L« Ext " (w, M).

Then o can be lifted to b: P — coQ"*(M),. Take the pull-back diagram

d X = w®s P—0

| ;

0 — coQ (M) —— I+ ( M) — coQ" (M) — 0

0 — coQ =1 (M)

(3.3)

)

where b’ is the composition

0

w®s P =% weg coQith (M), oA coQV TR (M),
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It induces the following commutative diagram with exact rows:

C.

0 — coQitk- 1 ) e X, "> (w®g P).

T e

0 — coQTFH (M), —— THR=1(M), — coQTF (M), —— Ext& " (w, M) —— 0.

In the following we will proceed by induction on i. Let i = 1. Since 1, ®cyis
epic by (3), we have w ®gs L = 0 and s.T-cograde,, Ext}{rk (w, M) >

Assume that statement (1) holds for any 1 < ¢ < n—1. Now con51der the case
for i = n. By the induction hypothesis we have s. T cograde Ext”]C (w, M) > i for
any 1 <i <n— 1 and s.T-cograde,, Ext’;"*(w, M) > n — 1. Then COQn+k Y(M) e
cTZfl(R) by Lemma 3.2. Because w ®g P € cTﬁfl(R) by [TH1, Prop. 3.7],
it follows from [TH5, Lem. 4.3] that X in the (3.3) is in ¢772 '(R). By [THI,
Prop. 3.7] again, there exist Hompg(Addr w, —)-exact exact sequences

0=Y =W, 5= = W) = coQ" ™M) =0
and

0=-Y->W,o0— - =>Wy—=X—=0

in Mod R with all W}, W; in Addg w. Then both Y and Y are in pwEn—1 and we
get the commutative diagram

0 Y’ L, " W coQ" LM —— 0
! \ !
lg | \ ld
¥ ¥ ¥

0 Y Wh_o . Wo X 0.

We can guarantee that g is a monomorphism by adding a direct summand in
Addgw (for example W) _5) to Y and W,,_o. Thus we get an exact sequence

0-Y Ly 52z 50
in Mod R with Z = Coker g. Since
Coker(Ext, ! (w, h)) = Ker(Ext(w, 9)) = Ker(Ext};(w, d)) = Cokerc, = L

we obtain L = Exty (w, Z). Since Y’ € Q”fl(coQ”Jrk*l(R)) by (3) we get that
Tors _; (w, Ext ! (w, h)) is epic. So Tors_, (w, L) = 0 and s.T-cograde,, Ext’s™ (w,
M) = n.

When k& = 0 the proof of (3) = (1) = (2) is in fact that of (4) < (1) by just
removing the first sentence and putting A’ = A at the beginning of the proof of
(1) = (2). O
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Compare the following result with Theorem 3.7.

Theorem 3.9. For any n > 1 and k > 0, the following three statements are
equivalent:

(1) s.E-cograde, Tor;-ik(w, N) =i for any N € Mod S and 1 <i < n.
(2) For any exact sequence

0-A-LBSC—0

in Mod S with C € COQZl(QHk_l(S)), Ext (w, Tor? (w, g)) is a monomor-
phism for any 0 <i<n— 1.

(3) For any exact sequence
045 B5C—0

in Mod S with C' € coQZl(Qierkfl(S)), Ext'(w, Tor? (w, g)) is a monomor-
phism for any 0 <i<n—1.

Moreover, if k = 0, then any of the above statements is equivalent to the following
one:

(4) For any exact sequence
045 B—-C—0
in Mod S, Ext's(w, ToriS (w,g)) is a monomorphism for any 0 < i< n— 1.
Proof. (1) = (2) Let C = coQZl(QiItk_l(C')) with C’ € Mod S. For any i > 0,

by dimension shifting we have an exact sequence

or? (w,
Tor}, 1 (w, C") — Tor (w, A) Teri (g0) Tor? (w, B) N Tor?, ), (w, C")

i
in Mod R, which induces exact sequences

Ext’s (w, Ker(Tor} (w, g))) = Extiy(w, Tor? (w, A)) - Ext’s (w, Im(Tor? (w, g)))
and
Extfy ! (w, Coker(Torf (w,g))) — Extlp(w, Im(Torf (w,9))) — Exthy (w,Tor{ (0, B))

in Mod S. Since Ker(Tor? (w,g)) is an R-quotient module of Tor?, , ., (w,C"), by
(1) we have
Ext’(w, Ker(Tor? (w, g))) = 0.
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Moreover, it follows from (1) and the exact sequence
0 — Coker(Tor? (w, g)) — Tor;%rk(w, C") — Coker f — 0

in Mod R that Ext’ ! (w, Coker(Tor? (w,g))) = 0 for any 0 < i < n — 1. Thus
Ext4(w, Tor? (w,g)) = b - a is a monomorphism for any 0 <i < n — 1.
By Lemma 3.6(2) we have (2) = (3).
(3) = (1) Let N € ModS. Fix i (1 < ¢ < n) and an R-quotient module H of
Torf+k (w, N). Take a monomorphism a: H ~ I in Mod R with I injective and o’
the composition

Tori_k(w,N) > H»5 T
Then a’ can be extended to b: w ®g QF*(N) — I. Take the push-out diagram

0 —— QU (V) — Frpyy (V) — QFF 1 (V) ——0

(3.4 i”' i

0 I, & Y 4o Qith-1(N) —0,

where ' is the composition

i P'QiJrk(N) i b,
QFFN) T (w s QR (V). 5 L
It induces the following commutative diagram with exact rows:

0—— Tor;ik(w,N) = w®s QFF(N) —=w @5 Fiip_1(N) —=w@g QFF 1 (N) ——=0

l ih@b’
1,®c 1,®d

0 H w®g I, w®sY

w®g QFFHN) ——0.

In the following we will proceed by induction on i. Let ¢ = 1. Since (1, ® ¢).
is monic by (2), we have H, = 0 and s.E-cograde,, Tori_k(w, N)>1

Assume that statement (1) holds for any 1 < ¢ < n—1. Now consider the case
for i = n. By the induction hypothesis we have s.E-cograde,, Tor? " w(w, N) > i for
any 1 < ¢ < n— 1 and s.E-cograde, Tor§+k(w,N) > n — 1. Then Q¥ 1(N) €
acT" 1(S) by Lemma 3.3. Because I, € acT"~*(S) by [TH3, Prop. 3.8], it follows
from the dual result of [TH5, Lem. 4.3] that Y in diagram (3.4) is in ac7"~*(S).
By [TH3, Prop. 3.8] again, there exist (w ®g —)-exact exact sequences

0=Y U= ... 25U 25X =0

and
0= QL) -Vl 5 V"2 5 X 50
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in Mod S with all U?, V¥ in Z,,(S). Then both X and X’ are in wg "1 and we
get the following commutative diagram:

0 Y U U2 ——X —0
I I I
\Ld | I I f
A Y \
00— QL) Vo V2 - X' ——0.

We can guarantee that f is an epimorphism by adding a direct summand in
Z.,(S) (for example V"~2) to X and U"~2. Thus we get an exact sequence
022 x L x o0
in Mod S with Z = Ker f. Since
Ker(Tor?_,(w, h)) = Coker(Tor? (w, f)) & Coker(Tor} (w, d)) = Ker(1,, ® ¢),

we obtain H = TorS (w,Z). Since X’ € coQg:l(Q?rk*l(S)), by (3) we get
that Ext ' (w, TorS_,(w,h)) is a monomorphism. So Exty *(w,H) = 0 and
s.E-cograde,, T0r§+k(w, N) = n.

When k = 0, the proof of (3) = (1) = (2) is in fact that of (4) < (1) by just
removing the first sentence and putting C’ = C at the beginning of the proof of
(1) = (2). O

§4. (Quasi) n-cograde condition

In this section, we introduce and study the (quasi) n-cograde condition of semi-
dualizing bimodules.

84.1. The n-cograde condition

Definition 4.1. For any n > 1, w is said to satisfy the right n-cograde condition
if s.E-cograde,, Tor? (w, N) > i for any N € ModS and 1 < i < n and w is said
to satisfy the left n-cograde condition if s.E-cograde, Tor:(M’,w) > i for any
M’ € Mod R°? and 1 <7 < n.

As a consequence of Theorems 3.8 and 3.9, we get the following equivalent
characterizations for w satisfying the right n-cograde condition.

Corollary 4.2. For any n > 1 the following statements are equivalent:

(1) s.T-cograde,, Ext%(w, M) > i for any M € Mod R and 1 <i < n.
(2) s.E-cograde,, Tory (w,N) > i for any N € Mod S and 1 <i < n.
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—
w
=

Toris(w, Ext%(w, —)) preserves epimorphisms in Mod R for 0 < i <
0

—~
N
S—

Ext’, (w, Torf(w7 —)) preserves monomorphisms in Mod S for

—~
ot
=

For any exact sequence

0sA—=B-L 00
in Mod R with A € Qé;wl (coQ%;wl (R)), Tor? (w, Bxtl(w, f)) is an epimorphism
forany0<i<n—1.

(6) For any eract sequence

0A-B-L 050
in Mod R with A € Qé;wl (coQ"Y(R)), Tor? (w, Exth(w, f)) is an epimorphism
forany0<i<n—1.

(7) For any exact sequence
0425 B—C—0
in Mod S with C' € COQZl(Qzl(S)), Ext’s (w, Tor? (w, g)) is a monomorphism
forany0<i<n—1.

(8) For any exact sequence
05A-5B5C—0

in Mod S with C € coQizzl(Q?l(S)), Ext(w, Tor? (w, g)) is a monomorphism
forany0<i<n—1.

Proof. By [TH4, Thm. 6.9] we have (1) < (2). By Theorems 3.8 and 3.9 we have
(1) (3) < (5) < (6) and (2) & (4) & (7) & (8) respectively. O

Symmetrically, we have the following equivalent characterizations for w satis-
fying the left n-cograde condition.

Corollary 4.3. For any n > 1 the following statements are equivalent:
(1) s.T-cograde,, Extfgop (w,N") =i for any N' € Mod S°P and 1 <i < n.
(2) s.E-cograde,, Torl(M',w) > i for any M’ € Mod R and 1 < i < n.
3) Torl*(Extbes (w, —),w) preserves epimorphisms in Mod S° for 0 <i < n— 1.
i S
(4) Extlso, (w, Tor?(—,w)) preserves monomorphisms in Mod R°P for 0 < i <
n—1.

(5) For any exact sequence

O—>A—>BL>C—>O
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in Mod S°P with A € Q%,_wl(coﬁéil(sof’)), Torl (Exten (w, f),w) is an epimor-
phism for any 0 <i<n—1.

(6) For any exact sequence

0A->B-L 00
in Mod S°P with A € Qé;wl (coQ™1(8°P)), Torf (Exthe, (w, f),w) is an epimor-
phism for any 0 <i<n—1.
(7) For any eract sequence
045 B—C—0
in Mod R°P with C € coQézl(QiI:l(R‘)p)), Extsop (w, Tor?(g,w)) is a mono-
morphism for any 0 < i< n—1.
(8) For any exact sequence

0-A-LBsC—0

in Mod R°P with C' € COQ%:l(Qg;l(ROP)), Extlsop (w, Tor(g,w)) is a mono-
morphism for any 0 <i<n—1.

In the following we will establish the left-right symmetry of the n-cograde
condition.

Lemma 4.4. Let
0-A—-B—-C—0

be an exact sequence in Mod R such that A is superfluous in B. Then the following

assertions hold:

(1) Let L € Mod R°P. If ' @ g C = 0 for any submodule L' of L, then L&r B = 0.

(2) Let M € Mod R. If Homp(C, M') =0 for any quotient module M' of M, then
Homp(B, M) =0.

Proof. (1) If L ®g B # 0 then there exists € L such that R ® g B # 0. Since
xR = R/I for some right ideal I of R, we have

B/IB®R/I®rB=xR®r B #0
and IB < B. In view of the assumption that A is superfluous in B, it follows that
IB+AS B and

B/A

xR@RC:R/IQ@RC:R/I@RB/A:m

= B/(IB+ A) #0,

which contradicts the assumption.
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(2) If Hompg (B, M) # 0 then there exists a nonzero homomorphism f € Hompg(B,
M). Pick the kernel L of f such that Im f = B/L. Because A is superfluous in B
and f # 0, we have A+ L < B. Then there exists a nonzero natural epimorphism
m: B/A (2 C) - B/(A + L). Note that the inclusions (A + L)/L C B/L C M
induce an embedding homomorphism

B/L M

————— (¥B/(A+ L) > —n+—

(A+L)/L ( / ) (A+L)/L

Then 0 # i - 7 € Hompg(C, ﬁ), which contradicts the assumption. O

It is straightforward to verify the following observation.

Lemma 4.5. (1) If P € Mod R is finitely generated projective then pdge, P* =
Po(R)-idg P.

(2) If @ € ModS°P is finitely generated projective then pdp Q* = P, (SP)-
1d5’0p Q

Lemma 4.6. Let P € Mod R be finitely generated projective and t > 0. Then the
following statements are equivalent:

(1) pdger P* < t.

(2) Pu(R)-idgr P < t.

(3) Extiii(w, H)®r P =0 for any H € Mod S°P.

(4) Hompg(P, Tort_H(oJ N)) =0 for any N € Mod S.

Proof. By Lemma 4.5(1), we have (1) < (2).
(1) & (3) Let H € Mod S°P and
I=0-H->>I'>... 5T

be an injective resolution of H in Mod S°P. Because P € Mod R is finitely gener-
ated projective by assumption, the functor — ® g P is exact. Then we have
ExtLir(P*, H) = H'™ (Homges (P*,T))
>~ [ (Homgos (w,I) ®p P)
=~ [ (Homger (w,I)) @g P (by [EJ, p. 30, Exer. 2])
= Extihl (w, H) @r P.

Now the assertion follows easily.

(1) & (4) Since pdgep P* = fdger P*, the assertion follows from [TH2, Lem. 7.6].
O
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Recall from [N] that a ring R is called semiregular if R/J(R) is von Neumann
regular and idempotents can be lifted modulo J(R), where J(R) is the Jacobson
radical of R. The class of semiregular rings includes (1) von Neumann regular
rings, (2) semiperfect rings, (3) left cotorsion rings and (4) right cotorsion rings.
See [GH] for the definitions of left cotorsion rings and right cotorsion rings.

If R is a semiregular ring then any finitely presented left or right R-module
has a projective cover by [N, Thm. 2.9]. In this case, since rw admits a degreewise
finite R-projective resolution by Definition 2.1, we may assume that

S P >+ o Pilw) - Po(@) - o >0

is the minimal projective resolution of gw in mod R. Put w; := Im(P;(w) —
P;_1(w)) for any ¢ > 1 and wp := w. Analogously, if S is a semiregular ring then
we assume that

= Qi(w) = - = Q1(w) = Qo(w) = wsg — 0

is the minimal projective resolution of wg in mod S°P. By Lemma 4.6 we have the
following proposition.

Proposition 4.7. Let R be a semiregular ring and m,n > 1. Then the following
statements are equivalent:

(1) pdgep Pi(w)* <m—1 forany 0 <i<n—1.

(2) Pu(R)-dr Pi(w) <m—1 for any 0 <i<n—1.

(3) s.T-cograde, ExtGop(w, N') = n for any N' € Mod S°P.
(4) s.E-cograde,, TorS (w, N) = n for any N € Mod S.

Proof. By [TH2, Prop. 7.7] and Lemma 4.6, we have (4) < (1) < (2).

(3) = (1) We proceed by induction on n. Let N’ € Mod S°P. Suppose n = 1.
Because s.T-cograde,, Exto,(w, N') > 1 by (3), we have L’ ®g w = 0 for any
submodule L' of Extd,, (w, N') in Mod R°P. Tt follows from Lemma 4.4(1) that
Extgop (w, N')®p Po(w) = 0. Therefore by Lemma 4.6 we get pdgep Po(w)* < m—1
and the case for n = 1 is proved.

Now suppose n > 2. Let X be a submodule of Extge, (w, N') in Mod R°P. By
(3) we have Toré%@gnfl(X7w) = 0. Then for any 0 < ¢ < n — 2 we have

Tort (X, w;) = Torﬁ_l(X, w) =0.
For any ¢ > 0, from the exact sequence

0—>wi+1 —>Pi(w) —w; — 0
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we get the exact sequence
(4.1) 0 — Torf'(X,w;) = X Qrpwit1 — X @ Pi(w).

By the induction hypothesis we have pdge, Pi(w)* < m—1forany 0 <i<n—2.
Then it follows from Lemma 4.6 that Exts, (w, N') ®R P,_2(w) =0 and hence
X ®pr P,_2(w) = 0. So it is derived from (4.1) that X ®p w,_1 = 0. Notice that
P,_1(w) is the projective cover of wy_1, so Extge,(w, N') @ Pp_1(w) = 0 by
Lemma 4.4(1). It follows from Lemma 4.6 that pdgep Pp—1(w)* < m — 1.

(1) = (3) Let X be a submodule of Extgep(w,N’) in Mod R°P. Then by (1)
and Lemma 4.6, we have Ext%.,(w, N') @g (®I'—) P;(w)) = 0, and hence X ®p
(@72 Pi(w)) = 0. Since w; is a quotient module of P;(w) for any i > 0, we then
have X ®p (©]-5wi) = 0.
If n =1 then X ®pw = 0 and s.T-cograde,, Extdo, (w, N') > 1. If n > 2 then
from (4.1) we get Tor' (X, ®7-2w;) = 0. Since Tory ; (X,w) = Torf (X, w;) for any
> 0, we have Torogignfl(X, w) = 0 and s.T-cograde,, Ext'gop (w, N') = n. O

The following result means that the n-cograde condition is left—right symmet-
ric.

Theorem 4.8. Let R be semiregular and n > 1. Then the following statements
are equivalent:

(1) pdgepr Pi(w)* <@ for any 0 <i<n—1.

(2) Pu(R)-idgr Pi(w) < i for any 0 <i<n—1.

(3) s.T-cograde,, Ext%(w, M) > i for any M € Mod R and 1 <i < n.

(4) s.E-cograde,, Tor? (w, N) > i for any N € Mod S and 1 <i < n.

(5) s.T-cograde,, Exthop(w, N') > i for any N’ € Mod S°P and 1 <i < n

(6) s.E-cograde,, Tor®(M',w) > i for any M’ € Mod R and 1 <i<n

(7) Tor? (w, Extl(w, —)) preserves epimorphisms in Mod R for 0 <i < n — 1.

(8) Ext's(w, Tors (w, —)) preserves monomorphisms in Mod S for 0 <i<n—1.

(9) Torf(Extken(w, —),w) preserves epimorphisms in Mod S° for 0 <i < n—1.
(10) Exthop(w, Torf (=, w)) preserves monomorphisms in Mod R°P for 0 < i <

n—1.

Proof. By Proposition 4.7 we have (1) & (2) < (4) < (5). By Corollaries 4.2
and 4.3 we have (3) & (4) & (7) < (8) and (5) < (6) < (9) < (10). O

As a consequence, we get the following corollary.
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Corollary 4.9. Let R and S be semireqular and n > 1. Then the following state-
ments are equivalent:

(1) pdgep Pi(w)* < i for any 0 <i<n—1.

(2) pd Qi(w)* < i forany 0 <i<n—1.

(3) Pu(R)-idg Pi(w) < zforanyO i<n—1.

(4) Pu(SP)-idger Q;(w) <4 for any 0 < i < n— 1.

Proof. By the symmetric version of Proposition 4.7 we have
(2) & (4) & s.T-cograde,, Ext’y(w, M) >4 for any M € Mod R and 1 <i < n.
Now the assertion follows from Theorem 4.8. 0
84.2. The quasi n-cograde condition

Definition 4.10. For any n > 1, w is said to satisfy the right quasi n-cograde
condition if s.E-cograde,, TorHl(w N) > iforany N € ModSand1 <i<nandw
is said to satisty the left quasi n-cograde condition if s.E-cograde,, ToriH(M )
¢ for any M’ € Mod R°P and 1 <7 < n.

It is trivial that w satisfies the right (resp. left) quasi n-cograde conditions
if it satisfies the right (resp. left) n-cograde condition. But the converse does not
hold true in general, see Section 4.4 below.

The following lemma is useful in the sequel.

Lemma 4.11. For any n > 0, the following assertions hold:

(1) Let M € Mod R. If E-cograde,, M > n and T-cograde,, Exty(w, M) = n+1,
then E-cograde , M > n + 1.

(2) Let N € ModS. If T-cograde, N > n and E-cograde,, Tor> (w, N) > n + 1,
then T-cograde, N > n + 1.

Proof. We proceed by induction on n.

(1) If n =0 then w ®gs M, = 0 by assumption. It follows from [TH4, Lem. 6.1(1)]
that M, = 0 and E-cograde, M > 1.
Let n > 1. Consider an injective resolution

0=M—=1°— - =" =

of M in Mod R. Put M’ = Im({"~! — I™). Since E-cograde, M > n by the
induction hypothesis, applying the functor (—), to the above exact sequence yields
the exact sequence

0—>IO* —>"'—>In_1* LM/* %EXtTIL%(waM) =0
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in Mod S. Because T-cograde, Exty(w, M) > n + 1 by assumption, we have
Torj <, (w, Ext};(w, M)) = 0. Then by [CE, Prop. VL5.1] we have

Extl (Exth(w, M), I..) = Homg(Tor? (w, Ext(w, M)), I7) =0
for any 0 < ¢ < n and j > 0, and hence
Extg(Exth(w, M),Im g) = Ext®(Ext%(w, M), 1°,) = 0.
It implies that the exact sequence
0—Img— M, — Exth(w, M) =0

splits and hence Extp(w, M) is a direct summand of M’.. Since M’, is ad-
joint 1-w-cotorsionfree, so is Extk(w, M). Thus, applying [TH3, Prop. 3.2], the
T-cograde condition on Ext'(w, M) proves Extf(w, M) = 0. Consequently we
have E-cograde, M > n + 1 and the assertion follows.

(2) If n =0 then (w®g N). = 0 by assumption. It follows from [TH4, Lem. 6.1(2)]
that w®g N = 0 and T-cograde,, N > 1.
Let n > 1. Consider a projective resolution

o= P,= =2 P —+N-—=0

of N in Mod S. Put N’ = Im(P,, — P,_1). Since T-cograde, N > n by the
induction hypothesis, applying the functor w ® g — to the above exact sequence
yields the exact sequence

0 TorS(w,N) »w@s N' L5 w@g Puy = > w®s Py — 0

in Mod R. Because E-cograde, TorS(w,N) > n 4 1 by assumption, we have
Ext 'S (w, Tors (w, N)) = 0. Notice that w ®s P € Addgw for any projective
module P in Mod S, so Ext?fign(w ®s Pj, Tor? (w, N)) = 0 for any j > 0, and
hence

Ext},(Im £, Torf(w, N)) 2 Exth(w ®gs Py, T01r;5;(w7 N)) =0.

It induces an exact sequence
Homp(w ®s N, Tors (w, N)) = Homp(Tor? (w, N), Tor> (w, N)) — 0.

Because w ®g N’ € ¢TL(R) by [TH4, Lem. 6.1(2)], there exists an epimorphism
U - w®s N in ModR with U € Addrw by [THI, Lem. 3.6(1)]. Because
(Tor?(w, N)), = 0 we have Hom g (U, Tor’ (w, N)) = 0. It follows that Hompg(w ®s
N’,Torg(w,N)) = 0 and HomR(Tors(w,N),Torf;(w,N)) = 0, which implies
Tor? (w, N) = 0. So T-cograde, N > n + 1 and the assertion follows. O
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We have the following equivalent characterizations for w satisfying the right
quasi n-cograde condition.

Proposition 4.12. For any n > 1, the following statements are equivalent:
(1) s.E-cograde,, Tori_l(w, N) =i for any N € Mod S and 1 <i < n.
(2) T-cograde,, Ext’y(w, M) > i for any M € Mod R and 1 <i < n.
(3) For any exact sequence
0-A-%LB-C—0
in Mod S with C € coQiI;l(Q%w (8)), Exty(w, Torf (w, ) is a monomorphism
forany 0 <i<n—1.
(4) For any eract sequence
045 B-C—0
in Mod S with C € coQiI:Jl(Q}(S)), Ext’(w, Tor? (w, g)) is a monomorphism
forany0<i<n—1.
(5) Torf(w,ExtiR(w,f)) is an epimorphism for any epimorphism f: B — C in
Mod R with B,C € COQ%;W(R) and 0 <1< n—1.
(6) Tor? (w, Exthy(w, f)) is an epimorphism for any epimorphism f: B — C in
Mod R with B,C € coQ*(R) and 0 <i<n— 1.
(7) coQ(R) C cTLH(R) for any 1 <i< n.
Proof. By Theorems 3.9 and 3.5 we have (1) < (3) & (4) and (2) & (5) & (6) &
(7) respectively. In the following we will prove (1) < (2) by induction on n.

(1) = (2) Let M € Mod R. By Lemma 3.1(1), for any n > 1 there exist exact
sequences

(4.2) 0 — Ext}(w, M) = ¢Tr, coQ" (M) = C — 0,

(4.3) 0—C — I""Y(M), = cTr,, coQ" (M) =0

in Mod S such that 1, ® 7 is an isomorphism, where C = I"(M)./ coQ2™"(M)..
Because I"t1(M), € wg" by [HW, Cor. 6.1], it follows from the exact sequence

(4.3) that Tor? (w, C) ToriSH(w, cTr,, coQ"(M)) for any i > 1.
If n =1 then from the exact sequence (4.2) we get an exact sequence

Tors (w, ¢Tr,, coQ' (M) (2 Torf (w, ) = w ®g Exth(w, M) — 0

in Mod R. Because s.E-cograde,, Tor (w, ¢Tr, co2' (M)) > 1 by assumption, we
have E-cograde, w ®g Exth(w, M)) > 1. Tt is derived from Lemma 4.11(2) that
T-cograde,, Exth(w, M) > 1.
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Now suppose n > 2. Then T-cograde, Extjé(w M) > i for any 1 < i <
n — 1 and T-cograde,, Ext(w, M) > n — 1 by the 1nduct1on hypothesis. It follows
from Theorem 3.5 that coQ*(R) C ¢T(R) for any 1 < i < n. So coQ™ (M) €
¢T" *(R), and hence cTr,, coQ" (M) € wg 1. Thus from the exact sequences
(4.2) and (4.3) we get the exact sequence

Tor§+1(w, ¢Tr,, coQ™(M)) — Tor® | (w, Ext}(w, M)) — 0.

By (1) we have E-cograde, Tor> | (w, Ext"(w, M)) > n. From Lemma 4.11(2) it
follows that T-cograde , Ext(w, M) = n.

(2) = (1) Let N € Mod S and X be a quotient module of Tori_H(w, N) in Mod R,
and let B: Tor? (w, QE(N)) (= Tori_H(w, N)) - X be an epimorphism in Mod R.
By Lemma 3.1(2) we have an exact sequence

0— Im(l, ® fri1) = acTr, QE(N) — Tor;";rl(w, N)—0
in Mod R such that o, is an isomorphism. Then we get an exact sequence
(4.4) 0 — Ker f — acTr, Q=(N) 15 X — 0

in Mod R, where f = - 7. It is easy to see that 7, is an isomorphism.

Let n = 1. Because Q%(N) € acT.(S) by [TH3, Cor. 3.5(1)], we have
acTr, Q% (N) € gw't. Then the exact sequence (4.4) gives X, = Exth(w, Ker f).
So T-cograde, X, > 1 by (2), and hence E-cograde, X > 1 by Lemma 4.11(1).
The case for n = 1 is proved.

Now suppose n > 2. Then s.E-cograde, ToriSH(w,N) > i forany 1 < ¢ <
n — 1 and s.E-cograde, Tor;jH(w,N) > n — 1 by the induction hypothesis. So
E-cograde, X > n — 1.

By Theorem 3.7 we have Q2 ( ) CacT.(S) for any 1 <i < n. So Q%(N) €
acT(S) and acTr, Q%E(N) € gwtn. It follows from the exact sequence (4 4) that
Ext’s ! (w, X) = Ext’(w, Ker f). Then by (2) we have T-cograde,, Ext’, ' (w, X) =
T-cograde,, Exts (w, Ker f) > n. Thus E-cograde,, X > n by Lemma 4.11(1). O

We also have the following proposition.

Proposition 4.13. For any n > 1 the following statements are equivalent:

(1) s.T-cograde,, Ext5ht(w, N') > i for any N’ € Mod S and 1 < i < n.
(2) E-cograde,, Tor®(M’,w) > i for any M’ € Mod R° and 1 < i < n.

(3) For any exact sequence

0= A B oo
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in Mod S°P with A € Qé;wl (coQ%;.w (5°P)), Tor?(Exthep (w, f),w) is an epimor-
phism for any 0 <i<n—1.

(4) For any exact sequence
04 =B L0 =0

in Mod S°P with A € Q;{dl(coﬁi(SOP)), Torl (Exten (w, f'),w) is an epimor-
phism for any 0 <1< n—1.

(5) Exthop(w, Torf(g',w)) is a monomorphism for any monomorphism g': B’ —
C’ in Mod R°P with B',C' € Q%N(R‘)p) and 0 <i<n—1.

(6) Extop (w, Tor(g',w)) is a monomorphism for any monomorphism g': B' —
C’ in Mod R°P with B',C' € Q}_—(R"p) and0<i1<n—1.

(7) Q%(R°P) C acT T (ROP) for any 1 < i < n.

Proof. By the symmetric versions of Theorems 3.8 and 3.7 we have (1) < (3) < (4)
and (2) < (5) © (6) < (7) respectively. In the following, we will prove (1) < (2)
by induction on n.

(1) = (2) Let M’ € Mod R°P and let

S B (M) LS B (M) = - L By = M 0
be the minimal flat resolution of M’ in Mod R°P. By Lemma 3.1(2), for any n > 1,
there exist exact sequences

(4.5) 0 — Im(1l, ® f,) 2 acTr, Q% H(M') 5 Tor(M',w) — 0,
(4.6) 0 — acTr, Q%(M') = Fia(M') @pw — Im(1, ® f,,) — 0

in Mod S°P such that o, is an isomorphism. Because F},;1(M') ®p w € ws™’ by
[HW, Cor. 6.1], it follows from the exact sequence (4.6) that Exte, (w,Im(1,, ®
fn)) = Extihl(w, acTr, Q%(M')) for any i > 1.

If n =1 then from the exact sequence (4.5) we get an exact sequence

0 — (Torf(M',w)). = Extiep (w,acTr, QX (M")) (2 Exthos (w, Im(1y, @ fn)))

in Mod R°P. Because s.T-cograde,, ExtZop (w, acTr, Q% (M’)) > 1 by assumption,
we have T-cograde, (Tor®(M’,w)), > 1. It is derived from Lemma 4.11(1) that
E-cograde,, Torff(M',w) > 1.

Now suppose n > 2. Then E-cograde,, Torf'%(M’7 w)ziforanyl<i<n—1
and E-cograde,, Tor®(M’,w) > n — 1 by the induction hypothesis. It follows from
Theorem 3.7 that Qi(R°P) C acT,,(R°) for any 1 < i < n. So Q% '(M') €
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acT ' (R°P) and acTr, Q% '(M') € wgtn-1. Thus from the exact sequences (4.5)
and (4.6) we get the exact sequence

0 — Extiao, (w, Torf (M, w)) — Exth! (w, acTr, Q%(M')).

By (1) we have T-cograde,, Extgi(,_pl( , Torf(M’,w)) > n. From Lemma 4.11(1) it
follows that E-cograde,, Tor%(M’,w) > n.

(2) = (1) Let N’ € Mod S°? and Y be a submodule of Ext3&' (w, N') in Mod R°P,
and let a: Y — Extgop (w,coQ"(N')) (2 Ext%d! (w, N)) be a monomorphism in
Mod R°P. By Lemma 3.1(1) we have an exact sequence

0 = BxtZh! (w, N') =25 ¢Tr,, coQ™(N') -5 I"MY(N), / o (N'), — 0
in Mod R°P such that 7 ® 1,, is an isomorphism. Then we get an exact sequence
(4.7) 0—Y - cTr, coQ™(N') 5 Cokerg — 0

in Mod R°P, where g = X - . It is easy to see that p ® 1, is an isomorphism.

Let n = 1. Because co2' (N’) € ¢TL(S°P) by [THI, Lem. 2.5(2)], we have

¢Tr,, co! (N') €wg T*. Then the exact sequence (4.7) gives Y ® gw = Tor®(Coker g,
w). So E-cograde,, Y ®@pw > 1 by (2), and hence by Lemma 4.11(2) T-cograde, Y >
1. The case for n = 1 is proved.

Now suppose n > 2. Then s.T-cograde, Extfgti (w,N") =i for any 1 < i <
n — 1 and s.T- cograde Extad! (w,N’) = n — 1 by the induction hypothesis. So
T-cograde,Y >n — 1.

By Theorem 3.5 we have CoQi(ROP) - cTi (ROp) for any 1 < ¢ < n. So
coQ"(N') € c¢T%,(R°P) and cTr,, coQ™ (N’ ) € pw'n. It follows from the exact se-
quence (4.7) that Tor® | (Y,w) = Tork (Cokerg, ). Then by (2) we have
E-cograde,, Torffl(Y, w) = E-cograde,, Tor (Coker g,w) = n. Thus T-cograde,, Y’
> n by Lemma 4.11(2). O

Now we are in a position to state the following proposition.

Theorem 4.14. Let R be semireqular and n > 1. Then the following statements
are equivalent:

(1) pdger Pi(w)* <i+1 for any 0 <i<n—1.
(2) Py(R)-idr P;(w) <i+1 forany0<i<n—1.
(3) s.T-cograde,, Ext’hs (w, N') =i for any N’ € Mod S and 1 <i<n
(4) s.E-cograde,, TorlH(oJ N) =14 for any N € Mod S and 1 < i < n.
(5) T-cograde,, Ext(w, M) > i for any M € Mod R and 1 <i <
(6) <

n.
6) E-cograde,, Tor®(M’,w) > i for any M’ € Mod R° and 1 < i < n.
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(7) Tor;s(w,Extjq(w,f)) is an epimorphism for any epimorphism f: B — C in
Mod R with B,C € co?(R) and 0 <i<n—1.
(8) Extkop(w, TorR(f',w)) is a monomorphism for any monomorphism f': B’ ~—
C’" in Mod R°? with B',C’ € Q}-(ROP) and 0 <i<n—1.
(9) For any ezact sequence
0—-A =B 20 =0
in Mod S°P with A’ € Qé;wl (coQ’(5°P)), Tor (Exthes (w, ¢'),w) is an epimor-
phism for any 0 <i<n—1.
or any exact sequence
(10) For any q
0-A-%B-5C—0
in Mod S with C € coQZl(Qif(S)), Ext’ (w, Tor? (w, g)) is a monomorphism
forany0<i<n—1.
(11) coQ*(R) C cT5 ™ (R) for any 1 <'i
(12) Qi(RP) C acT ! (RP) for any 1

n.

<
<1< n.

Proof. By Proposition 4.7 we have (1) < (2) < (3) < (4). By Propositions 4.12
and 4.13 we have (4) < (5) & (7) & (10) & (11) and (3) & (6) & (8) & (9) &
(12) respectively. O

For the right quasi 1-cograde condition, we have some additional interesting
equivalent characterizations.

Proposition 4.15. Let R be a semiregular ring. Then the following statements
are equivalent:

(1) pdger Po(w)* < 1.

(2) s.E-cograde,, Tors (w,N) > 1 for any N € Mod S.

(3) s is a superfluous epimorphism for any M € coQ'(R).

(4)

Proof. By Theorem 4.14 we have (1) < (2).

(1) = (3) Let M € coQ'(R). By [TH1, Lem. 2.5(2)] we have coQ'(R) C c¢TL(R).
So M e ¢T(R) and 6y is an epimorphism. Because Ker 6y, = Torj (w, c¢Tr,, M)
by [TH1, Prop. 3.2], we have

par is an essential monomorphism for any M’ € QL (R°P).

Hom g (Py(w), Ker 6y) = Hompg(Po(w), Tors (w, ¢Tr, M)) = 0

by (1) and Lemma 4.6. It follows easily that X, = 0 for any quotient module X
of Ker@,;. Let A be a submodule of w ®g M, in Mod R such that Kerf,, + A =
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w ®g M. Then (Kerfp + A)/A (=2 Kery /(AN Kerfy)) is isomorphic to a
quotient module of Kerfy, and so ((Kerfy, + A)/A). = 0. Since w ®s M, €
¢TL(R) by [TH4, Lem. 6.1(2)], (Ker 0y + A)/A € ¢TL(R) by [THL, Cor. 3.8]. It
follows that 0(ker6,,+4)/4: w®s ((KerOpr +A)/A). — (Ker 0y 4 A)/A is epic and
(Ker 6y + A)/A = 0. Tt induces that A = Kerf0y + A = w ®g M, and 0y is a
superfluous epimorphism.

(3) = (2) Let f: B — C be an epimorphism in Mod R with B,C € coQ'(R)
(C ¢TL(R)). Then ¢ - (1, @ f.) = f - 0p is epic. Because ¢ is a superfluous
epimorphism by (3), it follows from [AF, Cor. 5.15] that 1, ® f. is epic. Now the
assertion follows from Theorem 4.14.

(1) = (4) Let M’€ QL (R°P). By [TH3, Cor. 3.5(1)] we have Q% (R°P) C acT L (R°P).
So M’ € acT . (R°P) and pupp is a monomorphism. Because Coker iy 22 Extop (w,
acTr, M') by [TH3, Prop. 3.2], we have

Coker iy @ Po(w) 2 Extiop (w, acTr, M) @p Py(w) =0

by (1) and Lemma 4.6. It follows easily that Y ® g w = 0 for any submodule Y of
Coker piprr. Let A’ be a submodule of (M’ @ w), in Mod R°? with A’ "M’ = 0.
Then A" =2 A'/JA'NM' = (A'+M")/M’ is isomorphic to a submodule of Coker fips/,
and so A’ @gr w = 0. Since (M’ @ w). € acT5(RP) by [TH4, Lem. 6.1(1)],
A" € acTL(R°P) by [TH3, Cor. 3.3(1)]. It follows that pa: A — (A’ @p w), is
monic. It induces that A’ = 0 and pp is an essential monomorphism.

(4) = (2) Let g: B’ = C’ be a monomorphism in Mod R°P with B’,C’ € QL (R°P)
(C acTL(ROP)). Then (g®1y)« - up = pcr - g is monic. Because pp: is an essential
monomorphism by (4), it follows from [AF, Cor. 5.13] that (¢®1,,) is monic. Now
the assertion follows from Theorem 4.14. O

84.3. The equivalence of certain cograde condition of modules

We have the following facts: for the strong Tor-cograde condition of modules
in Theorem 3.8(1) and the strong Ext-cograde condition of modules in Theo-
rem 3.9(1), they are equivalent when k¥ = 0 by Theorem 4.8, but they are not
equivalent when k£ = 1 by Theorem 4.14 and Section 4.4 below. Also from Theo-
rem 4.14 and Section 4.4 below, we know that the Tor-cograde condition of modules
in Theorem 3.5(1) and the Ext-cograde condition of modules in Theorem 3.7(1)
are not equivalent when & = 0. In this subsection we will show that these two
cograde conditions of modules are equivalent when k£ = 1.

For any i > 1, by [TH3, Prop. 3.8] we have acT,(S) € Q4 (S). The following
result characterizes when they are identical.
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Proposition 4.16. For any n > 1, the following statements are equivalent:
(1) E-cograde,, Tor{ (w, N) =i — 1 for any N € coQ4(S) and 1 <
(2) E-cograde,, Tor{ (w, N) =i — 1 for any N € COQI (S) and 1 <
(3) acTL(S) = QY(S) for any 1 <i < n.

(4) acT,,(S) = Q_(S) for any 1 <i<n

Proof. Because Z,(S) C A,(S) we have (1) = (2). By Lemma 3.6(2) we have
3) & (4).

(2) = (4) By [TH3, Prop. 3.8] it suffices to prove Q% (S) C acT" (S) for any
1 < i < n. We proceed by induction on n. The case for n = 1 follows from

Lemma 2.9(1).
Now let N € Q2 (S) with n > 2 and let

1<

~
TN

fn—l

0 1
(4.8) 0— N0 Ly e

be an exact sequence in Mod S with all I* in Z,,(S). By the induction hypothesis
we have Im f! € acT™(S). Applying the functor w ®g5 — to (4.8) gives an exact
sequence

0
(4.9) 0 — Tor® (w, Coker " ') — w®g N tu®f w®s I — wegImf! —0

in Mod R. Set M :=Im(1, ® f°) and let 1, ® f := a7 (where 7: w®g N - M
and a: M < w®g I°) be the natural epic-monic decomposition of 1,, ® f°. Then
we have the following commutative diagram with exact rows:

f()
0 N 1° Imfl— 50

I

(410) lg l“[D lu’lmfl
1l

00— (M), —% (w®g 1), — (w®g Im f1), — Exth(w, M) — 0.

Since pipy, 1 is a monomorphism by the above argument, it follows from the snake
lemma that g is an epimorphism. On the other hand, we have

TN = (@ M) N = (Lo @ fO)u - v = pgo - f¥ = v - g.

As a, is monic we get that 7, - uy = g and 7, is epic. Consider the following
commutative diagram with exact rows

(4.11) lw lg

0 — (Tor? (w, Coker f 1)), — (w®g N), —> M, —> 0.
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Because (Tori(w, Coker f*=1)), = 0 by assumption, we have that 7, is an iso-
morphism. So py is epic by diagram (4.11), and hence an isomorphism. Thus
N € acT2(S) and the case for n = 2 follows.

Now suppose n > 3. By the induction hypothesis we have that Im f! €
acT 51 (S) and pigy, 1 is an isomorphism. So Extp(w, M) = 0 by diagram (4.10).
In addition, we have w ®g Im f! € gw’»-3 by [TH3, Cor. 3.3(3)]. Because
E-cograde,, Tor? (w, Coker f*~1) > n — 1 (by assumption) and w ®g I° € gpw™,
applying the dimension shifting to (4.9) we obtain w ®g N € rw'"-2. Therefore
we conclude that N € acT,(S) by [TH3, Cor. 3.3(3)] again.

(3) = (1) We proceed by induction on n. The case for n = 1 is trivial. Let
N € cof?(S) with n > 2. Then there exists an exact sequence

O%H%An_lﬁAn_2%~-~ﬁA0%Nﬁo

in Mod S with all 4; in A, (S). By (3) we have H € acT,(S). By the induction
hypothesis we have E-cograde,, Torf(w,N) >i—1forany 1 <7< n-—1and
E-cograde,, Tor> (w, N) > n — 2.

Put M := Ker(1,, ® f). Because A; € acT,(S) by [TH3, Thm. 3.11(1)], we
obtain M, = H (€ acT(S)) and M € pw'»—2. By [TH2, Prop. 5.1] we have the
exact sequences

(4.12) 0 — Tor? (w, N) (2 Torj (w, Coker f)) = w ®g M, — ITm @ — 0,

(4.13) 0 —Tmfy = M — Tor_(w, N) (2 Tor$ (w, Coker f)) — 0

n—1

such that 0y = A - 7. Since pps, is an isomorphism, it follows from [TH4,
Lem. 6.1(1)] that (6ar)« is also an isomorphism. Then both A, and =, are iso-
morphisms.

From the exact sequence (4.13) we get Im6y, € rwrn—2. Because w ®g
M, € rw*»—2 by [TH3, Cor. 3.3], from the exact sequence (4.12) it yields that

Ext’,%(w, Tory (w, N)) = 0. Thus we have E-cograde,, Tor’ (w, N) >n — 1. O

For any i > 1, by [TH1, Prop. 3.7] we have ¢, (R) C COQ;;W (R). The following
result characterizes when they are identical.

Proposition 4.17. For any n > 1 the following statements are equivalent:

(1) T-cograde,, Ext’y(w, M) =i — 1 for any M € Qi(R) and 1 <i < n.
(2) T-cograde, Exth(w, M) =i — 1 for any M € Q% - (R) and 1 <i<n.
(3) T- cograde Extly(w, M) =i — 1 for any M € Q% (R) and 1 <i < n.
(4) ¢

4) ¢T"(R) = coQi(R) for any 1 <i < n.
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(5) ¢T%(R) = coQx (R) for any 1 <i < n.
(6) cTL(R) = coQp_(R) for any 1 < i< n.
Proof. Because B, (R) 2 F,(R) 2 P,(R), we have (1) = (2) = (3). By Lemma

3.4(2) we have (4) & (5) < (6).

(3) = (6) By [THL, Prop. 3.7], it suffices to prove coQp_(R) C ¢T.(R) for any
1 < i < n. We proceed by induction on n. The case for n = 1 follows from Lemma
2.9(2).

Now let M € coQp_(R) with n > 2 and let

(4.14) Woo s I w2 v o

be an exact sequence in Mod R with all W; in P, (R). By the induction hypothesis
we have Tm f; € ¢77" '(R). Applying the functor (—), to (4.14) gives an exact
sequence

(4.15) 0= (Im f1)s — Wo. 225 M, — Ext’(w, Ker fo_1) — 0.

Set N := Im(fo,) and let fo, := a7 (where 7: Wy, - N and a: N — M,,) be the
natural epic-monic decompositions of fj,. Then we have the following commutative
diagram with exact rows:

0*>TOI‘§(Q},N)*>UJ®S (Im f1)e —— w ®s W, Lo@m w®g N 0
|
(416) lehu f1 lowo g
\
0 Im f, Wo—2L" oM 0
So we have

Or - (Lo ®@a)- (1, @m) =0p - (1w ® fo,) = fo-Ow, =9 (1w @m).

Because 1, ® 7 is epic, we have 07 - (1, ® a) = g and the following commutative
diagram with exact rows:

w®SNL®a>w®SM — w ®g Exth(w,Ker fr,_1) —=0

(4.17) ig lgM
Since 0 f, is an epimorphism by the above argument, it follows from the snake
lemma that g is an isomorphism. Thus 1, ® « is a monomorphism. Because w ®g

Ext'y(w,Ker f,, 1) = 0 by assumption, we have that 0, is an isomorphism and
M € c¢T2(R) by diagram (4.17). It means that the assertion holds true for n = 2.
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If n > 3 then the fact that Im f; € ¢7% '(R) implies Oy, 5, is an isomorphism.
So Tor{ (w, N) = 0 by diagram (4.16). In addition, we have (Im f1), € wg ' »~* by
[TH1, Cor. 3.4(3)]. Because T-cograde,, Ext(w, Ker f,_1) > n—1 by assumption,
applying the dimension shifting to (4.15) we obtain M, € wg'~~2. Therefore we
conclude that M € ¢T_,(R) by [THI, Cor. 3.4(3)] again.

(4) = (1) We proceed by induction on n. The case for n = 1 is trivial. Let
M € Q%(R) with n > 2 and let

OHM%Bn_lamaBlLBOHL%O

be an exact sequence with all B; in B, (R). By (4) we have L € ¢T_,(R). By the
induction hypothesis we have T-cograde,, Ext’(w, M) > i—1forany 1 <i <n—1
and T-cograde,, Exty(w, M) > n — 2.

Put N := cTr, Ker f. Because B; € ¢T,(R) by [TH1, Thm. 3.9], we obtain
that w®s N =2 L (€ ¢T"(R)) and N € wg '»-2. By [TH4, Prop. 6.7] we have the
exact sequences

(4.18) 0 — Ext% 'w, M) = N "5 Tmpuy — 0,
(4.19) 0= Impuy = (w®s N), — Exth(w, M) — 0
such that uy = A - m. Since .5,y is an isomorphism, it follows from [TH4,

Lem. 6.1(2)] that 1, ® py is also an isomorphism. Then both 1, ® A and 1, ® 7

are isomorphisms.

From the exact sequence (4.18) we get Imuy € wg'"—2. Because (w ®g

N). € wg'»=2 by [THI1, Cor. 3.4], from the exact sequence (4.19) it yields that
Tor?_,(w, Ext(w, M)) = 0. Thus we have T-cograde , Ext(w, M) >n—1. O

Lemma 4.18. For any n > 0, the following statements are equivalent:

(1) w® Ext%(w, —) vanishes on Mod R.
(2) (Tor§ (w,—))s vanishes on Mod S.

(3) M, € acT2(S) for any M € Mod R.
(4) w®s N € cT2(R) for any N € Mod S.

Proof. By [TH2, Cor. 6.6] we have (3) < (4).

(1) & (4) Assume that (1) holds true. Let N € Mod S. By [TH4, Lem. 6.1(2)] we
have

9w®sN : (lw & MN) = lugsnN-
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It follows that 0,5, n is a split epimorphism and

Kerf,g,n = Coker(1l, ® un) 2 w ®g Coker iy
>~ w ®g Exth(w,acTr, N) (by [TH2, Cor. 5.2(2)])

~0 (by (1)).

S0 Oug N is @ monomorphism, and hence an isomorphism.
Conversely, assume that (4) holds true. Let M € Mod R. By [TH4, Lem. 6.1(2)]
again, we have
Ouvwsctr, M - (1o ® phetr, M) = loggeTr, M-

It follows that

w®s Ext(w, M) = w®g Coker perye, ar (by [TH2, Cor. 5.3(2)])
= Coker(1y, ® pretr, M) = Ker g getr, M
=0 (by (4))-

(2) < (3) Assume that (2) holds true. Let M € Mod R. By [TH4, Lem. 6.1(1)] we
have

(Onr)s - pnr, = 1o, -

It follows that pps, is a split monomorphism and

Coker pups, = Ker(Opr). = (Ker ).
= (Tor§ (w, cTr, M)). (by [THL, Prop. 3.2])
=0 (by (2))-
So g, is an epimorphism, and hence an isomorphism.

Conversely, assume that (3) holds true. Let N € Mod S. By [TH4, Lem. 6.1(1)]
again, we have

(gacTrw N)* . /Jf(acTrw N)w — ]-(acTrw N),-
It follows that

(Tors (w, N)), = (Ker factr,, N)x (by [TH2, Cor. 5.3(1)])
= Ker(factr,, N)+ = Coker fiactyr, N).,
=0 (by (3)). O

The following result establishes the left-right symmetry of certain cograde
conditions of modules.
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Theorem 4.19. For any n > 1, the following statements are equivalent:

(1) T-cograde,, Extl(w, M) >i—1 for any M € Mod R and 1 < i < n.
(2) E-cograde,, Tor} (w, N) =i —1 for any N € Mod S and 1 < i < n.
(3) coQ*(R) C T (R) = coQg(R) for any 1 <i < n.

(4) coQ'(R) C cTL(R) = co% (R) for any 1 <i < n.

(5) coQ(R) C cTL(R) = coy_(R) for any 1 <i < n.

(6) Q%(S) CacT(S) = ( ) forany1<i<n

(7) Q(S) CacT,(S) = 2 (S) forany 1 <i<n

Proof. By Theorem 3.5 and Proposition 4.17 we have (1) < (3) & (4) < (5). By
Theorem 3.7 and Proposition 4.16, (2) < (6) < (7).

In the following, we will prove (1) < (2) by induction on n. The case for n = 1
is trivial and the case for n = 2 follows from Lemma 4.18. Now suppose n > 3.

(1)=1(2) Let Ne Mod S By the induction hypothesis we have E-cograde,, Tor? (w,
N) >i—1for any 1 <i<n—1 and E-cograde,, Tor® (w, N) > n — 2. By Lemma
3.1(2) there exists an exact sequence

0 — Im(f, ® 1) % acTr, QF H(N) - Tors (w,N) — 0

in Mod R such that o, is an isomorphism. By Theorem 3.7 we have Q% ' (N) €
acT () and acTr, Q¥ ' (N) € gpwtr-1. So

Ext 2 (w, Tor? (w, N)) = Ext’ ™ (w, Im(f,, ® 1,,))

= Ext’p(w, acTr,, Q%(N)).
Then T-cograde,, Ext?{Q(w, Tor?(w,N)) = n — 1 by (1). It follows from Lemma
4.11(1) that E-cograde,, Tor: (w, N) >n — 1.
(2)=(1) Let M€ Mod R. By the induction hypothesis we have T-cograde,, Ext’s (w,
M) > i—1for any 1 < i< n-—1and T-cograde, Ext(w, M) > n—2. By Lemma
3.1(1) there exists an exact sequence
0 — Ext! (w, M) = ¢Tr,, coQ™(M) - I"*1(M), / coQ" (M), — 0
in Mod S such that 1,® is an isomorphism. By Theorem 3.5 we have coQ" ! (M)e
T H(R) and c¢Tr,, coQ" (M) € wg "~. So
TorS_y (e, Extp(w, M)) = Tors_, (w, I"(M),/ co" (M),
>~ Tor? (w, ¢Tr,, coQ" (M)).

Then E-cograde,, Tor> _,(w, Ext’(w, M)) > n — 1 by (2). It follows from Lemma
4.11(2) that T-cograde,, Exti(w, M) > n — 1. O



COGRADE CONDITIONS AND COTORSION PAIRS 485

84.4. Examples

In this subsection we give some examples for w satisfying the (quasi) n-cograde
condition.

Let R be an artin algebra. Recall that R is called Auslander n-Gorenstein if
pdger I'(RR) < i for any 0 < i < n — 1, or equivalently pdg I*(rR) < i for any
0<i<n-—1/([FGR,IS]), and R is called left (resp. right) quasi n-Gorenstein if
pdg I'(rR) (resp. pdges I'(Rg) < i+ 1 for any 0 <i < n—1; [H3]).

Let D be the ordinary duality between mod R and mod R°P. Then D(R) is
a semidualizing (R, R)-bimodule. Because

pdg I'(rR) = idger Pi(D(rR)) = pdg Hompes (P;(D(grR)), D(R))
and

pdpes I'(Rp) = idg Pi(D(RR)) = pd ger Homp(P;(D(RR)), D(R)),
we have the following example.

Example 4.20. (1) R is Auslander n-Gorenstein if and only if D(R) satisfies the
n-cograde condition.

(2) R is left (resp. right) quasi n-Gorenstein if and only if D(R) satisfies the left
(resp. right) quasi n-cograde condition.

So, putting rws = gD(R)r in Theorem 4.8 (resp. Theorem 4.14), then all
the conditions there are equivalent to R being Auslander n-Gorenstein (resp. right
quasi n-Gorenstein). Note that the notion of quasi n-Gorenstein algebras is not
left-right symmetric ([AR1, p.11]). So contrary to the n-cograde condition, the
quasi n-cograde condition is not left-right symmetric.

Example 4.21. Let () be the quiver
3
N
1 5.
4
A

2
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and R = KQ/{Ba — §v,ev) with K a field. Take

0 0 0 1 0
10 10 10 11 01
w.fo D 1 S¥) 1 D 1 D 1
0 1 0 0 0

By [ASS, Exa. VI.2.8(a)] we have that wg is a noninjective tilting module with
pdpw = 1. Thus it is a semidualizing (R, End r(w))-bimodule. It is straightforward
to verify that the projective cover Py(w) of w is P(1) @ P(4)? @ P(5)?. So P, (R)-
idg Py(w) = 0, and hence w satisfies the left and right 1-cograde conditions by
Theorem 4.8. Since pdpw = 1 we have Ext?f(w, M) =0 for any M € Mod R. By
Theorem 4.8 again, we have that w satisfies the left and right n-cograde conditions
for any n > 1.

85. Two cotorsion pairs

In this section we will construct two complete cotorsion pairs under any of the
equivalent conditions in Theorem 4.19.
For any n > 0, set P,-idS"(R) := {M € Mod R | P,(R)-idg M < n}.

Lemma 5.1. Let M € gwt»—1 with n > 1. If T-cograde, Exth(w, M) > n — 1,
then there exists an exact sequence

0-M-—-X—->Y =0
in Mod R with X € pw'» and Y € P,-idS" " (R).
Proof. Let M € rw'r-1. From the exact sequence
0= M—=I1°(M)— - = I""Y(M) = coQ* (M) — 0
in Mod R, we get the following commutative diagram with exact rows,

P, Py Exth(w, M) ——0

w |

M), ——=I'(M), — -+ —coQ" (M), — Ext}(w, M) —=0,

where the upper sequence is a projective resolution of Ext(w, M) in Mod S. Tak-
ing the mapping cone of diagram (5.1) we get an exact sequence

(5.2) M), ® Py_q — - = I""Y(M), @ Py — coQ" (M), — 0.
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Since T-cograde,, Ext's(w, M) > n — 1 we get an exact sequence
wRs P 1= —>wRs P >w®s Pp—0

in Mod R. Then we get the following commutative diagram with exact columns

and rows
0 0 0
\
|
Y
0oO———>M-—-——--—-—- - =X—- - - - - Y -—-——-—->0
|
N

Y
(5.3) ‘
\
¥
0——=TI"YM)——=1""YM)D (w®s P) w®g Py 0
|
|
Y
coQ" (M) ======coQ" (M) 0
|
|
Y
0 0,
where
X =Ker(I°(M) & (w®g Py—1) = I'(M) & (w ®g Po_s))
and

Y =Ker(w®g Pro1 = w®g Pr_2).
Then Y € P,-idS""!(R). From the exactness of (5.2) and the middle column in

diagram (5.3) we know that X € rw'". So the top row in diagram (5.3) is the

desired exact sequence. O

For any n > 0, set Z,,-pdS"(S) := {N € Mod S | Z,(S)-pdg N < n}.

Lemma 5.2. Let N € wg '~ withn > 1. If E-cograde,, Tor;":(w7 N) =2 n—1 then

there exists an exact sequence

0-Y X - N—=0

in Mod S with X' € wg ™™ and Y’ € Iw-pd<n71(5>-
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Proof. Let N € wg'»'. From the exact sequence
0—-Q%N)—>F,_1(N)— -+ = Fy(N) > N—=0

in Mod S, we get the following commutative diagram with exact rows

0 — Tor3 (w, N) —>w ®g WE(N) — - — > w &5 Fy(N) —=w @5 Fy(N)

(
4 | l i
(

0 — Tor? (w, N) I° -t

where the lower sequence is an injective resolution of Tori (w, N) in Mod R. Taking
the mapping cone of diagram (5.4), we get an exact sequence

(55) w®sQ%(N) = I°® (w®s Fr1(N)) = - = 1" @ (w®s Fy(N)).
Since E-cograde,, TorfL (w,N) = n —1 we get an exact sequence
0=1% =1 - 11,

in Mod S. Then we get the following commutative diagram with exact columns

and rows
0 0
|
|
\

0 QF(N)=====Q%(N)
\
\
\
0 1°, IO*@Fn_l(N)HFn_l(N)HO

\
i

(5.6)

\
\
Y
0——=1I"1, — =11, @ Fy(N) —— Fy(N) ——=0
!
I
Y
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where
X' = Coker(I" 2, @ F1(N) — I""', @ Fy(N))
and

Y’ = Coker(I"™2, — I""1,).

Then Y’ € Z,,-pdS"~*(S). From the exactness of (5.5) and the middle column in
diagram (5.6) we know that X’ € wg'". So the bottom row in diagram (5.6) is
the desired exact sequence. O

Lemma 5.3. For any n > 0, we have

(1) P,-idS™(R) is closed under direct summands and closed under extensions;

(2) T,-pdS"™(S) is closed under direct summands and closed under extensions.
Proof. (1) By [TH4, Lem. 4.6], P,-idS™(R) is closed under direct summands. Let
0+A—-B—-C—=0

be an exact sequence in Mod R with A,C € P,-idS"(R). It is easy to see that
it is Homp(—, P, (R))-exact. Then B € P,-idS"(R) by the generalized horseshoe
lemma (cf. [H4, Lem. 3.1(2)]).

(2) By [TH3, Lem. 4.7], Z,,- pdS"(S) is closed under direct summands. Let
0—-A—-B—-C—=0

be an exact sequence in Mod S with A, C € - pdS™(S). It is easy to see that it
is (w®g —)-exact; equivalently it is Homp(—, Z,,(5))-exact by [TH3, p. 298, Obs.].
Then B € Z,- pdS"(S) by the generalized horseshoe lemma, (cf. [H4, Lem. 3.1(1)]).

O

Proposition 5.4. Let n,k > 1 and T-cograde,, Ext&™*(w, M) > i for any M €
ModR and 1 < i <n—1. Then for any M € ModR and 0 < i < n — 1 there
exists an exact sequence

0—coQ* 1 (M) 5 X Y =0
in Mod R with X € pwbi1 and Y € P,-idS(R).

Proof. We proceed by induction on n. The case for n = 1 follows from Lemma 5.1.
Now suppose n > 2. By the induction hypothesis for any 0 < i < n— 2 there exists
an exact sequence

0 — coQ* Y (M) - X; = Y; =0
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in Mod R with X; € gw'i! and Y; € P,-idS*(R). Then
Ext(w, X,,_2) & Ext’}(w, coQ* 1 (M) = Ext™ ! (w, M).

So T-cograde,, Ext(w, X,,_s) = T-cograde,, Ext’s™* ! (w, M) > n — 1 by assump-
tion. Applying Lemma 5.1 we get an exact sequence

0—-X, 2—>X,-1—>Y,.1—0

in Mod R with X,,_; € gw' and Y,,_; € P,-idS""*(R). Consider the following
push-out diagram:

0—— COQk_l(M) —— X, o——=Y, o——=0

0 — coQ* 1 (M) — X,,_, Y 0
Yn—l Yn—l
0 0

By Lemma 5.3(1) we have Y € P,-idS""*(R). So the middle row in this diagram
is the desired sequence. O

Proposition 5.5. Let n,k > 1 and E-cograde,, Tor;ik(wJ\f) > i for any N €
ModS and 1 < i < n—1. Then for any N € ModS and 0 < i < n — 1, there
exists an exact sequence

0-Y - X - Q- (N) =0
in Mod S with X' € wg T+ and Y’ € T,,-pd<*(S).

Proof. We proceed by induction on n. The case for n = 1 follows from Lemma 5.2.
Now suppose n > 2. By the induction hypothesis, for any 0 < i < n — 2 there
exists an exact sequence

0—Y/ =X - Q- HN) =0
in Mod S with X/ € wg ! and Y/ € Z,,- pdS*(S). Then
Torg(w, X’I{L72) >~ T01r;5;(w7 Qkffl(N)) = T0r5+k71(w, N).
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So E-cograde,, Tor® (w, X/, ,) = E-cograde,, Tor5+k_1(w, N) > n — 1 by assump-
tion. Applying Lemma 5.2 we get an exact sequence
0-Y =X, =X, 5—0

in Mod S with X/, , € wg ™ and Y/ | € Z,-pd™*(S). Consider the pull-back
diagram

0 0
0 Y! Y’ Y o 0
I A Xy
O (V) =% '(V)
0 0.
By Lemma 5.3(2), we have Y’ € Z,-pdS""'(S). So the middle column in this
diagram is the desired sequence. O

Based on the equivalence of (1) and (2) in Theorem 4.19, we have the following
result.

Theorem 5.6. For any n > 1, we have the following properties:

(1) If one of the equivalent conditions in Theorem 4.19 is satisfied then the fol-
lowing statements are equivalent:
(1-1) pdgepw < n — 1.
(1-2) Py(R)-idg R<n—1.
(1-3) Pu(R)-idgr P < n —1 for any projective P in Mod R.
(1-4)

(2) If one of the equivalent conditions in Theorem 4.19 is satisfied then the fol-
lowing statements are equivalent:

(Po-idS""Y(R), pw') forms a complete cotorsion pair.

(2-1) Z,(S)-pdg Q@ < n—1 for some injective cogenerator @@ in Mod S.
(2-2) Z,(S)-pdg I < n —1 for any injective module I in Mod S.

(2-3) (ws '™, Z,-pdS""Y(S)) forms a complete cotorsion pair.
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If R and S are artin algebras, then statements (2-1)—(2-3) are equivalent to

the following one:
(2-4) pdgw < n—1.
Proof. By Lemma 4.5(1) we have (1-1) < (1-2).

If P,(R)-idg R < n—1 then P,(R)-idg F' < n—1 for any free module F in Mod R
by [HW, Prop. 5.1(b)]. It follows from Lemma 5.3(1) that P, (R)-idg P < n—1
for any projective P in Mod R. This proves (1-2) < (1-3).

(1-3) = (1-4) Tt is easy to verify that Exth(A4, B) =0 for any A € P,-idS""!(R)
and B € gwtn.
Let M € Mod R. By Lemma 5.1 when n = 1, or taking &k = 1 in Proposition 5.4

when n > 2, we get an exact sequence
(5.7) 0—-M-—-B—-A—=0

in ModR with B € gpw'l™ and A € P,- idgn*l(R). It implies that M has a
special rwln-preenvelope and pw'" is special preenveloping in Mod R. If M €
(Po-idS"Y(R))1* then the exact sequence (5.7) splits. It follows that M is a
direct summand of B and M € gwtr.
Let

O—-My —-—P—M-—=0

be an exact sequence in Mod R with P projective. We have P € P,,,- idén_l(R) by
(1-3). By Lemma 5.1 when n = 1 or by Proposition 5.4 when n > 2, we have an
exact sequence

0—-M —-B A =0
in Mod R with B’ € pw' and A’ € P,-idS""'(R). Consider the push-out dia-
gram

0 0

0 M, P M 0

0 B A M 0
A=A




COGRADE CONDITIONS AND COTORSION PAIRS 493

Since P,-idS" ! (R) is closed under extensions by Lemma 5.3(1), it follows from
the middle column in the above diagram that A” € P,-idS" '(R). If M <
L1 (gwtn) then the middle row in the above diagram splits and M is a direct
summand of A”. By Lemma 5.3(1) we have M € P,-idS""*(R). It follows from

Lemma 2.7 that (P,-idS" ' (R), gw'n) forms a complete cotorsion pair.

(1-4) = (1-2) By (1-4) we immediately have xR € P,-idS" ' (R) and P, (R)-
idp R<n—1.

If 7,(S)-pdg Q < n— 1 for some injective cogenerator () in Mod S, then any
direct product of Q is in Z,- pdS""(S) by [HW, Prop. 5.1(c)]. It follows from
Lemma 5.3(2) that Z,(S)-pdgI < n — 1 for any injective module I in Mod S.
This proves (2-1) & (2-2).

(2-2) = (2-3) Tt is easy to verify that Exts(C, D) = 0 for any C € wg '™ and
D € I,-pdS"(8S).
Let N € Mod S. By Lemma 5.2 when n = 1, or taking £ = 1 in Proposition 5.5

when n > 2, we get an exact sequence

(5.8) 0—-D—-C—-N=0

in Mod S with C' € wg "™ and D € Z,- pdS"!(S). It implies that N has a special
wg "m-precover and wg ' is precovering in Mod S. If N € +1(Z,,- pdS"(S)) then
the exact sequence (5.8) splits. It follows that N is a direct summand of C' and
N e wST”.

Let

0O—+-N—=I—->N =0

be an exact sequence in Mod S with I injective. By (2-2) we have € Z,- pdsn—! (S).
By Lemma 5.2 when n = 1 or by Proposition 5.5 when n > 2, we have an exact

sequence
0—=D —-C"—- N —0

in ModS with C' € wg' and D' € Iw—pdgnfl(S). Consider the pull-back
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diagram
0 0
N=—N
0 D’ D" I 0
0 D’ c’ Ny 0
0 0.

Since Z,,- pdS"71(S) is closed under extensions by Lemma 5.3(2), it follows from
the middle row in the above diagram that D" € Z,,-pdS""*(S). If N € (wg ')
then the middle column in the above diagram splits and NV is a direct summand
of D”. By Lemma 5.3(2) we have N € Z,-pdS""*(S). It follows from Lemma 2.7
that (wg '™, Z,- pdS""1(S)) forms a complete cotorsion pair.

(2-3) = (2-2) For any injective module I in Mod.S, by (2-3) we have I €
T,-pdS""1(S) and Z,,(S)-pdg I <n —1.

If R and S are artin algebras then pdp w = Z,,(S)-pdg D(Ss) by [TH3, Lem. 4.9].
Because D(Sg) is an injective cogenerator in Mod S, (2-1) < (2-4) follows. O

Observation 5.7. Let R be an artin algebra and grws = gD(R)g. Then we have
the following properties:

(1) pdgw = idger R and pdpep w = idg R.
(2) Pu(R) is exactly the subclass of Mod R consisting of injective modules. Tt
implies that

(2-1) Pu(R)-idg M = idg M for any M € Mod R;
(2-2) Po-idS"(R) = IS"(R) := {M € Mod R | idg M < n}.

(3) Z,(R) is exactly the subclass of Mod R consisting of projective modules. It
implies that

(3-1) Z,(R)-pdr N = pdp N for any N € Mod R;
(3-2) Z,-pdS"(R) = PS"(R) := {N € Mod R | pdg N < n}.

(4) By [CE, Prop. VI.5.3] it is easy to see that wp "+t = tnt1zR.
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(5) If R is right quasi (n — 1)-Gorenstein, then all conditions in Theorem 4.19 are
satisfied; see Theorem 4.14 and Example 4.20(2).

As an application of Theorem 5.6, we have the following corollary.

Corollary 5.8. Let R be a right quasi (n—1)-Gorenstein artin algebra withn > 1.
Then the following statements are equivalent:

( ) idgR<n—1.

( ) ldROP R n—1.

(3) (ZS"Y(R), RD(R)*") forms a complete cotorsion pair.

(4)

Proof. By Theorem 5.6 and Observation 5.7 we have (1) < (3) and (2) < (4).
(1) & (2) Let idg R < m — 1. By [AR2, Thm. 4.7] and the symmetric version
of [H2, Thm.] we have idre» R < (n — 1) + (n — 2) = 2n — 3. Conversely, let
idrer R < n — 1. By [TH2, Thm. 7.5] we have idg R < n — 1. Now the assertion
follows from [Z, Lem. A]. O

(+7 rR,PS"L(R)) forms a complete cotorsion pair.

As a consequence of Corollary 5.8, we have the following result.

Corollary 5.9. For any artin algebra R, the following conditions are equivalent:
(1) dg R< 1.

(2) idper R< 1

Furthermore, if R is right quasit 1-Gorenstein then they are equivalent to each of
the following two statements:

(3) (ZSY(R), RD(R)12) forms a complete cotorsion pair.

(4) (*2gR, PSY(R)) forms a complete cotorsion pair.

Proof. The first assertion follows from [H2, Cor. 2]. If R is right quasi 1-Gorenstein
then we get the second assertion by putting n = 2 in Corollary 5.8. O

We use Z(R) and P(R) to denote the subclasses of Mod R consisting of injec-
tive and projective modules respectively. Putting n = 1 in Corollary 5.8, we have
the following result.

Corollary 5.10. For any artin algebra R, the following statements are equivalent:

(1) R is self-injective.

(2) (Z(R), RD(R)'1) forms a complete cotorsion pair (in this case, RD(R)** =
Z(R)*).

(3) (**rR,P(R)) forms a complete cotorsion pair (in this case, -1 g R = “1P(R)).
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86. Relative finitistic dimensions

In this section, we introduce and study the finitistic P,,(R)-injective dimension
and the Z,,(S)-projective dimension of rings.
The finitistic P, (R)-injective dimension FP,-id R of R is defined as

FP,-id R := sup {P,,(R)-idg M | M € Mod R and P,,(R)-idg M < oo}
and the finitistic Z,,(S)-projective dimension FZ,-pd S of S is defined as

FZ,-pd S :=sup {Z,(5)-pdg N | N € Mod S and Z,,(5)-pdg N < oo}.
Lemma 6.1. For anyn >0 and k > 1 we have

(1) Let T-cograde, Ext;"k(w,M) > forany M € ModR and 1 <i<n+1.If
FP,-idR =n then pdrw < n+ k.

(2) Let E-cograde,, Torerk(w,N) > 1 for any N € ModS and 1 <i<n+1. If
FZ,-pdS =n then pdge, w < n+ k.

Proof. (1) Let M € Mod R. By Proposition 5.4 there exists an exact sequence
0—coQ* Y (M) - X =Y =0

in Mod R with X € gw'n+? and P,(R)-idrY < n+ 1. If FP,-id R = n then
Puw(R)-idg Y < n. Thus we have

Ext™ 1 (w, M) = Exts™2(w, coQ* (M) = Ext; ™ (w,Y) =0
and pdrw < n + k.
(2) Let N € Mod S. By Proposition 5.5 there exists an exact sequence
0—-Y =X - Q- HN) =0

in Mod S with X’ € wg'»*+2 and P, (R)-ids Y’ < n+ 1. If FZ,-pd S = n then
Z,(R)-pdg Y’ < n. Thus we have

T0r5+k+1(w,N) = T0r§+2(w, Qkffl(N)) = Torgﬂ(w,Y') =0
and pdgep w = fdger w < n + k. O

Lemma 6.2. For any n > 0 we have

(1) Let FP,-idR < n and N € Mod S. If T-cograde,, N
(2) Let FZ,-pd S < n and H € Mod R. If E-cograde , H

n+1 then N =0.
n+ 1 then H = 0.

VAR
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Proof. (1) Consider a projective resolution
= Qi1 > Q= > Qo= N —0
of N in Mod S. If T-cograde,, N > n + 1 then we get an exact sequence

0> M—->w®sQpi1 2 wRsQp =" 2WwRs Q1 > w®s Qo — 0

1%

in Mod R, where M = Ker(w ®s Qni1 — w Qs Q). By [TH3, Cor. 3.5], Q
(w ®s Q)+« canonically for any projective @ in Mod S, so N 2 Extgﬂ(w,M
Because FP,-id R < n by assumption, we have P,(R)-idg M < n and N
Ext)it (w, M) = 0.

~—

1

(2) Consider an injective resolution
0> H—I"— ... =" =" ...

of H in Mod R. If E-cograde, H > n + 1 then we get an exact sequence
0—=1% = =TI - I", 5 N—=0

in Mod S, where N = Coker(I", — I"*1,). By [THI1, Lem. 2.5(2)], w ®g I, = I
canonically for any injective I in Mod R, so H = Tor? 4+1(w, N). Because FZ,,-pd S
< n by assumption, we have Z,,(R°P)-pdg N < n and H = Tor2+1(w, N)=0. O

The following is the main result in this section.

Theorem 6.3. For any k > 0 we have the following properties:

(1) If T-cograde,, Ext?k(w, M) =i forany M € Mod R andi > 1, then FP,-id R
<pdrpw < FP,-idR+ k.

(2) If E-cograde,, Toris+k(w, N) =i for any N € Mod S and i > 1, then FZ,,-pd S
< pdgep w < FZ,-pd S + k.

Proof. (1) Let pdgw =n (< 00) and M € Mod R with P,,(R)-idg M = m (< 00).
Then there exists an exact sequence

0—>Mf—0>w0f—l>w1—>-~-ﬁ>wm—>0
in Mod R with all w® in P, (R). Since P, (R) C B, (R) by [HW, Cor. 6.1], we have
B, (R)-idg M < P, (R)-idg M < oo.If m > n then it follows from [TH4, Thm. 4.2]
that B, (R)-idr M < n and Im f™ € B, (R). On the other hand, we have the exact
and split sequence

0= (Imf") 2w — - 2 wm. =0
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in Mod S with all w’, projective. So (Im f™), is projective, and hence Im f" €
Po(R) by [HW, Lem. 5.1(2)]. It yields that P, (R)-idg M < n, a contradiction.
This proves FP,-id R < pdp w.

In the following we will prove pdpw < FP,-id R + k. The case for &k > 1
follows from Lemma 6.1(1). Now suppose that £ = 0 and FP,-idR = n (< o0).
Let M € Mod R. Then T-cograde,, Ext’;™" (w, M) > n+1 by assumption. It follows
from Lemma 6.2(1) that Ext}y" (w, M) = 0 and pdpw < n.

(2) Let pdgep w =n (< 00) and N € Mod S with Z,,(S)-pdg N = m (< 00). Then
there exists an exact sequence

0=UnZs. .. 50U LU 2 N-0

in Mod S with all U; in Z,(S). Since Z,(S) C A,(S) by [HW, Cor. 6.1], we
have A, (S)-pdg N < co. If m > n then it follows from the dual result of [TH4,
Thm. 4.2] that A,(S)-pdg N < n and Img, € A,(S). On the other hand, we
have the exact and split sequence

0-w®sUpy =+ —>wsUp, »>w®sImg, =0

in Mod R with all w ®g U; injective. So w ®g Im g, is injective, and hence Im g,, €
Z,(S) by [HW, Lem. 5.1(3)]. It yields that Z,(S)-pdg N < n, a contradiction.
This proves FZ,,- pd S < pdgep w.

In the following we will prove pdgep w < FZ,,-pd S + k. The case for £ > 1
follows from Lemma 6.1(2). Now suppose that & = 0 and FZ,-pdS = n. Let
N € Mod S. Then E-cograde,, Torg_H(w,N) > n + 1 by assumption. It follows
from Lemma 6.2(2) that Torg_H(w, N) =0 and pdgep w = fdger w < 1. O

Putting £ = 0 in Theorem 6.3, we immediately get the following corollary.

Corollary 6.4. (1) If T-cograde,, Ext’(w, M) > i for any M € Mod R and i >
1, then FP,-id R = pdpw.

(2) If E-cograde,, Torf(w,N) > i for any N € Mod S and i > 1, then FZ,-pd S
= pdgop w.

The following is an immediate consequence of Corollaries 4.2 and 6.4.
Corollary 6.5. If w satisfies the n-cograde condition for all n then
FP,-idR=pdrw and FI,-pdS = pdgep w.

Combining Theorem 4.19 with the case for £k = 1 in Theorem 6.3, we get the
following corollary.
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Corollary 6.6. We have

FP,-idR < pdpw < FP,-idR+1
and

FZ,-pdS < pdgepw < FZ,-pdS+1
if either of the following conditions is satisfied:

(1) T-cograde, Ext' " (w, M) > i for any M € Mod R and i > 1.
(2) E-cograde,, Tor;s+1(w, N) =i for any N € Mod S and i > 1.

Corollary 6.7. If w satisfies the right quasi n-cograde condition for all n, then
FP,-idR=pdrw and FI,-pdS <pdgepw <FZ,-pdS+1.

Proof. The former equality follows from Proposition 4.12 and Corollary 6.4(1),
and the later inequalities follow from the definition of the right quasi n-cograde
condition and Corollary 6.6. O

Observation 6.8. Let R be an artin algebra and rws = rD(R)rg.
(1) By Observation 5.7 we have

FP.,-idR=FIDR :=sup{idg M | M € Mod R and idg M < oo},
FZ,-pdS =FPD R :=sup{pdy N | N € Mod R and pdp N < co}.

(2) If R is right (or left) quasi n-Gorenstein for all n, then idge» R = idg R ([H2,
Cor. 4]).

As a consequence of the above results, we have the following corollary.

Corollary 6.9. Let R be an artin algebra.

(1) If R satisfies the Auslander condition (that is, R is Auslander n-Gorenstein
for all n) then

FPD R°® = FID R°? =idger R=idg R =FPDR =FIDR.

(2) If R satisfies the right quasi Auslander condition (that is, R is right quasi
n-Gorenstein for all n) then

FPDR < FIDR =idpor R=idr R < FPDR + 1.

Proof. In view of Example 4.20 and Observations 5.7 and 6.8, the assertions follow
from Corollaries 6.5 and 6.7 respectively. O
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