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Abstract Let R be a Gorenstein ring. We prove that if I is an ideal of R such that R/I is a

semi-simple ring, then the Gorenstein flat dimension of R/I as a right R-module and the Gorenstein

injective dimension of R/I as a left R-module are identical. In addition, we prove that if R → S is a

homomorphism of rings and SE is an injective cogenerator for the category of left S-modules, then the

Gorenstein flat dimension of S as a right R-module and the Gorenstein injective dimension of E as a

left R-module are identical. We also give some applications of these results.
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1 Introduction

In classical homological algebra, the projective, injective and flat dimensions of modules are
important and fundamental research objects. As a generalization of the notion of projective
dimension of modules, Auslander and Bridger introduced in [1] the notion of G-dimension for
finitely generated R-modules over a two-sided Noetherian ring R. For any module over a general
ring, Enochs and Jenda introduced in [2] the notions of Gorenstein projective dimension and
Gorenstein injective dimension; and furthermore, Enochs, Jenda and Torrecillas introduced in
[3] the notion of Gorenstein flat dimension. In the recent years, these Gorenstein homological
dimensions have become a vigorously active area of research. In particular, Holm in [4] gave
some nice characterizations of them.

Note that Xu proved in [5] that for a commutative ring R, a simple R-module is flat if and
only if it is injective. Furthermore, Ding and Chen proved in [6] that if R is a commutative
coherent ring, then the flat dimension and injective dimension of any simple R-module are
identical.

Throughout this paper, R is a Gorenstein ring (that is, R is a two-sided Noetherian ring with
finite left and right self-injective dimensions) and all modules considered are unitary. We prove
that if I is an ideal of R such that R/I is a semi-simple ring, then the Gorenstein flat dimension
of R/I as a right R-module and the Gorenstein injective dimension of R/I as a left R-module
are identical. As an immediate consequence of this result, we have that if R is commutative,
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then the Gorenstein flat dimension and Gorenstein injective dimension of any simple R-module
T are identical. In particular, T is Gorenstein flat if and only if it is Gorenstein injective. In
addition, we prove that if R → S is a homomorphism of rings and SE is an injective cogenerator
for the category of left S-modules, then the Gorenstein flat dimension of S as a right R-module
and the Gorenstein injective dimension of E as a left R-module are identical. As an application,
we have that if S is an Artinian algebra with the center R, then, as R-modules, the Gorenstein
flat dimension of S and the Gorenstein injective dimension of D(S) are identical, where D is
the usual duality of S.

2 Preliminaries

In this section, we give some definitions and notations and collect some preliminary results
which are often used in Section 3.

We use ModR (resp. ModRop) to denote the category of left (resp. right) R-modules. A
module M ∈ ModR is called Gorenstein injective if there exists an exact sequence in ModR

with all terms injective: · · · → I1 → I0 → I0 → I1 → · · · , such that M = Ker(I0 → I1) and
the sequence is still exact after applying the functor HomR(I,−) for any injective left R-module
I. The (left) Gorenstein injective dimension of M , denoted by l.GidR(M), is defined as inf{n|
there exists an exact sequence 0 → M → Q0 → Q1 → · · · → Qn → 0 with Qi Gorenstein
injective for any 0 � i � n} (see [2, 4]).

Lemma 2.1. Let M be a module in ModR and n be a non-negative integer. Then the
following statements are equivalent:

(1) l.GidR(M) � n;
(2) Exti

R(Q, M) = 0 for any i � n + 1 and injective left R-module Q.

Proof. Because R is Gorenstein, any module in ModR has finite Gorenstein injective dimen-
sion by [7, Theorem 3.2]. Then by [4, Theorem 2.22], we get the assertion.

A module N ∈ ModRop is called Gorenstein flat if there exists an exact sequence in ModRop

with all terms flat: · · · → F1 → F0 → F 0 → F 1 → · · · , such that N = Im(F0 → F 0) and
the sequence is still exact after applying the functor −⊗

R I for any injective left R-module I.
The (right) Gorenstein flat dimension of N , denoted by r.GfdR(N), is defined as inf{n|there
exists an exact sequence 0 → Pn → · · · → P1 → P0 → N → 0 with Pi Gorenstein flat for any
0 � i � n} (see [3, 4]).

Lemma 2.2. Let N be a module in ModRop and n be a non-negative integer. Then the
following statements are equivalent:

(1) r.GfdR(N) � n;
(2) TorR

i (N, Q) = 0 for any i � n + 1 and injective left R-module Q.

Proof. Because R is Gorenstein, any module in ModRop has finite Gorenstein flat dimension
by [8, Proposition 1.6]. Then by [4, Theorem 3.14], we get the assertion.

Lemma 2.3 ([9, ChapterVI,Proposition 5.1]). Let R and S be rings (not necessarily Gorenstein)
with the condition (RA, SBR, SC). If SC is injective, then we have the isomorphism of Abelian
groups for any n � 1: ExtnR(A, HomS(B, C)) ∼= HomS(TorR

n (B, A), C).

3 Main results

For any M ∈ ModR (resp. ModRop), HomZ(M, Q/Z) is denoted by M+, where Z is the additive
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group of integers and Q is the additive group of rational numbers.
The following lemma plays a crucial role in the proof of the first main result in this paper.

Lemma 3.1. Let R be a ring (not necessarily Gorenstein) and I be an ideal of R such that R/I

is a semi-simple ring. Then for any M ∈ ModR and a positive integer n, Extn
R(M, R/I) = 0 if

and only if TorR
n (R/I, M) = 0.

Proof. Assume that ExtnR(M, R/I) = 0. By Lemma 2.3, we have an isomorphism:

ExtnR(M, (R/I)+) ∼= (TorR
n (R/I, M))+, (1)

where R/I is regarded as a right R-module. Since I(R/I)+ = 0, (R/I)+ is a semi-simple left
R-module and (R/I)+ ∼= ⊕

i∈Γ Si, where each Si is a simple left R-module and Γ is an index
set. Since R/I is semi-simple, each Si is a direct summand of R/I.

Since Extn
R(M, R/I) = 0, Extn

R(M, Si) = 0 for any i ∈ Γ. So Extn
R(M,

∏
i∈Γ Si) ∼=

∏
i∈Γ ExtnR(M, Si)=0. But

∏
i∈Γ Si is also a semi-simple module, so (R/I)+ ∼= ⊕

i∈Γ Si is iso-
morphic to a direct summand of

∏
i∈Γ Si. Thus ExtnR(M, (R/I)+) = 0 and therefore (TorR

n (R/I,

M))+ =0 by (1). Since Q/Z is an injective cogenerator for ModZ, TorR
n (R/I, M) = 0.

Conversely, assume that TorR
n (R/I, M) = 0. By Lemma 2.3, we have an isomorphism:

Extn
R(M, (R/I)++) ∼= (TorR

n ((R/I)+, M))+, (2)

where R/I is regarded as a left R-module. Since (R/I)+I = 0, (R/I)+ is a semi-simple right
R-module and (R/I)+ ∼= ⊕

j∈Γ′ S′
j , where each S′

j is a simple right R-module and Γ′ is an
index set. Since R/I is semi-simple, each S′

j is a direct summand of R/I.
Since TorR

n (R/I, M) = 0, TorR
n (S′

j , M) = 0 for any j ∈ Γ′ and TorR
n ((R/I)+, M) = 0. So

Extn
R(M, (R/I)++) = 0 by (2). On the other hand, by [10, p. 48], the canonical evaluation

homomorphism R/I → (R/I)++ is a monomorphism. Since I(R/I)++ = 0, (R/I)++ is also
a semi-simple left R-module and R/I is isomorphic to a direct summand of (R/I)++. Thus
Extn

R(M, R/I) = 0.
The following is one of main results in this paper.

Theorem 3.2. If I is an ideal of R such that R/I is a semi-simple ring, then r.GfdR(R/I) =
l.GidR(R/I).

Proof. We first prove l.GidR(R/I) � r.GfdR(R/I). Without loss of generality, suppose
r.GfdR(R/I) = m < ∞. Then, for any i � m + 1 and injective left R-module Q, we have
that TorR

i (R/I, Q) = 0 by Lemma 2.2. So ExtiR(Q, R/I) = 0 by Lemma 3.1. It follows from
Lemma 2.1 that l.GidR(R/I) � m. This proves l.GidR(R/I) � r.GfdR(R/I).

We next prove the converse inequality. Without loss of generality, suppose l.GidR(R/I) =
n < ∞. Then, for any i � n + 1 and injective left R-module Q, we have that Exti

R(Q, R/I) =
0 by Lemma 2.1. So TorR

i (R/I, Q) = 0 by Lemma 3.1. It follows from Lemma 2.2 that
r.GfdR(R/I) � n. This proves r.GfdR(R/I) � l.GidR(R/I).

Recall that R is called a semi-local ring if R/J(R) is a semi-simple ring, where J(R) is the
Jacobson radical of R. By Theorem 3.2, we immediately have the following

Corollary 3.3. If R is a semi-local ring, then r.GfdR(R/J(R)) = l.GidR(R/J(R)).

Corollary 3.4. If R is a commutative ring, then for any simple R-module T , GfdR(T ) =
GidR(T ); in particular, T is Gorenstein flat if and only if it is Gorenstein injective.
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Proof. Let T be a simple R-module. Then there exists a maximal ideal m of R such that
T ∼= R/m. So T is a simple ring and hence the assertion follows from Theorem 3.2.

The following is another main result in this paper.

Theorem 3.5. Let R → S be a homomorphism of rings. If SE is an injective cogenerator
for ModS, then r.GfdR(S) = l.GidR(E).

Proof. It is trivial that S can be regarded as a bimodule SSR, and SE can be regarded as a
left R-module.

Let Q be any injective left R-module. Then by Lemma 2.3, for any n � 1, we have that
Extn

R(Q, HomS(S, E)) ∼= HomS(TorR
n (S, Q), E). So Extn

R(Q, E) ∼= HomS(TorR
n (S, Q), E). Be-

cause SE is an injective cogenerator for ModS, ExtnR(Q, E) = 0 if and only if TorR
n (S, Q) = 0.

It follows easily from Lemmas 2.1 and 2.2 that r.GfdR(S) = l.GidR(E).
Finally, we give some applications of Theorem 3.5.

Corollary 3.6. Let R → S be a homomorphism of rings. Then we have
(1) r.GfdR(S) = l.GidR(S+).
(2) If S is a QF ring (that is, S is a two-sided Noetherian ring and S is self-injective), then

r.GfdR(S) = l.GidR(S).

Proof. By [10, Chapter I, Proposition 9.3], S+ is an injective cogenerator for ModS. On the
other hand, it is well known that SS is an injective cogenerator for ModS if S is a QF ring.
Thus both assertions follow immediately from Theorem 3.5.

Recall from [11] that an algebra S is called an Artinian algebra if S is a two-sided Artinian
ring and S is finitely generated as an R-module, where R is the center of S. It is well known
that if S is an Artinian algebra, then its center R is a commutative Artinian ring. We use D to
denote the usual duality of S, that is, D = HomR( , R/J(R)).

Corollary 3.7. If S is an Artinian algebra with the center R, then GfdR(S) = GidR(D(S)).

Proof. Because S is an Artinian algebra, D(S) is an injective cogenerator for ModS. So we
get the assertion from Theorem 3.5.
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